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NMPEAUCJIOBUE K TPETBEMY WM3JAHUIO

Tperbe u3gaHue BTOPOM 4acTH COOPHMKA 3ajay HeCyLIecT-
BEHHO OTJIMYAETCS OT MNpeldblayLIero: HCNpaBjeHbl 3aMe4YeHHbIE
OMEYaTKH, HETOYHOCTH B (OPMYJIMPOBKax, OLUWOKM B OTBETaXx,
100aBNEHO NPUJIOKEHUE, COolepikalliee OCHOBHbIE COOTHOLUCHHUS
MeXIy TUNepOOTNYECKUMHU (QYHKLMSIMMU.

ABTOpbI MCKPEHHE NPU3HATENbHBI BCEM JIMLAM, NPHCIIABILNM
CBOM 3aMEYaHHs, a TakKXe COTpyAHMKaM KadeXphl CreuualbHBIX
KypcoB BbIciielt MaTeMaTuki MOU, nosesHsie ykazaHusi KOTOPbIX
ObUIM YYTEHbl NPU OKOHYATEJIIbHOM PENaKTUPOBAHUH HACTOSILIETO
M3/1aHU.

N3 NMPEANCJIOBHUA KO BTOPOMY U3JAHUIO

Bo BTOpOM H34aHHM BTOPOH 4YacTH HacToswero cOopHuka
3ama4 HauboJIbIIMM HM3MEHEeHUsM NoABeprjuch riaasel 11 u 13
B rnaBe 11 «OcHOBHBIE MOHATHS TEOPHH (YHKUHUHA KOMIJIEKCHOMN
NepeMEHHOW» nepepaboTan pasnen «DJeMeHTapHble (QYHKIHUY,
4 TaKXe 3HAYUTENbHO YBEJIMYEHO KOJMYECTBO 3ajladi Ha HMHTEr-
pupoBaHue. KM3meHeHa cTpykTtypa raaBbl 13 «OnepanuoHHoOe
ucHucieHue». B yacTHocTH, B OOWH pasfesn NOMEMIeHbl Bce
TPWIOKEHUS. OMEPANMOHHOTO HCYHMCIIeHUs. B ocTanbHble riaBbl
n00aBiEHBl LMKJIbI HOBBIX 3ajJla4, UCNpaBJIEHbI 3aMEYEHHbIE OTle-
YaTKH, YTOYHEHbl (OPMYJMPOBKH 3ajau.

HyMmepanus 3agay, xak 1 BO BTOPOM H3JAHHH NEPBOH 4acCTH,
[JaHa MO [J1aBaM, a OTBETbl HAa BCE 3aJa4M IOMEILUEHbl B KOHIE
cOopHHUKa.

Vxa3aHHyt0 paboTy BBHINOJIHMJIM 4JIEHbI aBTOPCKOIO KOJUIEK-
tuBa Edumos A. B., Kapakymuu A. @., Koran C. M. u Ilocne-
noB A. C.



N3 NPEAUCJ/IOBUSI K TNEPBOMY HU3JAHHIO

Bropas dacte «COOpHHMKA 32044 MO MATEMATHKC [IJI1 BTY30B»
CONCPXUT TaKue MaTeMAaTHYECKUE pa3delibl, KaK HHTErpajbHOE
ucuucieHne (QyHKIMA MHOTMX NEpeMEHHBIX, BEKTOPHBLIH aHajM3,
muddepeHnnaIbHble YPaBHEHUs, OCHOBHbBIC NMOHATUS TeOpHU (¢yH-
KIHA KOMIUJIEKCHOH NEpPCMEHHOW, YHCIOBBIE H (YHKIMOHAJILHBIE
psaAbLl M MX DpHMEHeHue, omnepauyoHHoe ucumuciaenue. Ilpeanara-
€MbIl B 3aJa4YHUKE MATepHasl COOAECPXKHMT COOTBETCTBYIOLLME pa3-
JIeJIbl IPOrPAMMBI 10 KYPCY BBICIICH MaTEMaTHKH, YTBEPKACHHOH
Munsyszom CCCP B mae 1979 r.

Kak u B mepBoil uacTH, KaxnIplii mnaparpad HauMHaercs
C KpaTKOTO TEOPETHYECKOTO BBEACHMS. 3adayaM, TNpeasaracMbIM
QIS CAMOCTOSITEJIBHOTO DPEIleHUs, NMPEAICCTBYIOT MOJPOOHO pa-
300paHHble pUMepEL. KO BCEM BBLIYMCITHTENILHBIM 3a[a4aM [JaHbI
OTBETHI; /IS 3a[a4, OTMEYEHHbIX ONHOH WM ABYMS 3BE3HA0YKAMH,
TIPUBEJICHbl COOTBETCTBEHHO YKA3aHUSl K PEILECHWIO WIIH PEILLCHHS.

OcoOeHHOCTBIO HACTOALIEro COOPHHKA SBJISETCS BKJIIOYCHHUE
B HEro 3ajaay, TpeOyIOmHX B MpOLECCe pELUICHHS HCMOJIb30BAaHUS
DOBM; »TH 3amayu NpHBOAATCS B COOTBETCTBYIOIIMX pa3feliax.
Hanee, Teopuss oOmmx (VHKUMOHATIBLHBIX M CTENEHHBIX PpSJIOB
U3J1aracTcsi ¢ HCHOJB30BaHUEM TeOPHMH (YHKIHMHA KOMILIEKCHON
nepeMeHHOU. Takol moaxoa, Ha Hawl B3I/, NMO3BOJSAET Jydile
MNOHATh CBOWCTBA CTENCHHBIX pAAOB, MNpeAcTaBicHHE (YHKIMH
CTENEeHHbIMU psagaMu. s Tex BTY30B, B KOTOPBIX W3JI0XKEHUE
TEOPUM PSIOB BeleTCs OTHENbHO B UEHCTBHTENBHOH H KOMII-
JIEKCHOM o00JacTsAX, B COOTBETCTBYIOILMX NyHKTax § 2 rio. 12
NPUBOAATCS CHayayia 3ajaud Ha paasl ¢ QyHKuMsIMH  aeicr-
BUTEJILHOM MEPEMEHHOM, a B 3aJaYax § 3 MEPEMEHHYIO Z MOXHO
CUHTaTh [EHCTBUTENILHOM, T. €. HOJIOXKUTh Z=X.

Kak ¥ B mepBo#t yacTH, Ha4ajo pelleHHH NPUMEpPOB U 3aJay
NIOMEYAeTCsl 3HAKOM <3, KOHEl-—3HaKOM ©>, HayajJo YKa3zaHui
K 3ajadyaM —3HaKOM @.



FnaBa 8

KPATHBIE HUHTEI'PAJIbI

§ 1. /[Boiinoii mHTerpan

1. CeoiicTBa [BOMHOIO HMHTErpaja H €ro BbIYHC/ICHHE B [I€KaPTOBBIX
NPSMOYroabHBIX Koopaunatax. Ilyctb ¢yukuus f(x, y)=f (P} onpejesieta
M HEmpepblBHA HA 3aMKHYTOH OrpaHWueHHoM o6jacty ( IUIOCKOCTH
Oxy, o={Ao,, Ac,, .... AG,}--HekoTopoe pa3Ouenne obiactu G Ha
IEMCHTapHble nomobiactu Ac,, WiIOWAAM KOTODPBIX Takxe O0003HAYUM
yepes Aoy, a JauaMeTpbl—-Yeped di. 3adukcupyeM TOYkH P.€ Aoy,
k=1, ..., n. Bbipaxenue

Sp= if(P,‘)Ack

HA3bIBACTCS MHTErpajbHOM cymmoit s GyHkumu f(P) no obnactu G.
Fc.im cymecTByer npeaen MocjaeaoBaTeNbHOCTH MHTETPAIbHBIX CyMM S, MpH
max d,—0 (Opu 3TOM n—00) M €cAW ITOT mNpeAen He 3aBHCHT HH OT
I <k<n

cnocoba pa3bueHus odaacty G Ha IneMeHTapHbie nomobnacty Aoy, BU
or BblbOopa TOuek P,eEAC,, TO OH Ha3biBa-
CTCA  O6OLHBIM  uHMe2parom OT GYHKUMH g =@ (2)
f(x,y) no obnacru G u oGo3Hauaercs I=2,

sepes [[f(x, y)dxdy.

G
Takum obpasom,

n

i[f(x, y)dxdy=lim Y f(P,)Ac,. &

G maxd, +0 k=1 1
Jas  ABOMHOIO HMHTerpajia CHpaBeaJIMBbI \ | N
CBOMCTBA JIMHENHOCTH M AJUIMTHBHOCTH (CM. ——
tamauy 8.1). 0l e & =

Bbluucnenne NBOWHOTO MHTErpana CBO- ¥-%, (@)

MTCA K BBIYMCJCHUIO TOBTOPHBIX MHTEr-
pajioB crnepytomwum crnocobom. Ilyctb 06- Puc. 80.

gactb G (puc. 80) orpaHuyeHa KpHBbIMH
y:(ps(.\'), y=0,(x), x=a, x=>b, npuvem Bcrony Ha [a, b] ¢byHkuunu

@1(x) n @;(x) HenpepbiBHbI B ¢, (Xx)<@2(x). Toraa
b @, (x)
5/ (x, y)dxdy=fdx | f(x, y)dy, )
G a @,(x)

IIpUYeN CHaYaJjla BBIYMCISETCH BHYTPCHHMA MHTErpajl 1O MEPEMEHHON y
(x—napamerp), a monyueHHbHI pe3yNBTAT MHTErpUpyeTCs MO X. 3aMeTHM
NpH JTOM, ¥TO ccM KpuBas @;(x) (WM KpuBas @(x)) B npoMexyTke

9



a<x<b 3apnaercs Pa3sHbIMH AHAJTMTUYCCKUMH BBLIDAXCHUSAMU, HANIPUMED,

o' "(x) mpu a<x<e,
e:(x)=1 i ,
0P (x) npu c<x<b,

TO ml'rerpan ClpaBa 3alMCLIBAETCS B BHIE CyMMbl [IBYX HHTErpajioB
®,(x) c ®,(x) b 9,(x)
jdx { f(x, y)dy=[dx j S(x, y)dy+fdx | f(x, p)dy
a 9, (x) a 1ll(x) ¢ o(z;(x;
AHaJIOTHYHO, €ClIU 06J'laCTb G orpaHuyeHa KpHBblMH x=\y,(y)
x=Y,(»), y=c, y=d, npuuem Bcropy Ha [c, d] PpyHxunu Y, (y) n \|/2(‘
HENpPEPBIBHBI M \]Jl(y)<\§/2( ) (puc. 81), To

d ¥,
ﬂfx y)dxdy=[dy j f(x. ) )
vy

JIBoiiHO# MHTErpan, npeacraBieHHbId B Buae (1) unu (2), Ha3biBaeTcs
TakXe NOBTOPHBIM HHTErpajioM.
IIpuMmep 1. PaccraBuths npenessl umerpupoaaﬂm ZIByMsi CIIOCO-

6aMH ¥ BLIMMCIUTH [BOWHOM wuHTerpan [= ﬁ dxdy, ecau obnacTb

HHTErpupoBaHHMs G OrpaHH4YeHa JIMHUAMH y=X, y=—, x=2.

y g\ &
2b--Yee o

d ________
"’*i"r(y)‘ 2 W .
12} fmp D I~z
b }$=¢2(y) 4 T i
cp-————-- v !

Puc. 81. Puc. 82.

S

<1 ®opma obaactu G (puc. 82) mo3soaser npuMeHuTh dopmyay (1)

1
npH (p,(x):;, @2(x)=x, a=1, b=2:

*d
I= ” dxdy Ixzdle—
1 yxY
11~ 2 1 4 2 2 1
=jx2<—— )dx=jx2<x——>dx=<i———)—(—> =2-.
1 Yiyx 1 x 4 2/ 4

Ecnu xe a8 BbIYMCJIEHMS [AHHOTO MHTEerpaja NPUMEHUTL Gopmysy
(2), TO ciaeayer MOJOXHTb

1
npu -<y<l,
p 3 Y
opy  1<y<2,

Va(y)=

<
—
=
I

< el —



1
=-, d=2. Torna

1 2 2 2
2 d d
=J]% dxdy= f —’; szdx+J—{ szdx
y y y
G 2 1y 1y

OueBHIHO, 4TO MEPBBIH CNOCOO BBIYMCICHUA B JAHHOM TNPHUMEpE ILiEJIeco-
obpa3Hee BTOPOro.

Mpumep 2. V3MEHHUTh NOPANOK HHTETPUPOBAHHA B IOBTOPHOM
uHTErpaje

1 1-y
fdy [ flx,y)dx
0 B \/#|—y2
<1 Crtpoum  obnacrb MHTETPUPOBAHHS . 2
no npenenaM HUHTErPUPOBAHMS:

\Il M =—V1-y% ¥, (»)=1-y, y=0,

v=1 (puc. 83). Cepxy obnacte G orpa-
HUHYCHA KPHUBOM

T4y -7

1-x? nmpu —1<x<0, Puc. 83.
<pz(x)={ l-x npu O<x<l,
a cHu3y —mpsamoit y=0. Ilostomy umeem
! 1=y o \/I_X 1-x
{dy [ S y)dy= | dx I fix, y)dy+Idx f S, y)dy. =
-1

T_ 2
==y
8.1. [Toab3ysicb omnpeneneHueM OBOWHOrO MHTErpasia, AoKa-
3aTh CJEAYIOIIME €ro CBOMCTBA:
a) JMHEeHHOCTb:

W, p)tg(x, y)dxdy=[[f(x, y)dxdy+[g(x, y)dxdy
G G G

Afx, y)dxdy=A[[f(x, y)dxdy (reR);
G G

0) apmutuBHOCTL: ecmm G=Gy|J G,, TO

£ yydxdy=[ff(x, y)dxdy+(f f(x, y)dxdy.
G Gy G,

Bouiyucnurs MMOBTOPHBIE HHTEIPAJIbI:

2 xS3
12 xdy
8.2. gdxi(xz'*‘y)dy 8.3. de J m
3 5 0 x
dx n/2 a(l+cosg)
8.4. jdyj\m 8.5. E[) d(p acgs'p rdr.

12
11



/2 2 cos@
86. | do j ridr.
-n/2
IIJ'ISI z[ammx TMOBTOPHBIX HHTErpaJIOB HAIMHCAaTb YPABHCHUS
KpHMBBIX, OIrpaHUYHBAIOLIUX obyactu HHTCIPDUPOBAHHSA, U TIOCTPO-
HTb 3TH o0JIaCTH:

2 x+3 2-x2

87. fdx | f(x,y)dy. 88. jdx j f(x, y)dy.
1 x -1
2 SR 1 \/5“;

89. fdy | [f(x,y)dx. 8.10. [dx f f(x, y)dy.
0 2-y 0 x

Jas  ykasaHHbIX HMxe obnacreit G 3anMcaTth [JBOHHOH
HHTETpaj

[ f(x, y)dxdy
G

B BHIE TNOBTOPHBIX, B3ATHIX B Pa3jMYHBIX MOPAIKAX:

8.11. G—npsmoyroneHuk ¢ BepwmHamMu A (1, 2), B(5, 2),
C(5,4), D1, 4).

8.12. G— mapannenorpamMM, OTPAHMYEHHBIA NPAMBIMH V=X,
y=x-3, y=2, y=4.

8.13. G—o6nacTb, oOrpaHMyeHHass KpUBHIMH x2+y2=2a?,
x’=ay (a>0, y>0).

8.14. G—obnacrtp, OrpaHHYEHHAs KpuBbIMEH  yZ=ax,
x*+y*=2ax, y=0 (a>0, y>0).

8.15. G—ob6nacTb, = OrpaBMueHHas KpHBLIMEH X2 +y2=ax,
x2+y?=2ax, y=0 (a>0, y>0).

8.16. 1o kakoii mepeMeHHOHN B3AT BHEIUHHH MHTErpaj B IO-

BTOPHOM HHTErpaie
2 x*
[ | fx,»)dydx
1 _VE

W KakoBa 001acTb HMHTErPHPOBAHHUSA?

W3MeHUTh TOPANOK MHTErPUPOBAHMA B CJELYIOLIMX MOBTOP-
HbIX MHTErpajiax:
PR s s
8.17. | dx | f(x, »)dy.
-2 -3-/1244x—x2 o
1-y? 4 Vi6-x?
8.18. j'a'y j flx,y)dx. 819. fdx | f(x,y)dy.

-1 0 ——
v NOE

1 y 3 1
820. [dy [ f(x.y)dx+[dy | f(x, y)dx.

0 y*9 1 y9



x+2 x+2
2 2 10/3 2
821. [ dx f f(x, y)dy+ j dx [ f(x,y)dy.
-2 N
a  a+fal-x? vz y2

822. f[dx | f(x,y)dy. 823. (| dy | f(x,y)dx.
0 ﬁ;rr vzl
10—x

8.24. jdx]f(x y)dv+jdx | fx, y)dy.

3 9/x 9/X
8.25. Tloka3aTh, uTO jdxjf(x y)dy= _[dyjj(x y)dx, u,

NoJB3YyACh ITOMN q)opMynou z[oxaun, dop M y a y Aupuxne

jdxjf(y)dy=l(t—y)f(y)dy-
0 V] 0

BLIMMCINTE CrelyIoWue HHTErpaibl:

8.26. H(x +y?)dxdy, rae obnacts G orpaHM4€Ha KPHBBIMHU
y=X, x+ y=2a, x=0.

8.27. ﬁ\/;——; dxdy, rne G-—Tpameuds C BepIIMHAMH
AL 1), B, 1), C(10,2), D(2,2).

8.28. ([xydxdy, rme obmactb G OrpaHMYEHa KPHBBIMH
x+y=2, gcz+yz=2y (x>0).

8.29. [[ydxdy, rne G — tpeyronbauk ¢ Bepuimnamu O (0, 0),
A1, 1), B(O, 1),

8.30. (f(x+2y)dxdy, rne obnacte G OrpaHMYeHa KPHBBLIMH
y=x%u ;:ﬁ

8.31. ”(4— y)dxdy, roe obnactb G OrpaHM4YeHa KpHUBBLIMH
x2=4y, yG::], x=0 (x>0).

xdxdy
8.32. J‘J\T}Z rae obmacte G oOrpaHM4YeHa KpHBBIMH
x*+y

G
y=xtgx, y=x, x=n/8 (x=>mn/8).
8.33. (f\/a*+x?dxdy, rne ob1actb G OrpaHHYeHa KpPHBBIMHU
G
y?—=x?=a? x=a, x=0, y=0 (y>0, a>0).



8.34. jj e**Vdxdy, rme obnactb G OrpaHHYeHa KPHBBIMH
G
y=e*, x=0, y=2.
8.35*. [{x%ydxdy, rne obnacts G JIEKHT B TEPBOil 4ETBEPTH,
G

OrpaHMYeHa OCSAMH KOOPOMHAT ¥ JAYyrod OJJUIMICA X=acos?,
y=bsint (0<t<n/2).

8.36. [[xdxdy, rne obnacte G orpaHHueHa ocblo OX W apKoi
G
makjaougsl x=a(t—sint), y=a(l—cost) (0<t<2n).
8.37. jj ydxdy, rae obnacte G orpaHHYeHa OCAMM KOOPAMUHAT

G
¥ Oyroil acTpoMnbl x=acos’t, y=asin®*t (0<t<n/2).
8.38*. Haiitu cpeanee 3Hauenme o¢ynkumn f(x, y)=
=cos’xcos’y B obmactu G={(x, y)|0<x<n/2, 0<y<n/2}.
8.39*, OueHHTH BENUYUHY HHTErpasa

= dxdy
- 9+sin?x+sin? (x+y)

x| +]yl<3

8.40. Haiitu cpennee 3Havenwe ¢yHkummn f(x, y)=3x+2y
B TpeyrosbHuke ¢ BepwHamm O (0, 0), A (1, 0), B(0, 1).

2. 3amesa mnepeMeHHbIX B /BOiHOM HHTerpaje. [lyctb ¢yHkuuun
x=@(,v) u y=Yyuv) 3)

OCYIIECTBJIAIOT B3aMMHO OJHO3HA4YHOE HeENpephiBHO AuddepeHuupye-
Moe otoOpaxenue odOmactu I' mockocty O'uv Ha obnacte G mio-
ckoctd Oxy. DTO 03HAuaeT, YTO CYLWECTBYET OOpaTHOE HenpepbiB-
Ho muddepeHuupyemoe otobpaxenue u=n(x,y) u v=y(x, y) obnacru
G Ha obmactb I' m B obmactu I oramyeH ot Hyas skoOuan
npeobpa3oBaHus, T. €.

o O¢
ou ov

I(u,v)= o ov #0, (u, v)eT. @
u o

BeanynHB! ¢ 1 v MOXHO pacCMaTpMBaTh Kak MPAMOYrOJIbHbIE KOOPAUHATHI
ans Todek objacth I u B TO e BpeMs Kak KPHBOJHHEHHBbIE
KOOpAMHATHI To4ek obnactu G.

Ecnu B aBOiHOM HHTerpasne

§§f(x, yydxdy
G



IIPOM3BECTH 3aMeHy TepeMeHHbIXx mno ¢opMmysiam (3), To obnacTbio
WHTETPUPOBAHHUA TMOJIy4eHHOro HHTerpaja Oynmer yxe ob6yacts I, ko-
ropas NpM  HaajexaweM Bbibope ¢yHkuMid @ (u,v) # Y(u, v) Mo-
KCT OKa3aTbCA 3HAYUTENBbHO Tmpolle obinacth G, W UMeeT MecTo
(popmyna

§f(x y)ydxdy={[f(e @ v), V(u, v) (4 v)|dudp. (5)
G r
Jins BBIMUCJICHMS MHTerpajna no obnactu I' nmpuUMeHSIOTCS HM3JI0KEH-
ile B M. | MeTombl CBEJCHUS [BOWHOIO HHTErpana K NOBTOPHBIM.
Mpumep 3. Boiuucauts ﬁ,/xya’xdy, ecnn obsnacte G OrpaHuyeHa
G
kpuBbIMH yZ=uax, yi=bhx, xy=p, xy=q (0<a<b, 0<p<q).

< [lepediieM K HOBBIM TNEPEMEHHBIM ¥ M v no dopmyiam y?=ux,
xy=v. Tornma

x=u\3p23, y:u‘”v”a,
O0x 1 ox 2
A PC N S VA NS 12
Ju 3 v 3
Q;lu"lﬂum @:l w!Bp-23
ou 3 v 3
1 2
YT B S VE N V]
3 3 1
I{u, v)=| =3
gu‘mv”’ MIRVENESTE u

1
|I(u, v)]=— npu u>0.
(e, 0)1= 5~
YpaBHCHUSA JIMHMH TNPUHUMAIOT BH]
u=a, u=b, v=p, v=q.

O6nacte G miockoctH Oxy npeobpa3dyercs B NPSAMOYrOJIbHHK
I' nockocth O'uv (puc. 84). CnenosatenbHo, npuMeHss popmyny (5),

g1
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noJjiyyaeM

b q
1 dudv 1 (du
JJ,/xydxdy=§JJ'ﬁ ” =§J7fﬁdv=
G r a p R
1 2 2, 2y P
=3Inu a'§v3’2 p=§(43'2—P3'2)1nz. &>

Haubonee ynorpeOMTENbHBIMH M3 KPHBOJIMHEMHBIX KOODAMHAT #B-
JIAIOTCA MOJIAPHbIE KOOPAMHATHI
xX=rcos@, y=rsin@,
U1 KOTOPBIX
cosQ —rsin@

1(r, )=

sin @ rcos @
n ¢opMmyna (5) 3anuchiBaeTcs B BH/E
§ f(x, y)dxdy={[{ f(rcos ¢, rsine)rdrdo. (6)
G r

Mpumep 4. Tlepeiins k mNOJAPHBIM KOOPAMHATAM, BBLIYUCIUTH
OBOMHOM MHTerpan

(2 +y?)dx dy,
G

rie obnacte G OrpaHMYCHA OKPYXHOCTbIO X2+ y2=2ax.
<1 ITonoxum x=rcos@, y=rsin®@ u npumeHuMm dopmyny (6). Tak kak
x24y?=r? 71O

ff(x*+y*)dxdy=[{r3drde.
G r
VpaBHeHHe OKpYXHOCTH x?+y?=2ax npeobpasyercs K Buay r=2acos@.

Moaromy obnactbio I' sBasercs o6nacTb, OrpaHMYEHHast CHU3Y OCbHIO
r=0, cBepxy KOCHHycOWIOH r=2acos@®, mpuiem ¢e[—n/2, n/2].

CrnenoBaTteNbHO,
n/2 2acos @ n/2 n/2
ra 2acos @
J]r’drd(p: J.d(p J ridr= J(z >dq>=4a4 Jcos“(pd(p=
r -n/2 o -n/2 ° -n/2
n/2
31n 3
=8a* | cos® dp=8a* > = ==na*.
a jCOb oap a 222 21[0 >

0
TlepeiiT x NMOJSpHBIM KOOpAMHATaM M PacCTaBHUTh IPEEIbI
HHTEIPHPOBAHUA 1O HOBBIM IEPEMEHHBIM B CJECHYIOLIUX HMHTEr-
panax:

3a/4 Jax—x?

841. [ dx f S(/x2+y?)dy.

a a+Jal—x? 1 vy
842 [dx [ f(x,y)dy. 843. f[dy [ f(x, y)dx.
0

Jax [ VY
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8.44. [[f(x*+y*)dxdy, roe obnactb G OrpaHMYCHa JHHHAMH

G_
x24y? =\/6 x, (2+p?)?*=9(x*—y?), y=0 (y=0, xs\/g).
Iepeiins K MOJSPHBIM KOOPAMHATAM, BBIYHUCIMTH HHTErpajbl:

vai-x? a Jai-y?

845. [dx [ e**dy. 846. [dy [ /a*—x*—yldx.
o 0 o JmTy

8.47. j'f /x*+y? —9dxdy, rae obaactb G-—KoJiblO MexXIy

IBYMSI OprmloCTﬂMH x24y2=9 u x*4+y?=25.
8.48. ([ /a*—x*—y*dxdy, rae obnactb G—4acTb Kpyra paiu-
G

yca a ¢ ueATpoM B Touke O (0, 0), nexamas B NepBOi 4YeTBEPTH.
8.49. [[(x*+)?)dxdy, rae obaactb G OrpaHMueHa KPHBBIMH

G
x*+y*=ax, x*+y?=2ax, y=0 (y>0).
8.50. jj dxdy, roe obnacte G OrpaHMdYEHa KPHMBEIMH X2=ay,

x24y? —2a, y=0 (x>0 a>0).
8.51. ﬂx\/ x2+y?dxdy, roe obnactb G OrpaHWYeHa JeEmecT-

KOM JIeMRHCKATBI (+y*)=a*(x*—»?) (x=0).

TlepeliTH K HOBBIM MEPEMEHHBIM ¥ U U U PACCTaBUTh MPEICIbI
HHTETPHPOBAHUA B CJENYIOHNIMX MHTErpajax:

8.52. [[f(x, y)dxdy, rne obmacte G onpenencHa HepaBeHCT-
G
BamMu x2=0, y>0, x+y<a. Ilonoxutrs u=x+y, ay=uv.
8.53. [[f(x, y)dxdy, rae obnactb G oOrpaHHYeHa KPHMBBIMH

(r
x? T=ay, x t=by, y*=px, y*=qx (0<a<b, 0<p<gq). [onoxuts

x*=uy, yz—vx
3-x

8.54. jdx | f(x,y)dy. Tlonoxure u=x+y, v=x—y.
(V]

1-x
8.55. H f(x, y)dxdy, rae obnactb G orpaHud¥eHa KpPHBBIMH
G

xy=p, xy=q, y=ax, y=bx (0<p<gq, 0<a<b). Tlonoxursp
u=xy, y=ox.

BbiyHCIuTh ceayroume JBOiHBIE HHTErpaJibl:

dxd
6. (| - y (¢>1), rme obaacte G orpaHuyena
G Jci— x/ (y/b)
2
JUIUNCOM % %5—1 (nepelTH K 0600wWeHHbIM NOAAPHBIM KOOD-

Oounamam r ¥ @ no ¢opMmynamM x=arcos@  y=brsin ).



8.57. [[e**" dxdy, rne obnacTb G 3amaHa HepaBeHCTBAMH

G
x=>0, =20, x+y<1 (mpousBecTH 3aMeHy nepeMeHHbIX x =u (1 —v),
y=uv).
8.58. [[xydxdy, roe obnacte G orpaHHYeHa JIMHHSMH y=ax>,
G

y=bx?, y*=px, y*=qx (0<a<b, 0<p<gq) (BbOpaTh Hamnexa-
HIY}0 3aMEHY IE€PEMCEHHBIX).

3. Tlpunoxenns [BOHHBIX HHTerpajoB. 'eoMeTpHYeckHe MNpH-
noxeHud. Iliowads S mnockoit obnacth G BbIpaxaercs, B 3aBH-
CHMOCTH OT pacCMaTpPHBaEMOH CHCTEMbI KOODIAMHAT, CJIEAYIOHIMMH MH-
Terpajamu:

S=({dxdy )]
G
B J€KAPTOBBIX NPAMOYIOJNLHBIX KOOPAMHATAX,
S={fl1|du dv ®)
r
B KPHBOJIMHEHHBIX KOODAMHATAX. 3J€Ch MpPEANOJaraercs, 4ro
dx 0Ox
ou Ov
P=a(1+cos p) I=oy oy #0 B obnactu T.

ou Ov

B YaCTHOCTH, B MNOJIAPHBIX KOOpDJAHHA-
TaX X=rcCos@, y=rsin¢@ HUMECEM

S={[rdrde. ©9)
r

r=ac0sp ITpumep 5. Haittu nnowans ¢purypsl,

OrpaHM4YeHHOM  kpuBbiMH  r=a(l+cos @)
M r=acos@ (a>0).

<1 B myockoctu Oxy ¢durypa nokaszana Ha
Puc. 85. puc. 85. Boiuncaum no dopmyie (9) mio-
aab BEPXHEH 4YacTH U YIBOUM:

n/2 a(l +cosg) n a(l +coso)
S=2ffrdrde=2fdp [ rdr+2fde [ rdr=
r o acos¢@ n/2 [+]

n/2 a(l +cosg) I3
=f{r? do+ [ r?
o acos¢@ n/2

n/2 n
=a? | (1+2cos@)do+a? | (1+2cos@+cos’ )dp=
0 n/2

o3 |
+a2<7(p+23in (p+Zsin 2<p>

a(l +cosg)
do =

0

n

5
=a*(p+2sino) =Zna2. o>

0 n/2

Eciu rnajsxasi NOBEPXHOCTb MMEET ypaBHeHHe z=f(x, y), TO niowade
4acTH ITOH nogepxHocmu, TMPOEKTHPYIOLleHcs B 06sacTb G TUTOCKOCTH
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Oxy, paBHa

p 2
Q=” 1+(Z—i> +(3—i) dx dy. (10)

l'lpuMep 6. Haitu nnouwaab 4acTv TIOBEPXHOCTH napabonouna
y*+z2=2ax, 3aKMOYEHHOH MeXIy UWIHHAPOM y?>=ax # IUIOCKOCTBIO
x=a (a>0).

< BepxHsis noJ0BUHA 3aaHHOrO NapaboJion/ia ONUCHIBAETCS ypPaBHEHHEM
z=/2ax—y* Wmeem:

0z a 0z y

0x [2ax— yz, ay ,/2ax—y2’
- (Ei)z N (0:) - a*+y? _ 2ax+ a?
dx dy 2ax—y* 2ax—y*
Tak kak paccMaTpHBaeMasi TOBEPXHOCTh CHMMETDHYHA M OTHOCHTEJBHO

MJIOCKOCTH OXZ, TO HUCKOMas IUIOIIaAb BbIYMHACIIACTCA KaK Y4YCTBEPCHHAs
Iowaab 4acTH J3TOMH NOBEPXHOCTH, nexaiied B NEPBOM OKTAHTE!

2ax+ v
f / ax+a’ d dy= 4[ 2ax+a* de
./2a y

Ja
= 4_[ J2ax+a (arcsm

n
)dx=4f 2ax+a*—dx=
° 4

2ax

n
=—(2ax+a?) 3’2
a

0

= 3fa —a®) 2(3\/3—1). o>

Obsem V yuaunopa, OrpaHMYEHHOrO CBEPXY HENPEPBIBHON NOBEPX-
HOCTBIO z=f(x, ), CHM3y mIOCKOCThIO z=0 M ¢ 6GOKOB mpsMoii
LMJIMHAPHYECKOH TNOBEPXHOCTBIO, BBIpE3alollei Ha TmiIockocTd Oxy 06-
jgacTb G, BBIPAXAETCS HHTErpajioM

V={[f(x, y)dxdy. . Ay
G

\/_pumep 7. Haiitu oObeM Tena, OrpaHH4YeHHOTO TOBEPXHOCTAMH

y=2x x+z=4, z=0.

<1 [laHHOE Tejo SBISAETCS LMIMHIPOMAOM, OTPAHHYEHHBIM CBEPXY IIOC-
KOCTbIO X+2z=4, CcHM3y IUIoCKOCThI0 z=0 M c 6OKOB mNpAMBIMHU

IMJIMHApaMH y=\/; " y=2\/)_c (puc. 86,a). Ob6nacTb MHTErpUPOBaHHSA
nokasaHa Ha puc. 86,6.
Umeem: z=4—x,

V={{(4—x)dxdy= gdxf (4—x)dy= 5(4 -
=£(4_x)\/;dx=<4,2x3/2-2x5/2) 4_128

=—. >
3 5 )|, 15

8.59. Haditm minomans ¢Qurypbl, OrpaHHYCHHOW KPHUBBIMH
yi=4ax+4a* u x+y=2a (a>0).
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8.60. Haiitu mnowans ¢Hrypbl, OrpaHHYEHHOM KPHUBLIMH
xy=4 u x+y=S.

8.61. Haiitu miomwaapr ¢GuUrypbl, OrpaHMYEHHOM KPHUBBIMH
8a°

=i x=2y, x=0 (a>0).

Y=z

y=vz

N
8y

9|

)
Puc. 86.

8.62*. Haiitu miomans Qurypsl, OrpaHHYCHHOH KpPHUBBIMH
x24y?=2ax, x*+y?=2bx, y=x, y=0 (0<a<b).

8.63. Haiitu rmnomwans ¢urypel, OrpaHHYEHHOH KPUBBIMH
r=a(l—cos@) 4 r=a (BHE KapAHOHIBHI).

8.64*. Haittu ruiomany Qurypbl, OrpaHHYEeHHOH KpPUBBIMH
(x*4+yH?=2a*(x*—y?) u x*+y*=2ax.

8.65*. Haiti miomanb Qurypsl, orpaHd4eHHON NHeTJied KpH-
Boit (x+y)*=ax?y, nexameit B neppoit ueTBepTH (a>0).

8.66*. Haifith mromans ¢Qurypsl, OrpaHHYeHHOH KPHBOM

x2 yz 2,2
PERNEY Bt

8.67*. Haittu mnomanbs ¢urypel, OrpaHHYEHHOH KpPHUBBIMH
yi=ax, y>=bx, my*=x3 ny*=x® (0<a<b, O<m<n).

8.68*. Haiitu mnnomans ¢urypsl, OrpaHHYEHHOHW KpPHUBBIMH
y =px, y*=qx, y=ax, y=bx (0<p<gq, 0<a<b).

8.69. Haiiti niomanb 4acTd IUIOCKOCTH X+ )+ z=a, BbIpe3a-
eMOH WWIMHAPOM y2=ax M MJIOCKOCTBIO X=4d.

8.70. Haiitu muowans,  44CTH  MOBEPXHOCTH  IIMJIMHAPA
x?+z*=aqa?, Bbpe3aemoli wMIHHApPOM y2=a(a—x).

8.71. Haiitu  mwiomagb  4YacTH  TNOBEPXHOCTH  KOHYyca
x2+2z2=y? BbipezaeMoii umwmpapoM y2=2px (p>0).

8.72. HaliTu mnosIHYIO TNOBEPXHOCTH TejNa, OIPAHUYEHHOTO
uanuEapaMd x2=ay, z?=ay n naockocTeio y=2a (a>0).

8.73. Haiitu  mnomangs  4acTH  TNOBEPXHOCTH  KOHYyca
xt4z2=y2, Bbipe3aeMoi miockoctaMu x=0, x+y=2a, y=0.
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8.74. HaiitTu miomiage 4acTd  NOBEPXHOCTH  HHJIMHAPA
x?+y?=2ax, BblpezaeMoil HUAMHAPOM z2=2a(2a—X).

8.75. Haiitu nnomans wyactu chepbl x?+y2+z2=2a?, 3a-
KJIIOYEHHOH BHYTPH KoHyca x2+yZ=z2

8.76. Haiitu momans 4acTd MOBEPXHOCTH napabojouna
z=x2—y?, 3akmoyeHHO# Mexay napabonommamu z=3x2+yp2—2

=3x2+y2 -4

8.77. Haiitu niowans 4actu chepnl x>+ y2+z%2=a?, Bhipesa-
eMOH LMIMHAPOM C OOGpa3syloulMMu, napajcibHbiMu ocu Oz,
HATIpABJISIOLIEH  KOTOPOrO  CJYXHT  TpeXJemecTkoBas po3a
r=asin3¢. ’

8.78. Haittu mnowaagy  4actu BMHTOBoﬁ MOBEPXHOCTH
z==aarctg(y/x), Bbpe3acMOll LHIMHAPOM x> + yi= a2

8.79. Haiith mwiomanbs 4YacTu ctpepbl x2+y?+z2=1, pac-

\/

MOJIOXEHHON MEXAY MJIOCKOCTAMHU z=—y U z=y (220, y=0).

8.80. Halitu  miomans  4YacTd  MOBEPXHOCTH  KOHYyca
x?+4yr=z? BbIpe3acMOll WMIMHAPOM ¢ 06pa3yloMMH, Mapai-
nenbHbIMA ocu Oz, BanpaBisiolied KOTOPOTo CIyXHT KapAHOHIa
r=a(l4cos ).

8.81. Haiitu nnomane 4acta coepsl x>+ y2+z%2=a?, Bripesa-
eMoit u3 mHee mwmMHApoM (xZ+y?)?=a?(x%—y?).

Haiitu 06beMbl TECJ1, OIpaHHYCHHBIX NOBCPXHOCTAMMU!

2 2 xt y?

X z
882 S+ l=1, S4lo1 @>0).

8.83* z2—x2=q? z’—yp?=a? z=a\/§ (a>0).

8.84. y=x2, z=y, z+y=2.

8.85. x2—y?=2az, x*+y?=a? z=0 (BHYTpM UMIMHIpA;
a>0).

8.86. x2+y2—2"2=—~a2, 2(x*+y?)—z?=a? (a>0).
Z
887, z=ce (' *’), x S+55=1 (>0, 5>0, ¢>0).
8.88. x2+y2=z2% x +y —2z2=—a? (a>0).
8.89. 4+ zz 1 Yz : , a>0
. .:ﬁ+b—§+;§—, ;5+ﬁ s (BHyTpH KOHyca; a>0,
b>0, ¢>0).

8.90*. z=xy, xy=1, xy=2, y?=x, y2=3x.
8I91*. z=x2+y% xy=1, xy=2, y=x, y=2x, z=0
(x>0, y>0).

MexaHuueckue npugoxeHus. Ecaum niacTHHka 3aHUMaeT 00-
nacTh G miockocT Oxy ¥ MMEET NEPEMEHHYIO TIOBEPXHOCTHYIO MIOTHOCTH
Y=v(x,y), To macca M NNacTHHKH U ee cmamuueckue Momenmovl M,
¥ M, otHocuTeNnbHO ocelt Ox U Oy BbIPaXarOTCH JBOWHBIMH HHTETpajaMu
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M=({y(x, y)dxdy, M.={[yy(x, p)dxdy, M =[[xy(x,p)dxdy. (12
G ¢ G

Koopaunarsl yewmpa macc X W J TUIACTHHKM OINPEAEIAIOTCH
crenyrommM obpaszom:

M, ﬂxy x, y)dxdy

= M ﬂy X, y dxdy r=

My Hyv x, y)dxdy

M jjyx, )Jdxdy 13

Momenmol  unepyuu TJIACTHHKH OTHOCHUTENBHO ocei Ox u Oy
COOTBETCTBEHHO pPaBHBI

I, ‘jf» ¥(x, y)dxdy,
I —”x ¥(x, y)dxdy,

a4 MOMEHT MHEPUMH TJIACTUHKH OTHOCHTEJILHO
Hayajia KOODAMHAT (noAApHBIUL MOMEHT HHE-
plUMH) paBeH

Io={f(x*+y?) y(x, y)dxdy=1+1,.(15)
G

(14)

Ecmu nylacTHHKa OIHOpPOAHA M IUIOT-
HOCTb €€ HE YKa3aHa, yCJIOBMUMCS CHHUTATh
Puc. 87. 1.
Y(x, y)=
MMpumep 8. Halitu KOOp/IMHATRI LEHTPa Mace OJHOPOAHOM MJIACTHH-
KM, OTDaHHYEHHOH KpMBLIMH ay=x2, x+y=2a (a>0).
<1 JIuHuMM mepecexalroTCs B TOYKax Ml(—2a, 4a), M,(a, a) (puc. 87).
IMosTOMy MOXHO 3amucath:

S={[dcdy= [ dx | dy= j(za x———2>dr—-

G -2a x2ja -2a
x2 x3\|° 9
=\2ax———— =-a?;
2 3a)|-.5 2
2a—x a x4
M, ”ydxdy— fdx jyd)—i §<2a X) —P>dx=
-2a x?%la 2
_! _(2a=x)*  x*\|° —ééa3'
2 3 Sa 57
a 2a-x a xZ
M,=({xdxdy= | xdx | dy= fx(Za—x~——>dx=
G -2a x?a —2a a
3 4 a 9
—(ax?-T =—=a’.
3 4a/|_

MoncraBass HaineHHble 3HavyeHdHss B ¢Gopmynsl (13), umeeMm
M a M

F=—2= -, j=—T=_g4 >

S 2’ S 5
8.92. Haiitm mMaccy kpyrjoi IUIaCTUHKM paadmyca R, eciu
IUIOTHOCTh €€ MNpONMOPLMOHAJNIbHA KBAaApaTy PpACCTOSHHUS TOYKH
OT LEHTpa M paBHA O Ha Kpaw IUIACTHHKH.
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8.93. Haiit craTtHyeckue MOMEHTbl OTHOCHUTENBHO ocell Ox
u Oy opHopomHOoW GUTypbl, OrpaHM4YeHHOH Kapauouaon
r=a(l+cos@), 0<@<m, ¥ NOJAPHOH OCBIO.

8.94. Haiitu koOpOMHATBHI HEHTPA MacC OJHOPOIHON (UTYDHI,
0l PAHHYEHHOH KpUBBIMHM yZ=ax, y=x.

8.95. HaiiTn Maccy miacTHHKM, UMeroLel GopMy NpSIMOYTOJib-
1HHOTO TPEYroJjibHUKA ¢ kKaTeTaMi OB=a u OA =b, ecny MIOTHOCTD
¢e B 000N TOYKE paBHA pPACCTOSHUIO TOYKM OT katera OA.

8.96. HaiiTu craTuveckue MOMEHTBI OTHOCHTEJIbHO oceit Ox
1 Oy onHOopoInHOW ¢Urypbl, OrpaHMYEeHHOW CHHYCOMOOW y=sinXx
i npsiMoil OA, npoxonsileit yepe3 Ha4yasjso KOOPAMHAT U BEPLUIUHY
A(m/2, 1) cunyconabl (x=0).

8.97. HaitTn koopaMHaTBhl LEHTPA MACC OJHOPOIHOMN (HUTypHI,
OrpaHMYeHHOR KpHBBIMHM xy=a’, y’=8ax, x=2a (a>0).

8.98. HaiiTu MOMEHTb!I MHEPUHUH OJHOPOIHOIO TPEYrOJIbHHKA,
OI'PAHHYEHHOr0 NpSMbIMM X+ y=1, x+2y=2, y=0, OTHOCHTEJ]b-
o ocet Ox u Oy.

8.99. HaiiTu koopauHaTHl NEHTPAa MAacC OOHOPOJHOH (HUTrypHI,
OIpAaHMYEHHOW mMeTJied KpUBOH r=asin2@, Jexauwed B mepBoOi
YETBEPTH.

8.100. Haiitu MOMeEHTBHI MHEPUMHU OAHOPOAHOM (QUTryphl, Orpa-
HUYEeHHON kapauounon r=a(l+cos@), oTHocuTeabHO oceir Ox,
Oy ¥ OTHOCHUTEJIBHO MNOJIIOCA.

8.101. Haiitu MOMEHTBl MHEPLHMH OOHOPOAHOU GUIrypshl, orpa-

. x2 y? .
HUYCHHOM  JJUIMTIICOM ?+ﬁ= I, otHocutenbHo ocei Ox, Oy

M OTHOCHTENIbHO Hayajga KOOpAHHAT.

8.102. HaiiTu MOMEHTBI UHEPIMU OJHOPOJIHON GUTYypBI, Orpa-
HMYEHHOH KpUBBIMH yp2=ax, y=a, x=0:

a) OTHOCUTENIBHO Hayajla KOOpIMHAT,

0)* OTHOCHUTEIBLHO NpsAMOH X = —a.

8.103. HaliTu MOMEHTBHI MHEpUMH TPEYTrOJbHUKA, OTrpaHUYEH-
HOrO MpsSMBIMH X+y=da, X=a, y=a, OTHOCUTeIbHO oceid Ox,
Oy M OTHOCHMTEJIHO HAYajla KOOPIHMHAT, €CJIM IJIOTHOCTh MPOTNop-
LIMOHANIbHA OpAMHATE TOYKH.

8.104. HaiiTu MOMEHT HHEpLUHH OFHOpPOAHOH ¢urypsl, orpa-
HUYCHHOH JIeMHHUCKATON r2=a’cos2p, OTHOCHTENBLHO TNOJIOCA.

8.105. HaiiTh# MOMEHTBI HMHEPLUMH OIHOPOIHOIO KpPYroBOIo
CeKTopa paauyca a C YrjoM o IpH BepuiMHe (coBnajarolue
C HAYaJIoM KOOpOMHAT) OTHOCHTENbHO ocedr Ox u Oy, ecau
CEKTOP PpAaCHOJIOKEH B MNEpBOH 4YETBEPTH M OIHOM M3 CBOMX
CTOPOH JIeXUT Ha ocu Ox.

8.106*. Tonkas myacTuHkKa umMeeT GoOpMy KPYroBOro KOJibIA
¢ pamuycamu R, u R, (R;<R,). VYpenpHas TeEMIOEMKOCTh
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IUIACTUHKH MEHSAETCS MO 3aKOHY ¢=|Xxy|, TJIOTHOCTb MOCTOSIHHA
M paBHa 7y. Hailitm konmyecTBO TenjaoTHl (, TNOJy4YEHHOH
TUTACTUHKOW TpU €€ HATPEBAaHHUH OT TEMIIEPATYpPHl !, [0 TeM-
HepaTyphl 1,.

8.107*. Ha Tonkoil mniacTuHke, uMeroleii ¢opMy mnapabo-
JIMYECKOTO CerMEHTAa, OIPAHUYEHHOro ocbio Ox u napabonoi
ax®+h*y=h3, pacnpeneneH >1eKTPUYECKHI 3apall C MOBEPXHOCT-
HOW MJIOTHOCTBIO G =2x+y. HaliTu nonnslil 3apsaa E niIacTHHKH.

§ 2. Tpoiinoii unTerpan

1. Tpo#Hoii HHTErPa/l K €ro BLIMHC/ICHHE B 1EKAPTOBLIX NPAMOYIOAbLHLIX
KOOp/IMHATAX. TPoinbim unmezpaiom OT HENpepbiBHOH dyHkumMu f(x, y, z)
MO OrpaHMYCHHOW 3aMKHYTON NPOCTPAHCTBEHHOH oOjacTu 7T Ha3blBaeTCs
npenesl Noc/ieA0BaTENbHOCTH COOTBETCTBYIOUIUX MHTErpasibHbIX CYMM MpH
CTPEMUICHHH K HY/II0 HauOonblIero M3 AMAMETPOB d), 3JEMEHTAPHBIX
obnacted Av,, ecnu ITOT mpelen He 3aBUCUT HM OT cnocoba paszbueHus
obsactu T Ha dsieMeHTapHbie nopodnactu Av,, HU OT BhIOOpa mMpoMe-
XKYTOYHBIX TOYEK:

jjjf x, ¥, z)dxdydz=lim L S (Xis Viw 2) Avy, )

max d, 40

rae (X, Y, Z) € Av,. Yepes Av, 0603HavaeTCs Kak dIeMEHTapHas o61acTb,
Tak u ee o6beM. CBolCTBA TPOWHBIX HHTErpasioB aHAJIOTHYHBI CBONCTBaM
JBOWHBIX HHTCTPAJIOB.

BbiyKcieHHe TPOHHOro HHTErpaja B AEKAPTOBLIX KOOPJAMHATAX
CBOIUTCA K TOCJEKOBATEIbHOMY BBIYUCIEHHIO OJIHOTO OJIHOKPATHOTO
M OJIHOTO JIBOMHOTO WHTErpasioB MAH K BBIYMCICHUIO TPeX OJHOKPATHBIX
unterpasioB. Ecnu, nranmpumep, obnactb uHTerpupoBaHust T oOrpaHuueHa
CHU3y  MOBEPXHOCTbIO =@, (X, )), CBEPXYy TMOBEPXHOCTbIO Zz=
=@, (x, ¥)(@, (x, y) <P, (x, y)) 1 c OOKOB NPAMBIM LHIHHAPOM, CCHEHUEM
KOTOPOro IJIOCKOCThIO, TIapajule/ibHOM TockocTH OXxy, sBAfETCS 0044cThb
G, 1o TpoWHOH wuHTerpan (1) BbiuHcaseTcs 1o dopmy:e

@, (x. y)

jﬁ/(\f ¥, 2)dxdydz= ﬂdvdr | flx y 2)dz )

@, (x.y)

3anMchiBas ABOWHO# HHTerpan mno obsactw G uYepe3 OAMH U3
TIOBTOPHBIX, nony'iaeM

y,(x)  @,(x,y)

{§ f(x, y, 2)dxdydz _fa'x [ dy | flxp z)de=
T a ¥, (%) o(x.y)
d  x,(y)  e,(x.y)

=fdy § dx [ fl(x, y, 2)dz. 3)

¢ x(y) ex¥)
Mpumep 1. Boluncauts ”j"zdxdydz, eciid obslacth T orpaHuyeHa

1-x-y
dy=
z=0

T
IOCKOCTAMU X+ y+z=1, z=0, y=0, x=0.
<1 Hmeem:

fzdsayas=fax (v | ’zdz_gd;i‘(:;
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1ox 1! (1—x—y)?

1t )
—Egdx (j; (I—x—y) d}’*ig( 3

el 08

64 6 4

1-x
)dx=
y=0

! 1
)5 =
x=0 24

PaccraBurth npeaciibl HHTErpupoBaHUs B TpOﬁHOM UHTErpajie

V§§f(x, », z)dxdydz nna ykasamnbix oGmacreit T:
T

8.108. O6macte T — TeTpa’ap, OrPaHUYECHHBIH MIIOCKOCTAMHU
2x+3y+4z=12, z=0, y=0, x=0.
.2 2 2
8.109. Obaacte T— BHYTPCHHOCTb HJLIMIICOMIA iz + %—rz—z =1.
a T
8.110. O6nacty T orpaHmyeHa NOBEPXHOCTAMH y>+2z2=4x,
v=2,
8.111. O6nacts T oOrpaHM4eHa MOBEPXHOCTAMHM x>+ y?=z2,
o=1.

Boruncnute HUHTErpaJibl:

1 x VW
8.112. | dx j dy | zd-
0 0 0
3 2x Jxy

8.113. [dx [ dy | zd
0 0 0

\ﬁz—x 2(a—-x)
ydy | d

0 a—x

8.114. | dx
0

8.115. ([f(x+y+z)dxdydz, rne obnacts T —rerpajip,
OrpaHWleHT!-lbli'l IWIOCKOCTAMH X+ y+z=a, x=0, y=0, z=0.

8.116. [({ xyzdxdydz, rne obnacts T orpanuueHa mo-
BerHochm y=x% x=y% z=xy, z=0.

8.117. (f[ (x*+y?)dxdydz, rne obmacts T orpaHuuena
noserHocTTﬂMn z=y*—x?%, z=0, y=1.

2. 3amena nepeMeHHbIX B Tpoiinom uHTerpane. Ecin B TpoiiHOM
UHTErpane

{5 f(x, », 2)dxdydz
T

NPOM3BOAMTCS 3aMeHa  MIEpeMEHHbIX 1o  Qopmynam  x=x(u, v, w),
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y=y(,v,w), z=z(u,v, w), npudeM OyHkuun x(u, v, w), y(u, v, w),
z=(u, v, W) OCYLIECTBJIAIOT B3aWHMHO OJHO3Ha4HOE OTOOpaxkeHHe 00sacTH
T npoctpanctBa Oxyz Ha obaactb T, mpocTpaHcTBa O uvw M SIKOOHaH
npeobpa3oBanus He obpauiaercas B Hyab B obiactu T:

Ox ox Ox
u v ow
u Jdv ow
Jz 0z 0Oz
fu v ow

TO crnpaBesinBa GopMya
(5 £ (x, yo 2)dxdy dz=[{f f(x(u. v. w), y(u, v, w), z(u, v. w)) || dudvdw. (4)
T T

Hanboxee ynoTpebutesbHbIMH W3 KPUBOJIMHEHHBIX KOOPIMHAT SBJISIOTCS
yuruHopuueckue KOOpPAMHATHI r, @, z (puc. 88): x=rcos®, y=rsin@,

, Z\
M{;'v, »,2) M, 9,6)
2,
z
0 g
Yy g 7
r
P P
f 'z

Puc. 88. Puc. 89.

z=2z, IKOOUdH KOTOpBIX [=r, U cepuneckue r (IJIMHA pAJUYC-BEKTOPA),
¢ (moarora), 0 (wmpota) (puc. 89): x=rcos@cosf, y=rsin@cosH,
z=rsin0, sxobuan koTopeix [=r2cosf. @opmyna (4) npuHUMaeT
COOTBETCTBEHHO BH[

i f(x, p, z)dxdydz={[{ f(rcos ¢, rsing, z)rdrdedz (5)
wiu ’ "
5 f(x, y. z)dxdydz=
! ={[[ f(rcos@cos®, rsin@cosh, rsin0)rcos8drde do. (6)

1\
Mpumep 2. Tlepeins k HUIMHAPHYECKMM KOODAHHATAM, BBIYMCIHTD
ﬂjz N x2+y2rdxdydz, rne obnacts T 3amaHa HepaBeHcTBaMH 0<x <2,
T

0<y<./2x—x%, 0<z<a (puc. 90).
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<1 Tak Kkak ypaBHeHME y=./2x—x? B LMJIMHADHYECKOH CHCTEME KOOp-
JIUHAT nNpUHUMaeT BUA r=2cos¢@ (0<@<m/2), To no ¢opmyre (5)

Hj./xz+yzzdxdydz=j‘ﬁ rlzdrdodz= z
T
n/2 2cos@ 2 n/2 2cos@ a
—jd(p {r drj'zdz=— _[d(p f ridr= ﬁ
0
w2
_412 3 d _8 2
=3 |cos’edo=ga’. > Y

Mpumep 3. l'lepemm K C(bepuqccmm KoopauHaTaMm, 2
BBIYUCITHTD jﬁ(t +yYdxdydz, ecnu obnacte T ecThb

nosymap x2+y +22<R?, z20. Puc. 90.
< Jlns obnacty T, npenenbl W3MEHEHUS CHEPHUECKHX
koopauHaT cyTh: 0< @ <2, 0<0< /2, 0<r<R. Umeem no popmye (6):
{ff (x2+y?*)dxdydz=[[fr*cos?0-r?cos 0 drdpdb=
T T,

2n n/2

4
= j a'(pj'cos Od()jr“dr——gnRS >

BLIYMCTUTL MHTErpaibl, Nepeiiis K UMIMHIPHYECKHM KOOp-
JMHATAM:
8.118. ([ |yldxdydz, rne obmacte T orpaHHyeHa NOBEpX-
T

HocTaMH x2+p2=a?, z=0, z=h.
8.119. [(f zdxdydz, roe obaactb T orpaHudeHa [OBEpX-
T

HocTAMH x24y2=2z2% z=a.
3 ViR visey
8120. [dx [ dy [ d=
0 0 (x2+y?)/3
vz Vai-y?  (x-y)a
8121. (dy | dx x*4y?dz.
0 y 0

a Vai=x? h
8122, [dx | a'y ] xt+yd.
—a —*/a —-x? (x2+y’)
2 2
8.123. | dx j dy | (x*+y?)dz.
-2

vaT P2

BBLIYHCIUTL MHTErPaJIbl, NIepeiis K CHEepUIECKMM KOOPAHHATAM:
8.124. [[f /x*+y*+z*dxdydz, rae obnacte T— BHyTpEH-

T
HOCTb IAPOBOTO CEKTOpa C IEHTPOM B Hadajge KOODAMHAT,
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pagMycoM a U yrjaoM npu BepuHHe 20 (0<a<m), ecaum och
CHMMETPHUH CEKTOpa MpHHATH 3a och Oz.
8.125. [[fxyz?dxdydz, rae obmactb T OrpaHMYEHa HaCTbIO
T
chepsl x2+y%4+2z2=1 M KOOpDOMHATHBIMH TIIOCKOCTAMH (x>0,
y>0, z>0).
dxdydz
8.126. JJJ ) , roe obnacte T--—chepuyeckuii cioii
Jxi+yie?

MeXay ﬂOBCpXHOLTSlMH x2+yi4zi=a’, x*+y?+z7=4d>
RY

RiV2 \/‘2'""" VRETITGE

8.127. f dx j' dy | dz
ViTTyE

a v@Tx— Val-xi=y?
8128. {dx | dy | zd-

0 0 0

R VRI=x? VRT-xT-y?
8129. [dx [ dy | Jzd

-R VR 0

3. Ipunoxenns TPOHHbIX HHTerpanoB. O6sem V NPOCTPAHCTBEHHOM
obaactu T paseH
V={[{ dxdyd-.
T

Macca M Tena ¢ mepeMEHHON TJIOTHOCTBIO Y (X, J, Z), 3aHMMAIOLLETO
obaacte T
M= ﬂjy X, y, z)dxdydz.

Cmamuyeckue momenmsl Tela OTHOCHMTEIBHO KOOPUHATHBIX MJIOCKOCTEH:
M, = xy(x, y, z)dxdydz,
T

M:ﬁmyv(x, ¥, z)dx dydz,

M,, m Y(x, y, z)dxdyd:.

M, M_, M,

=_Tyz sz 5’

Koopounamer yewmpa mace tena: ¥=-——, §= ) .
M M M

Momenmbl unepyuu Tena OTHOCHTENBbHO Oceil KOOpAMHAT:
/ “m(’ +23)y(x, v, z)dxdyd:,

13'2”.( 22+ x%)y(x, y. 2)dxdydz,
T
lz=.‘.ﬁ (x*+yA)y(x. y, z)dxdydz.
T
n pUMCp 4 HaiiTy  koopauHaThl  LCHTPa Macc Monayuiapa

x2+y?+z2<R? z20, ecan MIOTHOCTL B KaXAOH TOYKE TNPOMOPIH-
OHAJIbHA PAcCTOSHUIO OT TOYKH 1O LEHTpA.

28



-1 UmeeM  y(x, y, z)=k./x*+y*+2z2 U, BCHENCTBHE CHMMETPHUH,
v=5=0. BbluucieHus TIpoBeNeM B C(HEPUYECKHX KOODAMHATAX:

M”=kj"£j' z, /x2+y2+zzdxdyd"=kﬂ:jr“sin 0cosOdrdpdd=

2x n/2

=k | dq)_[sm@cosed()j'r“dr—gknR5

M=k[{f /x> +y*+z7dxdydz=k [[[ r® cos O dr do d8 =
T T,

2n n/2

=k j d(pj cosedefr dr——ImR4

2
Takum 06pa3oM, C(O, 0, §R> >

8.130. Haiitu ob6veM Tesna, OrpaHHYEHHOIO MOBEPXHOCTSMH
z=x24p2 z=2(x24+y?), y=x, yi=x.

8.131*. TIpu KakoM 3HAYeHUM d OOBEM Tesa, OrPaHHYEHHOIO
noBepxHocTAMH x2+y?=az, x?+y?=ax, z=0, paBeH HaHHOMY
yucay V?

8.132*. Haiitu oObeM Tena, OrpaHHYEHHOro 3aMKHYTOH mno-
BEPXHOCTBIO (X2 4 y2+22)2=2axyz (a>0).

8.133*, H«mm 061>eM TeNld, OrPaHHYEHHOrO 3aMKHYTOH IHO-

V 22 2 x2 yz
BEPXHOCTBIO + e + == + e

8.134*, HdHTH 06'I>EM Tena, OrpaHH4eHHOro chepoit x2+
+y2+z2=4a® u napabomounom x +y?=3az (BHyTpH ma-
pabosionna).

8.135*. Haiitn obbeM Tesna, OrpaHMYEHHOTO 3aMKHYTOH IO-
BepXHOCTBIO (x2+y2+2z%) =a%z (a>0).

8.136. Haiitu Maccy 4 cpelHIOIO IUIOTHOCTH TeJjla, OrpaHUYEH-
HOro moBepXHOCTAMHM x2+y2—z2=qa? z=0, z=a>0, ecmu
IJNOTHOCTL B KaXIOH TOYKE MPOMOPLMOHANIbHA alIUIHAKaTe
Z B B IUIOCKOCTH zZ=a paBH4 Y,.

8.137. Haiitn Maccy M CpeIHIOIO TUIOTHOCTb KPYroBOrO KOHyca
C pafinycoM OCHOBaHHUS R M BBICOTOH H, €CIIM IUVIOTHOCTb B KaXIOH
TOYKE TNPONMOPILMOHAJIbHA KBAaAPATy PAcCTOSHHUA OT TOYKH [0
MJIOCKOCTH, MPOXOsfllell Yepe3 BEpUIMHY KOHycCa IapaJuUlesIbHO
IJIOCKOCTH OCHOBaHHMS, M B IIEHTPE OCHOBAHMS paBHA Y.

8.138. HaiiTn Maccy U cpelHIOIO IUIOTHOCTb Tejla, Of paHHYeH-
HOTO MOBEPXHOCTMU X2 —y?=az, x*+y?=a* z=0 (z>0), ecnu
IUIOTHOCTh B KaXIOH TOYKe MpPONOpUMOHANbHA aNIuIkKaTe z,
a Haubousbllee 3HAYEHHE IUIOTHOCTH Y.
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8.139. Haiitu Maccy M CpeIHIOIO ILIOTHOCTH CHEPHYECKOTO
CI0sl MeXy OBEPXHOCTAMHE X2+ y2+z2=a% u x*+y?+z2=4a?,
€CIIM IUIOTHOCTh B KaX[IOH TOYKE MPONMOPIMOHAJIbHA KBaApaTy
paccTOsHUS OT TOYKHM [0 Ha4ajda KOOpIMHAT, a HauboJjbliee
3Ha4YeHHEe IUTOTHOCTH Y.

8.140. HaiiTu Maccy M CpeIHIO IUIOTHOCTb CEerMeHTa
napabojonga BpamieHUss C pagUycoOM OCHOBaHHMA R U BH-
cotod H, ecnu NJIOTHOCTh B KaXJOH TOYKe NPOMOPLUO-
HaJlbHa KOPHIO KBAaJApPaTHOMY M3 pACCTOSHUS OT TOYKH [0
IIOCKOCTH OCHOBAaHUS CErMEHTa W B BEpUIMHE CerMeHTa
paBHa Y.

8.141. Haiitu Maccy M cpedHiol0 IUIOTHOCTH IIapa paauyca
R, ecnmu miOTHOCTH B KaXJOW TOYKE MPONOPLMOHANbHA pac-
CTOSHHIO OT TOYKM [0 OIHOrO M3 [OHAMETpOB LIapa U Ha
OKPYXHOCTH OOJIBLIIOTO KpYyra, JeXallero B IUIOCKOCTH, TEpIEH-
MMKYJSIDHOW K 3TOMY IHAaMeTpy, paBHA Y.

8.142. HaitiTu xoopamHaThl HEHTpa Macc OJHOPOOHOIO TeJa,

orps LN =0, y= =0
PaHMYEHHOTO NOBEPXHOCTAMH z=—(y*—x?), z=0, y=a, y=
a

(@a>0, h>0).
8.143. HaiiTu xoopIuHATHI IIEHTpA Macc OJHOPOJTHOIO Teja,

b h
OTPaHHYEHHOTO MOBEPXHOCTAMHA y=— X2, z= 3 (b—y), z=0 (a>0,
a

b>0, h>0).
8.144. Haiitu xOoOpIMHATHI LEHTPAa MAacc OJHOPOIHOIO Tena,

OTrPaHHYEHHOTO MOBEPXHOCTSAMH 2= A (x*+y?, z=H
p p - Rz - y s - .
8.145. Haiitu xoopauHaThl [EHTpAa MAacC OIHOPOIHOTO

H
TeNa, OTPAHMYCHHOTO TOBCPXHOCTAMH Z==— /X 2+y?, z=H

(H>0, R>0).

8.146. HaiiTu XKoOpAMHATHI LEHTpPAa Macc mojymapa x2+y2+
+2z2<R? 2z>0, ecm TJIOTHOCTL B KAXAOW TOUYKE NPONOPLH-
OHAaJIbHA PACCTOSHUIO OT TOYKH [0 Hayaja KOOPAMHAT.

8.147. HaliTu MOMEHT HWHepUMH OTHOCHTENbHO ocu Oz on-
HOpPOJHOIO Tejla IUIOTHOCTH 7Y, OIPAaHHYEHHOTO MOBEPXHOCTSIMHU

y=%x2, =0, z=g(b—y) (@>0, b>0, h>0).

8.148. HalitTu MOMEHT MHEpUMH OJHOPOJHOrO  Cer-
MeHTa napabosiouja BpalleHHs IUIOTHOCTH Y C paguycoM
OCHOBaHMS R ¥ BBICOTOH H OTHOCHTEJIBHO €ro OCH Bpa-
IIEHHS.

8.149. HaiiTy MOMEHT MHEpLHMH LIapa paadyca R OTHOCHTENb-
HO €ro JuaMeTpa, €CJH IUIOTHOCTh B KaXIOW TOYKE MPONOp-
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IIHOHAJIbHA PACCTOSHMIO OT TOYKM [0 ILEeHTpa Wiapa, & Ha
IIOBEPXHOCTH IlIapa paBHa Y.

8.150**. Ha#itu HblOTOHOB moTeHuuan U OJHOpOJHOro Teja
IVIOTHOCTH Y,  OIPAHHYEHHOTO  JJUIMIICOMIOM  BpAllCHHUS
\.2 +,V2 :2

a? b?

8.151**, HaliTu cujly NPHUTSHKEHUS, OKA3bIBAEMOrO OJHOPO[I-
HbIM KOHYCOM IUIOTHOCTH Y, BBICOTBI H U paauyca OCHOBaHHS
R Ha MaTepHaJbHYIO TOYKY, PACHOJIOKEHHYIO B €ro BepIUHHE
M COIepXaulyro €AUHHUIlY MACCHI.

8.152. Halitu MOMEHT HHEpPUUH OTHOCUTEIBbHO ocu Oz oa-
HOPOOHOrO TeJia MJIOTHOCTH Y, OFPAaHHYEHHOTO IMOBEPXHOCTIMU

=1, B ero ueurpe (b>a).

h
i=—(y*=x?), z=0, y=+ta.
a

8.153. HalitTu MOMEHT HHEpUMH OIHOPOJHOTO KpPYroBOIO
KOHYCa MJIOTHOCTH Y C paguyCcOM OCHOBaHHMs R M BBICOTOM
H OTHOCHUTEJILHO €ro OCH.

§ 3. HecoGcTBeHHbIe KpaTHble HMHTErpasibl

1. Uurerpan mno Oeckoneunodi obmactu. Ecnum dyHkuus f(x, y) He-
nupepeiBHa B GeckoHeuHOW obnactu G, TO, MO ONpEIC/ICHHIO,

Jf £ (x. y) dxdy= lim_ [{ f(x. ) dxdy, M)
G D

rne D-—xoHeuHas ob6nacTh, uejMKOM Jexawas B obnactu G, npuyem
D — G o3Havaet, 4yTo 00J1acTb D pacluMpsercs NpOU3BOJIbHBIM 00pa3om
Tak, 4TOObl B HEE BOLUJA M OCTaJach B Heill mobas
Touyka obnactu G (ucuepnwigarowpee pacwupenue). Ecnu 17
CyLLIECTBYET KOHEYHbIH mnpesen (1), He 3aBUCALME OT
Bbibopa mnopobnacty D M cnocoba  pacuiMpeHus

D~ G, 1o necobcmeennviii unmezpaa [{ f(x, y) dxdy b

G
HA3bIBACTCA CXOOAWUMCA, B TPOTUBHOM Clly4yae — pac-
XOOAWUMCA.
AHaJIOTHYHO ONpCAeNAeTCs TPOHHOM HHTErpasn
no 6GeckoHeyHOH obnacTu.
Ecmu f(x, )20, To mns cxoaumoctu HecoOCT- 7
BEHHOTO MHTErpajla Heo6X0AMMO M JNOCTATOYHO, 4TO-

6b1 npenen (1) cywectBoBan XoTs Obl 1S OZHOrO Puc. 91.
MCYEPTILIBAIOIIETO paciuMpeHus obnactu G.
IMpumep 1. Bbluucautb HECOOCTBEHHBIH HWHTErpa
“. dx dy
x4y
roe  G—obnacte, onpeaensemMas ~ HepaBeHCTBaMH  x>1, y>x

< [lopobnacts D (puc 91) 3aganuM HepaBeHCTBaMM 1<x<a, x2<y<b,
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roe a—-+o, b—+o0. Toraa:

a b

dxdy . dxdy . dy
7 3= ]]m‘ 2= lim dx 3=
x"+y D—G x“+y ,‘}“’”" X +}

G D ey

X
a
. 1 Yy
= lim —; arctg —
g+ X X
1

NVaxe tim [ L tim (arctg Z-%))ax=
b x2 R x? bt drCtg;—z_Z =

1

,, .
no dx n© 1
== lim |—=- lim | —-
4a—»+ac xz 4a-+'x> X

1

BBIYHCAUTL HECOOCTBEHHBIE HHTEr paJibl:

dxd
8.154. JJ 3 f rae G—obnacTh, onpenensieMas HepaBeH-
Xy
G
ctBamu x=1, xy>1.

dxd
8.155. J‘J‘(—Z—:—_—%g, roe G—-obyacth, ompeneiseMas He-
x*+y

paBeHCTBOM x2+4y2>1 (BHEWIHOCTL Kpyra).
dxdydz
8.156. —2————}}——2—3, raoe T—-obnactp, ompeneisemMas
(x2+y2+2?)
T
HEpAaBEHCTBOM x2+p?+2z2>1 (BHEWHOCTL IuApa).
+ o + o + o

8157. [ dx [ dy [ e ""*94:z
(V] V]

0

HccrnemoBaTh CXOOMMOCTh HECOOCTBEHHBIX HHTETPAJIOB!
8.158. ﬂ sin(x2+y?)dxdy, rne G— obacTb, ompeaeseMas

I{deBCHCTBdMM x> 0 y=0.

d;
8.159. ([ — x , Tne G—obnacth, ompenensieMas He-
(1+~c '+ y?)"

paBeHCTBOM x2+y?>1 (BHeWwWHOCTL Kpyra).

2. Unterpan ot pa3dpuiBHoii ¢Qyukumu. ITycts dynkums f(x, y) He-
TIpephrIBHa B OrpAaHMYEHHOH 3aMKHyTO#N obyactu G Bcroay, 3a MCKJKQue-
HMEM TOYKH Py (xg, yo) (W muHum L). Ecnu cymiecTByeT KOHEYHbIi
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npeaes
lim §§f(x, y)dxdy,
=0

1jic G,—o6nactb, nonyisaemMas M3 G TyTeM YNAJeHHUA NPOU3BOJIBHOM
OKPECTHOCTH TOYKH P, C [OMaMeTpOM, MEHbIIAM € (COOTBETCTBEHHO
IIPOU3BOJILHOM OKPECTHOCTH JIMHHH L C «ILIMPHHON», MEHblIEH E£), TO
JTOT TPpENEN Ha3blBAETCA HEeCOGCMBEHHbIM UHME2paiom om @GYHKyuu

f(x.y) no obaacmu G w obo3nauaetca uepes (| f(x, y)dxdy, T.e.
G

[1f(x, y)dxdy=lim [[f(x, y)dxdy. @
G G,

WMuterpan (2) B 9TOM cnyuae HasbiBaercs cxodawjumca. Ecim  xe
Jlim ”f(x y)dxdy He CylwlecTBYeT WM paBeH O, TO ”f(x y)dxdy

Hd3blBaeTCﬂ PAcxo0AWuUMCA.

AHANOrMYHO OMpeNeNseTCs TPOMHONW MHTETpan oOT  Ppa3pLIBHOIM
GbyHKUAH.

Mpumep 2. UccrenoBatb CXOAMMOCTb HECOOCTBEHHOrO MHTErpasa

dxdy 2 2
m, a>0, rae G—xkpyr x*+y“<l.

<1 Hauano xoopmuHat sBisieTcs TOYKO# paspeiBa (yHxumm 1/(x2+ y?)®.
Yaanum u3 G €-OKPeCTHOCTb Hayajda KOODAMHAT (MOJbIHTErpajibHast
¢yskuna nosnoxuTesnpHa). Torma obmacte G, eCTh  KOJMBLO MeXAY

OKpYXHOCTAMH paauycoB &€ u 1. [lepeiineM K NOJNSPHBIM KOOpPAWHATAM
(' —nonspHbiit 0o6pa3 obsactu G):

. dxdy [ [rdrde
(x2+y2)a._ re
G r

Mpu a#1 nmeem

2n 1
rdrde . 1-2a . 1-2a
f “;zT‘i‘i'?o”’ drdo=lim, | do |ri = dr=
r {“ 0 €
p2U-a |1 |—g20-® T opu a<l,
=2r lim =n lim ———=<1-a
:-+02(]—-(1) c—+0  ]—q

+o npu a>1l.

Mpu a=1 umeem:

2r 1
drd d
” 129 lim dejl=2u lim Inr
r c—+0 r c—+0
r €

Wrak, npu o<1 wuuTerpan cxomurcs # pasen 7/(1—o).

1
=+ 00.

€

2 CrneuuasnbHbie pa3aeibl MaT. aHatu3a. Y. 2 33



BuiyucIuTL HeCOOCTBEHHbBIE HHTETpaJbI:

[ (dxdy

8.160. -:/——_—, rae G—xkBagapar 0<x<l, 0<y<lI.
UGU xy
[ dxd

8.161. hd

2, .2
]] m, rae G——prr xX“+y <l1.
G
~ 1
8.162. In ———dxdy, rne G—xpyr x*+y?<l.

JJ o UxP+y?

G

HMccnenoBatbe CXOOMMOCTh HECOOCTBEHHBIX HHTErpaJioB:

dxd
8.163*. J‘J‘(x—x—y% rae G—rpeyroabuuk 0<x<1, 0<y<x.
G

dxdyd
8.164. J'J‘J‘ (x—Z:yZy——i-;)“’ roe T—uap x2+y2+z2<1.
T

§ 4. BuiunciieHne MHTErpajioB, 3aBHCSILIIMX OT mapamerpa

1. CoOcTBeHHBbIe HHTErpajibl, 3aBucslune oT napamerpa. Ecin GyHkuus
f(x, y) onpenenieHa ¥ HenpepbiBHA B MPAMOYroJibHUKE a<x<bh, A<y<B,
TO HMHTErpan

F(3)={ £ (x. y) dx M

Ha3bIBAETCA UHMEZPAAOM, 3ABUCAWUM OM napamempd, W SBASETCS He-
NpepbIBHON B mpomexyTke [A, B] ¢yHkuuei.
Huterpan 6onee obuiero Buaa

v (y)

F(y)= | f(x y)dx )

e (y)

TAaKXE Ha3bIBAETCS HMHTErpaJioM, 3aBHCALLMM OT TapaMmeTpa, H SBIISETCS
HenpepuiBHOH (yHKIMEH aprymMeHTa y B TpoMexytke [4, B], ecnu
f(x, y) HenpepbiBHa B MPAMOYroJibHUKe a<x<bh, ASy<B, ¢o(y) n V(y)
HETpephIBHbI NpH V€ [4, B] 1 HX 3HAYeHUS COAEPXKATCA B NPOMEXYTKE
[a, b].

IIpumep 1. Buluncaure npenen

1+y

. dx
m DunE——
y—0 1+x2+y?

~(1+y)
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-1 PaccMoTpuM cnefyroluMii MHTerpaj, 3aBMCSLUMA OT mapameTrpa y:
1+y

dx
F(y)= —_—.
() 1+x2+y?
—(1+y)
Ik KaK IpeaeNbl MHTErPUPOBAHMSA, a TAKXKe NOAbIHTErpajbHas (yHKLHS
HCIPEPBIBHBL NpH JIHOOBIX 3HAa4YE€HHAX CBOUX apryMeHTros, To F(y)—
ucnipepsiBHas  ¢yHknua. ITosromy

1+y 1
dx dx LI *
li —————=1Iim F(y)=F(0)= | ——=arctg x =—. >
b _[ Tty m FO)=FO) J T4x? CEE| T
-(1+y) . -1

Ecmn f(x, y) u f}(x, y) HenpepbiBHbBI B NPAMOYrojbHHKE a<x<b,
A4<y<B, 1o s uuterpana (1) cnpaBennusa gopmyaa Juddepenyuposa-
nust noo 3nakom unmeepasa (popmyna Jleitb6nuua):

b b
d
F’(’V)zd_y Jf(x» }')dX=J.f; (x, y) dx. 3)

Fcan B (2) mpH Tex ke YClOBUAX Ha f M f), mpeneibl MHTErPUPOBAHUS
¢(y) 1 Y(y) muddepennupyembl npu ye(A, B), 10 BepHa ¢opmyna:
d vwm

F)=g T S ) de=

W) )V )Lk ) o)+ § £l dx @

o (y)
[Mpumep 2. Haittn F'(y), ecnu
cos y
F(y)= | e’ *"dx.

sin y

- —-x2
-1 Tak KaK NObIHTErpanbHas dynkuus e”¥!~*'  penpepbiBHa B 0o6nactu
onpeaesnieHuss  BMeCTe €O CBOE  4acTHOW  NpOU3BOAHOW 1o

paBHOM | /1—x2¢?¥1 %’ a  mpenennl MHTErPHPOBAHUSA  ABJIAIOTCA

rake nudodepeHUMpYyeMbIMH  GYHKLMAMU, TO MOXHO BOCHOJIb30BaTbCH
(hopmynoit (4):

cosy

F'(y)=—e "1 giny oY1 sintycos py [ /1—x2 VT Yy =

siny
cos y

=—(e?"m¥lsiny e’ Yicosy)+ | J/1—-x?e’V ¥ dx.

siny

Ecnin f(x, y) HempepblBHa B MpSAMOYroJjibHMke a<x<b, A<y<B,
1o ans uHterpana (1) cnpaBeanuBa QopMyna uwmecpuposanus no
napamempy y nod 3HAKOM unmezpaid:

?f‘(,V)dy'=;dy }f(x, y)dx=}dx ?f(x, y)dy. ¥
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1
b__xa

Mpumep 3. Bolunciaure HHTErpan fxl
nx

dx (b>a>0).

4]
<1 3aMeTHM, YTO

b

xb—x°
- = | x”dy.
Inx

a

Torna MCKOMbBIA HHTErpajl NPHHAMAET BHJ
1 1 b

xb—xa )
dx=|dx | x"dy.
Inx
0 0

a

MoasHTerpanbHas ¢yHkuust f(x, y)=x’ HenpepbiBHA B MPAMOYrOJIbHHKE
0<x<1, a<y<b, noaToMy MOXHO BOCHOJIb30BaTbLCA GopmMyoi (5)

1 b b 1 b
! 1 b+1
dx | x?dy=|dy | x’dx=| —dy=In —. >
y+1 a+1
[} a a 0 a

Bouryucnute CICAYIOHAE MNpEACIbl:
2 | —
8.165. lim [x’cosxydx. 8.166. lim [Y/x*+y? dx.
y=07 =00

8.167. lim % jo(f(x+ h)—f(x))dx, ecnu f(x) HenpepbiBHAa Ha
o hy
otpeske [a, b] (a<0<x,<b) u f(0)=

[MpoauddepeHuuposats HyHKUHUH:
y y+1 . i
8.168. F(y)=] L:xy)dx. 8.169. F(y)= | " Zax.

0 y—1

y? . y
8.170. F(y)=[e**dx.  8.171. F(y)=[(x—y)sinxydx.
y [}

8.172. Haitu Fy,, ecnn F(x, y)= j(x——yt )f(t)dt, rme f(¢)
x/
— nuddeperHuupyemMas QyHKIHA. ’

8.173. Ilycres  f(x)—mBaxmsl  muddepeHumpyemas  u
F(x)— nuddeperumpyemas dyskumu. [dokaszaTb, 4TO (QyHKIMS

x+at
u(x, )——(f x— at)+f(x+at))+— { F(y)
x—ﬂ‘
o*'u  ,0%
YIOBJIETBOPSAET YPABHEHWIO KOJAEGAHHS CTPYHBI Syl
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8.174*. HaiiTu npOM3BOAHBIE OT MOJHBIX 3SJUIMITHYECKHX
HHTErPaJIOB

n/2
E(k)= | /1—k*sin? @do,
0 (0<k<1)
n/2

do
Flk)= | ————
( ) g./l—kzsinz(p

W BBIpa3HTh MX depes Qynkumm E(k) n F(k).

IIpuMeHsss HHTErpUpOBaHHME NOJ 3HAKOM HHTErpaja, BbIYMC-
NIMTb UHTErpasbl: '

1
8.175. jsin(lnl)i(xz—l)dx.
° x/Inx

! 1

8.176. |cos <ln -) = (x—1)dx.
° x)Inx

8.177. [okxa3atb (OpMyJIBL:

a) iF(x)xdx:E(k)-(l —k?) F(k),

k
1 2
6) jE(x)xdx=§((1+k*)E(k)——(l—kz) F(k)),
0

tne E(k) m F(k)—nonHble 3UIMNTHYECKHE HHTErpabl (CM.
japauyy 8.174).

2. HecoGcTBennble HHTErpajbl, 3aBucsiuue oT mnapamerpa. Hecobct-
BCHHBIHA HMHTErpaj, 3aBl/lCﬂl.lll/ll71 OT mapamMeTpa y, T. €.

F(y)= wa (x, y)dx, (6)

11e ynkumus f(x, y) HenpepbiBHa B obmactu a<x<+o0, y, <<y,
11a3bIBAETCS PABHOMEDHO CXOMALIMMCA B NPOMEKYTKe [y, ¥,], ecan s
noboro €>0 cymecrsyer Takoe B=B(g), 4o npu Beskom b B(g)

fwf (x, y)dx

<t

1pu  mobom ye[yl,yz}.

Ecnu unTerpan (6) cXoauTcs PaBHOMEDHO B TPOMEXYTKE [y, V2
T0 OH mpeJicTaBisieT coboli HenpepsiBHYIO (PYHKLMIO apryMeHTa y B 3TOM
NPOMEXYTKE.

AHAJIOTUYHO ONpEeISeTCA PABHOMEPHAA CXOOMMOCTh HECOOCTBEH-
HOTO MHTErpajla OT HEOrpaHUYEHHOH (YHKLMM, 3aBHCALIETO OT NapaMeTpa.

Ilpu uccrenqOBaHHM PaBHOMEPHOW CXOAWMOCTH MHTETpajioB, 3aBH-
CAIMX OT MapaMeTpa, 4YacTO HCHOJIb3YETCS ClIEAYIOLUEe YTBEPXKICHHE:

Kputepuit Beilepmrtpacca. [Jaa pasHomepnoii cxooumocmu
unmezpaaa (6) docmamouno, umobsl cywecmeosasa maxaa @ynxyus F(x),
He 3aeucAwas om napamempa y, umo:
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a) | f(x, y)ISF(x), ecau a<x<+oo,
+

L

6) [ F(x)dx<+oo.

Oynkuns F(x) HassiBaercs maxwcopanmoi aas f(x, y).
[Ipumep 4. JlokazaTb pAaBHOMEDHYIO CXOAMMOCTb CJIEAYFOILETO
MHTErpasna:

+

{

1 (xZ +y2)2

2_ 2
—x
4 dx, —ow<y<+o00.

<1 3aMeTuM, 4YTO

2 2
yo—x X
dx= +C
J‘(x2+y2)2 x2+y2
1
Mycts €>0-—mnpousBoabHoe uucno. [lonaras B(g)=-, naxomum (mus
£

moboro b> B):

+
2_ 42 2,2 x |4
(x*+y%) A=t | (x4 y?) Amro\x?+y?,
b b
A b b 11

£,

= <-<—=
b*+y* b B

YTO U JIOK4A3bIBAET, COIVIACHO OMNpEAEICHHIO, PABHOMEPHYIO CXOIUMOCTb
YKa3aHHOrO MHTErpana no napameTrpy )y Ha Bced OCH. >
[MpuMep 5. YcTaHOBUTHL PaBHOMEpPHYIO CXOAMMOCTb HHTErpasia
+
{ e ™cosxdx, 0<y,<y<+o0.
o .
< MMokaxem, uto Qyskumo F(x)=e ™™ MOXHO B3STh B KayecTse
MaXopaHTbl. [JIeHCTBUTENILHO, e€clad y>y,, TO

li -
o A4yt b4yt

le ™ cosx|<e ¥ <<e M.
Kpome Toro,
+

~ l _ + o l
e Vdx=——e =—
Yo 0 Yo
)

CnepoBaTejlbHO, Ha OCHOBaHMM KpuTepus Beilepuutpacca yka3aHHbIi
HHTErpajl paBHOMEPHO CXOOMTCH. >

Jins HecOOCTBEHHbIX HMHTErpajioB ¢ OECKOHEYHBIM MPENEIOM, 3aBU-
CAIMX OT NapaMeTpa, NpH BbINOJHECHHU CJIEAYIOLUMX YCJIOBHIA:

a) ¢yukuus f(x, y) HenpephiBHA BMECTE CO CBOEil NPOU3BOLHOM
fy(x, ) B obnacTu a<x<+0, y, <y<y,,

6) [ f(x,y)dx cxomutcs npu mobom ye[y,, y,],
o

B) | f,(x, y)dx cxomutcs paBHOMEpHO B TpoMexyTke [y, ¥,],
cnpasenm‘:ma dopmyaa oupdepenyuposanus no napamempy (bopmyina
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Jlei6HUA):

d + + o
N I S(x y)dx= J S(x, y)dx, 0]

{HAJIOTHYHAs cooTHoweHu (3).
[pu BBLIMOJHEHHH COOTBETCTBYIOLIMX YcioBHH ¢(opmyna JlehOHuua

OCTAETCS BEPHOM M A MHTErpaja OT Pa3pbiBHOH (YHKUMH, 3aBHUCSLLETO
0T Tnapamerpa.

[Ipumep 6. Beiuucauts uHTErpan

+

ax - Bx
e ¥ —e
.[———cosmxdx (x=0e>0, B=B,>0, me2).
x
0
-1 Ilycts

+ 0
e—ux__e—ﬂx
J. —————cosmx dx=F(a, B).
x

0

+ 0

JaMETHM, 4YTO HHTErpasn _[c'“cosmx dx PpaBHOMEPDHO CXOAMTCSH TIIpH
0

o
t=0, U paBeH il (npoBepbTe!). McxomHblt HHTErpajg CXOQMTCs
a‘+m

1pH mobbIX a=a, U P=P,, a noablHTerpanbHas (yHKIMsS HempepbiBHA
BMECTE CO CBOEH YacTHOW NpOM3BOAHOH MO O, paBHOH —e” **cosmux.

(‘neoBaTesNbHO, YCIOBHS a), 0), B) BBINOJIHEHbI, U MOXHO BOCIMOJIb-
loBaThes cooTHoutenuem (7). Toraa

+

=— J.c"“cosmx dx= —

o

OF (o, B)
 da

o
o +m*
OTtcrona
|
F(a, B)= -3 In(a® + m?)+ C(B).

Jl1a Haxoxknenus C(B) monaraem B nocieaHem paseHcTBe o=f. Mmeem

0= —;ln([}Z +m?)+C(B). Orcroma
1
C(B)=3 In (B nr)
. 1 1 Br4+m?
F(a, B)zi(ln(ﬁz+m2)—ln(a2 +mz))=§In s
8.178. Ha s3bike «e-8» cHopMynHpoBaTh YTBEPXKACHHE: HH-
+ o
rerpan F(y)= [ f(x, y)dx cXxoQuTcs HEPABHOMEPHO Ha OTpe3ke
s p2 ]
. 39



HccnepnoBate Ha pPaBHOMEPHYIO CXOOMMOCTH B yKa3aHHBIX
OPOMEXYTKAX CIEAYIOLINE UHTETpabl:

+

8.179. | e cosxdx (0<oto<a<+a0).
V]

+P® dx
8.180. (I<a< +o0).
J o x+l
0
+xo
[ In"x
1
te
8.182. | =T dx (—wo<a<+on).
I+x
+ 0
8183, [ & (0<a< +00)
) Gmgr S '
0
2
~

x*dx 1

»

8.185. sinlt—i—);l (0<a<2).
X X

ot

r Lo

sin o x

‘(‘) vV |x—a|

8.187. Joka3zath, uTto (QYHKIHS

8.186. dx (0<a<l).

+

“W”=j7ﬁgm

=~ a0
YOOBJIETBOPACT YPABHECHHIO Jlannaca
0%u  0%u

ity



Mpumenss auddepeHUNpPOBaHUE O TAapaMeTpy, BBIYHCIHMTH
CIYIOILME HHTErpabi:

8.188.

8.189.

8.190.

8.191.

+

o
0
+

oL

o
0

r

»

o]
e—uxl__e—ﬁxl

dx (x>0, B>0).

o
e—ux_e~—ﬂx

sinmxdx (x>0, >0, m#0).

_.. sinfBx
o SIBY (x=00>0).
X

+ o

r

J
0
¥

l—e *

dx (a>—1).

xe*

o

8.192*, [ e "™ cosdxdx (y>0).

8.193.

8.194.

8.195.

1
r

1

[ In(1—a2x?)

0

arctgox
——g———:dx (—oo<a< + ).
x/1=x2

dx (lal<1).

x2/1—x?

w2y2
U2 gy (Jal<l).



I’'nasa 9

ANOOEPEHIIMAJIBHBIE YPABHEHUWSA

§ 1. YpaBHenns 1-ro nopsika

1. OcHoBubie nousTHA. PYHKIMOHAILHOE YpaBHEHHE

F(x, y,y')=0 Q)]
M

y'=f(x, ) 2

CBA3bIBalOLICE MeXy cO0Oi HE3aBUCHMYIO TIEPEMEHHYIO, MCKOMYIO (yH-
KIHIO y(X) M ee NPOW3BOIHYIO y'(X), Ha3biBaeTca OugpdepenyuaibHvim
ypagneHuem 1-20 nopsoka.

Pewenuem (uacmubim  pewenuem) ypaBHeHuss (1) wim (2) Ha
uHTepBane (a, b) HaswiBaeTca Jrobas  ¢GyHkums y=¢@(x), koTOpasd,
6ynyyd NOACTaBIEHA B 3TO YypPaBHEHHE BMECTE CO CBOEH NPOU3BOAHOM
¢’ (x), obpamaer ero B TOXAECTBO OTHOCHUTENbHO X€(a, b). YpaBHeHHe
®(x, y)=0, ompenensiomee 7TO peLIeHHE KaK HesBHYIO (yHKumIo,
Ha3bIBACTCSl UHME2PAAOM (HACMHBIM UHME2PAA0M) ﬂu(bd)epeuuudnbuoro
ypaBHeHHsa. Ha nyockocTu ¢ puUKCHPOBAHHOMN AEKapPTOBOM MPAMOYIOJIbHOM
cUCTEMOR KkoopauHat ypasHeHue P (x, y)=0 ONpeaessieT HEKOTopylo
KPHMBYIO, KOTOPAsi HA3bIBACTCH UHME2PAAbHOU KPUBou nud)(bepCHuudnbnoro
ypaBHEHMS.

Oynkuus y=0@ (x, C') Ha3bIBaeTCA 00Wum pewienuem ypaBHeHus (1)
W (2), ecau npd 0O0OM IOMYCTMMOM 3Ha4deHuH mapamerpa C OHa
AIBJISIETCS YACTHBIM pEIIEHHEM JTOrO YpaBHCHHS M, KPOME TOro, JoGoe
€ro 4acTHOE€ peuIeHHEe MOXeT ObITh NpeacTaBieHo B Buae y=¢ (x, Cop)
np4 HekoTopoM 3Haueuun C, napamerpa C. YpaBuenuwe P (x, y, C)=0,
onpejeastoliee obOliee pellieHHe KaK HesBHYIHO (yHKUHMIO, Ha3bIBaeTCs
obwyum unmeepaiom nnuddepeHLMANBHOTO ypaBHEHHS.

sin x
IMMpumep 1. IlposBepuTh NOACTAHOBKOH, 4YTO (GYHKIMA —— €CThb
X
peiieHHe AU depeHLHaNbHOrO ypaBHEHHS X)' + ) =COS X.

sinx | cosx sinx
< HUmeem y=—, y'=
X

Uy’ COOTBETCTBCHHO
X X-
Ha | M X ¥ CIOXMB TOJy4CHHbBIC BbIPAXKEHUS, MOYUUM Xy '+y=cosx. >
Npumep 2. Tlokasatb, 4to dynkuus y=Cx>, CeR, sapnseTcsa
pewieneM aubPepeHUNATIbHOIO ypaBHEHHS xy’—3y=0. Haiitn wactHoe
pewieHde, yaosseTBopsiouiee ycaosuio y(l)=1. (Haidtu uHTerpanbHyrO
KPHBYIO, NMPOXOJIAILYIO HEpE3 TOUKY My(1, 1))
< Haiias y' =3Cx? 1 NOACTABHB BbIPAXKEHHS y U ) B nn(bcbepel-luudnbuoe
ypaBHeHHe, IpH Jrob6oM 3HaveHun C TOJTy4HM TOX/IECTBO 3Cx*—-3Cx*=0.
D10 o3HauaeT, 4To QyHkuus y=Cx> sABAseTCA pelcHueM AuddepeHy-
anpHoro ypasHeHus. Ilonaoxus x=1, y=1, HalinemM 3HaueHue napameTpa
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(‘=1 ", TakuM 0Opa3oM, TOJySUM HCKOMOE HY4CTHOE pelICHMe y=x3.
Wnaye roBops, UHTErpaibHON KPHBOIA, npoxoumueu yepe3 Touky Mo (1, 1),
nnnsieTcs Kybuueckas napabona y=x3. o>

IMycte 3apaHo ypaBHeHue

®(x, y, C)=0,

onpejensoliee Ha NMJIOCKOCTH HEKOTOPOE CEMEHCTBO KPHMBBIX, 3aBHUCSIIMX
or 3HayeHHH napamerpa C. EciaM cocTaBuUTh CHUCTEMY /JBYX YpaBHEHWi

®(x,y,C)=0, @ (x,y, C)=0,

10, HCKNIIOYas M3 3ToH cucteMsl napametp C, mojy4um, Booblie roBops,

nupdepeHLMaTpHOe ypaBHEHHE 3aJaHHOrO CEMEWCTBA KPHBBIX.
l'lpuMep 3. HdHTPl mubdepeHnHanbHOE  ypaBHEHHME —ceMeicTBa

okpyxHocTell x?+y?=2ax.

-1 MMeeM cuctemMy ypaBHEHHH

x24y2=2ax, .
2x+2yy'=2a.
UckmoyaeM napaMeTp a. U3 BTOPOro ypaBHEHMS HAXOOUM a=Xx+yy’
u. MOJCTABIAA 3TO BHIPAKCHMC B TNCPBOC  YABHCHWC, MNOJIyYacM

2+y2=2x(x+yy’), T.e. yt—x2=2xyy’. DTO0 M ecTb HCKOMOE UG-
4|)Cp€HllHdJ‘le0€ ypaBHEHHE. >

IMoka3aTe, 4TO npuM mMOOGOM JEHCTBUTENLHOM 3HAYECHUH
napametrpa C 3aJaHHbIE BBIPAXEHHUS ONPEHENSIOT PEIICHHS COOT-
BCTCTBYIOIMX U depeHIManbHbIX YPaBHEHHI:

9.1. y=x(C—In|x}]), (x—y)dx+xdy=0.

x

9.2. y=x J‘le"dx+C , xy' —y=xe*.
X
0
9.3, 2x+y—1=Ce®™*, 2x+y+1)dx—(4x+2y—3)dy=

B 3a/1aHHOM ceMeHCTBE BbIIEIMTH YPaBHEHHE KPUBOH, yIOB-
JIETBOPSIONIEH NPUBEIEHHOMY HA4aJIbHOMY YCJIOBHIO.

94. y(In|x2—1|+C)=1, y(0)=1.

9.5. y(1-Cx)=1, y(1)=0.,5.

9.6. y=2+Ccosx, y(0)=-—1.

9.7. Hanucath ypaBHEHWE, KOTOPOMY YIOBJIETBOPSIIOT BCE
TOYKH 3KCTpPEMyMa MHTErpaJibHbIX KpHUBBIX mubdepeHaIbHOro
ypaBHeHHst y'=f(x, y). Kak oOT/1M4YUTL TOYKH MakcUMyMa OT
rouex MHHUMYyMa?

9.8. Hamucatp ypaBHeHHE, KOTOPOMY YIOBJIETBOPSIOT BCE
roYykH mepernba MHTErpaJbHBIX KpHBHIX auddepeHnUaILHOrO
ypaBHeHHS y'=f(x,y) ¥, B 4YacTHOCTH, mau(epeHIHaTbHBIX
ypaBHCHMIA:

a) y'=y+x3;

6) y'=e’—x.
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CoctaBuTh anddepeHIMagbHOE YpaBHEHHE CEMEHCTB KPHBBIX:
9.9. IMapa6on y=x2+2ax. 9.10. T'unepbon y=a/x.

9.11. Llenubix nauHME y=achx.

9.12. Tunep6on x2?—y2=2ax.

9.13. CocraBuTh auddepeHIHaTbLHOE YpaBHEHHE ceMeiicTBa
KPHMBBIX, Y KOTODbIX OTpe30K 00O HOpMajH, 3aKJIIOYEeHHbIH
MEXAY OCAMM KOOpAHHAT, NEJNUTCA MOMOJIaM B TOYKE KacaHMS.

9.14. CocraButh auddepeHnnanbHOEe YypaBHEHHE ceMeicTBa
KPHMBBIX, ¥ KOTOPBIX OTpe30K Jt000# KacaTelbHOM, 3aKJIFOUCHHBIH
MEXIy OCSMH KOODAWHAT, MNEJIUTCA TOYKOM kxacaHus M(x, y)
B OTHOIIEHMH |AM|:|MB|=2:1, roe A—To4ka mnepeceyeHUs
KacaTeJdbHOH ¢ ocbkio Oy, B—c ocbio Ox.

9.15. CocraButh aubpdepeHIHANbHOE YpaBHEHHE CeMeNCTBa
KPHBBIX, Y KOTOpBIX IUIOIIAfb, 3aKJIIOYEHHas MEXIYy OCIMH
KOODIWHAT, 3TOH KPHUBOW M NMEPEMEHHOW OpAMHATOM, MPONMOpPILH-
OHaJIbHA 4YEeTBEPTOH CTENEHH I3TOH OpAMHATEHIL.

2. I'paduuecknii MeTOX NOCTPOEHHN HHTErPAJIBHBIX KPHBLIX (METOX
n3oknn). JnddepenuuanbHoe ypaBHeHue y' =f(Xx, y) B IJIOCKOCTH C (uk-
CUPOBAHHOM [€KapTOBOH TNPAMOYrOJbHOM CHCTeMO#H KkoopauHaT Oxy
OMNpeNesseT note HanpagaeHui PaBEHCTBOM tga=f(x, y).

H3okaunoti  ypaBHeHHs (TOJISi HanpaBJieHWN) Ha3bIBaeTCs BCAKAS
KpUBasi, OmpelesieMast ypaBHEHHEM

f(x, y)=k

npu GUKCHPOBAHHOM k.
Jns npubnnxkernoro (rpaduyeckoro) pewieHus ypasHeHus y' =f(x, y)
NOCTPOUM Ha MJIOCKOCTH H3OKJIHHBI JUIS HECKOJIbKHMX 3HaueHu# k. Ilycth
M, (xo, yo)—HexkoTOpass Hayajlb-
K7 Has Touka. MsokmuHa L,, mpo-
XOJAlAs 4Yepe3 3Ty TOUKY, COOT-
BETCTBYET 3HAYCHHIO Kk, paBHOMY
ko=f(xo, ¥o). [TpoBenem oTpe3ok
M5 )Ms MyM, c yrnoBbiM k02 dHUIKCH-
TOM ko A0 TeEpeceueHHs B TOYKE
M, c¢ Onuxailimie##t H3OKITHHOMN
L, (TeM caMbiM Mbl 3aMEHHM

Mo Mo Iyry HHTErpajbHOW KpPHBOH OT-

M. M pe3koM ee kacatenbHo#). [lanee:.

-1 }'0 U3 TOYKM M, (x;, y;) MpOBCIAEM
3ol 2 1 3 = HOBbI oOTpesok M M, c yr-
2 9 9 ] JIOBBIM xoapduurenTom

ki=f(xy, yy) 0o nepeceyeHus
B Touke M, co cienymwolueil u3o-
Puc. 92. KNMHOH L, U T. I
B pesyabTate Takoro mo-
CTPOCHUSL MbI IIOJIy4UM JIOMAHYIO, SBJIAIOLIYIOCH NPHOIMXEHHBIM H300-
paXXEHHEM HHTErpajibHOi KPUBOH, Npoxoasiuelf uyepe3 HAYaJIbHYIO TOUKY
M. UeM rynie B3sTa CeTh H3OKJIHH, TeM Oolee TOYHO MOXHO U300pasuThb
MHTErpajbHyl0 KPUBYIO.
H3Mensas nonoxeHue HayadbHOW TOUKH M, aHANOTMYHO MOXHO
TOCTPOHTL TPHONMKEHHO W APYrHE HMHTErpajibHble KPHBLIE.
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Mpumep 4. MeTOAOM H30KIMH MOCTPOUTH WHTETPATbHYIO KPHUBYIO
yPIABHEHUS y =2x, NMPOXOASAUIY}0 4epe3 HAyajo KOOPAUHAT.

-1 W30KJIMHBI JAHHOTO ypaBHEHMs —- MapasuiejibHble mpameie 2x=k. Tlo-
mias k=0, +1, +2, +3, .. noayyaeM wu3okauHbl x=0, x=+1/2,
vot1, x=243/2 u 1. 0. Tloctpoum ux (puc. 92).

OtnpaBasiach M3 HAayada KOOpAMHAT BJIEBO M BIPaBO, CTPOMM
omanyro ..M_sM_,M_ M M,M;M,..., 3BeHbsl KOTOpPOH HMEIOT Yyr-
1oble K09(QPHUUEHTbl COOTBETCTBEHHO ..., —2, —1, 0, 0, 1, 2, ... Dta
I0MaHas M eCTb MPUOJIMKEHHOE M300paxkeHHe HMHTErpajibHONW KpPHBOW.

PekoMeH/lyeM 4MTaTeNll0 MOCTPOMTHL IpaduK COOTBETCTBYIOLIErO 4a-
C1HOTO pellleHuss y=x2 M CPaBHHUTb €ro C NOCTPOEHHOW OMaHoM. ©

MeTOI0M H3OK/JIMH MOCTPOMTL NPUOIMKEHHO CEMEHCTBO HH-
1CI'PaJbHBIX KPUBBIX CIEAYIOIHMX AMPPEPEHIHAIBHBIX YPABHEHHMIA:
9.16. y'=x+y. 917 y'=1+y.
9.18. y'=—yp/x. 9.19. y'=y—x2.
920, y=—2 . 921 ="
x+y x+3y

3. YpaBHenus c pasjensioliuMuca nepeMenubiMu. [lycTb B ypaBHeHUH
v'=f(x,y)

(ytkums f(x, ) MOXET ObITb Pa3IOKEHd HA MHOXHTCIHM, KaX/bli M3
KOTOPBIX 34BMCHT TOJBKO OT OAHOH nepemenHoi: f(x, y)=f,(x)f2(»).
Wi B ypABHEHMH

M(x, y)dx+ N(x, y)dy=0

woybUUHEHTEI TpU dX U dy MOTyT ObiTh TNpPCACTAaBJEHBI B BHJIC
M(x, y{= M, xz M,(y), N(x.y)=N,(x)Ny(»). OyTem aenenun na f;(y)

n Ha Ny(X)M,(y) COOTBETCTBEHHO 7TH ypaBHEHHMS TNPUBOISTCA K BHIY

_ L Mi(x) Y__Nz(}')
R A TSR T L var s

(YDABHEHHA C pa3zdeseHHbIMU hepemennbimu). VIHTErpupys JeBble 4acTH

VIMX YpAaBHEHMH MO X, a NpaBble 10 ), TMPUXOAUM B KaXIOM H3 HHX

k 00leMy HMHTerpajy McxoaHoro auddepeHuUHanbHOro ypaBHEHHS.
MMpumep 5. Peumtsh ypaBHeHHe

dy  2x

dx 3P el
-1 PasgensemM mnepeMeHHble:

(3y*+1)dy=2xdx.
Wnrerpupyem: ‘
fBy2+1)dy=f2xdx+C,
W
y+y-x?=C

(0OMHA HHTErpan ypaBHEHUs). >
Ecnu B ypaBHeHHH C pa3le/siOLUMMHUCS NepeMeHHbIME p' =1, (x) f2 ()
dyHKuns f3(y) uMeeT JeHCTBUTENbHBIA KODeHb Vo, T. €. eCld fo(yo)=0,
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To GyHKuMA y(x)=yp, ABAAETCH pelleHMEM YpaBHEHMs (B YeM JIErko
ybenanTbCs HEMOCPENCTBEHHOM noacraHoBkoif). Ilpu aenennu obenx vacreit
3TOro ypaBHeHMs Ha f,(y) (IpH pa3leNleHHH [EPEMEHHBIX) peLLeHHe
y(x)=yo Moxer 6bITh mOTEpPAHO.

AHAJIOTHYHO, TIPH MHTErpUpOBaHMM ypaBHenus M, (x)M,(y)dx+
+Ny(x)N2(y)dy=0 moryT ObiTh NOTEpSHBI HHTErpajbHble KPHBHIE
x(»)=xo ® y(x)=yo, rhe Xx,—OCHCTBUTENbHBIA KOPEHb YpaBHCHHS

1(x)=0, yo— nedcTBUTEILHBI KOPEHb YpaBHEHHSA Mz( »)=0.

03TOMY, NOJIY4YHB YKa3aHHBIM BBbIlIIE METOJOM pa3/eJiCHAS NEePEMEH-
HbIX oOmmit MHTerpan ypaBHEeHHA, Hal0 NPOBEPHUTb, BXOJAAT' JIM B €ro
cocTtaB (IpH NMOAXOAMALIMX YMCIOBBIX 3Ha4yeHHAX nmapamerpa C) ynomsHy-
Thie pewieHHs. Ecnu BxonsT, To mortepu peiuennii Het. Ecium He Bxomdr,
TO B OKOHYAaTEJIbHOM OTBETE KpoMme obliero MHTErpaja cieayeT yka3aTb
H 3TH pELICHHUS.

IlpuMep 6. Peunts ypaBHeHMe

dy ¢

—=ytgx.

x yig
<1 PazpensieM nepeMeHHbie:

d

Y tg x dx.

y
Wnterpupyem:

In|y|=—In|cosx|+C,,

UITH

In|ycosx|=C;.

s ynoGcTBa NMOTEHUMPOBAHHA MOJYYEHHOTO PABEHCTBA NPEACTaBUM
napamerp C; B norapudmuieckoit ¢opme, monoxus C,=In|C,|, C,#0
(mpu 3ToM C,; NpUHMMAET BCe 3HAYEHUA OT —o0 a0 +o0). Torma

In|ycosx|=In|C,|
W, MOTEHUMPYH, ToNyyaeM OOwMii HUHTerpan B BUAe ycosx=C,, OTKyaa
y=C,secx. 3)

3aMeTUM Temepb, 4TO HcxoaHoe AuddepeHUnAanbHOE YPAaBHEHHE HMeEET,
OYEBMIHO, elle pewicHue y=0, KOTOpoe He BXOOUT B 3amuch (3), Tak
kak C,#0. BeneM HoBbiii napamerp C, NpPHHUMAIOILMWIA, B OTIHYUE
ot (,, Takke H HyJeBoe 3HaveHHe. Toraa pewenne y=0 BoHaeT
B COCTaB 00ILlero peunieHus

y=Csecx. o

C nomobio NOACTaHOBKA u(x)=ax+by(x)+d x ypaBHeHMAM C pa3-
NENAIOUWMMHUCA TIEPEMEHHBIMH TIPUBOAATCS M IuddepeHIHanbHbIe ypas-
HEHMs BUJA

y'=flax+by+d), b#0.

Pemuuty nuddepenumanbible VpaBHEHHUS:
9.22. y'=x/y. 9.23. y2y'+x2=1.
9.24. yy'+x=0. 9.25. xy'=2y.
9.26. (x+1)y'+xy=0.

9.27. y'J/1—xr=1+y% 928, y'=e**’.
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9.29. '+ 0% o,
ycosy

9.30. (l+y2)xdx+ 1+x2)dy=0.

9.31. xydx+ x2dy=0.

9.32. yez"dx—(l+e2")dy 0.

9.33. 2e*tgydx+(1+e*)sec? ydy=0.

9.34. (1+y)(e*dx—e?dy)—(1+y?)dy=0.

9.35. (14+x2)dy+y/1+x*dx—xydx=0.

9.36. dy—2./ylnxdx=0. |

9.37. y'=cos(x+y). 9.38. y'= .
2x+y

9.39. y'=(4x+y+1)% 9.40. y’'=sin(y—x—1).
9.41. y'+2y=3x+5 942 y'=3/(4x—y+1)%

Haiitu uvacTHble pelueHHs YypaBHEHHWH, YIOBJICTBOPSIOLINE
YKa3aHHBbIM Ha4aJbHbIM YCJIOBUSM:

9.43. (1+y*)dx—xydy=0; y(1)=0.
9.44. (xy’+x)dy+(x*y—y)dx=0; y(l)=1.
9.45. y'tgx=y; y(n/2)=1.

4. Ommopoaubie ypaBuenus. [uddepennuansHoe ypaBHeHue 1-ro
HOPSOKAa Ha3bIBa€TCS OOHOPOOHBIM, €CIIM €ro MOXHO NPHUBECTH K BHAY

y'=f(5) @
X

M (x, y)dx+N(x, y)dy=0, )

e M(x, y) u N(x, y)— ooHopodnvie @ynkyuu OIHOTO TOpAAKA, T. e
cylecTByeT Takoe keZ, uto M(tx, Iy)—t M? y) u N(tx, tg—t N(x y)
I0XK/IECTBEHHO OTHOCHTENILHO X, y M #
C noMouibio TNOJACTAHOBKH y/Xx= u(x) OQHOpOAHBIE YypaBHeHUA (4)
(5 HpeOGpa3leTCﬂ B YPaBHEHHS C Pa3felSIOIMMHACS MNEPEMEHHBIMH.
Mpumep 7. Pewntb ypasHenue

WM K BHAY

y’=z+cosz.
x x

y , u
-1 Monoxum ==u, wm y=ux. Torma y =u+xa—, 4YTO mocje

x x
110ICTAHOBKH B HCXOJHOE ypaBHEHHE AT YPaBHEHHE C Pa3JeJAIOLIMMHCH
1ICPEMEHHBIMU

u
X o cos u.
Pa3znenseM nepeMeHHbIE!
du dx
cosu x
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H MHTErpupyeMm:

u =
tgl —+-)=Cx.
g(2+> X

IMonyyaem o6wiee perieHue:
n
u=2 arctg Cx-§+21m, neZ.

Bo3Bpamasicb K (yHKUMM y, HaXOIUM:

n
y=x(2arctg Cx—§+21m), nez.

n
Ilpu neneHuu Ha cosu Morjau ObITb MOTEPSHbI PEIUCHHA y =X §+nk s
keZ. Ho nns k=2n—1 oum BxomaTr B obOuee peuiehne (npu C=0).
CnenoBaTeNbHO, OKOHYATENBHO TNOJyYaeM:

n n
y=x(2arcthx+E+n(2n—l)> H y=x(5+21m); neZ. o

JuddepeHunanbHbie ypaBHEHHs BHAA

x+by+c
= ©
ax+b,y+c,

B Ciy4ae ?#g—z MPHBOAATCA K OMHOPO/HBIM YPAaBHEHHSM C TIOMOLUBIO
3aMeHbI ne;)emel}mblx

X=u+m, y=v+n,
[1le m ¥ n HAaXOAATCH M3 CUCTEMbl ypaBHEHHH

am+bin+c, =0,

aym+byn+c,=0.

IMockosibky 3aech dx=du, dyv=dv, To ypaBHenue (6) npeobpa3syercs
K BHay (4) OTHOCHTENbHO (YHKIHH v(u):

0
a,+b, -
dv P au+bv+am+byn+c, P au+bv r R v
du axu+byv+am+byn+c, = a,u+byv o v =¢ u)’
az+bz—
u
a b2
Ecnu B ypaBHeHMH  (6) -—=[—)—=7» H, CJIe/I0BATENILHO,
@ 1

a2x+bzy=7»(a,x+bxy), TO OHO MPHMET BUA
dy ayx+byy+e;
dx x(al.Y+b1y)+('z

Moncraoskoii u(x)=a;x+b,y(x) 310 ypasHenue npeobpasyercs x ypas-
HEHHIO C Pa3fE/fIOMMHCH TIEPEMEHHBIMHU.
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Penmts muddepeHnmanbabie  ypaBHEHHS:
9.46. y'=2+>. 947, y'=2 +sin?
x y X

;‘
9.48. y'=(x—y)/(x+y).
9.49. §x2+xy)y’=x. /x2—y?+xy+y.

9.50. (x—y)dx+xdy=0. 9.51. y*dx+x*dy=xydy.
9.52. x(y'+e’)=y. 9.53. xdv’ycoslnidx=0.
9.54. xy’=y+xtg)—;. 9.55. xy' —y=x2—y2.

9.56. (x*+y?)dy—2xydx=0.

9.57. 3x*y?dy=(4x°—y°®)dx.

9.58. (2x—y+1)dx+(2v—x—1)dy=0.
9.59. (y+2)dx—(2x+y—4)dy=0.
9.60. (x+y+1)dx+(2x+2y—1)dy=0.
9.61. (x+y—1)*dy=2(y+2)*dx.

, y—2x y+2
.62, y' —tg——=—",
9.62 4 gx+] x+1
, : "+
9.63. y/In2tX_YHX_jyHx

x+3 x+3 x+3
Haiitu 4acTHble pelUCHHS YpaBHEHHH, YOOBJIETBODSIOLIME
JdHHBIM HA4aJbHBIM YCIOBHSM:
, y
9.64. xy'=yln=; y(l)=1.
X

9.65. (/xy—x)dy+ydx=0, p(l)=1.

1
9.66. (y++/x2+y?)dx—xdy=0; y(1)=0.

5. Jluneitunie ypasuweunsn. JuddepchimaibHoe ypaBHenuc 1-ro nopsaka
HA3bIBACTCA .iuneiliblM, CCIM OHO COACPXMT y M )’ B TEPBOM cTeneHwu,
T. € WMEET BUA

¥ =P(x)y+Q(x). (7
Mpu Q(x)=0 ypasﬁeﬂuc (7) npMHHMaeT BHI
y'=P(x)y

W HA3BIBACTCA uHeilnbiM 00HOPoOHbIM. OHO ABJIAETCH yYpaBHEHHEM C pa3-
NENMIOIMMACH TIEPEMEHHbIMH, U ero oblce pelueHHe HMeEeT BH/I

y=Ce_|‘I’(.\‘)dx’ (8)

rae C—Tpon3BoJibHAs MOCTOsHHAS, a [P (x)dx-—0/na U3 1epBOODPa3HbIX
dynxumn P(x).

WHTerpupoBaHue auneiiHozo neodnopooHozo ypasHeHus (7) MoxHO
MPOBECTH OJHUM M3 CIEIYIOLIMX METOJOB.

49



a) Metoan Bapumauuum nocrossHHoW. BymeM wuckate peiueHue
ypaBHeHnus (7) B Buue
y= C(x) e[l’(x)dx‘ (9)

KOTOpbIX mostyyaercs u3 (8), ecau 3aMeHUTH noctosiHHyro C Ha pyHKUHIO
C(x). Toncrasnsis Bbipaxenne (9) B ypasHenue (7), noaydum .aJis
Hen3BecTHOM QyHKuMM C(x) ypaBHEHHE C Pa3AENAIOMUMUCS NEPEMEHHbIMA:

C'(x)=Q(x)e 170
Ero obwee peueHue:
C(x)=fQ(x)e “IPRd gyt

rae  C—npousBonbHas moctosuHas, a [Q(x)e "Ip(x)dxdx—omia u3
nepBoo6pasubix. IloxcTasnss nonydenHoe Beipakenne mns C(x) B ¢dop-
Mmyny (9), HaxoguMm obuiee peueHHe ypaBHeHus (7):

y=elPW(C [0 (x)e TPHI% gx), (10)

6) Meton noactanoBku. Ilonoxum y(x)=u(x)v(x). Toraa ypa-
BHeHHe (7) NPUBOOUTCH K BHAY

(g;_p( ) ) (fgu_g(x)=o. an

Boibepem byHkumioo u(x) Tak, 4Tob6bl mepsas ckobka B JIEBOH YACTH
ypaBHeHus (11) obpatunace B Hysab. JlJIs 3TOrO MHTErpUpyeM YpaBHEHHE
C pas’lessIOLMMHCS NEPEMCHHBIMU

d
—I:—P(x)uzo
dx

M BbIOMpaeM Kakoe-THOO 4acTHOe ero pewieHue u=u,(x). ToacraBuss
ynkumo  u,(x) BMecTo u B seByro  uacThb  ypasHenus (1),
NoJly4aeM ypaBHEHHE C Da3ACNISIOLIMMHUCH TEPEMEHHBIMU OTHOCHTEIBLHO
byHxkunn v (x):

dv
—uy (x)=Q(x)=
dx

Haxonum ofwee pewenue 3Toro ypasHeus v=v(x, C). IlepeMHoxXas
HaligeHHble  PyHKUMM  uy (x) v{x, C), mnonysaem ofliee pelieHue
ypaBHeHus (7):

y=u,(x)v(x, C).

IMpumep 8. Peuwmth ypaBHEHHE y’=yctgx+sinx.
<o [lpumeHuM MeTOA BapHalUMH MNOCTOAHHOHW. PaccMoTpum cHauasa
COOTBETCTBYIOLLIEE OJHOPOJHOE JIMHEIHOE YpaBHEHHE

y'=yctgx.

Ero obuiee pewenue y=Csinx. CnenoBatenbHo, oOluee pelieHHe uc-
XOJIHOTO y ABHEHHUS mueM B Buge y=C(x)sinx. [Iloacrasnsem
y ¥ y'=C’'(x)sinx+C(x)cosx B AaHHOEe ypaBHEHHE:

C( )sin x+ C(x)cos x =ctg x - C(x)sin x +sin x,

orkyaa C'(x)=1, u Torma C(x)=x+C. CrnegoBaTenbHo, obliee pellenue
ypaBHenus ectb y=(x+C)sinx. o
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2
Mpumep 9. Peumth ypaBHeHHE y' =

2xy+3’
< TlepenuiiemM ypaBHEHHE B BHE
dx 2x 3
dy 'y y?

dx
U 3aMETHM, YTO OHO JIMHEHHO OTHOCHTENBHO X M @

MCTOJOM TNOACTAHOBKH.
[MonoxuM x=uv W NpUBENEM YpPaBHEHHE K BHIY

du 2u 4 dv 3 0
——— —u——|=0.
o 3) \@" 5

Haiinem ¢yHkumio u,(y), peuras ypaBHenue
du 2u

dvy

Peuium ero

(12)

U BbIOMpas U3 ero 06luero pewenns u=y*+ C ONHO 4aCTHOE pELICHHE,
nanpumep, u,(y)=y? Honcrasass u,()j B ypaBHenue (12), monyyum:

dv , 3 0 dv 3
—y'=—=0, wwm —=—.
dy”  y* dy y*
O61uee pemieHHe ITOro ypaBHEHHUS:
1
e(y, C)=C-—.

y?

Ilepemuoxas u,(y) u v(y, C), moaysaem oOluee pelueHne

YPaBHEHHS:

x=Cy*—-. >
,‘/’

Pewuts untbd)epenundqbume YPAaBHEHUSL:
9.67. y +2>cy—-\(' X2

9.68. ’=—+v 9.69. y+vtgx——|~

9.70. (l+r )y =2xy+(1+x?)2

COos x

971, y'+2y=e~. 9.72. y'+2=2Inx+1.
X

y
xX+y 3

9.73. y'=— teX(x+1)2  9.74% y'=
x+1
9.75. (1 +y?)dx=(arctg y— x)dy.

9.76. xy'=y+x%cosx. 9.77. xy' =e*+xy.

JAAHHOTO

9.78. xy' +x24+xy=y. 9.79. y+y'In?y=(x+2Iny)y’

9.80. y—y'=y*+xy". 9.81. (x+2y%)y'=y.

9.82%, y +tgy=—r-.
cos y
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HaiitTn 4uacTHbie pelueHUS YPaBHCHHH, YIOBJICTBOPSIOLLKE
3aJJaHHBIM Ha4aJIbHbIM YCJIOBHSAM:

9.83. y'+ytgx=1/cosx; y(0)=0.

9.84. y'=2y+e*—x; y(0)=1/4.

9.85. y'=y/(2yIny+y—x); y(l)=1.

6. Ypasuenne bepnynun. Ypasnenuem bepnyiau HasbiBaeTcs and-
(bepenunaibHoe ypaBHeHHe 1-ro mopsaka Buia

y'=P(x)y+Q(x)pym (13)
roe m#0, m#1 (npu m=0 ypaBHeHue (13) ABNAETCA JIMHEHHBIM, & TIPH
m=1-—ypaBHEHHEM C pa3AEJAIOLUUMHUCA MEPEMEHHBIMH).

Tak xe kak M JIMHeHHOe, ypaBHeHHe bepHyM MOXHO Mnpo-
WHTETpHPOBATHL C MOMOWIbIO NOACTAHOBKM y=uv HWJIH CBECTH
K JIMHEHHOMY YDaBHCHHIO C [IOMOIIbIO MOJCTAHOBKH z=yp' ™
Cnenyer y4ecTs, 4TO npu m>1 MoxeT ObITb MNOTEPAHO pellle-
Hue y=0.

MMpumep 10. Pewnts ypaBHeHue

,_y X

y==+=.
X ¥

<1 [lonaras y=uwuv., NpMBOAMM YDaBHEHHE K BHIY

(du u N v x? —0 (14)
v dx x dxu w)

N3 obuero peuieHus u=Cx ypaBHCHUS

du u_o
dx x

BbIOMpaEM OOHO YaCTHOE pClLIEHHE, HANpUMEp, U; = X.

IMoacraBnss u; B ypaBHeHue (14), nojiyyaeM HOBO€ YypaBHCHHE
dv 2

b v
—x——=0, wmm —=-. Ero oOmwmit uHTErpan v3=2x+C, oTkyma
dx Xxv dx v

v=+,/2x+C.

IMepemuoxas wu; M v, TONyYaeM, 4YTO BCE PEUICHUS HCXOAHOrO
ypaBHEHHst omnpenenstorcs ¢Gopmysion y= ix\/2x+C. =

Mpumep 1. Pemntb ypaBHeHue

Ly 1

Y T 2x 2y’
< DT1o ypasuesue Bepuymmm ¢ m=—1. TosToMy nonaraem z=y?
H MNpHBOAMM YDAaBHEHME K BHIY

=21

X

OTO0 ypaBHEHME SBISETCH JMHENMHBIM. Pelas OAHOPOAHOE YypaBHEHHE
z'=z[x, HaxoguM z=Cx. OTCiofa METOJOM BapMalUH MOCTOSHHOMN,
T.e. mnonmaras z=xC(x), wnomysaeM oOIIcC PELICHHE JIMHEHHOTO
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YPAaBHCHHS B BHOC

C
z=xIn—,
x
MJIM, OKOHYATEJILHO,

yi=xln—. >
x

Peumnte nuddepeHnuanbHbie ypaBHEHUS

9.86. y'+4xy= 2xe ¥ [y, 9.87. dy=(y%*—y)dx.
9.88. y'=y(»* cosx+tgx)

9.89. )’ yctgx+—— 9.90%, =X
x*cosy+sin2y
9.91. y,=x(x_+y_——_l) 9.92. xy'+y=2x%ylny-y

2y(x*=1)
9.93. y'x3siny+2y=xy’".

HaiiTh 4yacTHble pelUeHHS YPaBHEHHH, YIOBJIETBOPSIOLIKE
Ja1aHHBIM HAYaJbHBIM YCJIOBHSM:
9.94. 3dy=—(1+3y*)ysinxdx; y(n/2)=1.

9.95. ydx+<x——%x3y>dy=0; y(1/2)=1.

7. Ypasnenns B noaubix Jnddepennnanax. JuddepenunanbHoe ypas-
nenue 1-ro nopsaxa Buaa

P(x, y)dx+Q(x, y)dy=0 (15)

Ha3bIBACTCA ypasHeHuem 6 NOoAHbIX 0u¢i¢epenuuaﬂax €CNH €ro JeBas 4acTb
spaseTcs N0aHbIM AuddepeHimanom HekoTopoi dyukimum U(x, y), T.e.

U U
Plx,y)=5—. Qlx.y)=7.

Jdns Ttoro 4toObl ypaBHcHue (15) OBIIO ypaBHEHHEM B MOJHBIX
mupdepeHHanax, HeEOOXOAMMO M [OCTATOYHO, 4YTOOBI BBINOJIHAJIOCH
VCII0BHEC

oP ¢
__=_Q, (16)
dy Ox
Ecnu ypaBHenue (15) ecTb ypaBHeHue B mousHbix Judbepenumanax,
TO OHO MOXeT ObITh 3aNMMCaHO B BHAE

dU(x, y)=0.
O6wmid MHTErpan 3TOTO YpABHEHHS:
Ulx, y)=C,

rae C-—1pOHU3BOJIbHAA TNOCTOSHHAA.
®ynkuns U(x, y) moxer ObiThb HalieHa cienylomum oGpasoMm.

VHTerpupya paBeHCTBO 5—=P(x, y) mo x npu GUKCHPOBaHHOM
x
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y ¥ 3amMmeuasd, 4TO NpOU3BOJIbHAA MNOCTOSHHAd B 3TOM Cily4yae
MOXET 3dBHCETb OT )y, HUMEEM

. U(x, y)=[P(x, y)dx+o(y) (17
3aTCM H3 paBCHCTBaA

: j P(x, y)dx+0'(y)=Q(x »)

Ha(XOllHM obynkumo ¢ (y), noacrasus xoropyro B (17), noayunm QyHKumMEO
Ulx, y).
OueBuaHO, 4TO HckoMas GyHkums U(x, y) onpenencHa ¢ TOYHOCTbIO
JO TIPOM3BOJILHOM ajIMTHBHOH mocTOsHHOW. [ns 3anucu obuero uH-
Terpaja MCXOJHOrO YPaBHEHHS NOCTATOYHO BLIOpaTb OfHY M3 (YHKIMH
NOJTy4aeMOTO  CEMeEHCTBa.

Dpyroii metoa oTbickanus QyHkumu U(x, y) COCTOMT B BBIYMCIEHHH
KPMBOJIMHCHHOrO HHTerpaja 2-ro poma (cM. ri. 10, § 2, 4):

(x.y)

Ux,y)= [ Plx, p)dx+Q(x, y)dy=

(x0,y0)

x

= P(x, yo)dx+i Q(x, y)dy=i 0 (x0, y) dy+ ] P (x, y)dx.

X0 Yo Yo X0

rae ToukH Mo(xo.¥o) ¥ M(x,y) ¥ TyTh HHTErpUpOBaHHMA Je-
XaT B obnacTu HenpepbiBHOCTH GyHkmmii P(x,y) u Q(x,y) ¥ ux

HaCTHBIX TMPOU3BOIHbIX, NpUdeM Mo (Xg, Vo )—-HekoTOpas GUKCHpOBaHHAsS
TOYKa.

INTpumep 12. Peumts ypaBHEHHE
de+(y3+lnx)dy=0,
x

NpeABAPHTENLHO yOeqUBIIMCE, 4YTO 3TO €CTb YpaBHEHHE B TOJIHBIX
mubdepeHnmanax.
<1 Hposepum ycnosue (16):

oP d(y\ L 0Q o , 1
— === )=, —_———=—— +l =
dy (7y<x) x  0x ax(y nx) x

Ycnosue (16) BBIMOJHEHO, CJIEAOBATEJIbHO, 3aJaHHOE YPaBHEHHE €CTh
ypaBHeHWe B TOJHbIX auddepeHnnanax.

Haitnem dynxuuio U(x, y).

MepBbiit cnoco6. UnTerpupys nmo X NpH MOCTOSHHOM y PABEHCTBO

ou y
—=P(x, y)==,
ox (x.») x
ONy4HM
, Yy
Ulx, y)=j;dx+(p(y)=yln x+o(y). (18)

3aMeTHM, YTO TNPH BLIYHCIEHUM TNEPBOOOPa3HONW MBI 37ech nHueM In X,
a He In | x|, Tak kKaK HCXOQHOE ypaBHEHHE CONMEPXHT In x H, ClIeXOBATENBHO,
MMeeT CMBbICT JHIL TpH x>0.
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IMoacrasass (18) B paBeHCTBO

=Q(x,y)=y>+Inx,
umeeM

Inx+¢'(y)=y3+Inx,
oTKyaa

(p(y)=%y‘+C,. (19)
[Tonoxus, Hanpumep, C,=0, Haxomum u3 (18) u (19)
U(x, y)=yln x+%y4.
(‘nenoBaTeNbHO, OOWIMH HHTErpaj 3aJaHHOTO ypPaBHEHUS WMEET BHA

1
yIn x+Zy“=C.

Bropoii cnoco6.
(x,y)

Ulx, y)= de+(y3+lnx)dy.
X
(xg. y0)
IlonoxuMm, Hanpumep, xo=1, yo=0. Torma p(x, ,vo)=0 "
y
1
U(X’}’)=J(}'3+InX)dy=zy“+ylnx. S8
o

Perunth muddepeHuManbHble ypaBHEHHS, IpeABAPUTEIIBLHO
yOeqMBIIMCh, YTO OHHU SBJSIOTCA YPAaBHEHHSMH B TNOJIHBIX mu(-
(pepeHnManax:

9.96. (2x+y)dx+(x+2y)dy=

9.97. (10xy—8y+1) dx+(5x%—8x+3) dy=0.

(
9.98. (3x2+6xy—2y?)dx+(3x*—4xy—3y?)dy=0.

9.99. y+ >dx+<x——>dy 0.
Yy

3 2+ 2x3+xy+2y3
9.100. = gy ZLEED 4y,
y

1 y
9.101. —————+y>dx+<x+ ———)d =0.
<\/x -y Jxt=y? Y

9.102. (2x—ye *)dx+e *dy=0.
9.103. (2x+e*/y)dx+(1—f)ex/ydy=0.
y

9.104. 2x cos? ydx+(2y—x?sin 2y) dy=0.
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9.105. (sin y—ysin x+l) dx+(x €os y+cos x—i) dy=0.
X

8. Tcopema CymecTBOBAHHA H eIHHCTBeHHOCTH pemenns. Ocobuie
pewennst. 3adaueii Kowu ans nudpdepenumansHoro ypasHenus y'=f(x, y)
Ha3biBaeTCA 3a7a¥a 00 OTBHICKAHHM YAaCTHOTO PCLICHHS 3TOrO0 YPaBHEHHA,
YAOBJIETBOPSIOLIErO 3a/IAHHOMY HA4aJbHOMY YCIOBHIO  (xo)=Yo.

Teopema Kown Ecau 6 oOudgepenyuasvom ypasHenuu
y'=f(x, y) dyncyua f(x, y) Henpepvisna & nexomopoi obaacmu D naoc-
kocmu Oxy u umeem @ 3moil 06AACMU OZPANUYEHHYIO YACMHYIO NPOU3BOOHYIO
fy(x, ¥), mo ona moboit mouxu (xo,yo)eD 6 Hexomopom unmepease
Xo—h<x<xo+h cywecmeyem u npumom eduncmeennoe pewenue y(x)
IMo20 ypasmenus, yooesemeopaoujee HAudAbHOMY ycaosuio y (xo)=yo.

I'eoMeTpuueckd 3TO O3HAYaeT, 4TO 4epe3 Kaxayro Touky M obsactu
D 1npoxoAMT o HA W TOJBKO OJHA MHTErpajibHas KpHBas YpPaBHEHHA
y'=f(x y).

oukd obnacti D, B KOTOPHIX HApYINAeTCS €AMHCTBEHHOCTb PELICHHS
3agayn Koinu, Ha3biBalOTCA 0co0biMu  moukamu nuddepeHInaIbHOro
ypaBHEHHS.

Peuenne (MnTerpaibHas KpuBas) ypaBHeHus y'=f(x, y), B Kaxaoi
TOYKE KOTOPOro HapyliaeTcs eAMHCTBEHHOCTb peileHus 3amaun Ko,
HA3bIBAETCA 0CoObiM  pewteHuem (0coboil uMmezpaibHoil Kpugoll) ITOro
ypasHenus. Oco6Goe pellieHHe HE MOXET OBbITh MOJy4€HO M3 OOLUero HU
npu kakux 3Hauenusx C (Bkmrodas u C= too).

Orubaromas ceMeicTBa WHTErpaJbHbIX KPHBLIX, OmNpeaeciseMbix 06-
wuM pewchreM y=@(x, C) wm obumm unterpasom ®(x, y, C)=0,
ABJSETCA 0co00# MHTEerpanbHOi kpuBoi. OHa HAXOIUTCHA MyTEM HCKIIOYe-
HMf, €CId 9TO BO3MOXHO, mapamerpa C H3 CHCTEMbl JBYX YpaBHEHWH

{yz(p(x, C), un { ®(x, y, C)=0,
H
0=0¢¢(x, C) @ (x, y, C)=0.
Hajtnennyro TakuM nyTeM OQYHKUMIO CieAyeT MOACTaBMTL B JaHHOE

b depeHIMalIbHOE YPABHEHHE M YOEANTHCS, YTO OHA ABJIAETCA €ro PEICHHEM.
Mpumep 13. Halitu obnactb, B KOTOPOH ypaBHEHHE

y=x/1-y?

HWMeEET CIMHCTBEHHOE DEIUCHHE.
<0 3gmech f(x, y)=x./1—y* — dynxuus, venpepnisHas npu |y|<1; vacr-

X,
Hasg TPOU3BOJHASA L x, =~——}i—— orpaHu¥eHa npu |x|<M
y\ % Y p p
/1 2

u |y|<a<l. CnemoBaTenbHO, JaHHOE YPaBHEHHE HMEET EIMHCTBEHHOE
peiuenne B nobom npsmoyronshuke D={(x, y)||x|<M, |y|<a<l}. >
Mpumep 14. Hailth ocobwle pelieHUs ypaBHEHHS
y'=y1-y%

3Has ero obwee pewenue y=sin(x+C), |x+C|<mn/2.
<1 CoCTaBUM CHCTEMY YyPaBHEHHi

y=sin (x+C), T
Cl<=.
0=cos(x+c), *TEIS3

56



Hekmouast C, HaineM aBe QyHKIMM y= + 1, KOTOpbIE, OYEBHIHO, SBJIAKOTCA
PCHICHUSAMH JaHHOTO YPaBHCHUS M HE TMOJIy4aroTcs M3 OOlIero pelueHus
1wt 1py Kakux 3HaueHusx C. CneoBaTesibHO, y= + 1 - o0cobblc pelleHus. >

Haiitn 0o6nacTu cyuiecTBOBaHMsS M €IMHCTBEHHOCTHM PELICHUS
st auddepeHuManbHbIX  ypaBHEHHUI:
’ 2 2 _V
9.106. y'=x*—y°. 9.107. y'=

9.108. y'=1+tgy. 9.109. y'=x +~/ V2

Haiitu ocobble pelueHust caeIyrolux und)d)epeﬂunanbﬂblx
ypABHEHMI, 3Has oOWIMEe pelcHHs (TaM, TAE JTO YKa3aHo).

9110, y =YY

9.111. y'=4x./y—1; y=(x2+C)*+1.
9.112. xp'242xy'—y=0; (y—C)*=4Cx.
2 .2
9.113. y=y’2—xy’+%; )'=%+Cx+C2.
9. YpaBHenusi, He pa3pelieHHbie OTHOCHTEJILHO mpou3BoaHoH. [lycTh

vmd)q)epcuuud'lbuoe ypaBHenne F(x, y, y')=0 paspeiinMo 1auGO OTHOCH-
1CTbHO MCKOMOHN (YHKLUMH, T. €. MMEET BHI

y=fx ) (20)
160 OTHOCHUTESLHO 4APryMEHT4, T. €. 3aMMChIBAETCS B BH/E
x=f(y ') e2)]

l'orna oHO MHTErpupyeTcsi yTeM BBECHUA napaMerpa p=)’. YpaBHeHUs
(20) u (21) nepexoasaT B anredOpauueckue YpaBHCHUSN, UbdepeHIpys
KOTOPbIE COOTBETCTBEHHO MO X WJIM MO ), MOJIYYUM CUCTCMbl ypaBHEHUM

y=f(x, p). x=f(y, p),
p= L U A o () dp
ox Op dx p dy opdy

M3 7Tux cMcTeM HaxOAMTCA COOTBETCTBEHHO ofluee pelieHue ypas-
neHus (20) wau (21) B SBHOM WM NAapaMETPU4YECKOM BUIE.
[Mpumep 15 Pewntp ypaBHeHue
y=y*+xy —x.
-1 BseneM mapamerp p=y’. Toraa

y=p*+x(p-1) 22)
JlupdepeHunpys 3TO paBeHCTBO MO X, MOJYYHM
2P 1ix
= —_— -_— X—,
pdx p dx
HIH
g 1
dx 2p+x’
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3anuineM mnocnieaHee ypaBHeHHe B (opme

d—{ = x'+ 2p.
dp
3To NMHElHOE ypaBHEHHE, ero oollee peLIeHHE:
x=CeP—2(p+1). (23)
TMoxacrasnss Beipaxenne (23) B dopmyny (22), noaydum
y=Ce?(p—1)—p*+2. (24)

CucreMa cooTHotuennii (23) u (24) onpenenser obuiee pelieHHE HCXOAHOTO
ypaBHEHHS B mapameTpudeckoit dopme:

x=Ce?=2(p+1), y=Ce’(p—1)—p*+2. =&
IMMpumep 16. Pemts ypaBHeHHE

x=y’z+—)i,.
<1 [lonaras p=y’, umeeM
x=p2+X. ’
p

duddepeHnupyeM 3TO paBEeHCTBO MO y:

] dp 1 d
_=2p_1’+__12_1’,
14 dy p pdy

/l
p1=C u py;=3 E}’-

MoacraBnss nooyepeano oba pe3ysnbraTa B BbIpAXeHHE Uit X, HAHIeM
ofuiee peuleHue

HIIH

Otcrona

y=Cx-C3
U pelIeHHE
2
X
33
KOTOpOE, Kak Jierko ybeaumTbcs, SBASETCA OCOOBIM. >

Pemuty auddepeHunanbible  ypaBHEHHS:

9.114. y=y"+4". 9115 y=yp /14"
2
9.116. y=(y'=1)e”. 9117 y="r+2xy +x2.

3/2

’

y=

9.118. x=y"—p'+2. 9.119. x=y"cos y'.
9.120. x=2y'—Iny. 9.121. x=2 4

’ 2"

y oy
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YacTHeIM ciyyaeM ypaBHeHMd Buaa (20) sBAsE€TCS TAaK Ha3bIBAEMOE
vpushenue Jlazpanna

y=xf(y")+o(y'), (25)
notopoe npu f(y')=y' HasbiBaOT ypasnenuem Kaepo. BBenenwem mna-
paMeTpa p=y’ ypaBHcHHE (25) MPUBOIAMTCA K BHAY

y=xf(p)+o(p)

» ciaydae obuiero ypaBHeHus Jlarpamka M K BHAY

y=xp+¢(p)

w cny4dae ypaBHeHHs Knepo.
YpaBHenne JlarpaHka HMeeT 0COObie pElLCHHS

y=xf(po)+¢(po)

e po—toboli M3 kopHeit ypasHeHus f(p)=p.
VpasHenue Knepo umeer obiee perueHue

y=Cx+¢(C) (26)
it ocoboe peleHue

x=—¢'(p), y=—0o'(p)p+o(p) @7

spJstolleecs orubarowedl ceMelCTBa HHTErpasibHbIX KpHBBIX (26).
Takum 00pa3oM, MOXHO cdopmynupoBaTh cleayouiee Mpak-

rMyeckoe mpaBuao. 3ameHuB B ypaBHeHuu Kiepo cumBoa y’

cumBosioM C, Mbl cpa3y nonydaem obuiee pewenue (26). duddepenuupys

cro no C u uckmoyas C M3 CHCTEMbI IBYX ypaBHEHHWid (oOwlero peieHus

u pesyabtata aupdepeHUHMpOBaHUA), MojydyaeM ocoboe peiueHue (27).
[Mpumep 17. Pemuts ypaBHenue Jlarpanxka

yzxyll_*_yr.
< [lonaras y'=p, Hangem
y=xp’+p.
JiupdepeHunpys 3TO pPaBEHCTBO MO X, MOJYYHM

dp d
p=p*+2xpr P
X

WJIH
dx 2 1
Zox 2L 5+ 5
dp p-p° p-p

3TO NHHEHHOe ypaBHEHME HMeeT obliee pelleHue

(l_lp)z(CHn lpl—p),

xX=

1104CTaBAsAss KoTropoe B ¢opmysly JUis y mnojiydaeM oOluee pelueHue
HCXOJHOTO YpaBHEHHs B NapaMeTpuyeckoi ¢opme:

_Cthnipl=p _(Cthnlpl-p)p®
(1-p)* ~ (1-p)*
Kpome Toro, ypaBHenue umeer ocoOble pewieHuss y=0 u y=x+1,
COOTBETCTBYIOIIME KOPHSM p;=0 M p,=1 ypaBHeHus p’=p. o
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IHIpumep 18. Peuwnth ypaBHeHHE

’ Iz3
y=xy'—y".

< JlanHoe ypaBHenue umeer Bua (25) npu f(y')=y’, T. e. ABAsieTCS ypaBHe-
HueM Kiepo. Cremys mpaktvyeckoMmy NpaBHJTy, MojyyaeMm ofluee penieHuc

Hckmrouas,

y=Cx—C*

nanee, napamerp C U3 CHCTEMBbI YpaBHEHHil
y=Cx—C*,
0=x—4C3,

nony4yuM ocoboe pelieHne

4/3

X7, B>

3
_43\/_&

Pemutsb nnqxbepeﬂuuanbﬂme YPaBHEHHUS:

9.122. y=x

l+y

1
9.123. y=2xy'+7.

1
9.124. y=xy* +y". 9.125. y=5(xy'+y']ny’).

1

9.126. y=xy'——. 9.127. y=xy' +y' +/y".
y

9.128. y=xy’ —e”. 9.129. y=xy'+cos y'.

10. Cmemannbie 3agaun  Ha IudpepeHuHabHble ypaBHeHHs 1-ro

nopsiaKa.

Onpenenuts TUNbl quddepeHnnanbHbIX ypaBReHHH M yKa3aTb
B o0meM BuAe METOObI HX pELICHUs:
2

9.130.

9.132.
9.133.

9.134.
9.135.

9.136.
9.137.

9.139.

. Yo 2; 2
sinx3=e ¥ . 9131 /x*—y?= *

y=3x+xy"
1+x+(1 +\f2)(e —ezy)') 0.
2y (1—x2 )—xy 2xy?+2x3y2=0.
ydx+(2x—y?)dy=0.

(f—x+y )dx+<2xy+v—-—> dy=0.
/v

ydx+(x—2./xy)dy=0.
(x2+y2+1)dy+xydx=0. 9.138. y —sm(y )«)
— 9.140. [y =¥

X =arccos e
x242x—1

Pelunts audpdepeHnnanbHbie  YypaBHEHHUS:

9.141.
9.143.

9.144.
9.146.
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y'+xy=x3. 9.142. (x—y)dy—ydx=0.
(xcos2y+1)dx—x?sin 2y dy=0
y' =ytgx—y?cosx. 9.145, y’=1———2—x.

»?
2ydx+(y*—6x)dy=0.



9.147. (xye™ +y2)dx=x2e*" dy.

9.148. (xy2+x)dx+(y—x?y)dy=0.
9.149. (2x3—xy?)dx+(2y>—x2y)dy=0.
9.150. xy'+y=y*Inx.

9.151. 3x+y—2+y'(x—1)=0.

9.152, y'="*Y 9.153. ' cos x—y sin x=sin 2x.
x—y

9.154. (2x+In y)dx+<§+sin y) dy=0.

9.155. y=xy'—Iny. 9156, y'=—

xy4x2y3d’

9.157. (x——y sin l) dx+xsin dy=0.
X X

9.158*. xp'=xZe 7 +2. 9.159. (2x¢”+y*)y’ =ye.
9.160*. (1+y?)dx=(\/1+y? cos y—xy)dy.

y X
9.161. { ———1)dx—— =0.
6 (x2+y2 )dr xz+y2dy 0

sin? x

9.164*. (x—2y3)dx+3y2(2x—y?)dy=0.

2 2.7y 2
9162 y+2=2YY  g163. y=y"+2xy'+1‘2—.
X

11. Teomerprueckne H (u3HuecKkHe 3a/a4H, NPHBOAALIHE K PelIEHHIO
nnddepenmanbubix ypasHennwii 1-ro nopsmaka. B 3amasax reomerpum,
1 KOTOPbIX TpeOyeTcss HAHTH ypaBHEHHE KPHBOil MO 3aJaHHOMY CBONCTBY
¢¢ KacaTeNbHOM, HOpDMAaJid WM TUIOLIAAH KPUBOJIMHEHHON Tpaneuuu,
HCTIONIB3YIOTCS T€OMETPHYECKOE HCTOJIKOBAHWE MNPOM3BOJAHON (yryioBo#
k0dpUIMEHT KacaTeJbHON) M MHTErpaja ¢ NCPEMEHHBIM TPEIESIOM
(njowanab XPHUBOJIMHEHHOR Tpaneuud ¢ mno-
JBHXHOM  OrpaHMYMBAIOLICH OpPIMHATOI),
A TaKxe ciaenywooue obume GopMyssl IS
OlpefieNieHHs AJMMH OTPE3KOB KacaTeJbHOM
l HOpMaJIH n, NoJKacaTeJbHOM
s, U moaHopManu s, (puc. 93):

%x/ 1+y7), n=lyJ/1+y7),

t=

ay

=l =yl
y I Puc. 93.

IMpumMmep 19. Haiitu ypaBHeHue kpHBOH, NMPOXOAALIEH Yepe3 Hayallo
KOOpIMHAT, €CJIH B Kaxoil ee Touke M (x, y) nomkacatenbHas s, B k pa3
MeHbILIE TOJHOPMAJH S,.
< Myctb y=f(x)—ypaBHenne uckoMoii kpusoil. Mcnonb3ys BbIpaXeHHS
MoJKacaTeNbHOM §, ¥ NMOJHOPMANH S,, MBI Cpa3dy nosiydacm audpdepen-
1IIHaJIbHOE YPaBHEHHE

8=

, y
lyy l=k|—,l,
y
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WITH
(y' )=k

WHTerpupys 3TO ypaBHeHHe M YYMThIBas HavaibHoe ycnosue y(0)=0,
HOJIyYHM HKCKOMBIE YPaBHEHUS

y=+k-x
(aBe mnpsMEIE). >

IIpumep 20. Haiith ypaBHeHHE KPHBOMN, NPOXOASILCH 4Yepe3 TOYKY
(1, 1), ecni pmna moboro otpeska [l, x] mnnoumans KpUBOJMHEHHOH
TpaneudH, OrPAHHYEHHOH COOTBETCTBYIOMIEH AYrodl 3TOH KpHBOH, Ha
2 GoJblue yIBOEHHOrO TIPOM3BENEHHS KOOPAMHAT Touku M (x, y) kpuBO#i
(x>0, y>0).
<1 CornacHo YCJIOBHIO 3aJa4H HMEEM

\ x
{y(t)de+2=2xy(x).

1

MuddepeHunpys 3TO paBeHCTBO MO X, TNojdydaeMm auddepeHimuanbHOE
ypaBHenue y=2(y+xy’), wu

y’=—-y—
2%

WHTerpupys JTO ypaBHEHHE M YYHTBIBas HayadbHoe ycnosue y(l)=1,
HaiaeM YpaBHEHME HMCKOMOH KpMBOM:

y=l/\/;. =

9.165. Haiitu ypaBHeHHe KPHBOH, mpoxoAsiied uepe3 TOYKY
(ﬁ, 0), ecnid cyMMa [JIMH €€ KacaTeJbHOM U INoJKacaTeNabHOM
paBHa TNPOM3BENEHHUIO KOODAMHAT TOYKH KacaHUS.

9.166. HaiitTn ypaBHEHHE KpHMBOH, NpOXoisuiel depe3 TOUKY
(1, 2), ecnu ee moakacatejbHas BABOE OOJibllle aOCUUCCHI TOYKH
KacaHusl.

9.167. Halitu ypaBHEHHME KpPHMBOM, NPOXOASILEH 4Yepe3 TOYKY
(1/2, —1), ecnn mmMHa OTpe3Ka IMOJYyoCH abCLHMCC, OTCEKaeMOro
ee KacaTeJIbHOM, paBHa KBaApaTy abcoucchl TOYKH KacaHMS.

9.168. Haiitu ypaBHEHUS KpUBBIX, ¥ KOTODBIX JJIMHA OTpe3kKa
HOpPMQJIM MOCTOSHHA U paBHA 4.

9.169. Haiitu ypaBHEHHS KPHBBIX, Y KOTOPBIX MHOJHOPMAJjb
HMeeT TOCTOSHHYIO IJIHHY a.

9.170. Haiitu ypaBHeHHe KpHBOH, mnpoxonsiued  uepes
Touky (0, 2), ecqd IUIOIIAAb KPHBOJIMHEHHOW  Tpamnenuu,
OrpaHHYEHHOM Jyroi »3Toil kpHBOH, B 1OBa pasza Oosblie
JUIMHBI COOTBETCTBYIOLICH IyIHu.

9.171. Haiitu ypaBHEHHE KPHBOMW, MPOXOJAIIEH dYepe3 TOUKY
(1, 1/2), ecmn nns moboro orpeska [l, x ] miomwanb KpUBOJIUHEH-
HOW Tpaneuud, OrpaHMYEHHON COOTBETCTBYIOWIEH Ayrod 3ToM
KpHBOH, Ha 2 Ooubllie OTHOLICHUS aOCHMCCHI X KOHIEBOH TOYKH
K OpJHUHaTe.
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9.172. HaiiTu ypaBHeHHE KPHBOH, MPOXOMSAIIEH 4Yepe3 TOYKY
(0, 3), ecnu mnoakacaTeslbHas B 1000 TOYKE paBHA CyMMme
AOCHMCCHI TOYKM KacaHMs M pPAacCTOSHHS OT Hayala KOODAUHAT

y
10 TOYKH KAacaHUsl (OTPaHUYMTbLCS PACCMOTpEHMeM ciyuyas —>0).
y

9.173. HaiiTu ypaBHeHHe KpPHBOW, NMPOXOISILUEH Yepe3 TOYKY
(1,0), ecnu [muuMHa oOTpe3ka ocH abcuucc, OTCEKAaeMoro ee
nwopMaJjiblo, Ha 2 OoJblie aOCHUCChI TOYKH KACAHMSA.

9.174. HaiiTu ypaBHeHHe KpUBOH, MPOXOIALIEH 4yepe3 Hayajo
KOOPIUHAT, €ClM [Jg moboro orpe3ka [a, x] miomaas kpu-
NOIMHEHOM Tpameuuy, OrPaHHYEHHOHM COOTBETCTBYIOILUECH Oyrou
1ol KpHBOM, paBHa KyOy OpAMHATHI KOHLEBOW TOYKH [IYyTH.

9.175. Haiith ypaBHEHHE KPHUBOH, MPOXOASIUECH 4epe3 TOUKY
¢ HOJSAPHBIMH KoopauHaTam r=2, ¢=0, eciu yroia o MexXAy
¢¢ KacaTeJIbHOM M paJuyC-BEKTOPOM TOYKM KACaHUSA €CTh IOCTO-
wHiag BEJIMYMHA: tg a=a.

9.176. HaiiTu ypaBHeHMEe KpHUBOH, NMpOXOASILEH 4epe3 TOUKY
(I, 1), ecnn piuMHa oTpe3ka ocd abcuucc, OoTcekaeMoro Jiroboi
¢¢ KacaTeJbHOH, paBHA [UIMHE 3TOM KacaTeJIbHOM.

9.177. Haiitu ypaBHEHHE KPHBOH, MpOXOAALIEH 4Yepe3 TOUKY
(3, 1), ecnn AnMHA OTpe3Ka, OTCEKAEMOro J1toOol ee KacaTesibHOM
Il OCH OpAMHAT, paBHA MOAHOPMAJIH.

9.178. Haiitu ypaBHeHHe KpHUBOHM, MpOXOAsIled yepe3 Hayasio
WOOPAMHAT, €CIM CepeJHHA OTpe3Ka ee HOopMamu oT Jioboi
{OYKM KpHBOM 0 och Ox JeXuT Ha mnapabone 2p%=x.

9.179. HaiiTn ypaBHeHHE KpHUBOH, MPOXOAAIEH 4epe3 TOUKY
(1,0), ecnm miowanb TpaneuuH, OOpPAa30BAHHOM KacaTeJIbHOM,
OCSMH  KOOPAMHAT M OpPIMHATOM TOYKM KAacaHUs, NOCTOSHHA
i paBHa 3/2.

9.180. Haiitu ypaBHeHHE KpHBOH, mpoxopdsuleld 4epe3 TOUKY
(0, 1), ecnu miaowags TpeyrojbHUKa, oOpa3zyeMoro ocelo abenuce,
KICATEJIBHOM M pPaauyc-BEKTOPDOM TOYKHM KAacaHUs, MOCTOsSIHHA
n paBHa 1.

9.181. Haiitu ypaBHeHHE KpHBOH, NMpOXOASALLEH 4epe3 TOUKY
(1, 2), ecnu mpousBeaeHue abCIMCCHI TOYKM KacaHHs Ha abcuuccy
I0YKM TEPEeceyeHUuss HOpMajii € ocbio Ox paBHO YIBOECHHOMY
KBAJPATy PACCTOSIHHS OT Hayaja KOODAMHAT JO TOYKH KaCaHHs.

9.182. Haiitu ypaBHeHHE KpUBOH, MpOXOAsileidl uepe3 TOUKY
¢ MOJSAPHBIMM KOOPAMHATAMU r=T7, @=Tm/2, e€ciu T[UIoWAalb
(CKTOpa, OIPAHHYECHHOrO 3TOW KpHBOH, MOJAPHOH OCBIO H Tle-
PCMEHHBIM TOJIAPHBIM pajiMycoM, B IIECTb pa3 MeHblle Kyba
HOJSPHOTO pajuyca.

OpmozoHaabHbIMu mpaeKmopuamu IJIsi OXHONIAPAMETPHYECKOTO CeMeHi-

cisa Sy smHME y=®(x, a) Ha3bIBacTCS ApYroe CeMeicTBO S, JIHMHHIA,
KOTOpbIE NEPEeCeKaloT JIMHUM MEPBOro CEMEHCTBA MOA MPAMBIM YIJIOM.
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Mpumep 21. HaitTu opToroHasbHbie TPaeKTOPUH CeMENCTBA Ky-
6uueckux mapaboa y=ax>.
<1 HaiigeM auddepenimanbHOe ypaBHeHWE JAHHOIO CEMEHCTBA, MCKIIOYAs
a U3 CHCTeMb! YpaBHEHHit

y=ax?,
y'=3ax?.

Ionyunm y'=3y/x. HuddepeHunansHoe ypaBHEHHE ceMelicTBa OpTOro-
HaJIbHbIX TPAaeKTODHIl €CTh

, X
y=-1-
3y
Ero obwwmii uHTErpan

xt4+3y2=C*
ABJIACTCS YPAaBHEHHEM CEeMeENHCTBA OPTOrOHAJIbHBLIX TpAEKTOpMH (3nMn-
COB). >

HaiiTi opTOroHanbHble TPAEKTOPUM JAAHHBIX CEMEHCTB KPHBBIX
(a—napamertp):

9.183. ay?=x>. 9.184. y=ax>.

9.185. x2—2y2=qa?%. 9.186. y=ae?*.

Mpu cocraBnenun auddepeHUNaNbHbIX ypaBHeHudd 1-ro  nopsjka
B (U3MYECKHX 3aJaYax 4YacTo MNPHUMEHSETCH Memod Oupdepenyuanros, no
KOTOPOMY TPHUOMKEHHbIE COOTHOLIEHHS MEXAY MaJIbIMM NpUpPaLEHHSIMH
BEJIMYMH 3aMEHAIOTCA COOTHOWICHMSIMH Mexay ux nuddepeHnmanamu.
Takas 3aMeHa He OTpaxkaeTcs Ha pe3yJbTaTaX, Tak Kak [ejJ0 CBOIMTCH
K OTOpaceIBaHMIO GECKOHEYHO MAJIbIX BBICIUMX MOPAAKOB. [{pyruM MeTog0M
coctasieHus A pepeHUHATbHBIX ypaBHEHHI SIBJSIETCA  HCMOJIb3OBaHUE
(u3MYeCKOro CMbICNTAa MPOM3BOAHON KaK CKODOCTH MPOTEKaHHA MPOLECCa.

MMIpumep 22. B pesepByape nmepBOHA4YaJIbHO COAEPXMTCH A Kr Belle-
CTBa, PaCTBOPCHHOIO B B 1UTpax BOAbL. 3aTeM KaXAyl0 MHHYTY B pe3epByap
nocrynaer M JMTpOB BOJABI M BbiTekaeT N JMTpoB pactBopa (M=N),
NpHYEM OJHOPOJHOCTb pAcTBOpa JOCTUracTcs TNyTeM TMepeMeLIMBAHUA.
Haiiti Maccy BeluecTBa B pesepByape depe3 7 MHHYT Moc/ie Ha4ajia Tnpolecca.
<0 OGosHauuM dyepe3 x(f). Maccy BewlecTBA B pe3epByape B MOMEHT
BPEMEHH ! M 4epe3 X+ Ax—-B MOMEHT BPEMEHM f+ At (BpeMs uzMepsieTcs
B MHHYTaX, MOMEHT BpeMeHH (=0 COOTBETCTBYeT Hauajy Mpolecca).
3ametuM, 4To Ax<0 mpu Ar>0 (T.e. pacTBOop «obegHsCTCH»).

Mycte V(1)—oGbeM CMECH B MOMEHT I:

V()=B+Mi—Nut.

KoHueHTpanus BemecTBa B MOMEHT BPEMEHHM ! PABHAETCH, OYEBHMIHO,
x/V. 3a GeckoHeuHO MaJblit OTpE30K BpeMeHH [t, t+ At] Macca BerecTsa
H3MEHSETCA Ha OECKOHEYHO Majlyro BeNM4YHMHY Ax, IS KOTOpOH cnpaBen-
JIMBO NPUOIHKEHHOE PaBEHCTBO

Nx
B+(M—N)t

3aMmensas npupaineHus Ax u At auddepernmanamu dx u df, noayvaem
IuddepeHuaNtbHOe ypaBHEHHUE:

X
Ax~——NAt= At.
Y

Nx

dx=——————
B+(M—N)t

dt.



IhiTerpupys 3TO YpaBHEHHE C pa3lelIFOLIMMUCS TICPEMEHHBIMU M CHUTAs
M - N, Haiimem obOluee pelieHHe:

x(1)=———-C—N.
(B+H(M~—N)t)M=~

1lcnosib3ys HavanbHoe ycioBue x=A npu =0, HalileM 4acTHOE pELICHHUE:

"“’”(B—Hffm)ﬁ

lonaras =T, nony4yuMm OTBET:

x(T):A(W)Mj‘W.

Ciyqait M =N TpebyeT OTAEIBHOrO paccMOTpeHUs (cM. 3anavy 9.195). >

9.187. CxopocTh OXJaXIEHHS Teja TPONOPHUOHANbHA pa3-
HOCTH TEMIepaTyp TeJla M OKpyXalolled ero cpexbl (3aKoH
lIptoToHa). HailiTu 3aBUCHMMOCTL TemmnepaTypbl 1 OT BpPEMEHH
I, ecnd TeJo, Harperoe Ao Ty rpaaycoB, BHECEHO B NOMELUCHHE,
IcMIIepaTypa KOTOpOro MOCTOSSHHA M paBHAa a rpagycam.

9.188. Uepes ckoJIbKO BpeMEHHM TeMIepaTypa Tejla, HarpeToro
10 100° C, monmsurcs o 25° C, ecnu TeMmepaTypa NOMELIEHHS
paBHa 20° C u 3a mepsble 10 MuH Teno oxyamuwioce go 60° C?

9.189*. 3amemistoliee eHCTBHE TpPEHHs Ha [HCK, Bpamia-
IOMACS B KMIOKOCTH, TNPONMOPIUOHANBHO YIJIOBOH CKOPOCTH
spamieHusi. Haiitu 3aBUCHMOCTL 3TOH YIJIOBOH CKOPQCTH OT
BPEMEHM, €CJIM M3BECTHO, YTO MOMCK, HA4YaBIUMH BpamiaTbCs CO
CKOpPOCTBhIO0 5 06/C, MO HCTe4eHMM ABYX MHHYT Bpallaercs co
ckopocteio 3 06/c. Uepe3 ckonbko BpeMeHH OH OydeT uMeThb
YIJIOBYIO CKOpocTb 1 06/c?

9.190. CxopocTh pacnaja palus NPONOPHHOHAJNbHA HAJIMY-
HOMY €ro KoJu4yecTBY. B TeueHue roma W3 KaxAoro rpamma
paaus pacnagaercs 0,44 mr. Uepes ckojabko JeT pacnagercs
NOJIOBMHA HMEIOLIETOCs KOJIMYeCTBAa paaus?

9.191*. CxopocTb HCTEYEHHsT BOIBI M3 COCyla 4epe3 Majoe
oTBepcTHe onpenensercs popmynoit v=0,6./2gh, rne h— BbicoTa
YPOBHSL BOIbI HaJ OTBEPCTHEM, g— YCKOPEHHE CBOOOJHOTO
nafenus (npuuaTh g=10 m/c?). 3a kakoe BpeMs BHITEYET BCH
BOJA M3 IMIMHApHYECKoro O6aka auamMeTpoM 2R=1M U BBICOTOM
H=1,5M 4epe3 orBepcTHe B nOHe auameTrpoM 2r=0,05 m?

9.192*. KoxnuuecTBO cBET4, NMOIJIONIAEMOTO NPU MPOXOXKIACHUU
yepe3 TOHKHH CJIOM BOXbI, MPONOPLHOHAJBHO KOJMYECTBY Naja-
IOLIIETO CBETA M TOJIIIMHE C0s. 3HAas, YTO MPH MPOXOXKAECHUM CIOS
BOJIbI TOMUMHOM 2 M norsomaetcs 1/3 nepBoHavanabHOIO CBETOBO-
ro IMOTOK4, HAWTH, Kakas 4acThb €ro MOWAeT MO0 TIyOMHBI 12 M.
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9.193. Jlogka 3aMemJIsieT CBO€ [BIDKEHHE TMOJ IEHCTBHEM
CONPOTHUBJICHUS BOJbl, KOTOPOE MNPOMNOPLMOHAJIBHO CKOPOCTH
nonku. HavanmbHas cxopocts joaku 1,5 M/c, ckopocTh ee uepe3
4 cexyunpt | M/c. Korma ckopocth ymeHbimurcs gm0 1 cm/c?
Kakoit nmyTe npoiiaer joxka A0 OCTaHOBKHU?

9.194*, Ilyns, ABUrasch CO CKOPOCTbIO vo=400 M/c, mpobu-
BA€T CTEHY TOJIUMHONK h=20 CM M BBUIETAET, HUMEsS CKOpPOCTb
100 m/c. TTonaras cujly CONPOTHUBJIEHUSI CTEHbI MPONOPLUOHAIBHON
KBapaTy CKOPOCTH [IBUXKEHWS MYJM, HAWTH BpeMsi MPOXOXKIACHHS
NyJd 4epe3 CTeHy.

9.195. B ©Oaxe wHaxomutcs 100 1 pacTtBOpa, CcoAepXKAaLLETO
10 xr coqu. B Gak BimMBaeTCs BOJa CO CKOPOCTBIO S JI/MHH,
H CMECh BBITEKAeT W3 HEro C TOM e CKOpocThio. OTHOPOOHOCTH
pacTBopa AOCTUTaeTcsl myTeM mnepeMeliuBaHus. CKOJIbKO COJIH
octaHercss B 0Oake uepe3 yac?

9.196. Hexotopoe BelecTBO mpeodpasyercss B Apyroe BellecT-
BO CO CKOPOCTbIO, MPONOPUUOHAJILHOM Macce HenpeoOpa3oBaH-
Horo BewecTBa. Eciu macca mepBoro ecth 31,41 mMo HCTEYeHUU
oAgHOro 4aca 4 9,7 r mo MCTEYEHUH TPEX 4ACOB, TO ONPEHEJIUTD:
a) Maccy BelllecTBa B Hayaje mpolecca; 6) yepe3 CKOJIbKO BPEMEHHU
HOoCJIe Hayana mporecca ocTaHeTcs jauulb 1% mnepBoHavYanbHOR
Macchl MCXOJHOro BeruecTBa?

9.197*. B nomewienun nexa BMectumocThio 10800 M* BO31yX
cogepxut 0,12% yrnekucnorbl. BEHTHUIATOPHI [OCTABISIOT CBeE-
xuil BO3ayX, copepxaumid 0,04% yrjiaekuciaoThel, €O CKOPOCTHIO
1500 m3/mun. Ilpeanmonarasi, 4YTO YIJIEKMCIOTAa paclpenensercs
[0 MOMEIIEHUIO PABHOMEPHO B KaX[bli MOMCHT BPEMEHH, HAWTH
00BEMHYIO HOJIIO YIJIeKHCHOThl 4vepe3 10 MHH mociae Hayaaa
paboTel BEHTHJISTOPOB.

9.198. Cuna TOka i B LiENH C CONPOTHUBJIEHHEM R, camMouH-
OyKuued L u HanpskeHUEeM u YIOBJIETBOPSIET YPaBHEHHIO

di
L—+Ri=u.
dt+ I=u

Haiitu cuny Toka [/ B MOMEHT BpeMeHH !, ecnd u=E sin of
n i=0 mpu t=0 (L, R, E, ®—INOCTOSHHBIE).

§ 2. Auddepenuuanbhbie ypaBHEHHN BbICIIMX MOPAIKOB

1. Ocnosubie nousths. Teopema Koum. [duddepenumanbHoe ypasHe-
HUHE n-ro TOpsi/iKa HMeeT BHI

F(x,p, ¥, y", . y™)=0 %))
HIIN

Y=Ly sy ) 2
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3adauett Kowu pna auddepeHumanbHoro ypaBHeHUst (2) Ha3biBaeTcs

111a4a OTBICKAHMS PElUeHns y(x), yAOBIETBOPAIOLIErO 3a/JaHHBIM HAYalb-
ILIM  YCJIOBUSIM

y(X0)=vo, V' (x0)=yo. . ¥y V(xo)=yg". 3)

Obwum pewenuem ypaBHeHus (1) wnn (2) HaszbiBaeTcs Takas (pyHKUUS
=¢(x, Cy, ..., C,), KOTOpas mNpu JHOOBIX AOMYCTHMBIX 3HAYCHWAX Tna-
pametpoB Cy, ..., C, #BISCTCA pelleHHeM OHToro aAuddepeHUHanbHOro
ypaBHeHHss M s moboit 3agauu Kowm ¢ ycnoBusimMu (3) Haiinytes
nocrosiHble Cy, C,, ..., C,, onpenensiemMble U3 CUCTEMbl YPABHEHHUM:

,VO':‘P(XO» C'h cey C"),
y,OZ(P/(»\'Os Cl‘ ey C,,),

VpaBuenue
(D(x, ¥ Cra, C,,)=0, “4)

onpenenstoliee oOlice pEICHHE KAK HesABHYIO (GYHKUMIO, HA3bIBACTCHA
obwum unmeepasom JNPpdepeHIInaIbLHOrO ypaBHEHUS.

TeopeMa cymecTBOBAHUA M €JJUHCTBEHHOCTHU pe-
meHua 3agauu Kowu. Ecau 0u¢gﬁepeuuua/zbf¢o¢) VvpuasHenue (2)
makogo, umo @yukyua f (r »y. . 8 Hekomopou obaacmu D u3-
MEHEeHUA CBOUX apeymenmos uenpepbmua u umeem Henpepbvlelible Hacmiible

6f of
npou3eooHvle —— —, mo 0aa  mwoboit mouku (Xo, Yo.
"y (‘}y 0} (n I)
Vs oy piTH )eD cywecmgyem makou ummepeai xo—h<x<xo+h, Ha
KOMOPOM CYyWecmsyem u npumom eOUHCMeeHHoe peuleHue 3Mo2o yPAeHeHuA,
v008aemeopAlowee HA4aabHbIM yca08uam (3). i

Mpumep 1. Ilokaszats, uto Qyukuus y=C,e?*, C,, C,€R,
ABNACTCA peuleHHeM IMGQEPEHIMATbHOTO YpaBHEHUs yy”' =y’
< Nmeem:

_V'=C1C2e(zx, yn___ClC%eCz\'

[ToacTaBuB BbIpaxeHHs y, ¥ M y” B JaHHOE YpaBHEHHE, TNOJY4YUM
TOX/IAECTBO
C v2,C c
Cye 2" -C,Cle™ 2" =(C, Cre" ")
CrenopatenbHo, (yHKIMA y:C,e(l" €CTb pelIeHHWe JaHHOI'o Yypa-
BHEHHUSA. >

Mpumep 2. Halith obnactb CyuieCTBOBAHMS M E€IMHCTBEHHOCTH
pellieHHst  ypaBHEHUS

)’\/; f /.;-

< ®ynkuus f(x, y, p')==—-— K €e uACTHas NPOU3BOIHASA 0— ~— He-
X VX

npepbiBHBI npu x #0, »’>0; 4acTHas npou3BoaHAs —— HEMpEphIB-

' 2x\/_
Ha mpu x#0, y'>0.

Crie10BaTENIbHO, [aHHOE YpaBHEHHE HMEET €IUHCTBEHHOE pelleHue
npu x#0, »'>0. >
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Haiitu obnacth cyliecTBOBaHHMS M €AMHCTBEHHOCTH DEILICHHUS
yPaBHECHHIH:

9.199. y'=x+./x%2—y". 9.200. y"=y'Iny".

IMoka3ath, 4TO [daHHBIE BHIPAXEHUS NpPU JHOObLIX HAEHCT-
BUTEJIbHBIX 3HAYEHHUSX BXOIAHIMX B HHUX NMApPaMETPOB OMNPEAECISIOT
pelileHdsi COOTBETCTBYIOUMX Nud(hepeHIMaNbHbIX YpaBHEHHI:

9.201. y=x jil—ln—' dt+cosx+Cyx+C,; xy"=sinx.
o

9.202. y=x2Inx+Cx2+Cyx+C3; xy"'=2.
9.203. eysinz(clx+C2)=2C%; y":ey.
9.204. C,y=sin(C;x+C,);, yy"+1=y'%

[MokasaTk, 4TO NaHHbIE (QYHKUMHM SBISIOTCA HACTHBIMH pellle-
HUSIMH COOTBETCTBYIOLUMX au(depeHIHaIbHbIX ypaBHEHHIA:

9.205. y= (x2+1)/2; 1+y2=2py".

9.206. y=e*; yi4+y'2=2yy".

IlyteM ucknroyeHHs nmapaMeTpoB BbIBeCTH NH(depeHIAaNbHbIE
YPaBHEHHSI CEMEHCTB CIICOYIOUIMX JIUHHUIA:

9.207. IlpsMbIX Ha IUIOCKOCTH, He NapajulebHbIX ocH Oy.

9.208. OxpyXHOCTEHd MNOCTOSHHOro pamuyca R.

9.209. Cunycoun y=Asin(x+a), rae 4 ¥4 o—napamerpsl.

9.210. IMapabon c ocbio, nmapajienbHoit ocu Oy.

2. Ypasuenus, Jonyckaloumue NoHwkeHhe mopsaka. Hudke npusoastcs
HEKOTOpble BH/bl AU((EPEHIMATLHEIX YPAaBHEHHH n-ro MOpSAAKa, JO-
TMYCKAIOWMX TIOHHXXEHHE TOPANKA.

a) Ypasuenne Bujaa y™=f(x). Obuiee pelmeHne noyyyaercs
MyTeM n-KpaTHOTO WHTerpuposanus y=|dx [dx..{ f(x)dx+P,_,(x), rne
P, (x)=C;x" '+ Cx""2+..+C,_ ,x+C,, nm no cdopmyie

- B
y=(—’l—:mjf(t)(x—l) de+ Py (x)

Cos™ X

MMpumep 3. Haiitu obmee pemeHue ypaBHeHus y"= " ero

b}

n\ In2
YACTHOE PpELICHHE, YIOBJIETBOPAIOIEE HAYAJBHLIM YCIOBUSM ) (Z>=—

2
V, =1
4 '

2
<1 Wurerpupys nepsbiii pa3, nonydaem y’ =tgx+C,. TloBTOpHOE MHH-
TerpupoBaHue naetT y= —In|cosx|+C,x+ C,. IT0 1 ecTh obllee peieHHe.
IMoacTaBus Tenepb B MOJIydyeHHOE OOLIee pELIEHHE W B BBIPaXXCHHE IS

n In2
nepBoii NPOM3BOAHOM x=z U COOTBETCTBEHHO y=—2~ u y' =1, noayunm
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CUCTEMY BYX YpaBHeHMii ¢ HeusBecTHhiMH C; W C,. Pewmns 3Ty cucremy,
naiineM 3HaueHus mnapamerpoB C,=0 u C,=0, cooTBeTCTBYIOLLIHE
HCKOMOMY 4Y4CTHOMY pEIUEHHIO, KOTOpOE, CJIEAOBATENLHO, WMEET BHA
vz —In|cosx|. o

6) Ypasuenus Buna F(x, y®, ., y™)=0, T. e. ypaBHeHus, He
cojicpXauiue SBHO HCKOMON (YHKIMM M €C TNPOM3BOAHBIX [0 TOpsiKa
k—1 Bxarountensno. C nomowpsto 3amennl y*'=p(x) nopsaok ypasHenus
wonmxaercs ha k epunun: F(x, p, p', ..., p"9)=0. IIpeanonoxum, 4o
IS MOJIyY€HHOTO YPABHEHHA MBI MOXEM HailTH oOllee pelleHue
rlx)=¢(x, Cy, ..., C,;). Torha wuckomas ¢yskuus y(x) mnomyuaercs
1yreM Kk-KpaTHOTO HHTerpupoBanus dyskumn @(x, Cy, ..., C,_,).

MMpumep 4 Haiitn yacTHOe pelenue ypaBHenus x4y’ +2x3y"=1,

V/IOBJIETBOPSIOLIEE HAYAJbHBIM YCJIOBHAM y(l)=£, y’(])=5, y'(l)=-1

-1 /lanHoe ypaBHeHMe He coaepxuT y M y'. [losoxum y"=p, Toraa

., dp Ldap s dp 2

v""=-—_ M ypaBHEHME TNpHHUMAET BUI X' —+2x°p=1, unu —+—-p=
dx dx X

=—. JTo nuHeiiHOe ypaBHeHue nepsoro nopsaaka. Ero obuwee peiwenne
X

p= —-5+—%. WUcnonb3ys HavanbHoe ycnosue y” (1)=p(1)= — 1, nony4aem
X X
1

1

(', =0. CnemoBatenbHo, y"=-——, oTkyaa y'=—;+C,. Hauanbnoe
. x3 2x?

yenosue y'(1)=1/2 no3sonser onpeneauts C,=0. UnTerpupys ewe pas,

1OJy4aeM y=—2—+C3, a u3 ycnosus y(1)=1/2 cnenyer, uto Cy=1.
x

WTak, HCKOMOE 4YaCTHOE pellleHHe eCTh y=1—2—- (paBHOCTOPOHHSS
X

runepbona). o
B) YpasHeHnus suaa F(y,y, .., y"”):(), He coAepXaulle sIBHO

d
HezaBUCHMON  mepemenHoi.  [loxcraHoskoit  y'=p(y), "= pd—p,
'y
dp\* ,d’p ,
v'=p :i— +p :i_z_ M T.A. TIOPAJOK YPaBHCHHUA TNOHMXKAETCHd Ha
Y Coay
CAMHHALLY. 2
Mpumep 5. Haditu obuwwmit uHTerpan ypaBHeHus y'y” —3y”" " =0.
dp dp\* p
< Monoxum y'=p(y), y"=p—, y" =p{—| +p? — . Torna ypaBHenue
dy dy dy
upeobpasyeTca K BHIY

dp 2 d2p> <dp>2
—) +p?—=)-3p?(—) =0.
p<p(d.v> "a)" "\

Mpuseas noaobHbIE 4iEHbl M COKPATHB Ha p? (NPU ITOM MBI TepsAeM
pewenue p=0, wim y=C), NOAyYHM

d? dp\?
p—lz—Z i =0.
dy? dy
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dp d*p d:
Monoxus 3pmech —=z, —=z—, NPUAEM K YPaBHEHHIO
dy dy* dp
dz
pz——2z2=0.
dp

dp
CokpaTuB Ha z (IpU 3TOM BO3MOXHA TaKXe NMOTEPs peUIeHUs z=d—=0,
y
T.e. p=C, n y=C;x+C,, B cocraB kotoporo npu C,=0 BXOIUT H
dz 2dp
TIpeXHee MOTEPSHHOE pELlEHUE), TonyduM — ———=0, oTkya In|z|—Inp?=

Z

dp
=In|C, |, unn Z=d_=C1P2~ WHTerpupys nocjeaHee ypaBHEHHE, HAXOJHM
y

1 dx
——=Cy+C,, nmmm ——=Cy+C,.
p dy

OxoHyaTenbHo nomyuuM obuwwi  uuterpan x=C,p>+C,y+C,, rae
C = —71, C,=—C,, T. e. ceMeiicTBO mapabon. 3aMeTUM, 4TO MOCIEIHSS
3anmucbh COAEPXKHUT B cebe u pewieHus y=C,; x+ C, (Tonpko mpu C, #0). >
r) VpaBHeHHUs BHUAA d—(G(x, Wy, e YT IN=0, T.e. Takue

x

YDaBHEHUA, B KOTODbIX JIeBasi 4aCTb MOXET ObITb MNpPEACTABJCHA Kak
NOJIHAs TIPOU3BOJHAS 1O X OT HekoTopo# ¢ynkunu G(x, y, y', ..., y@ ).
Murerpupys mo x, MOJyYHM HOBOE YDABHEHHE, MOPAJOK KOTOPOro Ha
CAMHMILy HMXKE TMOPS/JIKa WCXOJHOIO ypaBHEHHUS.

IIpumep 6. Haiitn obuiee peuieHue ypaBHEHUS

(1+x2)y"+2xy' =x3.
<0 JleBas 4acTb ypaBHEHHs €CTb 10JIHAsi MPOM3BOAHAS 1O X OT (PYHKIMH
.4

(14+x2)y’, a npaBas— oT GyHKIMH R “T. €. yPABHEHHE MOXHO TEPEMNHU-

EAN

catb Tak: ((I1+x?)y’)= : . OTciona MHTErPUPOBAHMEM TIOJIy4dEM
5, Xt G x*+Cy
(1+x2)y'=—+—, wm dy=———dx. CrenoBatenbHo,
4 4 4(1+x%)

x*+C, 4 1( s 1)+C'+1 1 4
=|——dx=||-(x*=)+—— —— | dx
d 4(1+x?) 4 4 x*+]

U, OKOHYATECJIbHO,

1 1
y=— x3—-x+Carctgx+C,,
Y 12 4 1 g 2

= C+1
roe C 1=T. DTo W ecTh ofuiee peuleHHe. o
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n) Ypasuenue F(x,p, ), .., y")=0, onHoOpoaHOE OTHO-
CHTENbHO (bnyunu noee l'lpOH3BOJ.'leIX T. €. TaKkoe, 4TO
Fxoty, 1y o, ty®)=t*F(x, p.y', ..y, y™), t5£0. IoacTaHoBko#l y'=y:z
1HOPSIOK ydeHCHHﬂ HOHMXaeTCA Ha €MHULLY.

anMep 7. Haiitu 06u1ee pellieHue ypaBHeHUs xyy” —xy' —pyy’ =0.
-1 lonoxum y'=yz. Torma y"=y(z z2+z’ ) 1 ypaBHeHWe NPUHUMACT BHI

xyiz?+z)—xp?zr—y2z=0.

Cokpau@s Ha y? (IpM JTOM MOJYYAaeTCs pelleHHe y=0), HAaXO0/IUM

) dz dx ¥
v =2=0, uin ———=0, otkyaa z=C,x. Tak KaK z="—, TO NPUXOAUM
z x '
dy o x?
N YDABHCHHIO v’=C xy, uan —=C, xdx, oTkyaa In|y|= +In|C,],
e v
wm y=C ,e X (l’}lC Cl-(,l/Z) ~=3TO M ecTh oOluee pelleHHe. 3aMeTuM,

910 npu C,=0 B JTOH 3amMMCH COAEPKHUTCH H ,peienme y = 0, koTopoe
ObI0 HAMU TIOTEPAHO TIPH COKPAUIEHMH Ha yi o>
B HEKOTOpBIX CllyudasX HAWTH pellleHWEe B BU/E SIBHOW WIIM HESBHOI

()YHKIIMM 3aTPYyAHUTENILHO, OJIHAKO YIAETCSH TMOMY4YUTh PEILIEHHe B NapaMeT-
puyeckoit dopme.

[Tpumep 8 Haiitu obluee peuieHue ypaBHEHUs v"(1+21n y)=
-1 MMonoxum y'=p, y"= a'p YpaBHEHHE TNPHMET BH[ d—(l+2lnp)-l
X
wi dx=(1+2Inp)dp, otkyna x-——p+2plni7+C1 Tax kak dy=pdx,
1

10 HaxoauMm dy=p(1+21np)dp, otkyna y=p*Inp+ C,. Obluee pewenue
HOJIyYaeM B NApaMETPUUCCKOM BHJIE:

x=p(—1+2Inp)+C,, y=p?lnp+C, o

Peminte auddepeHunanbabie YypaBHEHUs, UCHOJIb3Ysl METO/IbI
IIOHMXKEHUST TOpsIAKa:

9.211. y"=1/(1+x?). 19.212. y"=x+sinx.
9.213. 1V =1/x. 9.214. xy" =2x+3.

9.215. X Y=y 9.216. y"—2yy'=0.

9.217. y"+y tgx=sin2x. 9.218. xy"—y'=e x>
9.219. 2py"=14y'2, 9.220. yy" 4y 3=y".
9.221. y"+2xy'2=0. 9.222. xy"— y’—xsin}—;=0.
9.223. xy"=y ln— 9.224. x3y"+x%y'—1=0.
9.225. (1—x )y”+xy —2=0. 9.226. (1 +¢* )y”+y =0.
9.227. p"'=2(y"—1)ctgx. 9.228. x2y" =y"

9.229. y"=y"" 9.230. (2y+y')y" i~
9.231. y"=1//y. 9.232. y3)y"+1=0. 2
9.233. _v_v”+y—-y’z=0, 9.234. yy"—2yy"Iny—y" =0.
9.235. y"tgy=2y"". 9.236. (y—l)yz”=2y’ .
9.237. x)’”+y —x—1=0. 9.238. yy"+y' =
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R v
9.239. =122 9.240, L3
9.241*. x?yy"=(y—xp')%

9.242. xy' (yy"—y'2)—yyt=x%3.

9.243. xpy"+xy'2=2yy’. 9.244. 2vy" —3y'? =4y

T

Haiitn yactHele peiuenus auddepeHUHaNbHbIX YpaBHECHHIA,
YAOBJIETBOPSIOUIME 3aJaHHLIM HA4YaIbHbIM YCIIOBUSIM:
9.245. y"=xe*, y(0)=1, y'(0)=0.
Inx
9.246. y"’—-—— y(H=0, y'(H=1, y"(1)=2.
' 2

9.247. v"=%+x—,, r(2)=0, y'(2)=4.
X Y

9.248. (1+x%)y"+y?+1=0, y(0)=y'(0)=1.

9.249. y"=e?, y(0)=0, y' (0)=1.

9.250. y"cosy+y?siny—y'=0, y(—1)=n/6, y'(—1)=2.

9.251. y"/y'=2yy’ /(1 +y?), y(0)=0, y' (0)=1.

9.252. yy"~ 'Z—y » ¥(O)=1, y'(0)=0.

9.253. yy"=2xy"%, y(2)=2, y'(2)=0,5.

9.254. 2yy"+y —y2=0, p(0)=y'(©O)=1.

9.255. Haiitu wuHTerpajbHyr0O KpPHUBYIO YpaBHeHUs )y'y” =
=y'3+4y”?, kacalollylocs B Hayaje KOOPAMHAT mpsiMoll X+ y=0.

9.256. Haiitu WHTErpaJIbHYIO KPHBYIO YPaBHEHHUS
yy"+y'?—1=0, npoxonmsiyid uepe3 Touky Mo(0, 1) u kaca-
IOLYIOCSL B 3TOH Touke mpsMoit x+y=1.

Haiitu obmue pewenust mnddepeHmaibHbIX ypaBHEHHH B Ta-
paMmeTpuueckoil dopme:

9.257. (x+2y")y"=1. 9.258. )"?—2p'y"4+3=0.

9.259. 2+y')e”y"=1. 9.260. (3y—2)')v"—yp'?=0.

9.261. Haiitu ypaBHeHHEe KpHUBOii, Kacarouleics ocu abcuucce
B Hauyajle KOOPIOMHAT, €CJIM €€ KPUBM3HA B JIIOOOH TOYKEe paBHA
cosx (—m/2<x<m/2).

9.262. HaiiTn ypaBHEHHs! KPUBBIX, Y KOTOPbIX paJdyC KpHUBH3-
Hbl B JTH00OH TOYKE paBeH AJUHE OTPe3Ka HOPMAJIM, 3aKJIHOYEHHOr O
MEXJy 3TOH TOYKOH M OCbIO abCUMCC, €CUM KpuBas:

a) BOTHYTa BBepX; 0) BOTHYTA4 BHH3.

9.263*. HaiTH ypaBHCHHS KpUBbIX, y KOTOPBIX palanyc
KpUBM3HBI B JI0O0OH TOuke BABOE OOJbllE AJMHBI OTpE3Ka
HOPMQJIY, 3aKJIIOYEHHOIO MeEX/y 3TOH TOUKOH M ocbto abcruwmcc,
€ClTi U3BECTHO, YTO KPHBas:

a) BOTHYTa BBepX; 0) BOTHyTa BHU3.

9.264. Haiitu dopmy rubkoii OAHOPOAHON HEPACTHKUMOM
HUTH C 3aKpEIJICHHbIMM KOHLAMM, HAXOJSILYIOCS B PAaBHOBECHHU
NoA ACHCTBHEM CHJIbI TSXKECTH, €CJIM JIMHEHHAs TJIOTHOCTb HUTH
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piBHAa ¢ (TOpPHU3OHTAJIbHAS INPOEKLUUS CHJIbI HATSDKCHUS HUTH
Il =const). Pacnosoxuth HUTb Tak, 4YTOObl BEpIIMHA KPHUBOH
coBnagana ¢ Ttoukoi (¢, 0), roe a=H/qg.

9.265. T'mOkast Tspkenass OOHOPOAHAS HEPACTAXKUMAS HHUTb
I MOJIOKECHUM DPAaBHOBECHS MONBEPraeTCs HATSDKEHHUIO, NMPOMOpLH-
OHAJIBHOMY MEPEMEHHOM TUIOIIaJM €€ TOMNEpPEeYHOrO CEYeHHS.
Halitu ¢opMy HHTHM, eciM JIMHe#Has IUIOTHOCTb HHTH paBHA
¢ (ropu30OHTaJIbHAS TIPOEKUMS CUIbl HATSOKEHUss HUTH H =const).
PacnooXUTL HATH TaK, YTOOBI KpMBasi MPOXOAMJIA Yepe3 Hayanio
KOOPAMHAT M HMeJla B HeH TOPU3OHTAJIbHYIO KacaTeJbHYIO.

9.266. Teno maccel m [JBHXKETCA NPAMOJHMHEHHO MOX AcH-
cIBUeM MoOcTOssHHOW cuabl F. HailTu ckopocTh [OBMXKEHUS Tena
11 NPORIECHHDBIA UM MYTh KaK QYHKIMU BPEMEHH, €CIIM B HaYaJbHbIA
MOMEHT OHH o00a paBHBI HYJIO, a CONPOTUBJCHHE CpEAbI
HPOMOPLHUOHATILHO KBaIpaTy CKOPOCTH.

9.267*. Msay Maccel 400 r nagaer ¢ BBICOTHI 16,7 M 6¢3
navanpHo# ckopoctu. ConpoTHBIIEHHE BO3yXa NMPONOPHUOHATIBHO
KBaApaTy CKOpocTM Msya u paBHo 0,0048 H npu ckopoctu
| M/c. BblMUCINTH BpeMs NaJeHUsS M CKOPOCTh MSA4a B KOHIE
nagenus. [punsate g=10 m/c2.

9.268. Teso maccel m TNOJHUMAETCA BEPTUKANBHO BBEPX
¢ HayaJbHOW CKOpPOCTbIO vo. [losaras conpoTHBJICHHE BO3OyXa
IIPOMIOPUMOHAJILHBIM ~ KBAIpaTy cKopocTH Teida (koddduuueHt
1IPONIOPHHOHANIBHOCTU Kk >0), HAHTH BBICOTY MOABEMA Tejla U CKO-
POCTB, C KOTOPOH OHO BEPHETCS B UCXOTHOE TMOJIOXKEHHE, a TaKXKe
BpeMs MoAbEMa M CNyCKa Tena.

9.269*. Msau maccet 400 r OpoleH BBEPX CO CKOPOCTHIO
20 M/c. BoluncanTs BpeMs mogbeMa Msya U HAUOOJIBIIYIO BBICOTY
[10IbEMA, €CJTH CONMPOTHB/IEHHE BO3JyXd MPOMOPIMOHATLHO KBAaM-
paTy CKOpocTH Msida (K03(@ULUUEHT MPOMOPUMOHANBHOCTH k> 0),
npuyeM oHo pasHo 0,0048 H npu ckopoctu 1 m/c. [Ipunsars
g=10 m/c?. _ .

9.270. HaiiTh 3aKOH NPSAMOJIMHEHHOTO IBUXEHHUS MaTepHallb-
HOW TOYKM MAacCChl M MOJ [OEHCTBHEM OTTAJIKMBAIOLIEH CHIIbI,
00paTHO NPONOPLHMOHAJBHOW KyOy pacCTOSIHUS OT TOYKM [0
HEMOJBMXKHOTO  LieHTpa (KO3(pPHIMEHT NPONOPUMOHAIBHOCTH
k>0). B HayaJbHBIH MOMEHT TOYKA HAXOAUTCS B MOKOE U OTCTOMT
OT HEHTpa Ha pacCTOSHHE Xo.

9.271. MaTepuajbHasi TOYKa Macchl m ABWKETCA NMPAMOJIMHEN-
HO K HEMOABHXXHOMY IIEHTpPY, NPHUTATHMBAIOLIEMY €€ C CHUJIOH,
00paTHO NPONOPUMOHAIBHOW KyOy paccTOsiHMS OT LeHTpa (ko-
b dunueHT nponopiuoHanbHocTU k> 0). HallTH 3akoH IBWXEHHS,
€C/IH OHO HAYMHAETCS C COCTOSIHUS MOKOS, KOrJa TOYKa OTCTOMT
OT UEHTpAa Ha pacCTOsHHE Xo. OnpenenuTb BpeMs, MO UCTCYECHHH
KOTOPOro TOYKA JOCTHUIHET LEHTpA.
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9.272. Paketa [BHXKETCS BePTHKAlIbHO BBEpX TNoOA HAeH-
CTBHEM CHJIbI OTHAYM OT MWCTEYEHHs Tra3oB. Macca paxeTsl
U3MEHSETCS B 3aBUCMMOCTH OT BPEMEHH MO 3aKOHY M =mo@ (¢),
rae mo=const (3akOH CropaHus TomwiuBa). OTHOCHTENbHAS
CKOPDOCTb MCTEYEHHs] Ta30B NOCTOSIHHA U paBHa uo. Hauwainb-
Has CKOpPOCTh pAaKeTbl y TOBEPXHOCTH 3eMJIH paBHA HYJO.
Haiitu BbICOTY moagbeMa pakeTbl KaK (YHKIHIO BPEMEHM, €CIH
CONPOTHBJIEHWE BO3AyXa HE Y4YHThIBaeTcsi. PaccMoTpeTs Tak-
ke 4YaCTHBIM ciyvail, korma m=mo(l —ot), U BBHIYUCIHUTH IS
3TOro cijlydast, Ha Kakylo BBICOTY IOJHHUMAeETCS pakeTa uepe3
10 ¢, 30 ¢ u 50 ¢ npu uo=2000 M/c u a=0,01 ¢c™'. Tlon0XUThb
2=9,8 m/c?.

9.273. Onmnpenenutb, 4Yepe3 CKOJbKO BpEMEHH YyHaaeT Ha
3emito Tenmo, mpuTAruBaemoe 3emiued mo 3akoHy HbroToHa (cC
YCKOpeHHeM, o0paTHO NPOMOPLUOHANBHBIM KBAaAPATYy PaCCTOSHUS
MEXAY HHMHM), €CNIi B HAYaJIbHBIH MOMEHT CKOPOCTb Tejla paBHa
HyJ}O, a paccTosHue ero oT ueHrpa 3emnum pasHo H. Co-
MPOTUBJIEHHEM aTMocdepbl MpeHeOpeub. YckopeHue cBoOOAHOrO
NajJeHdss Ha MOBEPXHOCTH 3eMJIM IMOCTOSIHHO M paBHO g.

9.274*. Teno, Haxonsileecss OT LUEHTPA 3eMJIM HAa PACCTOSHUU
xn1=60,27 R; (4TO COOTBETCTBYET paccTosiHuo oOT JlyHbl 10
3emid), namaeT Ha 3eMUII0 M3 COCTOSIHHS MOKOS MOA [EeHCTBHEM
CHJIBl TSXKECTH C YCKOpPEHHEeM, OOpaTHO NPONOPUHOHAIBLHBIM
KBaJpaTy €ro paccrosiHus OT UeHTpa 3emuu. [lpeneGperas
CONPOTHUBJIEHHEM aTMOChEpbI, ONpeNeIHTh, Yepe3 CKOJIBKO Bpeme-
HA OHO ymager Ha 3emuno. [lpunats  R3=6,377-10° m,
2=9,8 m/c?.

9.275. OrnpenenuTb CKOpPOCTb, C KOTOpOH MeTeop = yra-
pA€TCa O 3eMJ'llO, €CJIM OH mnagaet ¢ HEOrpaHH4YCHHO 00JIb-
LIOTO PACCTOSIHUST U3 COCTOSHUS MOKOS M €CJM IpPH €ro [BH-
XKEHUH K 3eMJie YCKOpeHHe NpPUHHMAaeTcsl OOpaTHO MpONoOpLH-
OHaJIbHBIM KBA[paTy €ro pacCTOsIHUS OT IeHTpa 3eMuu. [1puHSTH
pamuyc 3emnu R3=6377 kM, yckopeHue cBOOOAHOrO malaeHus
g=98 m/cZ.

9.276. 1o ocu Oy B NMOJIOXUTEJLHOM HANpaBJIEHUH IBHXKETCS
C TNOCTOSIHHOM ckopocThto v TOouyka A (uenb). Ha miockoctn
Oxy npBuxeTcss Touka M (mpecienoBaTesb) C MOCTOSIHHOHM CKO-
pOCTBIO u(u>v) TaK, YTO BEKTOP CKOPOCTH BCEIrlla HAINpaBiieH
B TOouky A. Hailitm Tpaextopuro TOoukH M (KpHUBYHO MOIOHH),
€CIM B HayaJbHbI MOMEHT BpeMeHH !=0 To4yka A HaXOIu14Chb
B Hayajle KOOpIAMHAT, a To4ka M-—Ha ocu OX HA PACCTOSHUM
a>0 oT uenmu.

9.277*. banka AJuHbI /, Jexamas KOHUAMH Ha IBYX OMOpax,
HaXOAMTCS MOJA OEHCTBHEM PABHOMEPHO PACIpPENEsIEHHOW HArpys-
KH HMHTEHCHMBHOCTH ¢. Haliti ypaBHeHme HM30THYTOH ocM Oanku
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M ee MAaKCHMMaJbHbIA Mporud, BbLIOPAB HAYaJl0 KOOPIAMHAT B Ce-
peluHe HEHarpyXeHHOH OaJIKH.

9.278*. banka nUTMHBI /, 3a/ielaHHAas MPaBbIM KOHLIOM B CTEHY,
u3rubaercs cuioi F, MPUIOKCHHOMN K JICBOMY KOHIY, 1 paBHOMeEp-
10 pachpeneneHHON Harpy3kod HHTeHCHBHocTH ¢. Haiitu ypas-
HEHHE W3OTHYTOW oOcM Oajlku M ee MAaKCUMaNbHbIH mporud.

9.279*, banka gnuHBl [/ ¢ 3aJeJaHHBIM JIEBBIM KOHIIOM
u3rubaeTcs moj AeficTBUEM PaBHOMEPHO paclpeleSieHHOW Harpys-
KM UMHTEHCMBHOCTH ¢. KakoBa momkHa OBITh TNPUIIOKEHHAS
K NpaBOMy KOHIYy Oanku naedcTByromas BBepX cuia F, uToObl
1iporud B mpaBoM KOHLE Oanku ObUT paBeH HyJIO?

3. JlnneiHble OJHOPOJHBbIE YPABHEHHA. YpaBHEHHUC BHAA
YO 4a )y Vit a, () +a, () y=0 (5)

HA3bIBAETCHA AUHElHbIM 00HOPOOHbIM TU(EPEHIIMATHLHBIM YyPABHEHUEM N-TO

nopsiaka. Ecnn m3BecTHO kakoe-nMOO 4acTHoe pelleHHe y, (x) ypaBHEHUS

(5), To moacTaHoBKa y(x)=y, (x)z(X) NPUBOAUT HTO YDABHEHHE K JIMHEH-

HOMY YPABHCHHMIO OTHOCHTENbHO (QYHKIMH z(X), HE COAEpXKalleMy SBHO

oty dydkumio.  [lontomy, monaras z'(x)=wu(x), NMONYYHUM JIHHEHHOE

O/THOPOJHOE ypABHEHHE TMOpAJKAa n— 1 OTHOCHTENbHO (YHKUMH u(X).
[Tpumep 9. Haiitu obmee peunieHne ypaBHCHUS

(x2+1)y"=2xy +2y=0,
yOeMBUINCL B TOM, 4TO (PYHKLHS ¥, (X)=X €CTb OAHO M3 €ro 4YacTHBIX
pPeLICHUH.
< Tak xak pj(x)=1, a pj(x)=0, TO, NMOACTABMB BBIPAXEHUA Y, (X),
Vi(x), y7(x) B 3agaHHOe ypaBHeHHE, ybexaaemcs B TOM, 4TO (yHKuus

vy (x)=x JEHCTBUTEIBLHO SBIAETCA €r0 4Y4CTHbIM peiueHHeM. [losoxum
v=xz, HalleM y'=xz'+z, y"=xz"+2z" 4 NOACTaBUM BBIPAKECHUSA Y,

’

v u y" B ypaBHenue. [Mosyuum
(x2+1)(xz"+22")—2x(xz'+2)+ 2x2 =0,

Wl

x(x2+1)z"+2:2'=0.

Teneps, nonarast z' =u, z"=u’, NPUXOAUM K YPAaBHEHHIO TIEPBOTO MOPSIKA
OTHOCHUTENBHO U:

x(x24+D)u'4+2u=0.

‘JTO ypaBHEHHE ¢ pas/eisitolnMKcH nepeMeHHbIMH. Ero obiuee perueHue
MMeeT BHJL

x241

x?

u=C,

OTKYJa, YYMTbIBas u=2z', TOJy4aeM YypaBHEHUE TMNEPBOro MOpsAKA OT-

HOCHTEJIBHO I
1
dz=C,| 1+— }dx.
X
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1
UnTerpupys noceHee ypaBHEHHE, HaXomuM z=C l(x—-— +C,, a Tak Kak
X
y=Xz, TO OKOHYATEILHO TOJNy4aeM oblllee DEIIEHHE MCXOIHOTO YDABHEHMS
y=C,(x*-1N)+Cx. =

H3noxenuslit Bbille MeTox 00006mIaeTcs Ha ciydaif, Koraa HU3BECTHO
k dYacTHBIX JIMHEHHO HE3aBHCHMBIX pelleHHH ypaBHeHHs (5). B atom
cly4ae MyTeM HaQIeXKalMX TIOACTAHOBOK MOPAMOK YPaBHEHHS MOXET
ObITb TOHMXKEH Ha k equHML.

9.280. [lokxa3aTb TeopeMy: eciu ) (x) ecTb YaCTHOE pElICHUE
JINHEHHOTO OMHOPOIHOTO YpaBHeHHA Y”+p(x)y'+q(x)y=0, TO

_ dx
bynkums y, (x)=y (x)fe P T TOXE SBJAETCS PpEUIEHHEM
yilx

3TOro ypaBHEHHs, a QyHKUHMS y=y(x) (C 1+ Cafefroex ;%)
1

ecTb €ro obuiee pelIeHHe.

9.281. Haiitm oOmee peiueHne ypaBHeHHst y”—6y'+S5y=0,
ecnu (yHKUMS e* €CTb €ro 4acTHOE peLUEHHE.

9.282. Haiitu oOmee pemeHue ypaBHeHus y"—2y' —3y=0,
ecnd (GyHKUMS e * €CTb €ro 4acTHOE pelICHHE.

9.283. Haiitn obmee pemenue ypaBHeHus xy”+2y'+xy=0,

sSin x
€CJIH (byHKIIBﬂ —— €CTb €ro 4aCTHO€ PpCLICHHE.
X

9.284. Haiitn obmee pemenne ypapuenus (1—x2?)y”—
—2xy"+2y=0, ecnu QYHKIUSA X €CTb €ro 4YacTHOE pEILCHHE.

9.285. Haiitn obiuee pemenne ypaBHeHus x>y’ +5x2y” +2xy' —
—2y=0, ec/in U3BECTHBI BA €r0 YAaCTHBIX PELUCHUA y ;=X H y2=1/X.

Onpedeaumenem Bponckozo (8ponckuanom) cucteMbl QYHKLHIA Y (X).

¥2(x), ..., ya(x) Ha3pIBa€TCA oONpee/MTEND
yix)  ya(x) e ya(®)
W(x)= Y1 (%) y2(x) e yul(x)

YETOR) PO e pT D ()

Ecnu cuctema dyukumit y, (x), y3(x), ..., yn(x) THHEHHO 3aBHCHMA Ha
HHTEpBaJe (a, b), TO ee BPOHCKMAH PaBEH HYJIO BCIOJY HA ITOM HHTEpBAJe.
Ecnn e xoTa Obl B OJHOM TOYKE Xo € (a, b) uMeeM W (x,)#0, TO cucrema
byHkuMii y, (x), y2(x), .., yn(x) nuHeidHO HezaBucuma Ha (a, b).

Beakag cucremMa M3 n JIMHEWHO HE3aBMCMMBIX  pelleHMd  y; (X),
¥2(X), ..., ya(x) ypaBHenus (5) Ha3biBaeTCs HyHOAMEHMAAbHOU cucmemoi
pewienuis 3TOro ypaBHeHus. BpoHckuaH (yHAaMeHTalbHOH CHCTEMBI pelle-
HUM OT/IMYEH OT HYyJIA HA BCEM WHTEpBAJe, A€ 3TH DPELUCHUS OIpeAeSICHbI
(cM. 3amavy 9.304). Ecnm u3BecTHa (yHIAMEHTAJIbHAs CHCTEMA PEILCHMHA
ypaBHenus (5), To oOliee peuleHHe ITOrO YPaBHEHHsS HMMEET BHL

y(x)=Clyl (x)+'~-+Cnyn(x)v
rae Cy, ..., C,—TpPOM3BOJIbHBIE NOCTOSHHBIE.
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Mpumep 10. Jdana cucrema ¢yHkuui x, cosx, sinx. Haiitu
BPOHCKMAH cHCTeMbl W(x) nm ybeautTbci B TOM, 4YTO Ha HEKOTOPOM
MHTEpBAJIe CUCTEMA JIMHEHHO He3aBHCHMMA. COCTABUTL JIMHEHHOE OJHOPO.-
Hoe Au¢depeHuHanIbHOE ypaBHEHHE, ISl KOTOPOro 3ta cucrema dyHKIuil
ABaseTcsd (GYHIAMEHTaNbHOW CHCTEMOH pelueHMid, M 3amucaTb obuiee
pellieHHe ypaBHECHHSA.
<0 CocTaBMM BPOHCKHAH

X  Ccosx sinx
W(x)=| 1 —sinx cosx
0 —cosx —sinx
Tak kak W(x)=Xx, To cucreMa JMHEHHO He3aBMcMMa Ha Bcell ocu Ox,
ja uckmoyenueM Touku x=0, u cnemosaTenbHo, obpasyer dyHaamen-
TaJIbHYIO CHCTEMY PELICHH HEKOTOPOro JIHHEHAHOTO OJHOPOJHOTO YpAaB-
HeHuss 3-ro nopsjaka B oGiactu R\{0}, oOuiMM peieHHeM KOTOpoOro
apasercs ¢yHkunsa y=C;x+C,cosx+ Cisinx. [Ias cocrasienus aud-

"

ePEHIMANBH BHEHHUSA HaiieM Ipou3BOIHbIE V', p”, u JTHOYH
€ Oro ypaBHEHHs HalaeM n B v,y UCKJIIOYUM

IIPOM3BOJIbHBIE TOCTOSHHBIE W3 BbIpaxeHuid m1s y, y', y”, y”. Umeem:

y =C;x+Cycosx+Cssinx,
y =C; —Cysinx+Cjcosx,
y' = —C,c08 x—Cysinx,
y" o= C,sin x — C5cos x.

Jlerko BHAETb, YTO, YMHOXHB INEpPBOC M TPETbE PAaBEHCTBO Ha —1,
{4 BTOPOE M YETBEPTOE HAa X M CJOXHUB BCE YEThIPE PABEHCTBA, MOJYYHM

xy" =y +xy'—y=0. (6)

VpasHeHue (6) MOXHO ObUIO MOJYYHUTb M JIDYTMM TyTEM, €C/d
YYECTh, YTO PCLICHMC y MCKOMOTO YPAaBHCHHS BMECTE C OQYHKIHAMH X,
cos.x, sin.x oOpa3yeT JIMHENHO 3aBUCHMYIO CHCTEMY M MOITOMY BPOHCKHAH
cucteMbl GYHKUMH y, X, COSX, Sinx paBeH HYIIO:

y X cosx sinx
y 1 *sinx cosx
y" 0 —cosx —sinx
y” 0 sinx —cosx

PackpeiBasi onpenesuTeNb, TNOJIYYHM TO Ke caMoe YypaBHenue (6)
(nposeputs!). Hens obe yacTH ypaBHeHHs (6) Ha X, nNojy4aem

1 1
yr==y"+y'—=—y=0. 0]
X X

VYpashenue (7) M ABASETCHd HMCKOMBIM JIMHEHHBIM OIHOPOAHBIM AU-
(bCpCHllHaﬂbelM YPaBHEHHEM. >

WccnenoBath Ha JIMHEHHYIO 3aBMCHMOCTb CJIEHYIOILHE CHCTe-
Mbl (YHKIMIH:

9.286. x, Inx. 9.287. sin2x, sinx cosx.

9.288. ¢ %, xe *. 9.289. x, 2x, x2.

9.290. ¢*, xe*, x2%e*. 9.291. sinx, cosx, sin2x.

2.292. chyx, shx. 9.293. ¢*, e**!.

9.294. x, 0, e*. 9.295. 1, sinx, cos2x.
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3Has ¢yHIAMEHTAJbHYIO CHCTEMY pEIUeHHM JMHEHHOro Of-
HOpOAHOTO AN((epeHIHaTLHOrO ypaBHEHUS, COCTaBUTh 3TO YpaB-
HEHue:

9.296. 1, ¢ *. 9.297. e**cosx, e**sinx.
9.298. x3, x*. 9.299. 1, x, e~

9.300. 1, sinx, cosx. 9.301. 2x, x—2, e*+1.
9.302. ¢3* e3*. 9.303. ¢2*, sinx, cosx.

9.304**. [loxasaTb, 4TO eclu y;(x), y2(x), ..., ya(x)— perue-
HUA JIMHEHHOro oxHoponHoro uddepeHanbHOro YpaBHEHHUS
mopsaka n C HENpepbIBHBIMH B HEKOTOPOM HHTepBane (a, b)
K03 uIHEHTaMl B BPOHCKHAaH W (x) 3TOM CHCTEMBI PaBEH HYJIIO
mpu xo€(a, b), To W(x)=0 npu a<x<b.

9.305*. [ana cucrema ¢yHKIMiA y;(x), y(x), ..., ya(x), npu-
YeM Ha HEKOTOPOM HHTepBaJie BpOHCKHWaH W (x) 3Toil cuctemsl
ornnyeH oT Hynas. CocTaBHTh JIMHEHHOEe ogHOponHOe AubdepeH-
HMaJbHOE YypaBHEHME, [JIs KOTOPOrO 3Ta CHCTEMa sBIISETCS
(hyHOAMEHTATBHOM CHCTEMOM pelLeHHuid. .

9.306. 3nas ¢yHnaMEHTaJNbHYIO CHCTEMY peLIeHHH e*, cos X,
sinx JIMHEHHOro oaHopoxHoro nudepeHIMaIbHOTO ypaBHEHMS,
HaliTH ero 4acTHOE pelUeHHe, YIOBJETBOPSIOLIEE HaYaJIbHBIM
yenosusm:  y(0)=3, y'(0)=4, y"(0)=—1. '

9.307. 3nas ¢yHOAMEHTANLHYIO CHCTEMY pelleHHH e, e2*,
e3* nuueitHoro oaHoOpomHOro aM(PGEPEHIMATLHOTO YpaBHEHHS,
HAliTU ero 4aCTHOE pelleHHe, YAOBJIETBOPSIOIIEe HayaJbHBIM
ycnosuam: y(0)=6, y'(0)=14, y"(0)=36.

4. Jlnneiinbie HeOJHOPOIHBIC ypaBHeNWs. YpPaBHEHHE BUAA
YW +a (x)y" U+ ta,-q (x)y +a(x)y=f(x), ®)

B KOTOPOM f(x)#0, Ha3biBaeTCs Auneiinbim HeOOHOPOOHbim IN(DbEpPEHLHU-
albHbIM yPaBHEHHEM n-rO TMOpsAKa.
O6mee pewenue ypaeHeHus (8) ompeaensercs ¢Gopmynoi

ylx)=ro(x)+5(x), ®

e Yo{x)—obilee pellieHHe COOTBETCTBYIOLIETO OXHOPOAHOTO YPaBHEHHMS
(5), a_y(X) —HeKOTOpOE 4acTHOE PELIEHHE HEOJHOPOAHOTO ypaBHeHHs (8).

Mpumep 1l. JlaHo JmHeliHoe HeoaHOpogHOe AuddepeHuraTbHOE
ypaBHeHHe Xy —p”+xy'—y=2x>. N3BecTHo, 4To QyHKUMS x> ecTb ero
yacTHoe peineHne. TpeOyercss HaiTm oblee peuseHHe 3TOrO ypaBHEHHS.
<1 CorsacHo ¢opmyne (9) obluuee pelieHre HEOAHOPOAHOTO YPaBHEHHS
COCTABASIETCH KAaK CyMMa OOLIEr0 peIleHHs yo(x) COOTBETCTBYIOLUETO
OJHOPOJHOTO YPABHEHHS M YaCTHOIO pelleHHsi y(x) HEOAHOPOAHOro
ypasHehus. B Hawem ciyuae yo(x)=C,x+ C,cos x+ Cysinx (cM. npumep
10), a j(x)=x. CrenosaTe;ibHO, HCKOMOe OOlUEE pELUEHHE €CTb
y=Cix+C,cosx+Cysinx+x>.

Ecnn m3BectHO obuiee peiueHne yo(x)=C,y, (x)+...+ Coy,(x) coot-
BETCTBYIOIIEro ypaBHeHWI0 (8) oaHOpoaHoro ypaBHeHus (S5), To ans
Ompe/ieNieHns HACTHOTO pelleHHs j(x) ypaBHeHus (8) MOXHO BOCHOJIb-
30BaThCs MeroaoM Jlarpakwxa BapHalUMH NPOH3BOJIBHBIX TOCTOSHHBIX.
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WMenno, 6yneM HCKaThb YaCTHOE pEILEHHE HEOJHOPOMAHOTO YypaBHe-
uas (8) B Bume J(x)=C,(x)y;(x)+...+ Cyo(x)p,(x), rme or dynxumit
Cy(x), ..., Cy(x) nononuutenbHo notrpebyeM, 4TOOLI OHM YIOBIETBODSAIH

YC/OBHSIM ) y‘v“’jiv—x=0 ans Beex k=0, |, .., n—=2 (roe yP=y,).
o X
Torna ans ¢ymkumit C,(x), v=1, 2, .., n, NOJYYAM CHCTEeMY ypaB-
HCHUH
de, | dCy e,
}ldx Y2 PR }ndx—,
dCy | dCydC,
Y1 d V2 dx -t Vn d.\'— s
.................................................................... (10)
dc, dC, dc,
n—1) " " m-1)" "< m-1)_"" _
P PR f(x).

Onpenenutenb 3TOH CUCTEMbl €CTb OTJIMYHBIH OT HyJS BPOHCKHAH
(hyHAAMEHTAJIbHOM CHCTEMBI pellieHHit y, (x), ..., y,(x), mosToMy cucrema

UMEET €MHCTBEHHOE PELIEHHE OTHOCHUTENILHO d_v v=1, 2, .., n
X
cos X sin x
Mpumep 12. 3uas, uto QyHKIMM J, (x)= oy (x)=—
: x
006pa3yloT  (yHOAMEHTANBHYIO  CHCTEMY  DEIUEHMA  ypaBHEHHs

1"+—y'+y=0 (cMm. 3amauy 9.283), HaiiTu oOulee peulcHHE ypABHEHHS
x

xy'+2y' +xy=x. (1)
< OO6uee pelicHUE COOTBETCTBYIOLIETO OJHOPOAHOIO YPABHEHMS 3amnu-
cos x sin x
cbiBaeTCs B BUAE yo(x)=C, +C, . Cuntas C, u C, QyHKIUAMH
X X

X, JUIS  ONpeAC/€HUs YacTHOro pewieHus ypaBHeHuss (11) cocTaBum
cucremy Buaa (10):

oS X sin x

Ci() ==+ C3(x) == =0,

c (x)<°°.:x>'ic'z(x)<5i¥>'=n

(ypaBHenue (11) cnenyet mpusecTH k Buay (8), T. €. pa3fesuTb BCE €ro

, cos X
wieHsl Ha x). Toacrasnsas C5(x)= ——

C'(x) Bo BTOpOE ypaBHEHHE,

—XSINX—COSX COSX XCOSX—sSinx

nonyvaem C 'y (x) 5 5
x

—— =1. Orcrona ume-
sin x x
eM Ci=—uxsinx, Ch=xcosx. [locne MHTErpUpOBaHUS TMOJy4aeM
Cy(x)=xcosx—sinx+C,,
Cy(x)=xsinx+cosx+ C,,
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[Monoxwus, Hanpumep, C; =C, =0, nony4um yacTHoe peltienue ypasHenus (11):
~ . ,cosXx . sinx |
7 (x)=(xcos x—sin x)——+(x sin x+cos x) —=1.
x x
CaenoBatenbHo, oOuiee peuteHue ypaBHeHus (11) umeer BuAa

oS x sin x
y(¥)=yolx)+y(x)= Cl-—‘— C,

+1. >

Eciu npaBas 4acTb JIMHEHHOTO HEOAHOPOJHOrO ypaBHeHHs (8) ccTb
CyMMa HECKOJIbKMX (yHKUMH

SE)=fi()+f2(x)+ . £ (x)

v Ji(x) (i=1, 2, .., r)—HEKOTOpbIE YacTHblE pememm ypaBHEHHH
YU ay (x)y T g (x) +an(p)y =/fix) (=1, 2. .., r) cootser-
CTBEHHO, YTO CyMMa

F(x)=1 (x)+ 52 (x)+ ... + 5 (x)

€CTb HEKOTOpO€ 4YacTHOe peuiecHHe ypaBHeHHs (8) (MpuHUMUN cCy-
NEPNO3UUMUN pelIeHHH).

- 1
Mpumep 13. [Iposepus, uto GyHKIUs y| = —Ze" SIBJISIETCS YaCTHBIM

. 1
peuieHteM ypaBHeHus y" —2y' —3y=e*, a QyHKUHSA Y, = ——;ez" —-YaCTHbIM

peuleHMeM ypaBHeHHS p” — 2y’ — 3y =e2*, HaliTu obllee pellieHUe YpaBHEHHUS
y'—=2y'—3y=e*+e**
<1 CorjgacHO TNPHHLUMITY CYNEpNO3WIIMM YaCTHbIM PEILEHHEM TIOCJEeIHEro

. 1
ypABHEHUS SBIACTCA (QYHKLMUS yz—ze"—ge“. O6uiee peleHue CoOT-

BETCTBYIOILETO JIMHEHHOrO OJHOPOINHOTO YPAaBHCHMA eCThb  (GYHKUIUS
yo=Cie**+Cye ™™ (cM. 3amauy 9.282). Mo dopmyie (9) obuuee peieHne
JTAHHOTO YPABHEHUS MMeEET BHUI

C 3x+C -X ] x ] 2x )
y==Che e ——e*——e"t. >
J 1 2 4 3

9.308. Mcnonb3ys pewmiedde 3agaud 9.298, Hanucath obLuee
pellieHHe ypaBHeHHS Xx2y” —6xy’+ 12y =3x, mpeaBapuTenbHO ybe-
IMBLIMCb B TOM, 4TO ¢yHKUHA x/2 e€CcTb OOHO M3 peLlieHuid
3TOr0 ypaBHEHHS.

9.309. Ucnonb3dys pewenne 3amayn 9.303, Hammcath oOluee
peluenue ypaBHeHus y" —2y”+y —2y=10e3*, npeaBapuTenabHO
ybemMBILIMCL B TOM, YTO (YHKUHMS e>* ecThb OIOHO M3 pEIleHHMH
3TOr0 ypABHEHHUS.

9.310. ITposepuB, uto ¢yHKUMH y,(x)=e* H y,(x)=x 06-
pa3yloT (yHOAMEHTaNbHYIO CHCTEMY pELUCHMH  ypaBHEHHS

X
y”———l y'+———T y=0, HaiiTyu oOuee pelleHHEe ypaBHEHHSA
x— x—
(x=1)y"=xp'+y=(x—1)%
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9.311. Ilposepus, 4To dyHKUMH y;(x)=cosx H y,(x)=xcosx
06pa3yloT (yHIaMEHTANbHYI CHCTEMY PpEIIEHHH ypaBHEHUS
y'+2tgxy’ +(2tgZx+1)y=0, Halitu obLiee pelIeHHE ypaBHEHHs
ctgx-y"+2y'+(2tg x+clg x) y=cos? x.

9.312. IIposepus, urto ¢yHKuus y,(x)=>5x-+6 sABasercs yact-
HBIM pellICHHEM ypaBHeHHs y”— 6y’ + 5y=25x, a QyHkunus y,(x)=
= —e? —44aCTHBIM pellIEHHeM ypaBHeHus y" —6y'+ 5y=23e?*,
HaifTH oOLice peweHre ypaBHeHHs " —61 +5y=25x+3e?* (cM.
3amauy 9.281).

. 1
9.313. [1poBepuB, yTo GOYHKIUHUS (x)=§e" SIBJISICTCA YACTHBIM

PelUCHHEM ypaBHEHUs y”' +)'=e*, a (yHKuus p;(x)= —sin2x—
YAaCTHBIM pEILUEHUEM YPAaBHEHHS y"'+y’ =6cos2x, HaifTu oOluee
pelieHue ypaBHeHust y”'+y’ =e +6cos2x (cM. 3agauy 9.300).

5. Jlnneiinble 0JHOPO/HbIC YPaBHEHHS C HOCTOSIHHBLIME KO HUHEHTAMH.
OO6wwmii BUA JNHHEHHOrO IUddepeHHabHOrO ypaBHEHUS NMOPSAKA n C NO-
CTOSHHBIMH K03 duLMCHTaMN

y"Mtay" Ve +a, v +ay=0, (12)
rae a; (i=1, 2. ... n)-- NeHCTBUTE/IbHBIC TOCTOSHHbIE.
YpaBHeHue
A+ A" Lt a, A+ a,=0, (13)
TolyYeHHOe 3aMeHOi npousBoatbix y*) (k=0, 1, ..., n) Hckomolt dynxumu

CTEneHIMHU A%, Ha3bIBACTCS Xapakmepucmuyeckum ypasHenuem IU1S ypaBHe-
Hust (12). Kaxaomy neHCTBUTCIBHOMY KOpPHIO A ypaBHeHus (13) kpaTHOCTH
r COOTBETCTBYIOT r JIMHEWHO HE3aBUCHUMBIX DpEIIEHUN ypaBHeHUs (12):

e).x, X(’l". .y xr-lelx’

a KaXJIOW Nnape KOMIUIEKCHbIX KOpHeH A=a+if KpaTHOCTH 5 COOTBET-
CTBYIOT § MAp JIMHEHHO HE3aBUCHMBIX pCLICHUH:

e™cos Bx, xe™cosPx, .., x* 'e**cospPx,

e™sinfx, xe™sinPx, ..., x° 'e**sinPx
TakuM 00pa3oM, €CiIH XapaKTCPUCTHYECKOE ypaBHEHHE MMEET k -
CTBUTEbHBIX KOPHEH Ay, ..., Ay KpaTHOCTEH Fy, ..., r; ¥ / map KOMILJIEKCHO
COMPSKCHHbIX KOpHeH o, +iBy, oy —iPy, ..., y+iP;, oy—iP; kpaTHOCTEH
Sty v St (Pt rcH 28+ +2s,=n), To obluee pelUIeHHE YpPABHEHHS

(12) 3anuwercs B BHJE
y(x)=Py(x)er*+ . 4 Py (x)eM*+(Q, (x)cos By x+
+ Ry (x)sin Byx) e ™ + ... +(Q;(x)cos Bx+ Ry (x)sin Bix)e™,  (14)

rae Pv(.\') rrrrr NpPOU3BOJIbHBI MHOroujeH crenewu r,—1, v=I1, .., Kk,
a Q‘,ﬁr) H R,(x)--npou3BosibHbIC MHOrOYJICHBI cTeneHu s,—1, p=1, ..., L
pumep 14. Haiith obuee peuieHue ypaBHEHHS
y'+3y' +2p=0.
< XapakTepucTuueckoe ypasHeHHe A2+ 3L -+2=0 uMeeT KOpHU A = —1,

Ay=—2. 3BanuuieM (GYHIRAMEHTAJbHYIO CHCTEMY DpEIUeHHd y;=e *

s
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y2=e ?*. CnemopaTeibHo, oOOwee pewenne umeer Bua y=Cre *+

+C2€_ * >
IIpumep 15 Haiitu obuee peuieHue ypaBHEHHUS
y'+2y'+5y=0.

<1 XapakTepucTHueckoe  ypaBHenne AZ+2A+5=0 umeeT KODHU
Ai2=—1+2i. CrenosarenbHo, dyHkuun y,=e¢ *cos2x, y,=e *sin2x
COCTABNSAIOT (YHAAMEHTANBHYIO CHCTEMY pelleHuii, a obiuee pemeuuc
HMeeT BHI

y=e *(C,cos2x+C,sin2x).
INlpumep 16. HaliTh 4HacTHOe peLleHHE ypaBHEHUA
y"=3y"+3y'—y=0,
ynonneTBopmomee HaYaJIbHBIM YCJAOBHAM y(0)=1, y'(0)=2,

Y 0))(

( apaKTCpHCTPl‘ICCKOC ypaBHenue A*—3A%2+3A—1=0 wumeer ecaun-
CTBEHHbI# kopeHb A=1 xpatHocth r=3. [losTomy beHlIaMCHTdJ‘lb-
Has CMCTeMa pellieHuil uMeeT BMA y,=e%, y,=xe*, yy=x’e*. Creno-
BATEJbHO,

y=(Cy+ Cox+ Cyx?)e™

—-o0lIee pelieHHe YpaBHEHUS.
Hdns onpeneneH!s NpoOU3BO.IbHBIX MOCTOAHHBIX HAWICM MPOU3BO/IHBIC

P =(Cy+ Cyx+Cix?) e*+(C2+2C;x) €%,
Y'=(Ci+ Cax+C3x2) e*+2(Cy+2Csx)e*+2C3e*

M MCNOJb3yeM HauaibHbie ycioBus. [lonywaem: C, =1, C +C,=2,
C+2C,+2C3y=3, orkyna C,=1, C3=0. CnenoBaresbHO, HCKOMOE
yacTHoe pewieHue umeeT Bup y=(l+ x3 e*. >

Mpumep 17. Halitu obiuee pelieHue ypaBHEHHUS
4}'W+4y"+y=0.
< XapakTepucruyeckoe ypasHenue 4A*+4L%+1=0, wm (2A%+1)2=0
]

MMEeT [Ba KOMIUIEKCHO CONPSXKEHHbIX KOPHS +—=i KpaTHOCTH 2.
2

CHC}]OBaTeJ‘leO (bVHlIdMCHTdIIbHaﬂ CHCTEMA  pELUEHHH HMeeT  BHUJL
7 X COs —= \/, 7 xsin — \/ Orcroaa nonyyaem obiuee pelueHue:
y=(Cy +C2vc)cos\/_+(C3+C4\)sm >

NG

9.314. W3BeCTHO 4YacTHOE pelleHMe ), =e** nuHeliHOrO of-
HOpoaHOro [u$pdepeHuHaNIbHOIO YpPaBHEHUS] BTOPOTO NOPSAKA
C TNOCTOSHHbIMH ko3bduuueHTamu. COOTBETCTBYIOLLEE Xapak-
TEPUCTHYECKOE YPABHEHHE HMMEET IUCKPMMMHAHT, PABHBIH HYJIIO.
HaiiTu 4acTHOe pelleHHEe 3TOr0 YpaBHEHHS, YIOBJIETBOPSIOLICE
HavanbHbIM ycioBusm: y(0)=y’(0)=1.
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ITo naHHBIM KOPHSAM XapaKTEpPHCTHYECKOrO YPAaBHEHHS JIHHEH-
HOTO OAHOPOAHOTO U hepeHUnanbLHOr0 ypaBHEHMS C TMOCTOSH-
HbIMH K03GdHIIHEHTaMH COCTaBUTh MU depeHIHaTbHOE YPaBHEHHE
M HamucaTh €ro ooOllee pelieHHe.

9.315. A; =3, A,=—2. 9.316. A, =A,=1.

9.317. Ay ,=3+2i 9.318. A=A, =A3=2.

9.319. )\.1 =O, }\.2 =>\.3 =4.

9.320. Iloka3aTh, 4TO oOOIlEe pelIeHHE YpPaBHEHHSA

:17 + o X 0
MOXeT OBbITb NpEeACTaBlIeHO B BHAe x=Asin(ar+¢@) wm
x=Acos(ar+@), rae A M (Q—IpPOU3BOJIbHBIC MOCTOSHHBIE.

Haiitn obume pewesns auddepeHuUHanbHBIX YpaBHECHHM:
9.321. y"—2y'—2y=0. 9.322. y"+6y'+13y=0.
9.323. y"—6y'+9y=0. 9.324. 3y"—2y'—8y=0.
9.325. 4y” 8y'+5y=0. 9.326. 4y" +4y'+y=0.

9.327. 3 —5y"+ 17y’ —13y=0.

9.328. y'V+4y"+3y 0. 9.329. yV4+2y" +y"=0.
9.330. " —y"=0. 9.331. yV+2y"+y=0.
9.332. 3V —8y"+16y=0. 9.333. " +8y" + 16y’ =0.

9.334, yv—6yw+9y"'=0.
9.335. yVI—2pV 43y 4y 4+3y" -2y’ +y=0.
9.336. yV'+2yV+y'V=0.

Haiitu yacTHble peleHus ypaBHEHUH MO NaHHBIM HayaJlbHbIM
YCJIOBHSAM:

9.337. y"—5y"+4y=0; y(0)=y'(0)=1.

9.338. y"—2y"+y=0; y(2)=1, y'(2J=-2.

9.339. y"—y'=0; y(0)=3, y'(0)=—1, y"(0)=1.

9.340*. Haiitu uHTerpanbHyro kpuByro muddepeHIHanbHOro
ypaBHeHus y” —y=0, kacarouytocs B Touke O (0, 0) nmpsiMoit y=x.

9.341. Haiitn wuHTErpanpHylo kpuByio nuddepeHmmManbHOro
ypaBHeHus y"—4y’+3y=0, kacatomyrocs B Touke M, (0, 2)
npsaMoi x—y+2=0.

6. JIuneiinbic HEOHOPOIHLIC YPABHEHHA C MOCTOAHHBIMH Ko03ddnimen-

Tamu. PaccMoTpuM nuHeiiHoe HeonHopoaHoe auddepeHIHanbsHOe ypas-
HEHME C TMOCTOSHHbIMH KOIPPHUHEHTAMH, T. €. ypaBHEHHE BUAA

Y +a iy Va4 ey +ay=[(x), (15)

rae a; (i=1, 2, .., n)— melcTBUTCIbHBIE MOCTOSHHBIE, a f(x)#0.
CornacHo cbo MyJie (9) obuiee pewrenue ypasHenus (15) 3anuceiBaeTcs
B BUzge y(x)= [))-f- F(x), rme yo(x)— obluee pelieHHe COOTBETCTBYIOLUETO
OTHOPOJIHOTO ypaBHCHHﬂ a y(x)—n06oe 4aCTHOE pelIcHHE ypaBHeHHs
(15). Obmee pemeHue }0( ) nmaetcs Qopmynoit (14). [ns oTwickaHus
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J(x) B ofumem ciydyac MOXHO BOCHOJBL3OBATBCA MeTONOM Jlarpatxka
BAPHALMHM TPOM3BOJILHBIX IOCTOSHHBIX (CM. M. 4).
Mpumep 18. Haiitu obuee pewieHne ypaBHEHUS

"

Y4y =tgx.

<1 OOfmee peuieHHe COOTBETCTBYIOLIETO  OJHOPOJHOIO  YpPaBHEHHS
yo=C,+Cycosx+Cysinx, Tak kak y;=1, y,=cosx, yy=sinx. s
HAXOXICHUSA H44CTHOTO pELICHUS HEOJHOPOAHOTO YPaBHEHHSI BOCIHOJIb3Y-
eMcsi MeToaoM Bapuauuu nocrosHHbix. Cucrema (10) B 3TOM ciywae
NPUHUMAET BUI

C'1+Chcosx+ Chsinx=0,
—CYysinx+ Chcosx=0,
—Chcosx—Chsinx=tgx.

YMHOXHMB 00c 4acTH BTOPOro YDABHEHHS Ha SinX, TPETbEro Ha COSX
H cnoxus, noayyum C5= —sinx. Torga M3 BTOpPOro ypaBHEHUsS CleayeT

sin® x
Ch=— o s’ CnoxuB o00e 4YacTH TEpBOTO M TPETbEro YpaBHEHHH,
HailgeM C)=tgx. WHTerpupoBaHue Apaer:
. T X
Cy=—In|cosx|, C;=cosx, Cy=sinx—Intg Z+5

CrnecjloBaTesibHO, MCKOMOe oOfllee pellieHHe HEOJHOPOAHOrO YpaBHEHHS
MMEET BUA

. . X
y=C;+Cycosx+Cysinx—In|cosx|—sinx-Intg Z+—2- .

MeTooM BapHAlMU TIPOM3BOJIBHBIX TMOCTOSHHBIX PELIMTh
CNCAYIOILME YpPaBHEHHUS:

]
9.342. y"+3y'+2y= prawy 9.343. y"+4y=

sin?x

9.344. v' -2y’ +y=—r—z.
\/4— X
9.345. y"+4y' +4y=¢ *Inx.

B uactnbix ciydasx, korga Qywkuus f(x) B ypasHenmu (15) umeer
B [y (xX)=(doX"+ ...+ dn)e™  mam  fi(x)=((box™ + ...+ bm JcOS P x+

+(CoX™2 4 ...+ €m,) sin Px) ™, wacTHOC peluenue § g:c) MOXHO H4ATH METOAOM
HeornpeaeneHHbIX koxpduuneHToB. UmenHo, ecnn A win o+ if He coBnajatoT
HU C OJHHM M3 ACHCTBHTEJIBHBIX WIH COOTBETCTBEHHO KOMILJICKCHBIX KOPHEH
XapaKTepucTHyeckoro ypasHenus (13), To j(x) wmuercs B Buze

F(X)=(Dox™+ Dy x" '+ ..+ D,) ™ (16)
ans f(x)=f(x) nan B Buge
F(x)=((Box"™+...+ Bi)cos Bx+(Cox™+...+ C)sin fx)e™  (17)

ma f(x)=f(x). 3necy D,, B, n C,-—HeonpeseneHHble KO3pHULHEHTDI,
m=max(m,, m,).
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Ecmn xe A win a+iP coBmagaroT ¢ HEKOTOPHIM KOPHEM YDABHCHHS
(13) kpatHocTd r (ciy4yai pe3onanca), TO BBIDAXEHHS B MpPaBOH 4YacTH
(16) wmm (17) cnenyeT HIAOMHOXHTH Ha X', T.e. HCKaThb pCILEHHE
COOTBETCTBEHHO B BHIIE

F(x)=x"(Dox™+...+ D,)e™ (18)
wis f(x)=f;(x) nm
F(x)=x"((Box™+...+ Bi)cos Px+(Cox™+ ...+ Ca)sin Bx)e*  (19)
mas f(x)=f2(x).

Mpumep 19. Haiitu obuiee peleHHe ypaBHCHHSA
=3y +2y=(x2+x)e’*

<1 XapakTepuCTHYECKOE YPABHEHHE COOTBETCTBYIOLIErO OAHOPOAHOIO ypa-
BueHHs A2—3A+2=0 wumeer kopuu A;=1, A,=2. CnemoBaTeibHo,
QyHIaMeHTanbHAsl CHCTEMA pElIEHUH MMeET BHI y; =e*, y,=¢?*, a obuiee
peLeHHe OJHOPOJHOTO YPAaBHEHHS €CThb yo(x)=C e*+C,e?*.

JIns HaxoXJeHHs YaCTHOrO peLIeHHs HEOJHOPOJHOrO YpaBHEHHS
BOCMOJIb3YEMCS METOJOM HeompedeNieHHbIx KkoddduumentoB. Tak kak
A=3 He ABNSCTCS KODHEM XapaKTCPHCTHYECKOrO YPAaBHEHMS, TO 4acTHOE
pewenne Gynem uckath B Buie j=(Dox?+D;x+D,)e**. Haiina npowus-
BOAHBIE J', J” ¥ MOACTaBUB J, J' U j” B MCXOAHOE YpaBHEHHE, MOJIYyYUM
(mocne cokpawieHus Ha e>¥)

2Dox*+(6Do+2D,)x+(2Dg+ 3D, +2D;)=x2+x.

CpaBHuBas ko3dduumeHTl 06EHMX 4YacTed 3TOr0 TOXIECTBA, TMOJYYUM
CHCTEMY YypaBHEHMH Ui ompenencHus HeussecTHbix Do, Dy, D,:

2Dy=1,
6Dy+2D, =1,
2D0+3D1 +2D2=0,

otkyna Dg=1/2, D,=—1, D,=1.
1
Urak, j= Exz—x-l—l e’“:i(x‘z—2x+ 2)e>*, u, CrefoBATENbHO, 06-

ulee pELIEHHE YDABHCHHS MMEET BHI
1
y=yo+y=Ce*+ Cre* +5(x2-2x+2)e3". >

INMpumep 20. Haiitu yacTHoe pelneHHe ypaBHEHHS
»"+4y=4(sin 2x +cos 2x),

YAOBJIETBOPSIOILICE HAYajIbHBIM YCIOBHAM y(m)=y'(n)=2m.

< XapakTepuctuueckoe ypaBHenue AZ+4=0 uMeeT KOpHH A; ,=0+2i.
Ofmee pelueHHEe COOTBETCTBYIOIETO ORHOPOJHOTO YPaBHCHHA €CTb
yo=C;cos2x+ C,sin 2x.

YacTHoe peilieHHe HEO/HOPOAHOTO YpaBHeHHSi GyneM MckaTb B BHAE
J=x(Bcos2x+Csin2x), Tak kak 0+42i—KOPHH XapakTepUCTHYECKOTO
ypaBHeHHs kpaTHocTH 1. Haitns j', y” u noacrasus j, ', y” B ucxojHoe
ypaBHeHHe, moayuuM —4Bsin2x+4Ccos2x=4sin2x+4cos2x, OTKyAa
B=—1, C=1 wu, cienosaTeibHO,

§=x(sin 2x —cos 2x).
Obuiee pewenne 6ynet y=yo+y=C;cos2x+ C,sin2x+ x(sin 2x —cos 2x).
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Hns uaxoxgennss C; u C, BOCHOJIB3yeMCsl HAYa/bHBIMH YCIIOBUSIMH,
npeaBapuTeNbHO npoauddepeHIMpoBaB obLiee peLIeHHE:

y'=—=2C,sin2x +2C; cos 2x + x (2 cos 2x + 2sin 2x)+(sin 2x — cos 2x).

"Umeem: 2n=C; —n=>C,=3n, 2n=2C, +2n— 1=C,=1/2. UcKOMBIM YacT-
HBIM pelicHUeM fBJIsieTcs (QyHKUUS

1
y=3mcos2x+ 3 sin 2x + x (sin 2x—cos 2x). &

Mpumep 21. Haittu obuiee pelleHHe ypaBHEHUS
y'—4y +4y=xe?*

< XapakTepucTuueckoe ypaBHeHHe AZ—4A+4=0 umeeT ABYKpaTHbIit
kopeHb A=2. OOluee pellieHHe  COOTBETCTBYIOLIETO ONHOPOJHOTO  ypas-
HeHHS ecTb yo=(C;+ Cpx)e? .

YacrtHoe ClUCHUE JIAHHOTO  ypaBHEHHS OyaeM HckaTh B BHJIE
ﬁ:xZ(Doxﬁ-D% , TaK KakK MOKa3aTelb IKCTMOHEHTHl B MNpPaBOH YacTH
YPaBHEHUS COBNAJACT C JBYKDATHHIM KODHEM XapaKTCPHCTH4eCKOTO
ypaBHEHMS. Meroaom HeonpeaeaeHHbIX KO3)PHUUEHTOB (T. €. Hdmm DR
TIOACTAaBUB J, 7 M §” B UCXOMHOE ypaBHEHHUE, COKPATHB Ha €’* W CpPaBHUB
k03¢ GHUMEHTHI PH ONWHAKOBBIX CTEMeHAX X) HaxomuM Do=1/6, D, =0.

1

CrnenoBaTesibHO, f':gx’ez", a obuiee pelleHHe NPUHMMAET BHJ

1 1
y=yo+)7=(C1+C2x)ez"+6x3ez“=<C1+C2x+6x3)ez"‘ =

JIJis KaX[I0To U3 JaHHBIX HEOJHOPOMHBIX AU(depeHIMaTbHbIX
YDA4BHEHHH HANMCaTb BUJ €0 YaCTHOTO PELIEHHS C HEONpeesieH-
HBIMH KOoddduimeHTaMu (YUCIOBBIX 3Ha4YeHWH Kko3dGHUIMEHTOB
HE HAXOIUTD):

9.346. y"—8y'+16y=(1 —x)e*.

9.347. y"+ 16y =sin(4x+a) (o¢=const).

9.348. y" 4y’ =2 cos? 4x.

9.349. y"V+4y” +4y=xsin2x.

9.350. " —4y'=xe*. 9.351. y"—7Ty'=(x—1)

9.352. y"+2y'+5p=e* g(r + 1)cos 2x + 3 sin 2x).

9.353. y"—4y’+13y=e**(x?cos 3x—xsin 3x).

Haiitu obmume peieHusi CieoylOIIUX YypaBHEHHH:
9354. y"—y=e"*. 9.355. y"—y=chux.

9.356. y"+3y' —dy=e¢"* 4 xe"*.

9.357. y”"—5y"+6y=13sin3x.

9.358. y"—2my’'+m?y=sinnx (m#n).

9.359. y" —2my’ +m?*y =sin mx.

9.360. y"+y=4xcosx. 9.361. " +4y=cos? x.
9.362. 4y" —y=x3—24x.

9.363. y"+5y' +6y=e " +e %%

9.364. y"—3y’ =e3*—18x. 9.365. y'"'+y " =6x+e " *.

86



9.366. y"'—3y"+3y'—y=e*. 9.367. YW+ =x’4x.
9.368. y"V—y=xe*+cosx. 9.369. yV—pV=xe*—1.

HaiTu wyacTHble pelleHHs YpaBHEHHWH, yIOBJIETBOPSAIOLLIHE
HAaYaJIbHbIM YCJIOBHUSIM:

9.370. y"—2y'=2¢*. y(l)=—1, y'(1)=0.

9.371. y"—y'=—=2x; y(0)=0, p'(0)=2, y"(0)=2.

9.372. y"+4y=x; y(0)=1, y(n/4)=mn/2.

9.373. y"+y=4e*; y(0)=4, »'(0)=-3.

9.374. y"V—y=8e*; y(0)=0, y'(0)=2, y"(0)=4; yp"'(0)=6.

9.375. yV—yp=8e*; y(0)=—1, ' (0)=0, y"(0)=1, " (0)=0.

9.376. yv"—2y'+2y=4e*cosx; y(m)y=me”, y'(n)=e"

7. lnddepenunaibibie ypasHenus Jitiepa. YpaBHEHHE BHOA
x"pPpaxn Tyl ta, o xy +ay=[(x), x#0,

rae a; (i=1, 2, ..., n) NOCTOSHHbIE, €CTb YACTHbIA Ciyuvai JHHEHHOTO
AnddepeHMa IbHOIO YPABHCHUS C NEPEMCHHBIMH KOYPPHUHMEHTAMH M Ha-
3bIBAETCH ypasHeHuem Jilaepa. BBeneM HOBYIO HE3aBUCHMYIO NMEPEMEHHYIO
{ ¢ IOMOLLBIO TIOACTAHOBKH Y=e' (ecqi x>0) UIN MOACTAHOBKH x= —e'
(eccam x<0). Tlycts nns ompeaesneHHoctd x>0. Torga y.=e 'y,
vie=e H(yn—vih Viw=e (yim—3yn+2y;) u T. 1., u ypaBueHue Ditncpa
iipecobpasyeTca B JMHEHHOE YPABHEHHE C MOCTOSHHBIMH KOYpULUEHTAMH.
YpaBHeHHe BHA

(ax+b)"y" +ay(ax+b)" "1y Dy L ta,(ax+b)y +a,y=f(x),

rae a, b, a; (i=1. 2, ..., n)—NOCTOAHHbIE, NPUBOAUTCA K JIMHEHHOMY
YPABHEHUIO C TMOCTOSIHHBIMH KOY(pdHUIMCHTAMU MOACTAHOBKON ax+b=e'
(B obaactu ax+b>0).

Peulenne 0aHOpOAHOrO ypaBHEeHUs Jiisiepa

X"y x"T Yy e, Xy +a,y=0

MOkHO (npu x>0) HckaTh B BUae y=x".

[Moactasass Bbipaxenus ans »', »”, ..., v’ B OJHOPOAHOE ypaBHEHHE
‘Jiliepa, HAXOAMM XapaKTePHUCTUYECKOC YpaBHEHHE JUIS OINpeaesIeHUs
nokaszarens creneHd A. [lpu oToMm, ecnn A — OEHCTBUTE/IBHBIA KOPCHb
XdPAKTEPUCTUYECKOTO YPABHCHUA KPATHOCTH r, TO €MY COOTBETCTBYIOT
r IMHERHO HE34BHCHMBIX DCLICHHH .

x* x*lnx. x*(Inx)?, .., x*(nx)"7l
a ecad o +if—mnapa KOMIUIEKCHBIX KODHEH KpaTHOCTH S, TO ei
COOTBETCTBYIOT § NAp JIMHEHHO HE3aBHCHUMBIX DEIUEHHH

x*cos(Blnx), x*Inxcos(Blnx), ..., x*(Inx)*"'cos(BInx),
x®sin{Blnx), x*Ilnxsin (Blnx). ..., x*(Inx)* 'sin(BInx).

[Mpumep 22. Hadrn obuee penieHue HEOAHOPOAHOTO YDABHEHHMS
Ditnepa x2y"—3xy’+ Sy =3x2.
< Monoxum x=e', cuutas x>0. Toraa y,=e 'vi. yi=e *(yrn—ri
W Halle ypaBHeHMe NpUMeT BHA e e 2 (y,—yi)—3e' e 'y;+5y=3e?,
Wi
; . 2
yu—4yi+Sy=3e.
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O6lwee pelieHue 3o COOTBETCTBYIOLIETO OJHOPOJHOFO YPABHEHHSI €CThb
yo=e(Cycost+C,sint), a 4acTHOE pelleHUE J HCOAHOPOIHOTO ypas-
Henns Oymem nckath B Buge j=Ae?. Toraa §'=24e?, j"=44e”,
nojJcTasiss j. y', ¥ B HEOAHOPOJHOE ypaBHEHHE, TIPUXOAUM K TOXKACCTBY
Ae* =3¢, orkyaa A4=3. CrenoBaTteibHo, j=3e¢®, u obuiee peLieHUE
HEO/IHOPOAHONO YPABHEHUS €CTb y=yo+ ="' (C, cosr+ C;sint+3). Bos-
BPAIIAACh K NEPBOHAYAJILHOW HE3aBUCHMOM NEPEMEHHONW X, TOJIYYHM
OKOHYaTeIbHO

y=x%(Cycosln x+ C,sinlnx+3).

Ecau yuurtbiBath ciyuait x<0, To obLlee pelleHMe MOXHO 3amMCaTth
B BM/E, OXBaTbiBaioleM oba ciyyas:

y=x2(Cycosln| x|+ Cysinln|x|+3). >

Mpumep 23. Haiitu obuwee peuieHHe OJHOPOLHOIO YPABHEHHS
Diinepa (x+2)%y"+3(x+2)y —3y=0. _
< Monoxum y=(x+2)*. Torma umeeM y'=A(x+2*"', y'=

=K(l— I)(x+ 2)"2. TMoacrasasiem Bbipaxenus y, y', " B 3anaHHOe
YPaBHEHHUE, MOyYUM XapaKTEPUCTHYECKOE YpaBHenue A2+ 2\ —3 =0, kopHH

kotoporo A, =1, A, = —3. CaegoBatenbHo, o0Llee pEILCHHE eCTh QYHKLHS
G,
v=Ci(x+2)+—=3. >
y=Cile+2) (x+2)°

Haiitn o0mme peuleHdss ypaBHeHUE Diinepa:

9.377. x%y"+xy'+y=0. 9.378. x2y"+xy'+4y=10x.
9.379. x2y”"—6y=121Inx.

9.380. x2y” —3xy”"+3y'=0. 9.381. x?y""—2y'=0.
9.382. (2x+1)2y"—2(2x+1)y'+4y=0.

8. Kpaesble 3ajaun B ciyuae JHHeiinbIX JH(depeHuHanbHbLIX ypaBHe-
nuil. Bo MHOrux ¢u3snyeckux 3alayax MNPUXOAUTCH MCKATh pElIEHHE
aubdepeHIManbHbIX YpaBHEHUH He MO 3aJaHHBIM HAYAJIbHBIM YCJIOBHSM,
a MO0 HMX 3HAYECHUSM HA KOHLAX MHTepBaja. Takue 3ajaud MNOJYYHSIH
Ha3BaHHE Kkpaegblx (epanuynblx) 3ajad. OOuIMiA BHA KpaeBblX YCJIOBHi
Ans uHTepBana (a, b) B ciydae ypaBHEHMH 2-ro MOpsiika TaKOB:

%y (a)+Boy'(a)=4, a,y(b)+By' (h)=B, (20)

rae oo, d;, fPo. P, —ONHOBPEMEHHO He paBHblE HYJIO 3a/aHHbIC
noctosHHble. KpaeBble YClOBHS HA3bIBAIOTCA O0OHOPOOHbIMU, €CIH M3
TOro, 4TO (PyHKUHH ylzx) M ;(X) YROBJICTBOPAIOT ITilM YCIOBHSAM,
clefyeT, 4TO M HX JHMHelHas koMOuHaums p(x)=C,p;(x)+ Coy,(x)
TAaKXKe YIOBJICTBOPSET 9TUM YycioBusaM. KpaeBoie ycnosus (20) npu
A=B=0, 04eBHAHO, OIHOPOHDI.

Kpaesbie 3amauu He Bcerga paspewmnmbl. Ilpu peuteHnn kpaesoi
34444 CHayajaa HaxoauTcs obliee pellleHHe NaHHOTO AuddepeHIHanbHOro
yPaBHEHHS, U M3 TPAHUYHBIX YCIOBHH TOJIy4aeTCs CUCTeMa Ul OMpejelie-

HUs 3HaveHuH noctosHHbIX Cy, C,, ..., C,, NpU KOTOPbIX U3 obuiero
pelleHHs MOJY4aeTCs pelICHUEC AAHHOW KpAeBOM 3adauM.
Mpumep 24. Haittw peweHue ypaBHeHus y"+y=1, ymosnert-

Bopstolee yciuosusam y’ (0)=y’(n)=0.
<1 Hcxonnoe ypaBHeHue uMeeT obliee pelueHue BHIA

y=Cicosx+C,ysinx+1.
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U3 rpaHuuHbix ycrnosuii nonyuaeM: y (0)=C,=0 u y'(m)=—C,=0, Tak
410 QyHKuMs p(x)=C,cosx+1 yIOBIETBOPAET TPAHMYHBIM YCIOBHSM
npu mobom C,. >

[Tpumep 25. Haiitu yacTHOE pelUCHHE YPAaBHEHHS

=2y 4 2y =,
V/IOBJICTBOPAIOILEE KPACBbLIM YCJIOBUSIM
y(O)+y(m/2)=e"?, 3 (0)+y (n/2)=1.

< XapakTepuctuyeckoe  ypaBHeHue AZ—2A+2=0 uMeEeT  KOpHHM
Ly 2=14i OO6ulee peuieHMe COOTBETCTBYIONIETO ONHOPOJHOrO YPaBHCHUA
ecTh yo=e*(C,cos x+C,sin x).

YacTHoe pellleHHe HEOJHOPOIHOTO YpaBHEHHS OyneM HMCKaThb B BUIC
v=Ae*. loncraBuB #'=Ae* u j"=Ae* B NaHHOE YpaBHCHHE, MOJIY4UM
de*=e*, orkyna A=1. Hrak, j=e*, ¥ obllec pelieHHE HCXOAHOTO
YPABHEHUS HMMeET BUJL

y=e*(Cycosx+C,sinx+1).
Hains
y'=e*(Cycosx+ Cysinx+1)+e*(—C, sinx+C; cosx),
UCTIONIb3YeM  KpacBble ycnioBus. [loJyunM CHCTeMy ypaBHCHMI  juis
onpeaeneans C; u Cy:
(Cr+1)+e"? (Co+1)=e"2,
(C1+Cy+1)+e"(=C +Cr+1)=1.
PelinB 2Ty CHCTEMY, HAXOIUM

e"—1—e"? 1 —2e™?
=TT 2=

1+e” 1+e"

I. €. UCKOMBIM YAaCTHBIM DPCLUCHUEM HABJIACTCA (byHl(uHﬂ

. e"—1—e"? 1—2em2 |
y=e Cos x + sinx+1). >

1+e" I+e"

Haiitu pewenuss nuddepeHunanbHbIX ypaBHEHU, YIOBJIET-
BOPSIOLIME 32/IAHHBIM KDACBBIM YCIOBHSM:

9.383. y"—y=0; y(0)=0, y(2n)=1.

9.384. v "—y=0; yO =0, yl

[

9.385. y"+y=0; y'(0)=0, y’ )=l.

9.386. y"+y=0; y'(0)=0, y'(n)=1

9387 vy"+y2+1=0; y(0)=1, y(1)=2.

9.388. y"+y=1; ¥(0)=0, y(n/2)=0.

9.389. yy'+y'2+yy"=0, y(0)=1, y(-1)=0.

9.390. xzy"—2xy’+2y=x y(0)+2y'(0)=1, y(1)—y'(1)=0

9. 3anaun ¢mu3uveckoro xapakrtepa.

9.391*. MarepuanbHasi To4Ka MacChl m JABWXKETCH MNpAMO-
JMUHEHHO MMOJ| HEHCTBHEM CHJIbI TPHTSDKEHHS K HENOIBHXXHOMY
LEHTPY, NPOIOPUMOHANLHOR PACCTOSHUIO OT TOYKH IO LEHTpa
(ko3xpdunmenT nponopuuoHanbHOCTH k>0). Cuiia CONpOTHBIIEHUS
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cpeabl TMPOMOPLHOHANILHA CKOPOCTH (kKo3dduuueHT nponopuu-
OHaJBHOCTH A>0). B Haya/bHBI MOMEHT pacCTOSHHE OT TOYKH
O ILIEHTpa PpPaBHO a4, a CKOPOCTb HAalpaBjieHa MO MPSIMOH,
COeAMHAIOIEH TOYKY C IEHTpOM, M paBHa v,. HalTum 3akoH
IBUXXEHHS TOYKU TPH YCJIOBHH, 4TO AZ<dmk.

9.392*. MarepuajibHass TOYKA MAacChl M JBUXKETCS NPAMO-
JIMHEHHO TOJ [EACTBUEM CHJBI OTTAJIKUBAHMS OT HEMOIBH)XXHOTO
HEHTpa, MPOMOPLUUOHANILHON pPAaCCTOSHHIO OT TOYKM OO0 HEHTpa
(k03¢ dumeHT nponopuMoHaibHOCTH k> 0). Cujla cCOnpoTHUBIEHUS
cpelbl MPONMOPLUMOHANIBHA CKOPOCTH (K03((dUUHMEHT NpOoNnopLu-
oHanbHOCTH A>0). B Ha4anbHBLIA MOMEHT TOYKA HAXOMMTCA Hd
PACCTOSIHUH « OT LEHTpa, CKOpOCTb paBHa v, W HampaBjieHa
N0 NpsAMOH, COeNUHSAIOUIEH TOYKY C UeHTpoM. HaiThm 3akoH
JBHXKEHHSI TOYKH.

9.393*. V3kas mnuHHas TpyOka BpalaeTcs C TOCTOSIHHOM
YIJIOBOW CKOPOCTBIO ( BOKDYI MEpreHIUKYJIsipHOW K Heit Bep-
TukajdbHOU ocu. Hlapuk, HaxondumwmiAcs BHYTpH TPYOKM, CKOJIb3UT
nmo Heid Oe3 T1peHus. HaiiTu 3akoH [BMXKEHHS ILapuka oOT-
HOCHTENIbHO TPYyOKH, eciu:

a) B HayaJbHBIH MOMEHT ILApUK HAXOIWJICS HAa PACCTOSIHUU
a OT OCH BpalleHUs, HayaJbHas CKOPOCThb ILAPHKA paBHA HYJIIO;

6) B HayaJbHBIH MOMEHT ILIAPHUK HAXOAMJICS HA OCH BPAILEHUS
U HMeN HAYalbHYIO CKOPOCThb Uy.

9.394. V3kas quMHHas TpyOka Bpallaercss ¢ MOCTOSIHHOM
YrJIOBOH CKOPOCTBHIO ® BOKPYI INEPMNEHAUKYJISIPHOH K Hed Bep-
ThkajJbHOU ocu. lllapuk, HaxoasiMiACsT BHYTpU TPYOKH, CKOJIb3UT

. dr
o HEH C TPCHUEM, BECJIHYHHA KOTOPOIo R= 2)’)1],1(1) J , Trae
t

p—KO03h(}ULUMEHT TpeHUs CKOJIbXeHus. HalTu 3daKkOoH aBMXeHUd
LIapuKa, €CJIi B HaYaJbHbII MOMEHT WIAPHK HAXOJQWICS Ha
PACCTOSHMUH a OT OCH BpAalCHHUS M HavajbHAasi CKOPOCTb €ro
paBHa HYIIO.

9.395*%. Tsxenas oQHOPOAHAs Lienb nepebpolleHa yepes riai-
KM TIBO3Ib TaK, YTO C OJHOM CTOPOHBI CBHCACT 4YacTb ee
OAMHOH 8 M, a ¢ Apyrodl CcTOpoHbl—uacTbh [MHOR 10 M. 3a
Kakoe Bpemss 7 lienb COCKOJIb3HET ¢ TBO3ast?

9.396*. ['py3 Maccoit 4 XI moJBeIeH Ha MPYXUHE U YBEJIUUU-
BaeT ee mauHy Ha | cMm. HalTm 3akoH aBMXeHMs Ipy3a, ecyid
BEPXHMI1 KOHell MPYXHWHbI COBEPINAET BEPTUKAJIbHOE T'dpPMOHUYEC-
koe koJjiebanue y=2sin30r (CcM) U B Ha4aJbHbIA MOMEHT TIpy3
HaxoUuJcs B COCTOSIHUM NOKOsi (COMPOTHBJIEHHEM Cpelibl MpeHe-
Opeub).

9.397*. JjekTpuueckas LENb COCTOMT M3 MOCIAEIOBATEJILHO
COE/IMHEHHBIX MCTOYHMKA TOKAa C 9. 1. ¢. e(f)=Esinw/, MHIyK-
THBHOCTH L, conpotrusBieHuss R u emkoctd C, npuyeM
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1 R?

R2C—4L<0, w# . Haiitu tok i B nenu kak yHKIHIO
LC 4L?
di
BPEMEHH !, €CIH ll,=0=E =0

t=0
9.398*. DnexkTpuyeckas Ie€Mb COCTOMT M3 [OC/EO0BATEIbHO
COeJIMHEHHBIX UCTOYHMKA TOKA C 3. I. C. ¢ (f)= E sin of, UHIXYKTUBHO-

1 . .
c¢tu L u emkoctu C, npudyeM ©=-—— (ciay4ai pe3oHanca). Haitu
VLC
. . di
10K { B HenmH Kak (YHKUHIO BpEeMEHH !, €CJIH ll':°=E =0
t=0

9.399. DnexTpuueckass UEMb COCTOMT U3 MOC/EIOBATEIbHO
COCAMHEHHBIX HMCTOYHMKA TOKa ¢ 9. 1. cC. e(t)=Ecos(wr+{),

1 .
UHAYKTUBHOCTH L U emkoctd C, npuieM o=—— Haiitu ToOK
JLC
. . . di
i B LEMH KaK (YHKUMIO BpPEMEHM !, €CJIU ll‘:O:J =0.
t, -
t=

§ 3. Cucrembl audpdepeHnnaIbHbIX ypaBHEHMUI

1. OcuoBubie nouatTus. CBa3se ¢ AudpdepeHUNANbHBIME  YPABHCHHAMM
n-ro mopsiaka. Eciu cucremMa k anddepeHuHanbHbIX YpAaBHEHHiA, CBAA3bl-
BAIOIAS HE3aBHCHMYIO TepeMcHHylo x W k dynkmmi y,(x), ..., y(x),
pa3pellleHa OTHOCHTENbHO  CTaplIMX MHPOM3BOAHBIX  ITHUX  (YHKUHMH
pr(x), .,y (x), T.e. umeeT BMI

YO =1f1 (% pi s YO Ve s YY),
Y2 (X)=/5 (%0 prs o PPN Y yTY),

4y

PE=Aa ey o Y0V e )

10 OHA HAa3bIBACTCA KAHOHUYCCKOU, NPHYEM HUCIO N=p,+p,+..+p;
a3biBaeTCs  nopsidkom cucteMbl. KaHoHuueckass cuctema (1) npu
p=py=..=p,=1, T.e. cucreMa auddepeHUHaTbHBIX YpaBHEHUH l-ro
nopsaka

'(x)=fl (%, Y1y s W)
Vo (x)=/2 (X, pis s Yl

."‘l’l (X) =./n (x7 yl' R yn)’

HA3BIBACTCH HOPMAAbHOU CUCTEMOI nopsadka n.

Pewenuem cucmems (2) Ha vHTepBajle a<x<b Ha3bIBae€TCH COBOKYN-
1H0CTh PyHKUHA p; =@ (x), ..., ¥, =@, Fr) HenpepbiBHO A depeHInpyeMbIx
na (a, b) ¥ oOpallarolMX ypaBHEHHs CHCTeMbl (2) B TOXJIECTBA
OTHOCHTEJILHO xeﬁz

Humecpasom HopManbHOW cuctembl (2) HasbiBaeTcs  (yHKIMSA
W(x, ¥y, .., J,), ONpEAENCHHAS M HENPEPbIBHAS BMECTC C YACTHBLIMM
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oY oY i g

NPOM3BOAHBIMM —, —, ..., —— B HEKOTOpOi#l obiactH D H3MEHEHHs
(‘)X ay 1 Uy,,

nepeMeHHBIX M NPMHUMAIOWIAs TPH JII0GBIX X €(a, b) NOCTOSHHOE 3HAaYeHHe
NpH TOACTAHOBKE B HEE NPOH3BOJBLHOIO DELUEHHUS CHCTEMBI.
PaBencTso

¥(x, yi, o Y)=C,

rone W(x, y,, .., y,)— HHTerpan HOpPMAanbHOH cucTeMbl, a C-—Npou3-
BOJIbHaf TNOCTOSIHHAS, HA3bIBAETCA NEPEbiM UHMe2pasom CUCTEMBI (2).
NudodepennmanbHoe ypaBHEHHE n-TO TMOPAAKA

y(n)=f(x’ v, yl’ . y(n—l))

MOXHO CBECTH K HOpMaJsbHOW cucreme (2). ObOparHo, cuctems! (1) uau
(2) B 60JILLIMHCTBE Clly4aeB CBOAATCH kK nuddepeHIHaibHOMYy ypaBHEHHIO
n-ro nopsaka, pewas KOTOPOE MOXHO HAWTH M pEUICHHE HMCXOQHOM
CHCTEMBI.

Mpumep 1. [puBecTu KaHOHHYECKYIO CHCTeMY AHDEPEHIIMATLHBIX
ypaBHEHHH

yi=2y;-3y,,
Ya=y,—2y,
K HOpMalbHOMY BHIY.
dy, dy,
< [lonoxum E=y H ——=y,. Torga [aHHYIO CHCTEMY MOXHO

3
dx
3anucaTh B BHJIE

y'l =Y
Y2=Yas
Y3=2y,—3y,,
Ya=y1—2y,

KOTOpass M SBJISETCA HOPMAaJbHOM cucTeMON 4-ro mnopsaka.

IMpumep 2. MNpusectu k HOpMaNbHOIN cHucTeMe AuddepeHIHanbHOe
ypasHenue y” (x)+kZy(x)=0.
<1 [lonoxuMm y'=z, Torna y”"=z', U ypaBHEHHWC NPUBOAMTCA K HOp-
MaJIbHOM CHCTEMe YypaBHEHHH

y'=z,
z'=—k?. >
IMMpumep 3. CeectH cHcTeMy ypaBHEHMM
y'=y-z,
2'=—4y+z, &)
rae y=y(x), z=z(x), k ypaBHeHuio 2-TO NOpAAKa M HaWTH peLICHHE

CHCTEMBI.

< HaiigeM z(x) u3 nepsoro ypaBHemwus: z=y—y'. OTciola HMeeM
z'=y'—y". TloaCTaBHB 3Ha4YeHHS z U z' BO BTOPOE YPAaBHEHHE CHCTEMBlI,
NOJIyYMM ypaBHeHHe y"—2y’'—3y=0, oOmmMM pelieHHeM KOTOpOro sB-
nserca  QyHKuMs

y(x)=C,e "+ C,e’*
OTciofa, UCNONb3ys PABEHCTBO z=y—)’, HakaeM
z(x)=Cre " *+Cye>*+Cre *—3Ce3*=2C e *~2C e~
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Takum obpaszom, npu mrobbix nocrosHhbIXx C; U C, cucreMa dyHkiwmii
y=Cie "+ Cye*,
z=2Ce *=2C,e>*

ABJIAETCA pEIUCHHEM HCXOAHOH cuctembl (3). >

3anava Kowu ang cucremsl (2) CTaBUTCS CAEAYIOLIMM 0Opa3oMm:

uaiTy  pewenne y,(x), ..., y,(x) cucremb (2), ynoBieTBOpsAIOILEE
HAYaJbHBIM YCJIOBHSM

4

— 0 =9 , =0
,Vl(xo)—}h )’2(%)—}’2» )n(xo)—)m ®)
iae y?, ..., yo—3agaHHble uMCna.

Teopema Kouwu. ITycmo npasvie uacmu f,, f2, ..., f, Hopmavhoii
cucmemul  (2) onpedeaenvt ¢ (n+1)-meproi  obaacmu D uzmenenun
nepeMeHHblx X, Vi, ..., V.. Ecau ¢ nexomopoii okpecmuocmu A mouku
Mo(xo, ¥S, ..., yS)eD @yuxyuu f, nenpepvienst u umerom mnenpepoignsle
“acmmble NPou38OOHbIe -3——" N0 NEePeMCHHbIM Vi, ..., Vy, MO cywecmeyem

y;

unmepgan xo—h<x<Xxo+h U3MEHEHUA nepemeHHOU X, 8 Komopom cyuje-
cmeyem u npumom eouHcmeerHoe pewienue cucmemol (2), yoos.iemeopAawujee
nauaabHoim  ycaosuam (S).

Obwum pewenuem cUcTeMbl (2) Ha3bIBAETCS COBOKYMHOCTb (yHKLMH

wix, Cy ey G), v=1,2, .., n, (6)
3aABUCALIIUX OT hn ﬂpOl/l3BOHbe|X NOCTOSAHHBIX, KOTOPLIC MNpH J']K)6IJIX
JIONYCTUMBIX 3HA4YCHUSAX NOCTOsAHHBIX C,, ..., C, obpamaioT ypaBHEHHS

cucTeMbl (2) B TOX/JIeCTBA, U B 00JIaCTH, B KOTOPOR BBINOJIHEHbI YCIOBUS
teopembl  Komu, u3 coBokynmHocTn ¢yHKUMA (6) MOXHO TOJY4YHTh
pewienue moboit 3agaun Kouru.

Mpumep 4. [lokazath, 4TO oONpencjeHHas paBeHCTBaMH (4)
cucrema  QyHkuuid  sBasercs OOWMM  pellieHHeM  cHcTeMbl  (3) (oM.
npumep 3).
<1 B  kavecrBe oOmactu D ans  (3) MoxHO B3ATH  00:;1acTh
—-w0<X, )y, 2<+00; NPH ITOM AN JHOObIX Xo, Vo H Zp W3 ITOH
obnacTd BbIMOJIHEHB yciioBUst Teopembl Kowm. [loacTaBuB 3HaYEHHUs
Xo, Yo, Zo B cucTeMy (4), monyunMm cuctemy ansi onpenesnenus Cy u Cs:

Yo=Cre X0+ Cye,
30=2C10"0—2C21’3“0.
“ 2x 1 1 2x,
Onpenenureap 3TOH cHCTeMbl A =2¢ %o ) | = —4¢*0 oTNHYEH OT
Hyas npn mwoboM xo. CrnemoBaTelbHO, NpH JMOOLIX ), M 2o 4YHCIA
C; u C, onpeaensiorcs OJHO3HAYHO, T. €. M3 CUCTeMbl GyHkumil (4)

MOXHO TONYy4YHTh Jo0oe peweHue 3amaud Koum gns cucreMbr aug-
(bepeHuManbHbIX ypaBHeHud (3). o

IMyTeM HCKIIOYECHUS TapaMeTpoB @ W b HalTH cucTeMy

JuddepeHIMaNbHBIX YPaBHEHUI, ONMpPeaesoNIMX CEeMEHCTBA JINHUH
B TPOCTPAHCTBE:

y=ax+b, ax+z=>b,
9.400. 9.401.
x24y2=2z2-2bz. y2+2z2=b2
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JubdepeHunanbible ypaBHEHUS WIM CHCTEMBI 3aMEHUTb HOD-
MajbHBIMH CHCTeMaMH OUdbepeHIHaNbHbIX ypaBHeHHH (x —
He3aBHCUMas NepeMeHHas):

9.402. y"' —xyy'+y'3=0.
9.403. y'V—2=0.

9.404. y'=y'+z', z'=z'+u', u'=u'+y".
9.405. z"+z—-2y=0, y"+z-—-y=x.
9.406. y"' —z—u=0, z'+uz=x* u"=—xy.

IIpoBepuTth, uTOo QYHKUMH y(x) U z (X) SABIASAIOTCS pELUCHUSMH
cucteM aupdepeHnHaIbHbIX YPaBHEHHUI:

9.407. y'=—1/z,
z'=1/y;

2y

9.408. y'=1——

X

=e -=x/2 Z=2€xl2.

’

x+ 1

=4, z=e - ——.
, 2y TEIT e 3 x?
z=y+z+;—1;

IIpoBeputh, uto pyHkumu V¥ (x, y, z) ABIAIOTCA HHTErpaTaMH
JAaHHBIX HOPMAJIBHBIX CHCTEM:

y'=—
9.409. ¥ (x, y, z)=x+y+z; re
.y
2=
,_3x—4z
T 2z-3y
9.410. ¥ (x, y, z)=x2+y%+z?%; )
(o o 2)=x" 4y , 4y—2x
T 2z-3y
1 1 '=y/z,
9411, ¥ (x, y, )=~ 7=V
y z zZ'=z/y.

2. Mertoabl HHTErpHpPOBaHMA HOPMa/bHLIX cHcTeM. OJHMM M3 Me-
TOLOB peELIEHHs CHCTeM Aup@epeHUHaNTbHbIX YPAaBHCHUIT SBJISETCS Me-
TOA HCKJIIOYEHHS HEH3BECTHbIX, KOTODbIH CBOAMT CHCTEMY YpaBHEHHi
K OJHOMY WJIM HECKOJbKMM Iub@epeHUHaNbHBIM YPAaBHEHHSIM C OJHOM
HeusBecTHOH GyHkumeil B xaxaoM. IlosicHHM 9ITO Ha mnpuMepax (cMm.
TaKxke npumep 3).

Mpumep 5. Haiitu obwee pewenne cucremst auddepeHmanbHbix
ypaBHEHU#

dy dz z*

z, —
dx dx y

H YacTHOE pelUeHHe, yOBJIETBOpSIOlIee HauanbHBLIM ycioBusMm y(1)=1,
z(l)=—1/2.
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-1 MpoanddepeHunpyem obe 4acTu HepBOro YPABHCHHA N0 X, MONY4HM
2% z

" =—z'. Tak kak M3 BTOPOro ypaBHEHUs z'=—, TO y"=——, HO U3

1epBOro ypaBHeHus z2 = (y')?, MO3TOMY cucTeMa ABYX ypaBHEHHH nepBoro
o8

HopsiIka cBeJlaCb K OJIHOMY YDABHEHHIO BTOpOro mopsaka y”= —-—,
y

I ¢. K ypaBHeHHi0 yy"+(y')2=0.
1
JleBas 4acTb MOJYYEHHOIrO ypaBHEHHs ecTh (yy’)’, nodatoMy yy'=-C,,

2
1 1 1 1
orKyaa ydy:EC,dx u §y2=EC1x+EC2, T.e. y=+./Cix+C,. U3
C
IILPBOTO YPABHEHMSI CUCTEMBI UMEEM: z=—)’, T.e. 7= F——t—
2 C1X+C2
Cuctema ¢yHKuMi y=+./Cx+C,, z= — obpa3syer obuiee

2/Cix+C,
pelueHde 3aJaHHOM cucTeMbl AuddepeHIManbHbIX YpaBHEHHI.
1 HaXOXIOEHHs YaCTHOrO PELICHHS MCIOJIb3YeM HaualibHbie YCAOBUS
1 1 Cy
(=1, z()= —3 Umeem: 1= /C+C;, ——= ———————, OTKyOa

2 2/C+Cy
=1, C,=0.

U €CTb HCKOMOE€ YaCTHOC

Wtax, napa ¢yHxumii y:\/;, z=—
2/x
PCHICHHE CUCTEMBI. >
He Bcskyto cuctemy auddepeHUHaTbHBIX YPABHEHHH MOXHO CBECTH
K O/IHOMY YPABHEHHIO.
MMpumep 6. Iloka3aTb, 4TO CHCTEMY YpaBHEHHI

Yi=xy, z'+y'=z+xy

1C/Ib3S CBECTH K OJHOMY YDPaBHEHHIO.

-1 JIeHCTBUTENBHO, TNOICTABMB BO BTOpOE YPABHEHHE BMECTO )y’ €ro
JHAYEHHE X), MOJY4YWM JIBA HE CBA3aHHBIX Mexay coboit nupdepeHuH-
QJIbHBIX  YPABHEHMsl, KaXJAO€ M3 KOTOPBIX COMEPXKHUT TOJLKO OAHY
(pyHKILIUIO:

y’ =xy, z'=

(U3 Tux ypaHenuii Haxomum y=Cie**'? u z=C,e*) >

JpyrumM MeTOAOM MHTErpUpPOBaHUS CHCTEM AUGdEpeHUHANBHBIX YpaB-
HECHUH ABJISETCA METOJ BBLIACJEHUS UHTCTPUPYEMBIX KOM-
OMHAaUKMH, T. € MOJyYEHUS U3 CUCTEMBI (2) TAKOrO YpaBHEHHS, KOTOPOE
MOXHO TpPOMHTErpUPOBATh W MOJYYHTb NEPBLIA HHTErpal CUCTEMBI.
LEcom HallieHbl 7 HE3aBMCUMBIX TMEPBBIX HHTErpajioB cucreMsl (2), TO
UX COBOKYNHOCTb A4€T OOLUMIA HHTErpasl J3TOH CHCTEMBI.

[Tpumep 7. Haittu oOuwmit uHTErpan cucreMsl auddepeHuHATbHBIX
ypaBHEHMIA

dy z+e’ dz z?—e**?

dx z+eX dx  zte*

<1 YMHOXHM 00€ 4acTH BTOPOro ypaBHEHMS CUCTEMBI Ha € * M CIOXHM
MX C COOTBETCTBYIOILMMHM 4ACTSMU NEPBOrO YPAaBHEHHS H C TOXIECTBOM
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—e *z=—e¢ ¥z, nonyuum (¢ *z)'+y'=0, orkyma e *z+y=C,. DTO
NEPBbI UHTErpaj CHCTEMbI.
Tenepb YMHOXHM 00e 4acTH BTOPOrO YPaBHECHHS Ha ¢ ¥ H CIOXKHM
z+e*

z+e”
oTkyna e Yz+x=C,. DTo TOoxXe mNepBbli HHTerpan cucremsl. Tak Kak
AKOOMAH CHCTEMBI

¢ paBeHCTBAMU —e Yzp'=—¢ 7’z u x'=1, noayuum (e *z)'+x'=0,

e *z+y=0Cy,

e "”:+x=(’z

oTJMYeH OT Hyias (nposepbTe!), TO 06a MepBbIX MHTErpana HE3aBUCHMBI

Mexay co0Oi, 1M0ITOMY HMX COBOKYMHOCTh HESiIBHO omnpejesnseT obuiee
pellEHHC 3daJaHHOH CHUCTeMbl YpaBHEHMH. o>

Jns  BblAENIEHHS HHTErpupyeMbiX KoMOuHauuid u3  cucrembl (2)

NOCAEOHIO yJo0HEEe 3alMcaTb B Tak Ha3blBAEMOH CHMMETPUYECKOH

tdopme:
dy, _ dy, o dy, _dx
.fl (x’ yl‘ ey ,"’n) _fl ('\" Vis oo yn) /u ('V’ Yiaeees )‘n) l

H HCNOJIb30BATb cienyrwuiee CBOMCTBO pPaBHBIX 11p06ci«'l: €CJI
Uy Uy U,

M

—=-"=..=-"=Y, TOo npy MO6bIX &y, ..., O, UMCET MECTO COOTHOILEHUE
vy U2 Un
ot.ul+ot2uz+...+oc,,u,,_ 8
u‘v,+otzvz+...+a,,v,,~ ®
Yucna oy, .., &, noadOHparoTcs OOBIMHO TakuM o006pa3oM, UTOOBI

qucautesnb B (8) Obin 1OJHbIM AMdEpeHIMaIoM 3HAMEHATENS WM Xe
3HAMEHATEIb Obl pPaBeH HYJIIO.

B cooTHowienuu (7) He3aBUCHMMas TCpPEMEHHAs M UCKOMBIE (DYHKLUH
PaBHONPABHbI.

Mpumep 8 Halitu obiuee pelieHUe CUCTEMbl YpAdBHEHHH
mz—Ix , nx—my
m— =
ly—nz ly—nz
<0 3anMuweM CcUCcTeMy B CHMMeTpudeckoit dopme:
dx dy dz

ly—nz mz—Ix nx—my

M BOCIIOJIb3yeMCsl cOOTHoweHHeM (8). BoiOupaem ay=m, o, =n u o3=/,
TOrJ4 MMeeM

d(mx+ny+1z)

o "
T.¢. d(mx+ny+Iz)=0, oTkyaa
mx+ny+lz=Cy. )
AHAJIOrHYHBIM 06?‘130\4 Bbl6ﬂpd$l ay=2x, % =2y U o3=22, NPUXOJHM
k paseHcTBY d(x*+)2+z%)=0, oTkyna
x24y24:2=C3. (10)
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CootHowenust (9) u (10) obpasyroT nBa NEpBBIX HMHTErpajia CHCTEMBI,
HCSBHO oOMNpefesiiolux oblnee pelleHne. >

Haiitu oOmme pewenus cucteM uddepeBIManbEbiX ypas-
HEHHUH:

dx 1 dy 1
9412, —=-, —=-.
dt y dt x
d dx d
9.413. Z="22
xy ty ix
dy z dz y
9414, —=——, —=——.
dx (z—y)* dx (z—y)?
dx x—y dy x—y dz
9415, —=—-, == , —=x— 1.
dt z—t dt z—t dt Xyt
dy 2xy dz 2xz
.416. —= , —= .
9.416 dx x?—y?2—z%¥ dx x*—yi-z?
dt d. d
9.417. £=5-_ 2
xt x° txy—2
dx dy dz
9418, ———=—=—,
1+ /z—x—y 1 2
dx y? dy x?
9.419. ==L 2T

d x’ dt y’

Haittu ofbmee pemenmne cucrems! nuddepeHnnaIbHbBIX Ypas-
HEHMH, a TaKXke€ YaCTHOE pEIlUeHHEe, YAOBJECTBOPAIOLIEE 3aJaHHBIM
Ha4aNnbHbIM YCIOBHAM:

dy z—1 dz 1
9420. —=—, —=——; y(0)=—1, z(0)=1.
dx z dx y—x y() ( )
dy x dz_«x

421, —=—, —=—;
9421 dx yz’ dx y*

y(0)=z(0)=1.

9.422*. Ina  cucteMbl  auddepeHIMaNbHEIX  ypaBHEHUM
dx x*—t dy . 5 )
—= , —=—Xx N QYHKIMHA a) @;=1°+2xy; 6) @,=x*—1ty
dt y dt
NPOBEPUTb, ABISIOTCS JIM cooTHOWweHus @;=C (i=1, 2) nepsbIMH
MHTErPaJlaMH 3TOH CHUCTEMBI.

3. ®uluveckHit CMBICA HOPMaAbHON CHCTeMbl. [ MPOCTOTHL Orpa-
HUYHMCH PAaCCMOTPEHHEM CHUCTeMbl IBYX IH(depeHIMalbHbIX YpaBHEHHH,
npuyeM OymeM CYMTAaTb, YTO HE3ABUCMMAs TEPEMEHHas ! €CTb BpEMA:

x.=fl(” X, J’)’
}}=f2(t, X, y)-

4 CneumanbHbie pasicibl Mar. aHamu3a. Y. 2 97
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Pewenne x=¢(f), y=y(f) 3Tofl CHCTEMBI €CTb HEKOTOpas KpuBas
B MIOCKOCTH OXxy ¢ (PUKCHPOBAHHOW [EKapTOBON NPAMOYTOJBLHOH CH-
creMoif koopauHaT. Ilnockocts Oxy Ha3biBaeTcs ¢ha3o60il NAOCKOCMbIO,
a xpusas x=¢(t), y=V(1)— azososi mpaexkmopueii cuctemst (11). Cama
cucreMa (11) HaswiBaetrcs OJunamuueckoii cucmemoii. JiuHaMuyveckas CH-
CTeMa Ha3bIBAETCA A8MOHOMHOU (CcMAayuoHapHoil), €Cid B TPaBble 4aCTH
yPaBHEHHH 3TOH CHCTEMBl BpeMs ! HE BXOJUT SBHbIM OOpa3oM.

JluHamMuueckasi CHCTEMa ONpelessieT Mojie CKOpOCTed NBHXKYluedcs B
IUIOCKOCTH TOYKM B JIFOOOH MOMEHT BpeMeHH !. PellileHHe THHaAMHU4YeCKOH cH-
cTeMbl x=x(t), y=y(t)-— 3TO ypaBHeHUs! ABHXCHHs TOUKU: OHH ONPEIENIIOT
NOJIOXEHHE JBUXYLIEHUCS TOYKH B JIOOOH MOMeHT BpemeHH f. HauanbHble
YCIOBHS 32[AI0T TIOJIOKCHHC TOYKM B HAYalbHbIl MOMEHT: x(fo)=Xo,
y(to)=yo. VYpaBHeHHS MNBMXKEHMS ONDENENAIOT TAKKE M TPAEKTOPHIO
IBWXeHHUs, Oyay4d ypaBHEHHAMH JTOH KpUBOH B napamerpuyeckoi ¢popme.

Ilpumep 9. Haiitu ¢a3zoByro TpaekTopuio aBTOHOMHOH AMHAMHueC-
KOM CHCTEMbI

, x?
X=—, y=Xx,
y
MpoXonsLLyro Yepes TOuky Mo(2, 3).
< [MpoaudpepennmpyeM BTOPOE ypaBHEHHE MO { M TIO/ICTABUM BBIDAXCHHE
X=y u x=y B nepsoe ypasuenue. [Tonayyum j'zy—,'unu w—)*=0,T. €.
y

OIHO YpaBHECHHE BTOPOrO MNOPAAKA C OJHON HECHU3BCCTHOW (GyHKUHMEH y.
PazgendM 06e 4YacTH MOCHENHEr0 YpABHEHHS HA y’ M NEpENMMINEM

L dfy y dy
€ro Tak: 75 =0. Otciona caenyer, uto ==C,, unmu —=C,dt, oTKyAa
y

y=C,e"".

Haiinem y=C;C,e“" u MOACTaBHM BO BTOpPOE YPABHEHHE CHCTEMBI
nonyunm x=C, C,e". Utak, cucrema ¢ynkuuii x=C,; C,e<", y=C,e"
ecTb 0Oluee pellieHHe Haulel CHCTeMbl AUGGEPEHIMATbHBIX ypPaBHEHMIA.

WUckmouas u3 obwero pewenus Bpems ¢ (Cre“'=y), noayuum,
4To ()a30BbIMM TPAEKTOPHSAMHM CHCTEMbI SBJISAIOTCA NpsMble x=C,y,

3

npuyeM uYepe3 3aJaHHylo TOYKy M, (2, 3) mpoxoaut npsmas y=5x. o>

s yKa3saHHBIX CHCTEM HAWTH (a30BbIE TPAEKTOPHH, MPO-
XOHsIIME 4Yepe3 3alaHHble TOUYKH M:

9.423. i=1-x2—y% y=2x; Mo(l, 2).

9.424. x=1-x2—y2, y=2xy; My(2, 1).

9.425. x=2x, y=x+2y;, Mo(l, 1).

9.426. x=y—x, y=y—2x; Mo(l, 1).

4. Jluneiinbie oaHopoanbie cacteMbl. HopManbHas siMHeiiHas ogHOpoOA-
Has CHCTEMa n-TO TNOpAAKa MMeEEeT BUJI

Xy=ay (t)xg+an(t)x2+ ...+ ay,(t)x,,
)4':2=az|(!)x1 +a,,; (t)x2+...+a2,,(t)x,,,
(12)
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WM, B MaTpUYHOHi ¢opme,

X(t)=A()X(2), (13)
e
ay (1) ana(t) o @)\ xy(t)
ap=| 0 - U x| )
an () ana(t) - auml(?) x,,.(t)
B obnactu senpepwiBHOCTH KOdpduumentos a;;(t), i, j=1, .., n,

cucteMa (12) ynoBieTBOpSET YCJIOBMSIM TEOPEMbI CYIIECTBOBAHUS M €/IMH-
CTBEHHOCTH peulenus 3aaayu Kowun.

Dyndamenmanvhou  cucmemoii  pewtenuti cuctembl (12) HasbiBaeTcs
COBOKYMHOCTb  NPOM3BOJIBHBIX N JMHEHHO  HE3aBHCUMBIX  peLICHHH

X (0)=(x¥ (), xP(e), ..o xW()T, k=1, 2, .., n
Ecin X (1), k=1, 2, ..., n,— dyHIaMeHTaIbHAs CHCTEMa pELLCHHUI

cuctembl (12), To obuwee pewenue umeer Bua X (f)= Y, CiXi(t), rame

k=1
Cy, C;, ..., C,—INPpPOU3BOJIbHbIE MOCTOSIHHbIC.

WUnrterpupoBanue cucteMbl (12) OOBIYHO NPOBOAMTCA METOAOM HC-
KIoYeHus (cM. mpumep 3).

Pemiute cucteMbl nuHEHHBIX AHdEpEeHIHANbHBIX YPaBHEHMI:

dy y dz 2y z
9427. —=—=+xz, —= ——<+-.
dx x+x > dx x3+x

d dz
9.428. xZ = yizx, x2%= 2y4ox.
dx dx

9.429. =2, y=-ZI.
2 2
9.430. x=——;x, y=y+%x.

B yacTHOM ciydyae cMcTeM € TOCTOAHHBIMHU KOYbDdUUM-
eHTaMH, Korda Mmatpuua A(r) B npaBoit yactu (13) He 3aBMCHT OT
{, JUIA OTBICKAHMS (PYHOAMEHTANbHOH cucTeMbl peiuenuit X, (f), k=1,

2, ..., n, MOTYT OBbITb HCNOJIb30BAHbI METOAbl JIMHEHHOH auredpsl.
N3 xapakTepHCTH4YeCKOro ypaBHEHUS
) det(4—AE)=0 (14)
HAXOAATCA pa3jIMYHble KOPHM Ay, A,, ..., Ay M JJIS BCAKOrO KOPHS

A (c y4eTOM €ro Kp4aTHOCTH) OINpPEAENISETCH COOTBETCTBYIOLIEE €My
yactHoe pewenne X (¢). O6uiee pelueHHe CHCTEMBI HMEET BHI

X(1)= i CX 0 (1). (15
k=1

[Tpn 3TOM BO3MOXHBI CNEAYIOLIME CIIy4au:
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a) A— medcTBATENbHbIH KopeHb kpaTHocTH 1. Torma
A
vy

X“’(t):Y“’e“: Dot

w
n

rae Y™ —cobcTBenHblii BekTOp Marpuubl A, COOTBETCTBYIOWIMH CO6-
CTBEHHOMY 3HaYeHHIO A (T.e. AYM=AY® Y®™x(),
MpunMmep 10. Haiitnu yacTHOoe peieHHEe OXHOPOAHOH CHCTEMBI

’

X =4x| +Xx,,
)22=3x1+2x2,
X3=2x;+3x;+4x3,

yrosietBopsiomee ycinosusM x; (0)=6, x,(0)=—6, x;(0)=24.
<1 XapakTtepucTHyeckoe ypaBHeHue (14) mns 3Toi cuCTeMbI UMEET BHI

4-2 1 0

det(A—AE)= 3 2-2 0 =0.
2 3 4-)

Ero xopun A;=1, A,=4, A3;=5. CoOCTBEeHHbIC BEKTOpBI, Hampumep,
TaKOBBI:

3 0 1

Y®=|-9], Y®)=(0|, Y*'=[1].

7 1 S

IMoaromy

3 0 1
x0o=l —9 Jet, x®={0 |e*, x®=(1 e
7 1 5

Orcloga obuiee pelieHHe CHCTEMbl B COOTBETCTBHM C (15) umeer BuMI

3 0 1
X(t)=C, | =9 Je'+C,{ 0 Je*+Cy| 1 e
7 1 5

Jlns HaXOXACHHA 4aCTHOro peweHds koHctantol C,, C,, C; onpeaenseM
H3 CHeyIoUeH CHCTEMBIL:

6 3 0 1 3C,+ C,
x©0)={ -6 |=c,| =9 )+c,| o J+c | 1 |=| —9c,+ c ),
24 7 1 5 7C,+C,+5C,

orkyna C,=1, C,=2, Cy=3. OKOHYAaTEJbHO I HCKOMOrO 4YaCTHOro
peLLCHHA MOJIy4yaeM

x (1) 3 0 3
X(t)=<x2(t)>=(—-9 ) e‘+<0> e"+< 3) e >
x3(1) 1 2 15

6) A — KOMIUTEKCHBI# KopeHb kpaTHocTH |. Torna xopHeM Xxapak-
TEPUCTHYECKOro ypaBHeHHs (14) sBisieTCA TakXe COMPSXEHHOE C A YHCIIO
L. BMecTo KOMMeKcHbIX uacTHhx pemenuii X®(¢) n X® (1) cnenyer
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B3ATH nencrsn‘re.nbﬂme vactHele pewenus XV (¢)=ReXM (1) u X (¢)=
~ImxX®(7).
IMMpumep 11. Halith obmee peleHHe CHCTEMBI
X, (1)=x,+x,,
%y(1)=—2x,+3x,.
< XapaKTepuCTHYeCKOE YpaBHEHHE

1-2 1

—2 32|70

MMEET KOMIUIEKCHO COMNpSKEHHble KOPHH A, ,=2+i J[InAd HaxoXaeHUs
COOCTBEHHOr0 BEKTOPA, COOTBETCTBYIOLIETO KOpHIO A=2+i, Nosay4aem
CHCTEMY

(—-l—i)y‘”+ y(zmr_
~2y P (1-i)y P =

Monaras yM=1, naxomum yP=1+i, T.e.

1 | .
) _ (r) _ (2+i)t
Y —(H_i) X (t)-(H_’.)e .

Otcioia napa AEHCTBUTENIbHBIX YACTHBIX PElICHHH HMEET CIICAYIOMMHA BUI;:

1 : e cost cos?
M ()= @+iyn | _ = #
XP(1)=Re ((H—i)e ) (ez'(cos:—sint)> <c051-—sint)e ’
1 . e?'sint sint
A) — 2+i)y = = u
XP(t)=Im <<1+i>e ) (e”(cosH—sint)) (cost+sint>e '

OkonyatesbHo (cM. ¢opmyny (15)) nonyvaem obuiee pelueHue

cost sin?
X(t)=C . Je?+C . Je?=
(1) l(cost—smt) 2\ cost+sint
_ C,cost+C,sint JETS
“\(Cy+Cy)cost+(C,—Cy)sint :
B) A— KOpeHb KpaTHOCcTH r > 2. COOTBETCTBYIOLIEE 3TOMY KOPHIO
peuienHe cucteMbl (13) HuieTcs B BUAE BEKTOpa
afV+afP 4. el !
1) 2) (ryyr—1
X ()= B AT o (16)
al a4 ol !

xo3dp¢uumMentsl kotoporo af’), i=1, .., n; j=1, .., r, onpeaensroTCH
U3 CHCTEMbI JIMHEHHBIX YpaBHCHHH, nonvqalomeucsl NpHPaBHHBAHUEM
K03$(HUHEHTOB NPH OAMHAKOBBIX CTEMEHAX ! B pe3ynbTaTe MOACTAHOBKH
BexTopa (16) B ucxomHyrwo cuctemy (13).

Mpumep 12. Haiitn oOwee peiueHue CHCTEMbI

X (t)=2x,—x,,
Xy (t)=4x,+6x,.
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<1 XapaKTepuCTHYECKOe ypaBHEHHE

\24 —1

4 6—k'=(k—4)2=0

UMeeT KopeHb A=4 kpatHoctu r=2. IlodToMy wuleM pelieHHe
CHCTEMbl B BHJIE
XO(1)= xy ()Y _( o +Byt o
x,(1) o, + Pyt
[loacTaBnsieM 3TO BLIPaXEHHME B MUCXOJIHYHO CHCTEMY M COKpalllaeM Ha e
B, B, 20y —a, 2B,—4B,
+4 +4 + L
(Bz Ba 4°‘1+6°‘2 4B, +68,
[pupaBHuBas k03(pHUIHMEHTH NPU OAUHAKOBBIX CTENEHAX I, MOJIydaeM:

B,+2a,+0a,=0,
B,—4o,—2a,=0,

28,+B,=0,
—2p,—4p,=0.
Monaras o,=C, u B,=C,, umeem B,=-2C, n a,=—-2C, - C,. Takum

obpa3omM, 06u1ee pellieHHe CHCTEMbl HMMEET BHUA

X(t):X‘“(t):( ( CitCat )e4f.>

—(2C,+C,)—=2C,t

Peruuth crnenyromme cucTeMbl JMHEHHbIX OuddepeHIanbHbIX
yPaBHEHUH C MOCTOSHHbIMU Ko3¢ddunuenramu. Tam, roe naHsl
HavyaJbHbIE YCJIOBHS, KpOMe OOIHEro pelieHus, HaiTH cOOTBeT-
CTBYIOIIEE YAaCTHOE peELICHHE!

9.431. x=y, y=—-2x+3y.

9.432. x=x+3y, y=—x+5y, x(0)=3, y(0)=1.

9.433. x=3x—-2y, y=4x+7y, x(0)=1, y(0)=0.

9.434. Xx=2x—5y, y=5x—06}y.

9.435. x=x—4y, y=x—3y.

9.436. x=—x+2y, y=—2x—-5y, x(0)=0, y0)=1.

9437. x=y, y=z, i=x, x(0)=y(0)=z(0)=1.

9438. x=y+z, y=z+x, z=x+y, x(0)=y(0)=2, z(0)=—1.

9.439. x=x—2y—z, y=—x+y+z, Z=x-—2z.

9.440. x=5x+2y—3z, y=4x+S5y—4z, i=6x+4y—4z.

5. Jlnneiinble HeoaHOpoaHble cucTeMbl. HopmasbHas juHelHas Heod-
HOpO/Has cucTeMa au(QepeHUMATbHbIX yPABHCHUI MMeEeT BH[

X =a“(t)x1+a,2(t)x2+ +aln(’)xn+f1(’)v
)é2=a21(t)xl+a22(t)x2+ +a2n(’)xn+f2(t)’ a7

xn=anl(t)'rl+an2(t)x;.+":' ;a;nit;xn_‘;..fr’l(t)'
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IAe MO KpaiiHeii Mepe oaHa M3 (yHKUHH fi (f) HE paBHA TOXJICCTBCHHO
Hymo. B martpuunoit dopme cuctema (17) umeer Bua

X(t)=A(1)X(2)+F(t), (18)

tne F()=(f,(t), fo(t), .., f,(1))". WUnterpuposanne cucrembi (17)
MOXHO TPOBOAHTH METOAOM HCKJIIOYEHHs (CM. mpumep 3), OJIHAKO
MHOI/Ia MPEANOYTHTE/IbHEE HANTU TpeABapUTENbHO pelleHne X, (f) cooT-
BeTcTBytowed (18) oxHopoaHO# cHCTEMBI

X(t)=A(t)X(1) (19)

M Kakoc-nubo 4YacTHoe pelleHHue X (1) cucremn (18). Torma oO6iee
peiieHne cucteMs! (18) umeer BuI

X(t)=X,(t)+X(2). (20)

Ecnu u3BectHa dyHmameHTanbHas cuctema X, (1), k=1, 2, ..., n,
peuleHHit ogHopoaHO# cucTeMbl (19), To oOluee pewieHde X (f) MOXHO
HalTH METOZIOM BAapUAlLMM NMPOU3BOJILHBIX MOCTOSIHHBIX. UMEHHO, monaras

X(0)= 3 Gl K(0) e

onpenensieM gynkuuu C, (¢) noacraHoBkoit (21) B cuctemy (18). Yuurbias
npH JTOM pABEHCTBA
X ()=A(1) X, (1)=0, k=1, 2, .., n,

NPUXOMM K CHCTeMe ypaBHeHuii oTHocutenbho C,(t):

% Gl X, (1)=F(r) @

W3 roit cuctembl HaxoauMm C, (t)=@, (¢) U, HHTErpUpYs, NodyYaeM (yHK-

unn C, (1) C TOYHOCTBIO 1O MPOM3BOJIbLHBIX MOCTOSHHBIX. [loacTaBiss ux

B (21), nonyyaeM uckoMoe obiliee pelieHHe HEOAHOPOAHOH cuctemsi (18).
[Tpumep 13. 3Has PyHIaMEHTAIbHYIO CHUCTEMY peLICHMI

X1(1)=<]1>e", xﬂ:):(‘é)w

OJHOPOAHON CHUCTEMBbI
X, =6x,+Xx,,

Xy=5x;+2x,,
HaliTH obuice pelieHHe HEOIHOPOIHON CHUCTEMBbI
X =6x;+x;+1,
Xy=5x,4+2x,+1.

< Bocnonp3yeMcs METOAOM BapuHalMH NPOU3BOJILHLIX TMOCTOSHHBIX. [{ns
dynkumit C,(r) u C,(t) cocraBum cuctemy Buma (22)

)l e-()

. S5t+1
Ci(t)=

Haiins
et Cz(t)=—]_’e”‘
’ 6
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H TIPOMHTETrPHPOBAB, TOJYYHM

49

Taxkum o6pa30M, 06[.[166 PCLICHHE CHCTEMbI 3aNMUIETCA B BUAC

X(t)=<~(‘%t+%)e'7'+Cl> <:)e7'+<% te"‘+C2)<_;) e'=

2
t

2
=(C,(l>e7‘+cz<~l>e'+ [
1 R S 2
7%

Ecau kospduumentst a;;(t) cucremst (17) noctossusy, T. €. =a;;(t)=
=a;, i, j=1,...,n, a GyHkuuu f,-(t) HMCIOT BHJ TPOHM3BEICHHH

(P(t) cos Br+Q(t) sin Bt ) e, (23)

rne P(t) u Q(t)—MHorouneHr, To wacTHoe peweHue X(f) MoOXHO
HaliTH METOJOM HeonpeneleHHbIX Ko3bduuueHTos, 3amicas X (1) B Buze,
aHanoruyHoM (23), ¢ y4YeTOM COBNAJICHUS MJIH HECOBNAJCHUSA 4YHCeN
a+if ¢ KOpHAMH XapaKTepUCTHYECKOTO YpaBHEHHUA.

Cnenyetr UMeTb B BHOY, 4TO eciM k-—Haubosbuias CTENeHb MHO-
rounetos P(t) u Q(t) B (23) u A=0a+iP—KOpeHb KPaTHOCTH r Xapak-
TEPUCTHYECKOrO YPaBHEHMA, TO 4YaCTHOE pewleHMe X (1) Muercs B BHIe

5 2 1
Cl(t)= —<4_2t+_)e_7.+cl, C2(1)=gle»’+C2.

Yot Py ke
)?(t)=Re (1 Yol * TPyt Yok .

Yol * 1+ Yar 154 Yakr

Mpumep 14. HaliTh 4acTHOE pELICHHE CHCTEMBI

)i‘l =-—Xx+1 2,
Xz =x;+ e'.
A -1
< Tak kak XapaKTCPUCTHYECCKOC ypPABHECHHE 1 A =0 umeer KOPHH

Ay, 2= i, HIIEM YaCTHOE PCLUEHHE CHUCTEMBbI B BHAEC CYMMbl MHOrOYJICHA
BTOpOii cTeneHd u ¢yHkuuu Bupa De':

x1=A 2+ B 1+Cy+Dye', x;=At*+Byt+Cy+ Dje'.
MoncraBnss 3TH GYHKUMH B 3aJaHHYIO CHCTEMY, NMOJYYHM pDaBEHCTBA
24 t4+B,+De'= —A,t*—B,t—C,—Dje'+ 12,
24,14+ B+ Dye'=A, 12+ Byt +Cy+ Dye' +e'.

TMpupaBuuBas x03pGULMEHTHI NPH OQMHAKOBBLIX CTENMEHAX ! M npH e’
MOJIY4HM CHCTEMY

2Al=—82, Bl=—C2, Dl=—Dz, I—Az=0,
2A2=Bl’ BZ=(:l» D2=D1+], Al=0'
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Oicroaa Al=BZ=Cl=0» A2=l, B|=2, C2=‘—2, Dz=l/2, Dl=—]/2,
H UCKOMOE€ 4YaCTHOC DPELICHUEC HMEET BHA

1
x,=2t—=¢',
2

1
x2=t2—2+§e‘. >

[Mpumep 15. Haiith obuiee peleHHe CUCTEMBI
X(t)=AX(t)+F(t),

2 -1 t+1
e A= u F= e
1 4 2t

-1 XapaKTepUCTHYECKOe YPaBHEHHE

2—-x -1
=A*—6A+8+1=(A-3)*=0
14— ( )
uMeeT kopeHb A=3 kpatHocTH 2. OOulee pelleHHE OJHOPOAHOM CHCTEMBI
at+
uuleM B BHZE Xo{1)= t+§ e, MOACT4BUB KOTOpOE B OJHOPOAHYIO
Y

CHCTEMY M COKpawas Ha e, umeeM

3 at+p B (2 —1\[ou+B
yz+5+5”| 4 J\yt+8)
[lonyyum cucremy
3(out+ B)+ B=2 (ot + B)—(yr+8),
3(yr+8)+8=ar+B+4(yr+3),

13 KOTOPO# CleQyloT ABA HE3aBUCHMBIX COOTHOLUEHHA o= —y U B+a= —9.
Ilonaras a=C; u B=C,, umeeM y=—C; u 8=—-C;—C,, T.¢.
Ct+C,
Xo (f ) = . e 3'.
—Cit—(Cy+ ()

Tak kak F(t) cogepkur MHOXUTENb e3', npuuem A=3—-KOpeHb
XapaKTEPUCTHYECKOrO YpaBHEHHA KPAaTHOCTH 2, TO HIUEM YacTHOE
peleHue B BHIE

- A t2+Bt+D A t3+Bt*+ Dt
X(l)=l 1 , 1 1 (’3': 1 , 1 ) 1 e3‘
Azf +Bz’+[)2 Azl +Bz[ +Dzl

a He B Buue ?? Ait+ B, e3).
A,t+ B,

MoncraBue X(¢) B 3amanHylo CHCTeMy M COKpaTuB Ha e>', o-
/ly4aeM MAaTPHYHOE PaBEHCTBO

At 3+ Bt + Dt 34,1t +2B,t+D,
'<A213+th2+02t) (3A212+2321+Dz)
2 —I1\[At3+Bt*+Dt t+1

=<| 4 ><A213+82t2+D2t)+< 2 )
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KOTOpPO€ MOXHO 3anucatb B BHAC PABECHCTB
At34+Bt24+ D t+3A4,t2 4 2B t+ D= — A1 =Byt 2 =Dyt +1t+1,
—A3t3—Byt2—Dyt+3A,12+ 2Byt + Dy =A 1>+ By t>+ D 1+2t.

CpaBHuBas K03Q(UUMEHTHI [pPH OJMHAKOBBIX CTENEHSX f, TNOJIy4aem
CHCTEMY YpaBHEHHi

A1+A2=0, A1+A2=0,
B]+3A1+Bz=0, BI+BZ—3A2=0,
D,+2B,+D;=1, D,+D,—-2B,=-2,
D1=l, Dz= .
Haxomum D=1, D,=0, B,=0, B,=3/2, A;=-1/2, A,=1/2. Caenosa-
TeJIbHO,
1
—§t2+l
X(t)=1 e,
1t2+3t
2 2

U HcKkoMoe obiee PCIICHUE 3aNMLUCTCA B BHIC

C11+C2—£t3+l
~ 2
X(t)=Xo(t)+X(t)= | 3 e >
—Clte(C.+C2)+§t3+512

HaiiTu peluenus ciemylomux CHCTEM YypaBHEHHI:

9.441. x=3x—-2y+t, y=3x—4y.

9442, x=x—y, y=x+y+e".

9.443. x=5x—3y+te?, y=3x—y+e’.

9.444. x=x+y—cost, y=—2x—y+sint+cost.

9.445. x=y+1tg?t—1, y=—x+tgt.

9.446*. X=2x+3y, j=4x—2y.

9.447*. BewectBo A pa3snaraeTcss Ha OBa BewectBa P u Q.
CkopocTs 00pa3oBaHHMsi KaXJAOro K3 HHX NPONOPLUOHAJIBHA
Macce HepasJjioxuBLIerocs BemecTBa 4. HaidTu 3aKoHbI U3MEHEHUs
MacC x M y BemlecTB P U ( B 3aBUCHMOCTH OT BpEMEHH !,

a
€CJIH 4Y€pe3 Yac TMOoCJH€ Hayajga IMpouecca pa3jIoXCHUA X=§,

3a
y= ? , a—TIMEpBOHAYajibHAss MacCa BELICCTBA A.

9.448*. MaTepuanbHasi TOYK4 MacChl m NPHUTATHBAECTCS LEH-
TpoM O C CHJIOH, NPONOPIHMOHAJIBLHOW paccTosiHuio. [IBUXKEHHE
HaYMHAETCA U3 TOYKM A Ha PACCTOSHHH d OT LIEHTPA C HAa4yaJIbHOH
CKOPOCTbIO Vg, TEPNEHAMKYJSApHOH k oTpe3ky R OA. Haitn
TPACKTOPHIO XBHIKEHHUA.
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§ 4. DieMenTbl TEOpHH YCTOHYHBOCTH

1. OcnoBubie nouaTus. IlycTh 3amaHa HOpMajbHas cucrema aud-
(epeHMaIbHBIX ypaBHEHHI

X (1)=£(t, x1, X2, oo X,),
X ()=£2(t, x10 X2, oos Xa),

x,,(t)=.tj,,(t, X1s Xz5 ooy Xp)

¢ HAYaJbHBIMM YCJIOBUSMHU B TouKe fo. Pewenue Xo(t)=(py (1), ..., @a{t))"
cuctembl (1) HasbiBaetcs ycmotiuuebim no Jlsanynosy, ecim s o0OOro
£>0 Hajinerca Takoe d(g)>0, yro mus Beskoro pewenus X (r)=(x,(r), ...
. X,(t))7 TOH Xe cHCTEMBI, 3HAYEHHs KOTOPOrO B TOUKE Iy YHOBJET-
BOPAIOT HEpPaBEHCTBaM

(O]

lxi('o)—¢i(fo)|<5(5), i=1,2,..,n, ?2)
AN BCEX (>l CNpPaBe/UIMBbI HEPABEHCTBA '
[xi(t)—@ilt)l<e, i=1,2, .., n. ?3)

Ecnun xe npu ckosb yrogHo ManoMm 8>0 xors Obl I OmHOrO
pewieHust X (f) HepaBencta (3) He BBINOJHSAIOTCA, TO pewenne X, (f)
HA3BIBAETCH HEYCMOUUUBbIM.

Ecnu pemienme Xo(f) He TONBLKO YCTOHYMBO, HO, KpOMe TOrO, NpH
ycOBHU (2) yOOBJETBOPHET COOTHOLUECHUIO

lim |x;(¢)—@i(t)|=0, i=1,2,..,n,
t—+ o
TO 3TO peElleHHE Ha3bIBACTCS ACUMNMOMUYECKU YCMOUIYUBLIM.
Mpumep 1. Uccnenosats Ha ycToWYMBOCTHL pelueHne auddepen-
1IMaJIbHOTO YpaBHCHHS X =ax (a€R), onpenensieMoe HavyajbHBIM YCJIOBHEM
Xo(to)=Co.
< Ecnu a#0, TO pelieHHe MMeeT BHUA

xO(f)=Coea(l—IO).

Myctb x(t)=Ce“(’_'0) —— MPOM3BOJILHOE pELIEHHE ITOr0 ypaBHEHUS,
ynosnetTBopsouiee yenosuio |C—Co|<8=¢. Torma npu a<0 nonyyaem

Lx(t)=xo ()| =1 Ce®l o) _ Coelt=1o) | =2 (1= 1) | 0 _ ¢y | <,
OTKyna
lim |x(t)—xo(f)|=| C—Co| lim e¢~")=0, .
t—=+ o0 t—=+ o

T. €. pelleHHe ACHMITOTHYECKH YCTOHYHMBO.
IMpu a>0

1x(t) = x0 (1) |=€2¢ 1) | = Gy
MOXET ObIThb CKOJIb YTOAHO OOJILIIMM YHUCIIOM NPH AOCTATOYHO GOJILILIKX
t. 3HauuT, npu a>0 peuleHHE HEYCTONYHMBO.

Ecnn a=0, TO pelleHue MMeeT BUI xo(t)=Co.

Ana Besikoro pewenns x(t)=C c ycnosueMm |C—Co|l<d=¢ umeem

[x(t)=xo(t)1=]C—Col<e.
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Ho
lim |x(t)=xo(t)|=]C~Col|#0,
t—-+wo

a TOTOMY peELICHHE yCTOﬁ‘lHBO, HO H€ aACHMITOTHYCCKH yCTOﬁ‘lHBO. >

Wccnenosanue Ha ycTOHYMBOCTb peuieHust Xo(r) cuctemsl (1) Moxer
OBITb CBEAEHO K MHCCIENOBAHMIO HAa YCTOHYMBOCTbD TPHBHMAJBHOrO (HY-
JIEBOTO) PpEULICHMS -— MOYKU NOKOA HEKOTOPON CHCTEMBI, aHAJIOTHYHOIM
cucreMe (1) (cM. 3amauy 9.454).

HccnenoBath Ha YCTOMYMBOCTH peEILUEHMS CHEAYIOIIMX YypaB-
HEHUH M CHCTEM YpaBHEHHil:

9.449. x=t(x—1), x(0)=1.

9.450. x=r—1, x(0)=-1.

9.451. x=x+y, y=x—y; x(0)=y

9.452. x=—2x—-3y, y=x+y; x|

9453. x=ax—y, y=oay—z, i=
aeR.

9.454*, Hanucatp cucreMy gugdepeHIMaNbHbIX YpaBHEHHH,
HCCJIEIOBAaHAE HA YCTOWYHMBOCTh TOYKH NOKOS KOTOPOH paBHOCHIIb-
HO WMCC/IEOBaHMIO HA YCTOWYMBOCTB pelueHus Xo(7) cucremsi (1).

9.455. ChopmMynupoBaTh onpenesieHUss yCTONYMBOCTH, aCHMII-
TOTHYECKOH YCTOHYMBOCTH M HEYCTOMYMBOCTH JUIS TOYKH TMOKOS
cucteMbl aubdepeHIMaTbHBIX YPaBHEHHUH.

(0)=0
z):

2. Ilpocreiiie THNLI To4YeK noxosn. [ys HCCieNOBaHMA Ha YCTOH-
YHBOCTb TOYKH NOKOS CHCTEMbl [IBYX JMHEHHBIX OJHOPOIHBIX IH(depeH-
IHAJIbHBIX YPaBHEHHH C NOCTOAHHBIMH KO3(PQULIHEHTAMHU

X=a;;x+4ay,),
y=anx+azy, a; az;
HANO0 COCTaBMTh XapaKTEPUCTHYECKOE YypaBHEHHE

ayy a2

#0, @

-
au 412 =)»2—(a“+a22)7»+A=0
ax a3, — A

M HQTH €ro KOpHH A; M A,. B tabnuue 4.1 npuseaeHa khaaccudukaums
TOYEK ITIOKOS CHCTeMbI (4) B 3aBUCMMOCTH OT KOpHedH A, A, Xxapak-
TEPUCTHYECKOTO YpPaBHCHMS.

Taonuua 4.1

Kopun A, 1, XapakTep TOYKH NOKOS YcroituusocTs
TOYKH NOKOs
HeicTBu- Ay <O, Yemouuuewii yzea ACHMNTOTHU-
TEJbHBIE! A, <0 4YECKH YCTOM-
Ay #Ay YHBa
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Tab6bnuna 4.1 (npomomkeHue)

Kopun 1, 1, XapakTtep TOYKH noKos Yrg:ﬁz‘":]‘:;c;:
A >0, Heycmotiuuguiii  y3ea Heycroii4u-
A>0 Ba
Ay >0, Cedao Heycroiiuu-
XZ <0 ))t//< Ba
— =
Komnunexc- a<0, Ycemotiuusoiii ghoxyc ACHMNTOTH-
HblE: B0 4ECKH YCTOM-
Ay =a+if, YuBa
Ay=a—if -, /(,)
a>0, Heycmotiuugetii  ghokyc Heycroitun-
B#0 d Ba
a=0, Lenmp Ycroiiyusa
B0 ’; )
HeiicTBH- A<0 Yemotivueniii yzea ACHMNTOTH-
TENbHbIMN, YeCcKH yCTOM-
KPaTHOCTH 2: ; E 4YHBa
)lq = Xz = K
A>0 Heycmotiuuewiii  y3ea Heycroitun-
Ba

7K
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ITpumep 2. Onpenenurh xapakTep U UCCAETOBATh HA YCTOHYHBOCTH
TOYKY MOKOSl CHCTEMBI

x=-=2x+ay,
y=x+y

B 3aBHCUMOCTH OT mapameTtpa o (a# —2).
<1 XapaKTepHCTHYECKOE ypaBHEHHE

—2—A o

=}\,2 X— =
| 1 +A—(a+2)=0

11
HMEET KOpHH k,.z=—§i§‘/9+4a. Uccneays nosenenue KopHeH Ag, A,

B 3aBUCUMOCTH OT NapaMeTpa o H HCHOJb3ys Tabmuuy 4.1, monyuaem:
eciH o < —9/4 (kopHH KOMILIEKCHBIE, Re A ; <0)-— ycToiuuBslit hokyc;
ecit —9/4<a< —2 (KOpPHH AEHCTBUTC/IbHBIE H OTPHUUATENbHBIE) -

YCTOHYMBBIA y3€IT;

eciM —2<a (kOpHM [AEHCTBHUTENbHbIE M DPa3HBIX 3HAKOB)— CEMJIO,
TOYKa TMOKOS HEyCTOHuMBa. o>

OnpenenuTbh XapakTep TOYEK MOKOS CHEOYIOLIUX CHCTEM:

9.456. x=x+2y, y=—3x+y.

1 1
9.457. xX= —2X+§y, y= —2X+§y

9.458. x=—x+3y, y=—x+2y.

9.459. x=—y, y=x—-2y.

9.460. x= —6x—5y, y=—2x—5y.

9.461. x=—x+2y, y=—2x—"5y.

OnpenenuTb, MpPH KaKMX 3HAYEHHSX MapamMeTpa o Touka
TIOKOSl CHUCTEMBbI YCTOWYHBA.

9.462. x=ax—y, y=x+2y.

9.463. x=—3x+ay, y=—ax+y.

9.464*. MccnenoBaTh Ha YCTOHYHMBOCTb PpELICHHE YPABHEHHUS
ynpyrux konebauuii x+20x+pZx=0 (o> 0).

9.465*. Ilycth 3ajaHa cuctemMa » JMHEHHBIX guddepeHIn-
aJIbHBIX YPaBHEHHH C MOCTOSIHHBIMHM ko3¢ ¢uuMeHTaMu

n
X,-= Z a;jXj, = l, 2, oy R
i=1

Jloka3zaTh, 4YTO €CiiM BCE KOPHM XapaKTEPUCTUYECKOTO YPaBHEHHs
3TOH CHCTEMBI MMEIOT OTPHLATENbHYIO NEHCTBHTEIbHYIO 4YacTb, TO
TOYKa MOKOS CHCTEMBbl aCHMIITOTHYECKM ycToduuBa. Ecmm xe xots
Obl OIMH W3 KOpHEH XapaKTEpUCTHYECKOrO YpaBHEHUS! HMeEET IOJIO-
KUTEJIbHYIO JEHCTBUTENBHYIO 4acTh, TO TOYKA MOKOS HEYCTOWYHMBA.

Ucnonb3ys pesynbTar 3amaum 9.465, uccienoBaTh Ha YCTOM-
YUBOCTH TOYKY MOKOS KaXIOW M3 CJIEYIOLIMX CHCTEM:

9.466. x=2x, y=3x+2y, i=—x—y—z.

9.467. x=—-2x—y, y=x-2y, i=x+3y—z.
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3. Meron ¢ynxumii JlanyHoBa. DTOT METOA B INPHMEHEHHH K aB-
TOHOMHO#R CcHCTEMe

............................ 5)

Xn=fulX1, oy X),

rae fi(0, ..., 0)=0, i=1, 2, ..., n, COCTOMT B HENOCPEJCTBEHHOM HCCIEA0BA-
HHM YCTOWYMBOCTH €€ TOYKHM MOKOS HPH NMOMOIM NOAXOASAWMM obpasom
NofobpaHHoil @ynkyuu Jlanynosa V(xy, ..., X,).

BepHbl crnenyroume teopembl JIsnyHoBa:

Teopema | (06 ycroituuBocty). Ecau cywecmeyem ougpgepenyupy-

eman gynxkyua V(xy, ..., X,), y006.1emeopAowaAn 6 OKpeCMHOCMU HAYaia
KOOPOUHAM  CACOVIOWUM  VCAOBUAM:
a) V(xy, ., x,)20, npuuem V=0 auwsv npu x,=..=x,=0,
av = dV
6) —= — filxy, ..., x,)<0,
) dl ,~=21 8Xiﬁ( 1 u)

Mo mouxka nokos cucmembsl (S) ycmotiuuea.

Teopema 2 (06 acuMNTOTHYECKOM ycToH4YMBOCTH). Ecau cywe-
cmeyem Ougdepenyupyeman  Pynkyua V(xy, ..., X,), yoosremeopaiowasn
6 OKPeCMHOCMU HAYAAQ KOOPOUHAM CACOVIOWUM YCAOBUAM.

a) V(xy, ... X4)=0, npuvem V=0 auup npu x,=..=x,=0,
6) dv i an( <0 dv 0
—=) — fi(xy, ..., X,)<0, npuuem —=0 auwvb npu x,=...
d ot P dt P
=x,=0,

mo mouyka nokoA cucmembl (5) acumnmomuyecku ycmoiiuusa.
Teopema 3 (o HeycroituuBocTH). Ecau cywecmeyem Ougdpepen-
uupyemas  Pynkyus  V(xy, ..., x,), ydosiemeopsiowan 6 okpecmuocmu
HAYAAQ KOOPOUHAM YCAOBUAM:
a) V(0, ..,0)=0 u ckoa yzoowo 6auzxo om Hauasa Koopduwam

umelomes mouku, 8 Komopuix V(xy, ..., x,)>0;
o 5, 150 a_,
—=5 — fi(xy, ., X2) 20, npuvem —=0 muuv npu x,=..
dr S o P dt P X
=X,=0,

mo mouka nokosi cucmemsl (S5) Heycmouuusa.
ITpuwMep 3. C nomowsro ¢yHkuuu JlanyHoBa HccleqoBaTh Ha
YCTOHYMBOCTL TOYKY MOKOS CHCTEMBI
X=—x+y,
y=—2y3—x.

dv
<1 B kauectse Qyukuuu JlanyHosa BosbMeM V=x2+y? Torma -

dav
=2x(=x+y)+20(—2y3—x)=—=2(x2+2y*), u dynkuus V Bmecre ¢ =
YIOBJIETBOPAET YCJOBHAM TEOpEMBI 2. 3HAYHT, TOYKA TMOKOS CHUCTEMBI
aCHMNTOTHYECKH YCTOWYMBA. >

anMCp 4. UccnepoBaTh Ha yCTOﬁ‘{HBOCTb TO4YKYy TIIOKOsl CH-
CTEMbI

x=x(2+cosx),
y=-y.
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dv
<1 Bosbmem Gyuxunio V(x, y)=x*-—y2 Toraa 717=2x2(2+cosx)+2y2=

x
=2(2x2+y2+x2cosx)=2(xz+2x2cos2 §+y2 >0 Bcrody, KpOMe Hayana

xoopauHat. Kpome TOro, ckojib yrogHo 61M3ko K Hauajly KOODAMHAT
Haluxchx TOYKM, B KOTOpbIXx V>0 (Hampumep, Baonp mnpsmoi y=0
V=x2>0). CneuonaTeano BBINOJIHEHbI YCJIOBUS TEOpeMbl 3, W ToOuKa
NOKOS HeyCToH4MBa. =

O6umero Metroma nocrpoenus ¢Gynkumii Jlsnynosa He CYLUCCTBYCT.
B npomeumux clyyaax ee ClemyeT uckaTh B Bume: V=ax?+by?,
V=ax*+by*, V=ax?+by* nonbupas uaanexawmm o6pazoM mOCTO-
sHHble a>0 u b>0.

Mpumep 5. HccnenoBarh Ha YCTONYMBOCTBL TOYKY TOKOSI CHCTEMbI
. 3,
X= —x+§y+3xy ,
’ 1 2,2
y=—x—3y- 2x%y

< Oynkumio Jlanynosa 6yneM uckaTh B Bune V=ax?+by?, a>0, b>0.
Torna umeem:

dv 3 )
E=2ax<—x+§y+3xy3)+2by(—-x—}§—2x2y2>=
2
=— 2ax2+§byz +(xy+2x2y3)(3a—2b).

3 dv
Tonaras b=5a, NOJIy4HM, HYTO E:—a(2x2+yz)<0 npu Bcakom a>0.

N3 Teopembi 2 BbITEKAET, YTO TOYKA NOKOS CHCTEMBI ACUMIITOTHYECKH
yCTOHYHMBA. >

HUccaenoBath Ha YCTOHYMBOCTD TOYKM TNOKOS CJIENYOLIMX
CHCTEM:

9.468. x=—x—y—x>—y% y=x—y+xy.

9.469. x=y+x3, y=—x+y>.

9.470. x=xy*, y=—x*y.

9471, Xx=—y+x°, y=x+y°

1 1

9.472. x=y+x2y? —ZXS, y= —2x—2x3y—§y3.

9.473. x= —2x+4xy?, y=y+2xly.

4. VcToituMBocTE 1O nepnomy npuémkenmo. [Tpeanonoxum, 4ro
npaBble YacTH cuctemsl (5), T.e. QyHKuMM fi(xy, ..., X,), i=1, 2, .., n,

auddepeHnnpyemMbl B Havane koopzmuar JNOCTAaTOYHOE YHCIO  pas.
Pasnoxum ux no ¢opmyne Teiislopa B OKpECTHOCTH Hayalla KOOPAMHAT:

ﬁ(xl, coey X,,)= z a.'I'Xj+F,'(X1, cers ,\',,)‘

i=1
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a£(0, .., 0)

rae a,-,~=—ax—, a F;—vuneHnl BTOpPOro nmnopsaka MajloCTH OT-
)

HOCHUTEJNIBHO Xy, ..., X,. Torma HcxoaHas cuctema (5) MoxeT ObiTh
3anucaHa B BHJE

n
£1=Y ayx;+Fi(xy, ., X,),

X',,= Z a"ij+F"(xl, eeey x,,).

i=1

PaccMoTpuM cuctemy

n
Xi=y aix; i=1,2,..,n, 6)
j=1
Ha3bIBAEMYIO CHUCTEMON YpaBHEHHH nepeozo npubaudncenus IJIS CHCTe-
Mbl (5).

CnpaBeUIMBO CleHylolllee YTBEPXKAEHHE: €CJIM BCE KOPHH Xapak-
TEPUCTUYECKOTO YPABHEHUS CHCTeMbl (6) HMEIOT OTpHLATENbHbIE NEHCT-
BUTE/IbHBIC 4YaCTH, TO TO4YKa TOKOS CHCTeMbl (6), a Takxe MCXOIHOM
cucteMbl (5) aCUMNTOTHYECKH YCTOMYMBA; €CJIM XOTA Obl OJHH M3 KOpHEH
XapaKTCPHCTHYECKOTO YPAaBHEHUS CHCTEMBI (6) HMEET TOJIOXKUTEIbHYIO
MEHCTBUTENBHYIO 4acTb, TO TOYKa MNOKOs cucTeMbl (6) (M cucremsl (5))
HEyCTOWYHUBA.

[oBOPAT, 4YTO B ITHX Clly4asX BO3MOXHO MCCJIEIOBAaHHE CHCTEMBI
(5) Ha ycmotiuugocms no nepgomy npubauxcenuro. B ocTanpHbIX Ciyyasx
TaKoe HCCiIeIoBaHHe, BOOOILE I'OBOPS, HEBO3MOXHO, TaK Kak HauYMHAET
CK43bIBATBCA BJIMSHHE 4YJICHOB 2-TO NOPAAKAa MaJIOCTH.

Mpumep 6. UccnenoBats Ha yCTONYMBOCTb TOYKY NOKOS CHCTEMBI

X=2x+8siny,
y=2—e*—3y—cosy.
<1 Pasnaras ¢yHkumm siny, cosy, e* mo ¢opmyre Teitnopa

M BbiAENSAS 4JeHhl 1-ro nopsaka MaJIoCTH, MOXEM NepenucaTh
WUCXOAHYIO CHCTEMY B BHIC

x=2x+8y+F\(x, y).

y=—x=3y+F,(x, y),

ine Fy, F—unenbpl 2-r0 NOpSAKa MAJOCTH OTHOCHTEBHO X H ).
CooTBETCTBYIOIIAA CHCTEMA ypAaBHEHWH mnepBoro npubmwkeHHs Bupa (6)
34ANMULIETCH CieAyIouMM obpa3oM:

x=2x+38y,
y=—x-3y.

—1+i/7

KopHH e¢ XapakTepUCTHYECKOrO YPABHEHMS A ,= HMEIOT

e

OTpHUATEIbHbIE AeHCTBUTEbHbIE 4acTH. ClleoBaTeNbHO, TOYKA MOKOSA
ITOM, a TaKXe HCXOJHOM CHCTEM YCTOHYMBA. D>

UccnemoBaTh Ha YCTOWYMBOCTH MO NEPBOMY NPHOIMKECHHIO
TOYKH MOKOs CleAylolux cucteM auddepeHIuanbHbIX yPaBHEHUIH:
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1 .
9.474. x=%(e"— 1)-9y, p=gx—siny.

9.475. X=5x+ycosy, y=3x+2y—y3e’.
9.476. x=T7x+2siny, y=e*—3y—1.

31,
9.477. x= —§x+ism2y, y=—y—2x.

9.478. x=In(4y+e3*), y=2y—1+3/1—6x.

9.479. x=e**¥ —cos3x, y=./4+8x—2e.

9.480. Iloka3aTb, 4YTO HCCJIIEJOBAHHE HAa YCTOMYUBOCTb IO
NEPBOMY NPHOIMKEHUIO TOYKU IMOKOS CHCTEMBbI

Xx=—4y—x3, y=3x—y3

HeBo3MOXHO. [IpoBectu uccienoBanue MeroaoM GyHkimit Jls-
MYHOBA.

§ 5. Ukcnennoe MHTErpHpoBaHMe OOLIKHOBEHHbLIX
InddepeHnHa IbHLIX ypaBHEHHH

1. 3agaua Kowm. 3ajaua HaXOXOEHWs 44aCTHOro peweHus y=y(x)
(y(x0)=yo) mubdepenunaibhoro ypasHenuss y'=f(x, p), Ha3biBacMas
3amadeit Ko, MOXeT ObIThb TPHOJIMXEHHO pEIIEHA YMCIEHHBIMH Me-
TOAMH.

Meton Diinepa. 3HayeHus uckomoll ¢yukuuu y=y(x) Ha
otpeske [xo, X]| HaxomsT mo ¢opmyrne

Yk+l=yk+h'f(xks }’k), (1)

X—XO
rae yi=y(x), xes1=xx+h(x,=X), k=0, 1, ..., n—1, 1 h=—"— (war).
n

IMo 3apaHHOM mnpenenbHON abGCOMOTHON MOrpEeLIHOCTUH € Ha4aJbHbIA 1IAr
BBIYMC/IEHHH / YCTAHABJIMBAIOT C MOMOILbIO HepaBeHCTBa h’<e.

MeTton Diinepa c uTepauusamu. [is BbIYMCICHUS 3HAYCHUIN
GyHkuun y=y(x) npumensiotr Gopmyny

h
P =il p) 4 (s 1LY, 2

k=0, 1, ..., n—1, m=1, 2, .., M,

rae y® =y.s, BbluHcasioT no dopmysne (1). Tpu xaxaoM 3HaveHUn
k BBIYHCIEHHS TPOMODKAIOTCH 1O BLINOJHEHUS HEPABEHCTBA

(m) __ .(m-1)
Yie17 Vi1

<eg, 3)

rae €—3aJdaHHas nPeueanaﬂ abcostoTHas norpewHocTs. [locie 3Toro
MOJIATAIOT yyry =p™ WM NEPEXOAT K HAXOKIECHUIO CIIEYIOLIETO 3HAYEHNS
Yu+2 uckoMmoit ¢ynkumu. Ecnu HepaBeHcTBO (3) He pocTuraercs, TO
YMEHBUIAIOT LHAr A U BHITIOJIHAIOT BCE BbIMUC/EHUS cHavana. [To 3agaHHO#M
npeiebHON A6CONMIOTHOM TNOrPEIIHOCTH € HavalibHbIA LIAr BbIYHCIIEHHUIM
h ycTaHaBnIMBAIOT C NOMOWbK HepaBeHCTBa h><e. AnoctepHopHas
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OLIEHKa TOYHOCTH BBINOJIHAETCA NMpPU nomMoiud npaeuia Pywre --Pombepra
(cM. HHXeE).

MMpumep 1. Peumnts Metonom Ditnepa ¢ uTepauMsMH 3ajady
Kourn Ha orpe3ke [0, 1] ans ypaBHeHHs y ' =2x—y C HayaJbHBIM
ycinosueM y=—1 npu x=0. llar BrI6GpaTh Tak, 4TOGB YAOBIETBOPSAIOCH
HepaBeHcTBO h3<0,01.
< Wcxons u3 uepasenctsa h><0,01, Buibepem mar Bbluuciennit hA=0,2.

Torna n=0_7=5. [MpoBoas BHIYMCIIEHHS C OJHHUM 3aMACHBIM 3HAKOM,
HaxomuM mo ¢opmyne (1) 3HaveHue
yO=—-1402(2-0—(—1))=—0,800.
Benem utepaumonuyro obpabotky y; nmo dopmyine (2):

0,2
A= =142(2:0—(=1)+2-0,2—(~0,800)) = —0.780,

0,2
5-(2:0~(=1)+2-0.2—(~0,780))= ~0,782,

0.2
Y= =145 (2:0—(=1)4+2-0.2—(~0,782)) = ~0,782.

yP=—1+

MMonyuaem y, = —0,782.
Briuncisem no dopmyne (1) 3savenne y':

Y= -0,782+0,2(2-0,2—(—0,782))= —0,546.
[TpoBoauM uTepaumoHHyo 06paboTky:

0,2
¥y'==0782+-(2-0,2~(~0,782)+2-0,4~(~0,546))= ~0,529,

»

0.2
yP'==0782+--(2-02~(~0.782)+2-0.4~(~0,529))= ~ 0,531,

0,2
é (2:0,2—(-0,782)+2-0,4—(—0,531))= —0,531.
MMonyyaem y,= —0,531.

AHAJIOTHYHO BBIYHCISAA, HaXoauM yy= —0,253, v, =0,047, ys=0,366.
Oxpyrass 0o CoThiX, nomy4aeM yo=—100, y;=-0,78, y,=-0,53,
y3=—0,25, y4=0,05, ys=0,37. HaiinenHble 3Ha4e€HHs y; COBNAJAIOT
¢ ToYHOCTBIO 1O 10 "% G0 3HAYEHMSAMU YACTHOrO pelueHHs y=e *+2x—2
B COOTBETCTBYIOIIMX Touykax otpe3ka [0, 1]. o

Meton Pyure — KyTTa. 3uadeHus uckoMoil GyHxuun y=y(x)
Ha otpe3ke [xo, X] mocnemoBaTensHO HaxomAT mo dopmynam

Wr1=W+Ap. k=0, 1, ., n—1, “4)

yP=—0,782+

rape

1
Aye=cla?'+245"+245" +47),

) _ (k) h q¢
qV=h f(x, »), qP=h-f xﬁ‘i» ,Vk+—£“ R
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(k) h qtzk) (k) (k)
=hf xk+§, W= > =hf(xe, tqgP)

Xa1=x+th  (x,=X), h=(X—xo)/n.

Io 3ananHoil npenenbHOM aGCOMOTHON TOrPEIIHOCTH & Ha‘laﬂbelPl uiar
BLIYMCJICHHI I YCTAHABJIMBAIOT C NIOMOILIO HepaBeHCTBa h* <&. Anocrtepu-
OpHasi OLEHKA TOYHOCTH BBIIOJHACTCA MO TNpPaBUIY Hre—P0M6epra
Mpasuno Pyure -— Pombepra. Ilycts Y9 u y?"—s3nave-
HHS UCKOMOM (PyHKIMHM, NOJIyYCHHbIE OJHMM U3 YKA3aHHBIX BbILLIE METONOB
TpH 1Iarax BbIMACIACHUA h W 2h COOTBETCTBEHHO, a ¢€-—3aJlaHHAs
abconroTHas npenenbHas norpeiuHocts. Toraa cyuTaeTcs, YT0 JOCTUTHYTA
3alaHHAsg TOYHOCTbH Bbl‘lHCJ'lCHP[ﬁ, €CJIH BBINOJIHAETCA HEPABEHCTBO

,(h)

(2
NV~ Vk

<e )

2°—1

npu Bcex k W mpu s=2, 3, 4 COOTBETCTBEHHO J[UIS METONOB Jiinepa,
Diinepa ¢ mepaunnmu " Pynre—KyTTa PemrenneM 3anauu  aBiseTcs
fymams {y®}.

I'lpnmeﬂxu yKa3aHHOE NPaBHJIO, MOCJEAOBATENbHO BBIYHCIIAIOT 3HaYe-
HHUS MCKOMOH (yHKUMH C maroM 2h W C 1IAroM h W CpPaBHUBAIOT
NoJTyueHHble pe3ysibTaThi no ¢opMmylsie (5). BbluuciaeHHs 3akaHYHBAIOT,
KOrga HepaBeHCTBO (5) BBIMOJIHAETCA NpH Bcex K.

ﬂpuMep 2. Pemmuts MetogoM Pysre — KyTTa C TOYHOCTBIO J10
107> 3apayy Kowm Ha otpeske [0, 0,6] nns ypaBHeHHA ) =x+y
C HavajbHbIM ycnoBueM y=1 npu x=0.
< Ucxona u3 HepaeenctBa h*<0,001, BbiOMpaeM HavyajibHbIA 1mar
BoluucieHuit h=0,15. Torma n=4. IIpoBoas BLIYKCIIEHUS C OIHHUM
3amacHbIM 3HAKOM, HaxoauM y; mo ¢opmynam (4):

n=l+Ayo=1+- (q‘°’+2q‘°’+2q‘°’+q§f’),
rae ¢'”=0,1500, ¢=0,1725, ¢'=0.1742, ¢¥=0,1986. Hmeem:

=1 +€(0,1500+2 -0,1725+2-0,1742+0,1986)=1,1737.
Hanee,

y2=1,1737+- (q“’+2q“’+2q‘”+q5,”),
rae ¢{V=0,1986, q“’ 0,2247, ¢''=0,2267, ¢\’=0,255]1. CienoBatensHo,
yz=l,l737+—(0,1986+2’0,2247+2'0,2267+0,2551)=|,3998.

Ananorn4no BbluMCIsEM y,=1,6867 u y,=2,0443.
VMeHbIUMM 1Iar B ABa pa3a, T. e. BeiOepeM h=0,075, tenepr n=8.
Haxoanm y¢ no cbopMynaM 4):

y‘,"’=l+Ayo 1+- (~(0)+2q(20)+2q(30)+ ~(0))
=1 +— (0,075+2-0,0806 + 2 - 0,0808 +0,0867) = 1,0808.

AHaJIOTHYHO HaxO[IMM OCTaJIbHblE 3Ha4YeHHs yP.
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Pesynuanl BBLIYMCJICHHI TIOMELIaeM B Taﬁnuuy:

e o yEo -
yer=1 o= 0
¥ =1,0808
yE»=1,1737 g-’— 1,1737 0
y3’= 1,2796
yE» =1,3998 Y= 1,3997 0,0001
W =1,5350
y &M =1,6867 = 1.6866 0,0001
Y0 = 1,8559
YW =2,0443 Y =2,0442 0.0001

OueBHAHO, 4TO JiEBas 4acTh HepaBeHcTBa (5) B nmaHHOM ciy4ae He
npesocxoaut 0,00002. IToatomy yi‘ ¢ ToyHocThIO 0 10”4 mpencrasasior
HCKOMYIO (bym(umo T. €. BCC HaWJEHHbIC 3HAaKH BEPHbIE. >

MeTona M uiHa. 3HaueHUss UCKOMOI QYyHKLMH y=p(X) HA OTpe3ke
[xo, X] mocnemoBaTensHO HaxoAAT mno ABYM dopmMynam:

4h .
J’k=J’k—4+7 (2 f (xi-3, ,Vk—s)*f(xh—z, )’k—2)+2 'f(xkAlv Yi- 1)),

h ) ©)
ykZYh-z+§ (f (xk -2 ye—2)+4 (xi— 1, Yo 1)+ (xe0 B,

X—Xxo

k=4, 5, ...on, h= 5 x,,=x,,_1+h.

[MepBbie YeThipe 3HAYEHHSA Yo, Vi, V2, V3 JOJKHBI ObITH 3aJaHbl, JUis
4€ro yi, Y2, y3 NPEABAPUTECIIBHO HAXOOAT KaKUM-JIH00 APYIrUM METOOAOM.
npeﬂeﬂbﬂaﬂ abcomoTHas NOrpe€lIHOCTb € 3HAYEHHA )i npuﬁnml(eﬂHoro
PEUICHHS ONpENCHsieTCs PABEHCTBOM

1
=—| P —=Vil. 7
€ 29|}k Vi )]

[Tpumep 3. Hcnonb3ys mnosnydYeHHble B NpHMEpe 2 METOAOM
Pyure —KyTtTa 3Hauenus y,, y,, y3, HAHTH MeTOA0OM MHiHA 3HAYEHHE yg4.
< UmeeM y,=1,0000, y,=1,0808, y,=1,1737, y;=1,2796 n h=0,075.
Buiuucnsa v, vy, no ¢opmynam (6), nomydaem:

4-0,075

(2(0,075+ 1,0808)—(0,15+1,1737) +
+2(0,225+1,2796)) = 1,3997,
0,075
Va= 11737+ == ((0,15+1,1737)+4(0,225+ 1,2796) +

+(0,3+1,3997))=1,3997.

[Mockonbky J4—y,=0, 3 dopmynn (7) 3akiaroyaem, HTO B 3HAYECHUH
Y4 BCE 3HAKH BEPHbIE. >

}74=]

B 3agauax 9.481—9.499 tpebyercs HalTU C TOYHOCTBIO IO
0,0001 pewmenne mudpdepeHMaNbLHOTO ypaBHEHHA 1-ro mopsaxa
C YKa3aHHBIMH Ha4aJbHbIMH YCJIOBHSMH Ha 3aJlaHHOM OTpe3Ke:
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a) MetoooM ODiinepa C WTepalUsiMH,
6) meromom PyHre—Kyrra,

B) MeTogoM MuiHa.

9.481. y' =— 2 y©O=1, [0, 1]

xiy¥

9.482. y'—2y=3¢*, y(0,3)=1415, [0,3, 0,6].
9.483. y'=x+y% y(0)=0, [0, 03]
9.484. y'=y2—x2%, y()=1, [1, 2]

9.485. y'=x2+y? y(0)=027, [0, 1]
9.486. v’ +xy(1—y9)=0, y(0)=0,5, [0, 1].
9.487. y'=x—xy+y? »€0)=0,1, [0, 1]
9.488. y'=(2y—x)/y, y()=2, [L. 2].
9.489. y'=x’+xy+y*+1, y(0)=0, [0, 1]
9.490. y'+y=x3 y()=—1, [1, 2].

9.491. y'=xy+e’, y(0)=0, [0, 0,1].

9.492. ¥ =2xy+x2, y(0)=0, [0. 0.5].

9.493. y’=x+sin§, y©)=1, [0, 2].

9.494. y'=e*—y%, y(0)=0, [0, 04].
9.495. y'=2x+cosy, y(0)=0, [0, 0,1].
9.496. y'=x7+y?% y(0)=0,5. [0, 0,5].
9.497. y'=xy3=y, y(0)=1, [0, 1].
9.498. y' =y2-e*=2y, y(0)=1, [0, 1].

1
9.499. y'=——1, p(1)=0, [l, 2]
yo—X

B 3apmayax 9.500--9.502 coctaBuTh Ha (opTpaHe mOLIPOr-
pamMMbl  peleHuss auddepeHunanbHoro ypapHeHust y =f(x, y)
YKa3aHHBIMH METOJAaMH.

9.500. Meton Oiinepa ¢ urepaumsamu. Ilapamerpor: F, XO,
Y0, H, N, Y, rae F—wumsa nomnporpaMmsel-pyHKuuu s
BBIYUC/ICHUSA 3HaYeHuil QpyHkuun f(x, y), X0-—HavanpbHOe 3HAYEHHE
aprymenTa, Y0-—mHavanbHoe 3Hauenue ynkumum, H — mar Bprumc-
snenus, N-—uucno 3Ha4yeHWH HckoMoH ¢yHkmMH y=y(x), Y-—
MaccuB pasMmepa N 3HaueHMit QyHkuuu y=y(x).

9.501. Metron Pynre—Kyrra. ITapamerpwr; F, X0, YO, H,
N, Y, EPS, rme H-—mwnavanpHblii wmar BbruucieHuii, EPS--
3ajlaHHas TpenesibHasi abCoMOTHAs TOrpelIHOCTb, BXOXHOH ma-
paMeTp; OCTajibHblE MNapaMeTpbl, kKak B 3agade 9.500.

9.502. Meton Munna. [Tapamerpu: F, X0, H, N, Y, EPS,
rae EPS —monyyeHHass mpu BbIMHCICHUSAX MpenesibHas abcosoT-
Has TOrpelHOCTb, BBIXOJHOM mnapamerp, N-—uucio 3HaveHH#
HCKOMOH GyHKIMH, BKJIFOYas HayaiabHOe. OCTaJIbHBIE MapaMeTphl,
kak B 3aaa4e 9.500. [TepBbie yeThipe 3neMeHTa MaccuBa Y AOJDKHBI
6bITh ompeneneHsl nepea oOpallieHHEM K MNOLIPOrpamMMe.
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B 3apgauax 9.503—9.505 cocraButh Ha ¢opTpaHe mporpamMmy
pewieHUs oaHoM u3 3azay 9.481—9.499, ucmonp3ys nons 3TOro
OIHY M3 YKa3aHHBIX MOANPOIPAMM.

9.503. Iommporpamma, mosyuenHas B 3agade 9.500.

9.504. Iloanporpamma, monyyeHHas B 3amave 9.501.

9.505. INoanporpamma, mojyveHHas B 3amade 9.502.

PaccMoTpeHHble BbILLIE METOOBI MOTYT OBITb HCNOJIB3OBaHbBl TPH
pewienun 3agayv Kowm s HOpManbHOM cHCTeMbl ABYX AudpepeHLH-

aJbHBIX ypaBHeHHH 1-ro mopsgka u s auddepeHIMANBHOTO ypaBHEHUS
2-ro mopsaka.

Mpumep 4. Merogom Ditnepa ¢ MTEpALUAMH PEWIATL 3ajady
Komu Ha otpeske [3, 4] ¢ TounocTbio mo 1072 mns ypaBHeHHs

y"=—£+iz+l

NpH HAYaJbHBbIX YCJIOBHSAX yg3) 6, y'(3)=3.
<1 Ucxons u3 Hepasencrsa h”<0,01, BeibepeM war BbluHCIeHu#H h=0,2.

T 43 s
orja n=—m-=>,.
i 02

ITpuBoauM ypaBHeHHE 2-TO MOpsAKa K CHCTEME [BYX YPaBHCHHMH
l-ro nopsaka, BBeAs HOBYIO GYHKIMIO p=)’:

p
pr=—A +1—f(x ¥ p),
y'=p=0 (x, ¥» p)-
HayanbHble ycnoBMS IUIS NAHHOM CHCTeMbl: y=6, p=3 mpu x=3.
CoxpaHsisi OOMH 3amacHOW 3HaK, BBIYUCIHM 3HaYeHHs QYHKUMHR
p=p(x) n y=y(x) B Toukax x;=3,2, x;=34, x3=3,6, x4=3.8, x5=4
no ¢opmynam (1) u (2).
Ipn x;=3,2 umeem:
© 3 6
P =po+h-f(xo, yo. Po)=3+0,2 —3+§3+l =3,133,
y‘o’=y0+h'(p(x0, Yo, Po)=Yo+h po=6+0,2-3=6,600,

V=po+= (f(xov YOyPo)Jrf(xh », (0)))"

=3+40,1 3+6+l +
T 332

h
wy =)’o+§(‘4’ (X0, Yo, Po)+@ (x1, 1, p7)) =

l33+6600+l =3,133
322 - ’ ’

Yo+ (po+p‘°‘) 6+0,1(3+3,133)=6,613.

Monyyaem 3Hauenus p,=3,133 u y,;=6,613.
Mpn x,=3,4 umeeM:

0 3,133 6,613
P =pi+h f(xy, y1, p1)=3,133402 —=— a3
(0)

+l)=3,266,
yW=yi+h @(xy, y1, p1)=y1+h py=6,613+023,133=7,240,
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P =p += (f(xl’Yval)‘f'f(xz y9, )=

3,133 6,613 3,266 7,240
=3,133+0,1{{ ——— 1 +1])=3,266,
sazson (534 S50 o (2504 2204 ) -2a00

h
=y1+z ((p(xly Yis Pl)+(P(x2 9, p(20)))

1)
Y2

=yi1+z (pl +p{?)=6,613+0,1(3,133+3,266)=7,253.

Orcioga mosny4yaem 3HauYeHHs p,=3,266 u y,=7,253.
[MpoBens aHajOrH4YHbIE BBIMHUCICHUA TpH X3=3,6, x4=3,8 U x5=4,
HAXOUM

p3=3,399, y;=7920,
P4=3,532, y,=8,613,
ps=3,665, ys5=9,333.

Oxpyrass 10 COThIX, MOJY4acM OTBET: yo=6,00, y; =6,61, y,=17.25,
):3=7‘92’ y4=8‘6], y5='-9,33 =

B 3amavax 9.506—9.511 Tpebyercss HaWTH pelUeHHE CH-
creMbl IByx AuM¢epeHlnaNbHBIX YpaBHEHHH 1-ro mopsiika WU
peutenne aubdepeHIHANBHOTO YpaBHEHUs 2-TO MOpAAKA C TOY-
HOoCcThIO N0 1072 mnpu yka3aHHBIX Ha4aJbHLIX YCJIOBHAX Ha
IaHHOM OTpE3KeE:

, 222 z l
= y(1)=0, z(l)=§, {, 2}

-9.506. y —i o
9.507. y'=(z—y)x, z'=(z+y)x, y(0)=1, z(0)=1, [0, 1].
9.508. y'=cos(y+2z)+2, z'=- 22 ——+x+1, yp(0)=1, z(0)=
=005, [0,0,3].

o 0935]09 y=e 0 4ox =224z, y(0)=0,5, z(0)=

9.510. y"—y=c*, y(0)=0, »'(0)=0.5, [0, 1
9.511. y'—2y'=x*—1, y(l)= l, y (l)——-— (1, 2].

9.512. CocraBuTh Ha q)op'rpax-le MOANPOrpaMMy pELICHHUS
metonoM Pynre—Kyrtra cucrembl nByx audepeHnuanbHbIX
ypaBHeHHH 1-ro mopsiaka

y'=f(x,  2),
Z’=¢(x, v, 2)

C HayaJbHBIMH YCIOBHAMM y(Xo)=yo, Z(Xo)=2zo Ha OTpes3Ke
[x0, X]. Mapamerpst F, FI, X0, YO, Z0, H, N, Y, Z, EPS,
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rie F u Fl-—uMmeHa noamporpaMM-QyHKUMH [JI BBIYHUCIICHUS
jHayeHnd ¢yHkmmd f(x, y,z) U @(x, y, z), X0-—HayanbHOE
JHaYeHHE apryMeHTa x=Xxo, Y0 ¥ Z0—HavajgpHble 3HAUYECHHSA
¢yukuuit, H — HavanbHbI# ar BuIYMCIEHUH, N -—4YiCIO 3HA4YCHUH
MCKOMBIX QyHKIHHA y=y(x) U z=z(x), Y U Z—MaccuBbl pa3Mepa
N s3Havenmit ¢yukuué y=y(x) u z=z(x), EPS—3ananuas
npenesibHass aGCONMIOTHAs MOTPELIHOCTb.

9.513. Hcnons3ys moanmporpaMmy, NMOJIyYEHHYIO NPH DEILICHUH
tagayn 9.512, coctaBuTh Ha ¢oOpTpaHe NPOrpaMMy pelLeHHs
onHo# m3 3amauy 9.506—9.511.

2. Kpaepas 3agava 1as Jmmeiinoro ypasnenms. Kpaepas samaua ans
JuHeliHoro auddepeHLnaIbHOrO ypaBHEHHUs

Y 4+p )y +q(x)y=1(x),

rae p(x), q(x) U f(x)-—HekoTopble HempepbIBHbIC Ha oTpe3ke [a, b}
(GYHKIMM, COCTOMT B HAaXOXAEHHM €ro peuleHus y=y(x), YIOBJET-
BOPSAIOLIETO T'PAaHUYHBIM YCIOBHSM

oo y(a)+a, vy (@)=
Boy(b)+Byy (b)=B,

rae ap, o, Po, Pi, A, B-—mnocrosHHBIE M |0o|+]|a|#0, |Bol+
+|B;1#0. Orta 3amaya MoxeT ObITb PpeCLIEHA YUCIAEHHO METOAOM
KOHEYHBIX  pa3HOCTEH, TpPUMEHAS  KOTODbIH  3HaYeHMs  QYHKUUM
y=y(Xx) HaxomAT M3 CHCTEMBbl JIMHEHHBIX YpaBHEHHH (n+1)-ro mopsana-
Ka BHAA:

-2 + k+17
B2 T ) P g () = A (),

; i @®
k=0, 1, .., n—2,

=y
aoy0+('1] l—h—9‘=/{, ( b——a)

Yn—Vn-
ﬁOyn_*'Bl h -=

¢ n+1 HEU3BECTHBIMH Yo, Vi, ...y V-

MpuMmep 5. Pemmrb kpaeByro 3amady a1 auddepeHuuanbHOro
YpaBHEHHS

B

Y'+xty+2=0

c rpaHuuHbiMH ycnoBusmu y(—1)=0, y(1)=0 na otpeske [—1, 1]
METOJOM KOHEYHbIX pa3HOCTEd, pa3bHB ITOT OTPE30OK HA 4YeThIPE PaBHbIE
YacTH.

< HUmeem: n=4, h=0,5, yo=0, y,=0. CnenoBatenbHo, Tpedyercs

BBIYHCIMTD TPH 3HaueHus y, =y (—0,5), y,=y (0) r3=y(0,5). CocraBnseM
cucreMy (8), monaras moouepeaHo k=0,

k=0:

Y2=2y1+yo
h2

)

|
+X%,V1+2=0, WIH 4(y2—2yl+yo)+zyl=_2;
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_2;+
)2___;’}22_}11_-}—)6%)'24'2:0, w4y —2y,+y1)=-2;
k=2:
Ya=23ty2

1
W2 +x3y;42=0, wm 4(y4—2y3+y2)+2y3=—2.

HobaByifs rpaHW4HBIE YCJIOBHS, MOJIy4aeM CJCAYIOUIYIO CHCTEMY MATH
ypaBHEHHH OTHOCHTEIbHO MATH HEM3BECTHBIX Vo, Vi, Va2, V3, Va'
16y0—31y, + 16y, =—8,
2y, — 4y, + 2y =-1,
16y, —31y;+ 16y, = —8,
Yo =0,
Ya=0.
Pewas 3Ty cucremy, HaxoauMm yo=0, y; =0,8, y,=1,05, y3=0,8, y4,=0. >

B 3agauax 9.514—9.519 Ttpebyercs HaiTH peumeHne aud-
(epeHIMaNIbHOrO ypaBHEHUS 2-TO MOPSAIKA C YKa3aHHBIMU I'DAHHY-
HbIMH YCJIOBUAMH METOJOM KOHEYHBIX pa3HocTell, pa3OuB 3agaH-
HbIH OTPE30K HAa 71 PAaBHbIX YacTeH.

9.514. x?y"—xy'=3x?; y(1)=2, y(2)=9, [1, 2], n=4.

9.515. x2y"+xy'—y=x%; y(1)=1,333, y'(3)=3, [1, 3], n=T7.

9.516. y"+xy'+y=2x; y(0)=1, p(1)=0, [0, 1], n=10.

9.517. y"+ychx=0; y(0)=0, y(2,2)=1, [0,2,2], n=11.

9.518. y"+(x—1)y'+3,125y=4x; y(0)=1, y(1)=1,368, [0, 1],
n=10.

9.519. x2y"—2y=0, y(1)-2y'(1)=0, y(2)=4,5 [1, 2], n=5.

9.520. HMcnonb3ys mnoamporpaMMmy pelleHUs JIMHEHHOR CH-
cTeMbl anreOpaMyeckUX yYpaBHEHHH, MOJyYeHHYIO B 3agaue 3.265,

COCTaBHUTh Ha (opTpaHe mporpamMmy pelleHUss OQHON K3 3ajad
9.514—9.519.



IF'naBa 10

BEKTOPHbLIN AHAJIU3

§ 1. Cxansipubie W BeKTOpHble moJs. I paauent

1. IeomMeTpHueCKHe XaPAKTEPHCTHKH CKaJAPHBLIX H BEKTOPHBIX HOJICH.
[Tyctb D---0bnacTb B NPOCTPAHCTBE [JBYX, TPeX MM n HU3MEPEHUi.
["oBOpsAT, 4TO B 00NacTH D 3aMaHO ckadspHoe no.e, ecin B D 3amaHa
ckanspHas ¢yHkuus Toukd u(P)=u(x,, X3, ..., X,)=u(r). Ha3bIBaeMas
(byHKIMEHR noss (r—-paauyc-BeKTOp TOYKH P(x,, X, ..., X,)). Ecnu xaxnoi
royke Pe D mnocTaBicH B COOTBETCTBUC BCKTOp a(P)=a(r), TO roBOpHrT,
4ro B oOjactu D 3agaHO eekmopHoe noae, ONPENESieMOE BEKTOPHOM
(byHkimenn a(P)=a(xy, X, ..., x,)=a(r).

[IpocTeRIINMH FE€OMETPHYECKUMU XdPAKTEPUCTHUKAMH CKAJSPHBIX MO-
Jelt  ABAAIOTCH  AuHuu  yposHA u(x, y)=C B MNpPOCTPAHCTBE [BYX M3-
MEPEHUHU, nosepxHocmu ypoeHs, WM IKGUNOMEHYUAAbHbIE NOBEPXHOCMU,
u(x, yz)=C B TNpPOCTPAHCTBE TpeX HW3MEPEHUH WU cunepnogepxHocmu
vpogHA u(xy, ..., x,)=C B mpocTpaHcTBe n>3 uaMepenuid. [IpocTermmu
I'COMETPUYECKHMU XaPAKTEPUCTUKAMH BEKTOPHBIX MOJICH SABJIAKOTCA BeEK-
TOpHbIE JIMHUH M BCKTOPHbIE TPYOKHU. Bexmophoii aunuell Ha3bIBaeTcs
JIMHUA, KacaTelbHas K KOTOPOW B KaXIOM TOYKE HMEET HampaBJiCHHE
COOTBETCTBYIOLIErO el BEKTOpa moJis. BekTopHble JTMHUU 1UIi BEKTOPHOrO

nons a=a,i+a,j+ak onpenensrorcs cuctemoirt auddepeHInaTbHbIX
ypaBHEHMit

dx dy  dz
alx, y. 2) ay(x, p2) a:(x, y. 2)

(aHAJOrUYHO ANA IUIOCKHX M MHOTOMEpHBIX mosneit). Bekmopuou mpy6-
KOU Ha3bIBAETCs MNOBEPXHOCTb, OOpa3OBaHHAA BEKTOPHBIMH JIMHUAMH,
NPOXOAAIMMM Hepe3 TOYKM HEKOTOpPOW Jiexallel B MoJie 3aMKHYTOM

KpHBOii, He coBHajalouleli (Jae YacTUYHO) C KaKOH-TMOO BEKTOPHOM
JTMHHCH.

Omnpenenutb BMA JIMHMH WJIM TOBEPXHOCTEH (rMmepnoBepx-
HOCTe#) YpOBHS CHEIYIOIIMX CKAJAPHBIX NOJIEH:

10.1 u=y%+x. 10.2. u=xy.
10.3. u=y/x. 104. u=x+y+z.
105, u=x*+y?—z2% 10.6. u=x2+y2—z.

10.7. u=x,+x,4+x3+xs. 10.8. u=x3+x3+x3+x3.
Haiitn BekTOpHbIE JIMHUU CJCOYIOIIMX IOJIEH:

109. a=yi—xj. 10.10. a=xi—yj.

10.11. a=yi+j. 10.12. a=r=xi+yj+ zk.

10.13. a=[r, ¢] (c—NOCTOSHHBIK BEKTOP).

123



< Tycte c=ai+bj+ck. Torna

J
x y z
a b ¢

a=[r, c]= =(cy—bz)i+(az—cx)j+(bx—ay)k.

JuddepeHumantHele  ypaBHEHWS BEKTOPHBIX JIMHMH TOJS a4 HMMEIOT
crenyonMi BHI:

dx dy dz

cy—bzzaz-cxsz—ay'

YMHOXas YHCIHTENb M 3HaMEHaTeJlb NEpBOi ApoOu Ha x, BTOpPOM Ha
Yy M TpeTbed Ha 2z, HaXOOAUM

x dx ydy  zdz

cxy—bxz h ayz—cxy bxz—ayz

CxnangpiBas NOYIEHHO H HCNOJIb3ys CBOMCTBO NPONOPILHH, OKOHYATEIIbLHO
BBIBOJUM!

ax dy _ dz _xdx+ydy+zdz
cy—bz_az—cx_bx—ay— 0 '

CnenoBaTesbHO,

xdx+ydy+zdz=0,
HIH
d(x*+y?+2%)=0.
OTtciofa mosryyaem, 4TO
x2+y2+22=C1.

AHaJIOrH4YHO, YMHOXas 4YUCJIMTENb W 3HAMEHAaTesb TEpBOH ApoOH
Ha a, BTOpOil Ha b, TpeTkeil Ha ¢ M CKJAAbIBas MOYIEHHO, HAXOIUM

dx dy  dz adx+bdy+cdz
cy—bz_az—cx_bx—ay_ 0 '

CnegoBaTenbHoO,

adx+bdy+cdz=0,
WIH

ax+by+cz=C,.
Takum 06pa3oM, ypaBHEHHs BEKTODHBIX JHMHUH HMEIOT BHI;
{ xiypi+zi=Ct  (Ci20),
ax+by+cz=C,.
BekTOpHbIE JNHHHM TOJS @ NPEACTABIAAOT COOOM OKPYXKHOCTH, SIBJIS-

roumecs ceveHuamu chep x2+y2+z2=C? mnockocTaMu ax+by +cz=C,,
NEPNEHANKYISPHBIMH BEKTOPY ¢. ©

10.14. a=247 4%,
x y z
10.15. a=(y—z)i+(z—x)j+(x—y)k.
10.16. a=x,e, +x3e5+Xx4€4.
10.17. HaiiTu BexTOpHYIO JMHHIO NOJA a= —yi+ xj+bk,
npoxonsmy uepes Touky P(1, 0, 0).
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10.18. HaiiTd BeKkTOpHYIO JHMHHIO mons a=x2i—y3j+z2k,
npoxomswy ueped touky P(1/2, —1/2, 1).

10.19. Onpenenuts BHI BEKTOPHBEIX TPYOOK:

a) B 3amaye 10.12; 6) B 3amaue 10.15.

2. Ilpoussoamasi NO HANPABJICHHIO H TIPaJUEHT CKAJINPHOTO MOJSA.
Ilycts s=cosa - i+cosfP j+cosy k—enWHHYHBIA BEKTOp MAHHOTO Ha-
UPABJICHHA §, Fo=Xol+yoj+zok— paauyc-BekTop TOYKH Py(Xo, Vo, 20)-
lIpouseoonas ckansipHoro mons u(P) B Touke P, no Hanpasaenuio s,

du
obo3Hauaemas 4yepes P onpeseNsieTcss COOTHOLIEHUEM
A)

ou i u(ro+ts)—u(ro)
—=lim — 47
0Os -0 T
M XapakTepu3yeT CKOPOCTb HM3MeHeHHs GyHKUMH u(P) B HanpaBieHHH
)

u
s. [pousBomnas — BhIMMCAsETCH No (opMmyJie
0s

Ou
Os
I'paduenmom cxanspHoro noas u(P), 0603Ha4aeMbiM CHMBOJIOM grad u,

HA3bIBAETCA BEKTOP, MPOEKIMAMH KOTOPOTO Ha KOODIMHATHBIE OCH fB-
JAKOTCH COOTBETCTBYIOHIME YACTHbIE Mpou3BOAHble QyHkuuu u(P), T.e.

du
cosa+—

r=ry

Ju

du
cospPp+—
r=r, 0X b

COS Y. )

r=ry

r=ry

d 6u,+6u_+¢3uk @
radu=—i+—j+—k.
& 0x By', 0z

AHaNOTHYHO OonpenenacTcs MNpPOU3BOAHAA IO HANPABJICHHIO H TPAAHCHT
I8 n-MEPHbIX CKAJISIDHBIX ToJiel.

Ucxons u3 BbIpaXkeHHs NPOU3BOJHOH MO HampasieHuio (1)
M onpenesieHUss rpaaueHTta (2), Aoka3aTh CleAyIOIHE CBONCTBa
rpagueHTa.

10.20. ITpon3BoaHas MmojisA MO HAaNpPABJICHUIO S PaBHA CKaJsp-
HOMY NpPOM3BENECHHIO TpaJHeHTa MNOJA Ha eAWHUYHLIA BEKTOpP
JaHHOTO HanpaBJIEHHA, T.€. paBHa MPOEKNMH TpafdeHTa Ha
JAHHOE HampaBJICHHE

0
6_u =(grad u, s)=|grad u|cos ¢,
A

TI€ (—YrojJ MexJay TIpPaJHCHTOM H BEKTODOM S§.

10.21. HanpaByieHue rpafid€HTa €CTh HampasjieHHEe HauOBbICT-
peiilero Bo3pacTaHus (QYHKUMM MOJS.

10.22. B kaxmoi TOYKe IOJIA TIpagHEeHT HampaBjieH Mo
HOpMaJM K COOTBETCTBYIOLICH NMOBEPXHOCTH YPOBHA B CTOPOHY
BO3pAacTaHUA MOTEHUHANIA Mojas, T. €.

Ju
du|=—,
|gradu|=—
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re n— HalpaBJieHHe HOPMAJM K MOBEPXHOCTH YPOBHS B CTOPOHY
BO3pacTaHds QyHKIHH TMOJIS.

10.23. Ilycty u=u(x, y, z) u v=v(x, y, z)— audpdepen-
MpyeMble (QYHKIMH, ¢-—NOCTOsHHas. Jloka3aTh Cleayloume
COOTHOLLEHHMS:

a) grad (u+v)=gradu+gradv;

6) grad (c+u)=gradu;

B) grad (cu)=cgradu;

r) grad (uv)=vgradu+ugradv (cM. npumep 4 § 3);

) grad (u")=nu""'gradu;

e) grad <E>= w, v#0.

v

v

Ha#iTH rpaaueHTBl CIeIyIOlIUMX CKaJISpHBIX MOJei:
10.24. u=|r|. 10.25. u=In|r|.

10.26. u=(a, r); a—NOCTOSAHHBIA BEKTOP.

10.27. u=(a, r)(b, r); a, b—nocTOAHHbIE BEKTOPHI.
10.28. u=|[a, r]|*; @a—mnocTosHHBIA BeKTOP.

Mycts r=|r|=./x>+y?+z2% Iloka3ath, uTO:
10.29. (gradu(r), r)=u'(r)r.
10.30. [gradu(r), r]=0.

Haiitn mnpou3BOgHBIE OT CHEOYIOIIMX INOJIeH B 3aJaHHBbIX
TOYKax IO 3aJaHHOMY HAamnpaBJICHUIO:

1
10.31. u=x2+5y2 B Touke P,(2, —1) mo HampasjeHHIO

BekTopa Py, P, roe P, (6, 2).

1 1
10.32. u=> xz—i y%+z B Touke Py (2, 1, 1) no Hampasienuio

. x—=2 y-1 z—-1
NPAMOA ——="-—="-— B CTOPOHY BO3PACTAHMA NOJS.
1033. u=x?2+x}3—x3+x% B Touke P,(l, 3, 2, —1) mno
HANpaBJICHAIO BEKTOpa a=2e,+e,—2e,.

10.34. HaiiThi npou3BOIHYO CKaJsipHOro mojs u=1/|r| mo

HanpaBJICHHUIO €ro IpajHeHTa.
. x2 oy g2

10.35. Haiiti npoM3BOAHYIO CKaJISPHOIO MOJIS U= pe + 77 + e
B Touke P(a, b, ¢) Mo HaNpaBJIEHHIO PafAUYC-BEKTOPA ITOH TOYKH.

10.36. Haiitu yron MEXIy TpagueHTaMU noJjus
u=x2+2y%—z? B Toukax P,(2, 3, —1) mu P,(1, —1, 2).

10.37. HaiitTu cxkopoctb W HampaBjieHHe HauObICTpelilero
BO3pacTaHus Moias u=xyz B Touke Py(l, 2, 2).
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10.38. HaiiTu enuMHMYHBIH BEKTOp HOPMaJId K MOBEPXHOCTH
ypoBHs Moy u=x2+2xy—4yz B Touke Py(l, 1, —1), Hanpas-
ICHHbIH B CTOpDOHY BO3pacTaHHs MOJS.

10.39. Haiitu CTallHOHAPHBbIE TOYKH noJs
u=2x*—4xy+y?—2yz+6z.

YOenuTecsi B OPTOrOHAJLHOCTH JIMHHH YpPOBHS TOJIEH.

10.40. u=x*—y?2, v=xy.

1041, u=2x%+y? v=y?/x

Y6enuTeCss B OPTOrOHAJILHOCTH MOBEPXHOCTEH YpOBHS Cleny-
10LIMX [OoJIeH:

1042, u=x2+y2—z2, v=xz+yz

1043, u=x?+y?-2z% v=xyz. _

1044, u=x}{+x3—x3—x3, v=x,X3+X,X,, W=X;X4—X;X;3.

Haiitu ceMeiicTBO JIMHUK HauUOBICTpEHILEro BO3pACTaHUS s
CJIETYIOLHUX TOJIeH:

10.45. Tnockoro moas u=x2—y2.

10.46. TpexmepHoro mnojas u=xyz.

10.47. Tpexmepuoro noas u=x24+y2—z2.

§ 2. KpuBo/mueiinble H NOBEPXHOCTHBIE HHTErPaJibl

1. KpuBosmuelinbiit unterpan 1-ro poapa. Ilycte AVB—)lyra KyCOYHO
IJJAIKOW  KpUBOM, u(P)—3anaHHoe Ha AB ckajsipHoe mnoJse, A=A,

Ay, Ay, ..., A,_,, A,=B-—npousBosbHoc pa3dueHue ayru AB u P,

(v=1, 2, ..., n)— NpOM3BOJIbLHbIC TOYKH HA YACTUYHBIX AYrax A‘,_1 A,, nau-
Hbl KOTOpbIX 0003HauMM uepe3 As,. Ecnu CYLIECTBYET Mpenes Toce-
J/IOBaTEJIbBHOCTH HHTErpaJibHbIX CyMM Z u(P,)As, npu max As,—»0 (u
n— o0), KOTOPbIA HE 3aBUCUT HH OT cnoco6a pa3bueHus nym AB Touxamu
A,, un oT BbIGOpa TOouek P, Ha YaCTUYHBIX Iyrax Av_lAv, TO 3TOT
npeaes Ha3bIBAETCA KPUBOAUHEUHbIM unmezpasom 1-ro poaa oT (QYHKUMH

u(P) no kpuBoOW AB u obo3nauaercs yepe3

{u(P)ds= [ u(x, y, z)ds

AB AB
(ds— nuddepenuuan ayru), T. e.
{ u(P)ds=_tim 2 u(P,)As,. M)

As, =0 v=1
AB max As

Ecnn  dyskuus u(P) Henpepbuma Ha AB TO HHTerpan (1)
CYLLIECTBYET.
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®usuyecku uHTerpan (1) MOXHO paccMaTpMBaThb Kak Maccy KpHBOH
AB. Buruncacrue uHTerpaia (1) CBOAMTCS K BBIYHCIICHHIO ONPEEIIEHHOrO
unTerpasa. Hanpumep, ecnin ypaBHeHHe Ayry AB 3anano B Buge x= x(t),
y=y(t), z=z(1), to <t <t,, 10

ll

[ u(Pyds=fu(x(t), y(e), 2(0)/x 2 (t)+y 2 (1) +2" (1) dr.

4B o
KpuBosuHeiinblii uHTErpan 1-ro poja He 3aBUCHT OT TOFO, B KakoM
HanpasJIeHHd NPOXOMUTCA Ayra AB, WHBIMH CJOBaMy,

{ u(P)ds= | u(P)ds.
4B BA
IMMpumep l. Onpenenuts Maccy M nepBOro BHTKAa BHHTOBOM
JMHHM X=@coSt, y=asint, z=ht, ecii IIOTHOCTL W(P) B KaxIaoi ee
TOYKE nporlopunouanbua ;umne a_llliLC-BCKTOpa 3TON TOUKH.
<1 Tak kak p=kr= x24y?42z% TO B TOYKAX BUHTOBOH JIHHUM

=k /a*+h?t2 Hepsomy BATKY OTBE4YaeT H3MEHEHME NapaMeTpa ! OT
0 o 21 H

ds=/x'2+y' 2 +z" 2 dt=/a*+h?dt1.
Orclona
2x
M=k a®+h*J/a*+h*1*di=
o
2n

=k\/a2+h2( JaTR P+ ln(h:+,/a2+h2t2)>0
2 2nh /42 4 2h2
=k./a*+h? (n\/a2+4nzh2+§};ln 1: tyaran ) >

a

B 3agavax 10.48—10.54 BbIYMCIMTD CHEAYIOLIHE KPHBOJIMHEH-
Hble MHTErpanbl l-ro pona:

10.48. j(x+ y)ds, rne C-—KoHTYp Tpeyrojsuunka ABO ¢ Bep-
c
mmaamMu A(1, 0), B0, 1) u O(0, 0).

10.49. J-L—, rge C-—oOTpe30K NpsAMOW, COequHS-
Vxi+yitd
C
ot toukn O0(0, 0) u A(1, 2).

10.50. | xyds, rne C—koutyp kBampata |x|+|y|=a (a>0).
C
10.51. { y*ds, rae C—nepBas apka WHKJIOMAB! X =a ({—sint),

c
y=a(l—cost).
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10.52. [/ x*+y*ds, rne C—nOyra pa3BepTKH OKDYXHOCTH

C
v ~a(cost+tsint), y=a(sint—tcost) (0<t<2n).

10.53. J y+d;’ rae C— nyra JMHHH X =!, }»:12/\/5, z=1¢3/3

.
or 0(0, 0, 0) no B(/2, /2, 2./2/3).
10.54. [(x?+y*)ds, rae C—nyra norapupmuyeckoii cru-

c
panu r=ae3® or Touku A(a, 0) mo Touku O (0, 0).

10.55. Haiitu Mmaccy Bceit actpomabl x=acos’t, y=asin’t,
CCIM IUIOTHOCTE W(P) B Kaxaol ee Todke P BBIPAXKACTCS
(popmynor p(P)=k|xy|, toe k >0—xo3bOULIKEHT NpPONOPIH-
OHAJILHOCTH.

10.56. Haiitu Maccy Bceit kapauounwsl r=a(l+cosg), ecnu
IJIOTHOCTh P (P) B kaxiaol ee Touke P Bwipaxaercs ¢opMynoi
u(P):k\ﬂ, rae k >0—xo03bpPUUMEHT NPOMOPIMOHANBHOCTH.

10.57. Haiitu Maccy Bceit jeMHHcKaThl r=a’cos2¢, eciu
110THOCTh W(P) B Kaxaod ee Touke P Bblpaxaercs ¢Gopmyoi
w(P)=kr, roe k >0—xo3¢pduuueHT NpONOPUHOHATBLHOCTH.

10.58. Haiitu Maccy ayrm KOHMYECKOH BHHTOBON JIMHUM
x=age'cost, y=ae'sint, z=ae', ecM IUIOTHOCTb J B KaXIOH ee
TOYKe BbIpaxkaeTcst gopmysoit p=ke' (rae k > 0—koapdunment
nponopuuoHanbHocTH), oT Toykd O (0, 0, 0) mo Touku A(a, 0, a).

10.59. Haiitn, ¢ kako# cunoit Macca M, paBHOMEpPHO pac-
npeleNieHHas BIOJb OKpYXHocTH x2+y2=a?, z=c, NpuTATUBAET
TOYEYHYI0 MacCy m, TOMELICHHYIO B Hayajie KOOpAMHAT.

10.60. HaiiTu Maccy 4eTBepTH OKpPYXHOCTH x2+yZ=r2 pac-
TMOJIOXKEHHOM B MEpPBOM KBAJPAHTE, €CJIU IUIOTHOCTh €€ B KaXOoM
TOYKEe NponopuMoHanbHa abcumcce 3TOH ToukM (KoddpduuueHTt
NPONMOPUHOHATBHOCTH Q).

10.61. HaiiTu Mmaccy nonyokpyxHoctH x2+y2=r?, pacno-
JIOXKEHHOM B BepxXHell MOJYNJIOCKOCTH, €ClIH IUIOTHOCTH €€
B KaXOOH TOYKE NpOMOpLMOHAJbHA KyOy OpAMHATBI 3TOH TOYKH
(x0opPHUUEHT NPONOPUHOHANBHOCTH f3).

2. IoBepxnocThbiit HHTerpan 1-ro poaa. Ilycts G -—KycoyHo riaakas
noBepxHocTh,  u(P)—-3amaHHoe Ha G ckaaspHoe none, Gy,
G, ..., G,-—-npon3BosbHOC pa3bHeHMe NOBEPXHOCTH G Ha 4YacCTHYHbBIE
NIOBEPXHOCTH, IUIOIAAM KOTOpwIX paBubl Ao, Ao,, ..., Ac,, H mycTh
P, (v=1,2, ..., n)—~-npou3aonbﬂme TOYKH HA YaCTUYHBIX NOBEPXHOCTAX
G,. Ecnu cywecTByeT mpefes HOC/IEIOBATEJbHOCTH HHTErPaJibHBIX CyMM
n

Y, u(P,)Ac, npu max diamo,—~0 (4 n—00), KOTOPbIA HE 3aBMCHT HH
v=1 v

oT cnocoba p836HCHHﬂ TOBEPXHOCTH G Ha 4YaCTHYHbIC TNIOBEPXHOCTH, HH
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ot BbibOpa ToYex P, HA ITHX YaCTHYHBIX MOBEPXHOCTSX, TO ITOT MpPEAEN
Ha3bIBAETCH NOBEPXHOCMHBIM uHmezpasom 1-20 poda ot (yHkuuu u(P) Ha
noBepxHocTH G u o6Go3Ha4aeTcs vepes

_gu(P)dc=gu(x, » z)do

(do— muddepeHunan niowan MOBEPXHOCTH), T. €.
n

[fu(P)do=  lim Y u(P,)Ac.,. 2

G max diamo,—0 =
Ecnu u(P) uenpepbiBia Ha G, To uHTerpa’i (2) cyllecTByeT. Bbruucnenue
uHTerpasia (2) CBOAMTCA K BBIYHCIIEHHIO OOBIYHOrO JBOMHOrO HMHTErpasna.
JlonycTuM, 4TO mpsmas, napajuenbHas ocn Oz, TNepecekaeT MOBEPXHOCTb
G JHIb B OMIHOM TOYKE, T. €. yPaBHEHHE NMOBEPXHOCTH MMeeT BUA z=z(x, y),
H nyctb G nNpoekTUpyercs Ha miockocTb Oxy B obiacte D. DnemeHT
do, mwiowamgu D BbipaxaeTcs B BUAC do;=docosy, Iie Y —-OCTpbIi yroi,
KOTOpbI# HOpMalb K TNOBEPXHOCTH G cocTaBisieT C¢ ocklo Oz:

cosy=

Takum ob6pasom,

j.Gj'u(x, ¥y, z)d0'=j;!u(x, y, z(x, y)) do,

cosy

- {futs 265 2) +(

Ecnn npsMas, napamnenbHas ocH Oz, nepecekaeT MoBEPXHOCTh G B ABYX
M Oosiee TOukax, To G pa3OMBAETCA HA 4YaCTH, KaXAadx M3 KOTODPbIX
nepecekaeTcs C MpsAMo#, mapajuiesibHOR ocH Oz, JUIB B OXHON TOUKE.
HHTerpupoBanue CJEAYET BBLINOJHATH MO KAXJIOH U3 MOJYYEHHBIX 4aCTei.

Bmecto miockoctd Oxy MOBEpPXHOCTh G MOXHO MPOEKTHPOBATb Ha
m1ockoctd Oxz win Oyz.

Jns IBYCTOPOHHMX MOBEPXHOCTEH NMOBEPXHOCTHbIA MHTErpan l-ro po-
Jla HE 3aBHCUT OT TOrO, MO KaKOH CTOPOHE NOBEpPXHOCTH oH Gepercs. dusm-
YeCKHH CMBICST TIOBEPXHOCTHOrO MHTErpasa 1-ro poga 3aBHCHT OT (pu3nyec-
KOrO XapaKTepa JAHHOTO CKAJAPHOrO MOJIS: OH MOXET ONpENeNsiTh Maccy,
pacnpeleieHHYIO MO [JaHHOW TMOBEPXHOCTH, JJIEKTPHYECKMH 3apsil M T. A.

Mpumep 2 Onpeacaurb CTaTHYECKHA MOMEHT OTHOCHTEJILHO
IIIOCKOCTH Oxy M IO0JIOXKEHHE LEHTpPa Macc OMHOPOAHOH mosychepsl
G (wiothocti 1) x*+y2+z2=R?* (z20).
< Hmeem

M,y=jjzdo='[j,/Rz—.xl—y2
G D

rie  D—xpyr x*+y?<R?, z=0. Tak xak Ha noaycdepe
xdx+ydy+2zdz=0, To
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o1kyaa

1+ & 2+ a2\ _xTayiaz? R
0x Jy z /RT—x%—)2
M,=[{zdo=[[Rdxdy=R{[dxdy=R - nR*=nR>.
G D )

OupefeMM Tenepb KOOpPAMHATHI LEHTpa Macc nonycdepsl. B cuny
CHMMETPHH

xo=yo=0.
Jlaziee, Tak kak miomans Q NoBepXHOCTH noaycepbl G ectb 2nRZ, To
M, R
0 2

IMpumep 3. Ha Bcelt mOBEPXHOCTH KOHYcCa € BHICOTOH A M paau-

ycOM OCHOBAHMS a4 pachlpeliefieHbl JJeKTpHYeckHe 3apsanbl. B kaxmoit
104Ke MOBEPXHOCTH MJIOTHOCTb 3apsAa NPONMOPLMOHANbHA amnMJIMKaTe
ol ToukH (e=kz). BeplmHa KoHyca — B Hauaje KOOPIMHAT, €ro OCh
nanpasieHa no ocu Oz. OnpenenuTb CyMMapHBIH 3apsj BCel NOBEPXHOCTH
KOHYCa.
-1 CyMMapHBIH 3apsli OCHOBAaHHS KOHYCa paBeH IIDOM3BEICHHIO €ro
WioWaad ma? Ha IUIOTHOCTh TOYEYHOro 3apsaaa, T.e. kh. Takum
obpa3oM, E,,=kna’h. 3apan GoxoBoil noeepxHocTH G onpeaensieTcs
HHTErpajoM

20=

Eﬁox. nos — _““‘ kzdo.
G

h 2
VpaBHEHHE MOBEPXHOCTH KOHyca z2= pe (x*+y2), 0<z<h. Oudpdepen-

h? 0z h*x 0z h%y
IMpys, HAXOAUM zdz=—2(x dx+ydy), orkyaa =3, =5

a 0x a*z 0y a‘:z
CJ1e[J0BaTEIbHO,

oz 2 Fl 2 h4 2+ 2 2+h2
1+ =) +2) = (145222 =>/a——.
0x dy a z a

kh /42 hl
Ehu.nun:kjjzd0=—JJ\/x2+y2 -dedy,
a a
G D

e D—xkpyr x*+y?<a? z=0. Tlepexoas K NOJSPHBIM KOOP/JMHATAM,
HOJIy4aeM:

ITosToMy

e s 2 a
kh 24 h2 kh 22
a a
b o o

2
=§kuah‘/az+hz.
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HaxonuMm Bech 3apan:
2 krah
E=E.,cu+E5.,,,.,o.=knazh+§k1tah,/a2+h2= 1;:1 (Ba+2./a*+h?). >

BoruuciuThe crenylolie NOBEPXHOCTHBbIE HHTErpajibl 1-ro

pona:
10.62. (f{x?yzdo, rme G—4uacThb IUIOCKOCTH Xx+y+z=1,
G

Jiexauas B NEPBOM OKTAHTE.

10.63. (f\/x*+y*do, roe G-—4acTb NOBEPXHOCTH KOHyca
G
x24+y?=z% 0<z<l.
10.64. [((x>+y*+z%)do, rae G—chepa x*+ypi4zi=1.
G

10.65. [{(x+y+z)do, rne G—uactb chepbl x2+y*+zi=a?,
G

Jiexalas B NMEpBOM OKTAaHTE.

10.66. OnpenenuTh Maccy, pacnpeAcieHHYI0O Ha 4acTH HOBep-
XHOCTH THHep6oHYecKkoro mapaGonomna 2az=x’—y?2, Bhipesa-
eMoit nuMHApoM x2+y?=qa?, ecnM MIOTHOCTH B KaXIOH TOYKe
NOBEpPXHOCTH paBHAa k|z|, rme k>0-—xo3bouuueHT nponopiu-
OHAJIHOCTH.

10.67. OnpenenuTh MOMEHT MHEPUMHM OIHOPOIHOH (IIOT-
HocTH 1) GOKOBOI mHOBepXHOCTH KoHyca z=./x*+y? (0<z<a)
OTHOCHUTCJIBLHO ocH Oz.

10.68. OnpenenuTs CyMMapHBIH 3JIEKTPUYECKUIl 3apsn, pac-
npeAesieHHbI Ha 4acTH MOBEPXHOCTH ABYMNOJIOCTHOTO rumep6oso-
wpa z2=x>+y?+a® (a<z<a./2), ecm wioTHOCTH 3apsma
B KaxIOH TOYKE NPONOPIMOHAJNbHA ANIUIMKATE 3TOH TOYKH
(e=kz).

10.69. Ompenennth Maccy, pacnpelneieHHYO MO MOBEPXHOCTH
kyba |x|<a, |y|<a, |z|<a, ecnH NOBEPXHOCTHAasi IUIOTHOCTb
B Touke P(x,y,z) pasHa k3/|xyz|, roe k>0—ko3pduument
NPOTIOPLIMOHAILHOCTH.

10.70. OnpenenuTb CyMMapHBId 3JIEKTPHYECKMH 3apsh, pac-
Tpe/esieHHbIA Ha 4acTH NMOBEPXHOCTH Mapabosouma 2az=x2+y?2,

BbIpE3aeMOli M3 Hero umMaMHApoM x2+y2=a?, ecim MIOTHOCTHL

3apsaga B KaXHOW TOYKE paBHa k\/;, rae k>0—xoapduuneHt
MPONOPLUHMOHAILHOCTH.

3. KpuBosmneiinbiii unterpaa 2-ro poaa. Ilycts Ha ayre AB KYCOYHO
rHagkodl  KPMBOH  3aaHO BekTOpHoe mose a=a(r)=a,(x, y, z)i+
+ay(x, y, z)j+a.(x, y, z)k, nyctb A=A,, Ay, A3, ..., Ay-y, A;=B—1po-

U3BONbHOE pa3bueHue ayrn AB Ha wactuumbie ayru, P, (v=1, 2, ..., n)—

-
OpOM3BOJIbHBIE TOYKH Ha ayrax A,-;A,, a Ar,-— npupaileHue paauyc-
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nektopa r(P) Ha xouuax myru A,_;A,. Torma, ecnm cymecrsyer npemesn

n
HOCTIEAOBATENBHOCTH  WMHTerpajibHbix  cymm ) (a(P,), Ar,) npu

v=1
max |Ar,|-0 (1 n—00), KOTOpHIi HE 3aBUCHT HH OT crnocoba pa3bueHus

nyru AB Ha wacTHyHble Ayr¥, HH OT BbIOOpa TOYek P, Ha ITHX
YACTHYHBIX Jyrax, TO 3TOT TpEAeN Ha3blBAETCA KPUGOAUHEUHbIM uHMe2-

paaom 2-20 poda mo Ayre AB u obosHauaercs yepe3
{ (a, dr)= | aydx+a,dy+a.dz,
e A A ) 3)
{(a,dr)= 1m Y (a(P,), Ar,).
~ max |Ar, |0 v=1
AB v
Yiech (a, dr) u (a(P,), Ar,)—ckanspHble NpOHM3BENEHHA BEKTOPOB.

Lenn  BekTOp-(yHKuMS a(P) HenpephiBHa Ha AB, To wuHrerpan (3)
CyHIECTBYET.

WnTerpan (3) Ha3bIBAIOT TaKXE JAUHEUHbIM UHMeE2paioM BEKTOpa
a(r). AHIOTHYHO ONpENENSIOTCA JIMHEHHble MHTErpajbl B IUIOCKHX
W MHOTOMEDHBIX BeKTOpHbIX mnonsax. Ecnu paHbl napamerpHyeckue

ypaBHEHHUS OYTH AB: x=x(t), y=y(t), z=z(t), to<1<ty, TO

f{‘(a‘ ar)=flalx0). y(0). 20)x (O+a,(x(0), y(0). 2(0)y ()+
+a.(x(r), y(r), z(r))z'(r))dr. (4)

3ech o M 1) ——3HAYCHUA DapameTpa I, OTBevalomme To4ykamM A u B.
B oTnM4He OT KpUBOJMHEHHBIX MHTerpanoB 1-ro poja, JIMHEHHbIe
uHTerpasbl (3) 3aBMCAT OT HampaBJICHHs, MO KOTOPOMY COBepllaeTcs

WHTEIrPUpPOBAHUE BAOJIb AYIH AB:

j;(a, dr)= —Afi(a, dr).

BA

ITpocTedini pu3nyecku CMbICI JIMHEHHOrO HHTerpajia— pabora cuio-
BOTO TOJA @=a(r) MPH MNEPEMELUCHUH B HEM MATEPUAJIBHON TOMKH 10

kpuBoii AB W3 TOYkM A B TOYKYy B.

IMpuwmep 4 Haiitn pabory cunosoro nons F=xi+yj+zk npn
lIePEMEILEHNH MaTEpPHaJIbHOM TOYKM BIOJb NEPBOrO BHTKA KOHMYECKON
BHHTOBOH JIMHMM Xx=ae'cost, y=ae'sint, z=ae' u3 Touku A(0, 0, 0)
B Toyky B(a, 0, a).
< Tak xak dx=ae'(cost—sint)dt, dy=ae'(sin t+cost)dt, dz=ae'dt n

(F, dr)=xdx+ydy+zdz=
=a?e?((cos t—sin f)cos ¢ +(sin 1 +cos ¢)sin 1+ 1)dt =2ae?dl,
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TO, YYHMTBIBAA, YTO [= — 00 B TOYKE A u t=0 B TOYKE B, umeem

I(F dr)=2a* f e¥dt=a®. >

AB

3aMevaHHe ITOT NPHMEP MOXHO DELIHTbL INPOLUE, ecH
ydecTh, 4TO B JaHHOM ciyuae (F, dr)=(r, dr)=§d(r2), npuyeM r=|r|=0
B Touke A M r=a,/2 B Touke B. Hmeem:
a2
I (F, dr)=2 r
r d
Xn J' )= 2

[

a2

0

JluHelHbIH HHTerpa BEKTOpa 4, B3ATBIH MO 3aMKHYTOMY KOHTYPY
C, Ha3hIBACTCS YupKyaAyued BEKTOpa TNOJAA MO [JAHHOMY KOHTYpY
U 0003Ha4aeTcs CHMBOSIOM §a dr. Hanpasnenne ob6xona KOHTypa

YKa3bIBAaeTCA 3apaHee, NpHYeM HONOKHTEIbHBIM CHMTAETCH 06X IPOTHB
4acoBOH CTPENKH, a OTPHUATEILHBIM —II0 YACOBOH CTpeJIKe.
Jns IUIOCKMX BEKTODHbIX mosiell a=a,(x, y)i+a,(x, y)j umeer
MeCTO CliellyloLiee yTBEPXK/CHHE:
Ecan BexkTOpHas (b)éuxunﬂ a=a,(x, y)i+a,(x, y)j HempepbiBHa BMe-
ax da

CTe C NpOU3BOAHBIMH —— H 6_y B 3amkHyTo#l obnactu G=GC, TO
X

0a,
dxdy= §a,dx+aya'y
dy

(popmyna FpuHa).
[IpuMep 5 BblYMCIHTL KPUBOJMHEHHBIA HHTErpas

g(Hy)dV—(x—y)dy,

rae C— OKpyXHOCTb x2+yZ=r2,
< Ipumenss dopmyny I'puHa, MoxeM 3amucath

2(x+y)dx-(x—y)dy=”(— 1—)dxdy=—2mnr?,

TaKk kak |f[dxdy ectb mnowamb kpyra Kc: x*+y?<ri o
Ke
10.71. Boruucauts pabory cmioBoro mons F=yi—xj npu

NEpEMEILICHUN MaTepuaanoﬁ TOYKH BIOJIb BCpXHCﬁ MMOJIOBHHDbI
2 2

3JUTHIICA _2+P=1 u3 ToukH A(a, 0) B Touky B(—a, 0).
a
10.72. BoiuciauTh wMHedHbUE muterpan | (a, dr), ecnm
0B
a=y%i+x%, 0(0, 0), B(1, 1), mo crexyromum nyTAM:
a) orpe3ox npamoii OB; 6) nyra mapabGonnl x?=y; B) Ayra

napaGonsl y%=x; r) nomanas OAB, rue A(l, ); ) JIOMaHas
OCB, tme C(0, 1).
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10.73. BbiMuCINTL LMPKYJISLHIO BEKTOpAa a=yi—Xj BAOJB
OKPYXKHOCTH (x—x0)%4(y—y0)>=R? B OTPHLATENLHOM Hampas-
'ICHHH.

10.74. BoiucuTh JMHelHbI  WHTerpan | (a, dr), ecnu

04

a -zi+xj+yk, ypaBHeHHe Oyru 04: r=ti+t%j+3k, 0<t<l.

10.75. Bbl4MCnIMThL JIMHEHHBI HMHTErpan j (a, dr ), ecJIn
- 04
a-=—yzi+xzj+xyk, OA-—nepBblii BHTOK BHHTOBOH JIMHUHU
v -acost, y=asint, z=ht (0<t1<2n).

10.76 **. Bbl4ucIuTh HUPKYISALMIO BeKTOpa a =zi +xj+ yk 1o
okKpykHOCTH x2+y%+22=R? x+y+z=R B MOJOKHTEALHOM
IAMIPABJICHHH OTHOCHUTENIBHO oOpTa K.

10.77. BblyuciauTh UUPKYJIAUUIO BekTopa a=yi—zj+xk

2
X
1,10J1b JLIHICA T+z2 =a?, y=X B NONOXHTEILHOM HANpas-
ICHHM OTHOCHTENIBHO oOpTa i.
10.78. Boiyucnutb paboty cunoBoro mons F=2xyi+
fy?j—x’k TpM mneEpEMEIEHMH MAaTEepUabHOH TOYKH BJOJb
ceyeHust runepbosouaa x’+y%—2z%=2a’ MIOCKOCTBIO y=X OT

ouke (@, @, 0) 10 ToukH (ay/2, ay/2, a).

HUcnonb3ys ¢opmyny T'puHa, BBLIMMCAMTbL HHTETPAibi:
10.79. §(x*—y?)dx+(x*+y?)dy, rae C— KOHTYp, 0Opa3oBaH-
c __
LI MOJYOKPYXHOCTBIO y=./r’—x? u ocbto Ox.
10.80. §(x+y)?dx—(x—y)?dy, rae C—KoHTYp, 0Opa3OBaH-
y .

bl CHUHYCOMOOH )=sinx M oTpe3koM ocd Ox mpu 0<x<m.
10.81. § x%ydx—xyldy.
xpyl=r?

10.82. §(x+y)*dx—(x2+y?)dy, rae C——TpeyrojabHHK C Bep-
C
muHamu O (0, 0), A(1, 0) u B(0, 1).

4. IloBepxHocTHbI MHTerpan 2-ro poaa. Inagkas nOBEPXHOCTH
( B TPEXMEPHOM NPOCTPAHCTBE HA3bIBAETCHA 08YCMOPOHHeH, ECTIH HOPMaJIb
K MOBEPXHOCTH MpH 06xoac no obOMYy 3aMKHYTOMY KOHTYDY, JIeXallemy
a2 nosepxHocTH G M He MMeloleMy OOUIMX TO4YeK C ee IpaHHLEH,
BO3BpAIIAETCS B TEpPBOHAYAJbHOE TNOJIOXKeHUe. BbiOOp omnpenesieHHOI
CTOpOHbI MOBEPXHOCTH, T. €. BbIOOP HANMpaBieHUS HOPMAJIK K MOBEPX-
HOCTH, HA3bIBAETCH opuenmayued TOBEPXHOCTH.

[TycTb G —KyCOYHO T1ajkasi OPUEHTHPOBAHHAS MOBEPXHOCTh U a=
=a,(x,y, z)i+a,(x, y, z)j+a.(x. y, z) k — BexTOpHOE NONE. Pazobbem mo-
BepXHOCTh G Ha YacTu4Hbie mnoBepxHoctH G,, G,, ..., G, TIOLEANK
KOTOpbIX 0003HauyuM uepe3 Ao, (v=1, 2, ..., n), a4 IOWAAH YACTHYHBIX
noBepxHocTel G,, CHaGXeHHbIX eAMHMYHbIMM HOpManaMmHu n,(P,) B Toukax
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P,eG,—4epe3 A6, (T. €. CYHTAEM KAXAYIO TaKylo IJIOWAAb BEKTOPOM
anubbl Ao, W Hanpassienus n,(P)). Torma, ecin ,CyuiecTByeT mpezien

NOCNENOBATENLHOCTH  HHTErpPajibHBIX  CyMM Z (a(P.), As,) mpm

v=1
maxdiamo,—»0 (1 n— c0), KOTOpBIH HE 3aBUCUT HH OT cnocoba pasbue-
v

HUS TOBEPXHOCTH G HA Y4CTHYHBIE MOBEPXHOCTH, HH OT BbIGOpa TOYek P,
Ha 3THX YaCTHYHBIX MOBEPXHOCTSAX, TO 3TOT NPEACI HA3bIBACTCH NOBEPXHO-
CMHbIM uHMe2paiom 2-20 poda Mo MOBEPXHOCTH G M 0603Havaercs uyepe3

(§(a, do)={fa,dydz+a,dxdz+a,dxdy, (5)
G G

Zl (a(P), As,).

ff(@ de)=_ i
G max diamo —0 2
Ecnu mone a(P) nenpepbiBHO Ha G, TO MHTerpan (5) CyLIeCTBYeT.

IMoBepXHOCTHBI MHTErpajd 2-ro poja Ha3bIBAIOT TaKXKe NOMOKOM
BEXTOpHOro mois a(P) yepe3 nosepxHocTh G. Ero MOXHO MHTepnpeTHpo-
BaTh KaK KOJMYECTBO >XMAKOCTH WM rasa, NPOTEKAIOLIEro 3a eAWHUIY
BpEMEHH B 3a[JaHHOM HamnpaBJIeHMH d4eped noBepxHocTb G. Ilepexon
K Jpyroii CTOpOHE MOBEPXHOCTH MEHSET HaMNpaBJieHUE HOPMalu K NOBep-
XHOCTH, a NMOTOMY M 3HaK IOBEPXHOCTHOro HHTerpajia 2-ro poja.

BobiukcieHHe NOBEPXHOCTHOTO HMHTErpaja 2-ro poja CBOJMTCA K Bbl-
YHCJIEHHIO NOBEPXHOCTHOTO HHTerpaia l-ro poga

{f (e, do)=[[(a, n)do=([(a,cosa+a,cosB+a.cosy)do, (6)

rae n=(cosa, cos P, cosy)—eAMHUYHAS HOPMab K TNOBEPXHOCTH, HIIH
K BBIYHCJICHHIO CyMMbl TpPEX JIMHEHHBIX HHTErpasioB

j'Gj'(a, do)= +j'j'a, ) ¥, n)dvd..+_fj"a,(x, y(x, z), z)dxdz+

2

t(fa.(x, y, z (x, y)dxdy,
D\
rae Dy, D, u D3—npoekuuu G COOTBETCTBEHHO Ha mNjaockoctH Oyz,
Oxz u Oxy, a x(y, z), y(x,z) u z(x, y)-- BblpakeHHs, TONyYCHHDbIE W3
ypaBHeHHs TOBEpXHOCTH G pa3peuleHHeM OTHOCHTEJIbLHO COOTBETCTBY-
IOLMX KOODIHMHAT.

Mpumep 6. Haiith notok BekTOpa r=xi+yj+zk uyepe3 wuacTb
NIOBEPXHOCTH JJUIMIICOMAR +b2+ =1, mexauyio B NEpBOM OKTaHTe,
B HAaNpaBJICHUH BHELUHEH H()pMdJ'lH.

<1 Umeem B cuny (6)
{f(r, do)={f(xcosa+ycosB+zcosy)do.
G G
Tak kak B NEPBOM OKTaHTE BHELIHAS HOPMAib LIMICOMIA CO BCEMH

OCAMH KOOpIAHHAT o6pa3ycT OCTPBIE YIJibl, TO BCE€ TPH HANPABJAIOLIHX
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KOCHHYCa HeoTpHuateibHbl. TlodTOMYy
nabe
2

(kaxapli 3 MHTerpasos no D;, D, u D; onpeaenser obbeM oxHOH
BOCBMOH 4acTH S3JUIMACOMIA). o>

I pumep 7. Haiitu notok Bexktopa a=x2i-y%j+z%k uepes Bcio
noBepxHocTh Tena x2+y2+2z?<3R?%, 0<z< /x?>+y*—R? B Hanpasie-
WK BHELIHEH HOpMaJH.

-1 Umeem:

14
{f(r,do)=f{xdydz+{ydxdz+ [[zdxdy=3v=3 33" abc=
G D, D,

D,

(f(a, do)=[f(x*cosa—y?cosB+z2cosy)do=
« G

=f{x?cosado—([y?cospdo+[[z2cosydo.
G G G

3afaHHas TOBEPXHOCTb OrPaHHMYEHA CBEPXY CErMEHTOM  cdepbl
Vi4p2422=3R2% ¢ GOKOB-—44aCTBIO TIOBEPXHOCTH rHNep6osIOKIa
v'+yt—z2=R?2 cuusy kpyroM x2+y < R? z=0 (puc. 94). Ha mnoc-
xocTH Oyz n  Oxz TOBEPXHOCTh
(/ MIPOEKTHpYETCS JBAaX/bl C Pa3HbIX
cropo. IToatomy, B cHly cUMMETpUH
IIOBEPXHOCTH  OTHOCHTENBLHO  3THX
1JI0CKOCTEH, @ TAKXKe yYHTHIBAS 3HAKH
HOABIHTETPAJIbHOW (YHKUMHM Ha Kax-
/IO CTOPOHE, MOXEM 3aIUCaTh:

Z

[fx?cosado=(fy?cospdo=0.
G G

Ha nnockocts Oxy chepuucckuit cer-
MEHT NpoekTHpyercsi B kpyr (06-
nacte D%) x*+y2<2R?, yactb mo-
BCPXHOCTH runep6osouaa --B KOJb-
o (o6aacte D%) R2<x2+y2<2R?,
4 HHXXKHHM OCHOBAHHEM CJIYXHT Jie- Puc. 94

KalMA B 9TOM MIOCKOCTH Kpyr (06-

nacts DY) x*+y?<R? Ho nas cermenta chepnt cosy>0, ans
runepbosionna cosy<0, a Ha HWxHeM ocHoBanuH z=0. [Mo3Ttomy

§§(a, do)=ffz*cosydo=ff BR*—x?—y?)dxdy— || (x*+y*— R*)dxdy.
G G [)’3 D'_;

[ins BBIMMCICHHA HHTETDANOB NepeliieM K TNONAPHBIM KOOPIMHATAM:

2x  RJ2

[f3R?=x*—y¥dxdy=[de [ (3R*—r*rdr=4nR*,

Y ° °

’ 2x RJE nR‘

ff(x*+y*—R?¥)dxdy=[do | (rz—Rz)rdr=—2—.

D’ o R

7
TakuM 06pa3oM, OKOHYATENBHO HAXOMHUM: _fj(a, dc)=51tR“. o
G
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B 3amauax 10.83—10.86 BbMHMCIMTbL IIOBEPXHOCTHBIE MH-
Terpajiel 2-ro poja:

10.83. j_[ ydxdz, rne G—BepXHsAs CTOPOHA 4YacTH IJIOCKOCTH

G
X+y+z=a, Jexalwed B NEpPBOM OKTaHTE.
dxd
10.84. jj *2 rae  G—suewmsas CTOpoHa  cdephl
X + y 2422 —a

10.85. (f xzdydz, rae G— BHEIIHssA CTOPOHA 4acTH MOBEpPX-
G

HocTH mapaGonouma z=-—(x?+y?), x>0, y=0, z<H.

el

10.86. [[z?dxdy, roe G-—BHewHss CcTOpoHa nojaychepbl
G
x2+y?+2z2=R? z>0.
10.87. Haiitu notok BekTopa a=x2i+y%j+zk uepes Bcro

H o
MOBEPXHOCTh TeNla — /x*+y*<z<H B HanpaBieHHH BHEIIHEH

HOPMaJIH.

10.88. Haiitn l’IOTOK BEKTOpa a=2xi— yj 4epe3 4acTb MOBEPX-
HOoCTH mwimHapa x*+y2=R? x>0, y=>0, 0<z<H, B Hanpas-
JIEHHH BHEIIHEH HOpPMaJIu.

10.89. Haiitu motokx BekTopa a=x’i+y2j+z2k vepe3s €acThb

H
NOBEpXHOCTH Tapabononaa E—Z(xz+ y?)=z, z<H, B HanpaBjeHHH

BHYTPEHHE! HOpMau.

10.90. Haitth notok BexTopa a=x’i—y?%j+z%k 4epes uacTb cdepsi
x*+y?+z2=R? x>0, y>0, z>0, B HanpaBJeHHH BHEIlHeH HOPMAJIH.

10.91. Haiitu norok BexTopa a@=xi+ yj—2zk vepe3 BCIO MOBEPXHOCTb
Kyba |x|<a, |y|<a, |z|<a B HanpaBjeHMHM BHELLIHEH HOpPMaJH.

10.92. Haiitu notox Bextopa a=2x%i+3y%j+z2k vepes BClo mosep-
xHocTh Tena /x2+y2<z</2R*—x?—p? B HanpaBNeHMH BHEIIHEH
HOPMaJIH.

10.93. Haiitu noTok BekTOpa a=xi+ yj+ zk Yepe3 4acTb MOBEPXHOCTH

H
napabonouga z= e (x*—y?), Bbipesaemyro mwiockocTaMH x=R, z=0,

x=0, OPHEHTHPOBAHHOH B COOTBETCTBHMH C HANpaBJeHHeM opTa K.
10.94. Haiitu mnotox BekTopa a=x%i+y?%j+zk uepes yacTb moBep-
H
2
XHOCTH mapa6ononaa z=R2(x —»?), BbIpe3aeMyl0 UWHIHHAPOM
x%4+y%?=R?, OpUEHTHPOBAHHOK B COOTBETCTBHH C HAIpaBJECHHEM
opta k.
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§ 3. CooTHomienusi Mexay pa3/iHYHLIMH
XapPAKTePHCTHKAMH CKAJMPHBIX H BEKTOPHBIX moJieH

1. /{uBeprenmms BexTOpHOro mosis u teopeMa I'aycca — Ocrporpajicko-
vo. [Jueepzenyueti (ATH pacxoxieHuem) BeKTOpHoro nons a=a(r), o6o3Ha-
tacmoit vepe3 diva, Ha3bBaeTCA CKaNApHash BEJMYMHA, paBHAsA TNpeleny
OVHOLIEHUS TOTOKAa BEKTODHOrO MOJIS @ 4epe3 3aMKHYTYIO NOBEPXHOCTh
Y, K BeJMYMHE vp OOBEMA Tena, OrPaHHYEHHOTO 3TOH NMOBEPXHOCTHIO, TIPH
rp—0, T. €. TNpU YCIOBMH, YTO MOBEPXHOCTb CTATMBAaETCA B TOYKY P:

1
(diva)p= lim —§f(a, do). )
vy—0UPx,
JIMBEpreHIMs XapaKTEpU3yeT OTHECEHHYIO K elMHMuE 06bemMa MOIIHOCTH
110TOKA BEKTODHOTO TOJIS, «HCXOAALIErOo» M3 TOYKM P, T. €. MOLIHOCTH
ucrouynuka (mpu (div a),,>0) wm croxa (mpu (div a)p<0) HaXOASIErocst
1 To4yke P.
B TpexMepHOM €EBKJIUIOBOM IIPOCTPAHCTBE AMBEPTEHIUHMS HEMPEPHIBHO
nddepeHIMPYEMOro NOJIs BHIPAXAETCs CCIyIOLAM 00pa3oM:

da, 0da, Oa,

diva=—+— .
va 6x+6y+62

Teopema ITaycca--Ocrtporpagackoro. ITomok
sekmopro20  noas a(r) uepes 3amkHymylo nogepxnocms I, sexcawyyro
4 IMOM nose, 8 HANpABACHUU ee BHEeWHel HOpMAAu, pageH MpoiHOMY
unmezpasy ho obaacmu 'V, ocpanuuennoii 3moil noGepXHOCMbIO, OmM
dugepeeHyuu 3Moz0 8eKMopHO20 noas, T.E€.

§(a, do)=[[f divad.
x v
Dpumep I Vlcnonbayﬂ Teopemy T'aycca — OCTporpanackoro,
HaliTH TOTOK BekTOpa a=x’i+y3j+ R2zk uepes Bco nosepxHOCTL G Tena
H
[?(x +y3)<z<H B HanpaBleHWM BHEIUHEH HOPMAJIH.
< Umeem diva=3(x2+y?)+ R Tlosromy
$(a, do)=[[[(3(x*+y?)+ R?)dv.
G v
Anst Bbr4MCTICHMS TDOWHOrO MHTErpana MepeiileM X IMIMHIDUYECKHM

KOOpJAHHATaM. VpaBHeHue noaepxr—locru npumer Bun z=Hr?/R?,

”j(B x +y2)+Rz)dv-—de)j(3r +R*)rdr I dz=
Hr?
RZ

R Hr? 2rH
=21tj'(3r2+R2)(H—-RL2>rdr=—;7J(R‘+2R2r2—3r“)rdr=1tHR‘. [
Y .

10.95. Haiitu div (xyi+yzj+ xzk).
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i+j+k
Hx+y+z)?
10.97. Haiitu JUBEPreHLHIO BEKTOPHOTO moss
a=x%i+xy%+z%k B Touke P(2, 2, —1).
10.98. HaiitTu AuBepreHUMIO TpafMeHTa CKaJISPHOIO NOJA
u=x3y*z B Touke P(1,—1,1).
10.99. MarHuTHOe MOJj€, CO3AaBaeMOE JJICKTPHYECKHM TOKOM
cwisl I, TeKyuM 1O OECKOHEeYHOMY HpPOBOMY, OTPEAEIAETCS
" —yi+xj .
dopmynoii H(P)=H/(x, y)=21—2}+—]. Beruncauts div H(P).
x o

v?

10.96. Haiitu div

10.100. HaiiTy IuBEpPreHUMIO BEKTOPHOIO IOJIs a=[c, r],
rae ¢-—THOCTOSIHHBIA BEKTOP.
10.101. Haittu div(r[e, r]), rme ¢—nocTosHHBIA BeKTOP.

Hcnonesys teopemy I'aycca— OcTporpaickoro, peuIuTsb cie-
OyIolie 3aJavu:

10.102. [doxa3aTb, 4YTO MOTOK paauyc-BeKTOpa r 4epe3 Jolyro
KyCOYHO TJIAKYyI0 3aMKHYTyIO TNOBEDXHOCTb B HanpaBJICHHU
BHEILIHEH HOPMAaJIM paBeH YTPOEHHOMY 00beMy Tejla, OrpaHHYeH-
HOTO 3TOH NOBEPXHOCTBIO.

10.103. Haiitu notox BekTopa a=x3i+y3j—z3%k uepes Bcio
NOBEPXHOCTh Ky0a 0<x<a, 0<y<a, 0<z<a B HamnpaBJICHHU
BHEIIHEH HOpPMaJIH.

10.104. HaiitTy nOTOK BEKTOpAa a=r/r 4epe3 BCIO MOBEPXHOCTH
cheprl x2+y?+z?=R? B HampaBicHHM BHEIUHEH HOPMAJIH.

10.105*. Haiitn notok BekTOpa a=2xi+ yj—zk, HampasjeH-
HBlif B OTpDHUIATEJILHYIO CTOPOHY ocH Ox, yepe3 HOBEPXHOCTb
yacT napabononna y?+z?= Rx, OTCeKaeMoii IIOCKOCThIO X= R.

10.106. PacnpocTpaHuTbh NMOHATHE MOTOKAa H JMBEPreHOUH HA
cilydail TIOCKOTO (IBYMEPHOI0) NoJis U chOpMyJIMPOBATh TEOPEMY
INaycca— OcTporpaackoro ajas 3TOro Ciyyas.

10.107*. Hcnonb3ys pellieHHe Npeapiaylieil 3amavn, mnpeood-
pa3oBaTh UMPKYJISLMIO BEKTOpAa MO 3aMKHYTOMY KOHTYpY
L B niiockoM mojsie B ABOMHOM MHTErpaj Mo IJIOIWAAH, OrpaHUY€EH-
HOH 3TUM KOHTYPOM.

10.108. Haiitu ¢ momouusto TeopeMsl I'aycca— Ocrporpanc-
KO0 NMOTOK BeKTOpa a=x’yi+ xy?%j+ xyzk uepe3 BCIO MOBEPXHOCTh
tena x*+y2+z2<R? x>0, y=0, z>0 B HanpaBJICHUH BHEIUHEN
HOpMaJIH.

10.109. Haiitu notok Bektopa a=x2yi—xy%j+(x2+y?)zk
Yepe3 BCIO MOBepXHOCTh Tena x2+y2<R?, 0<z<H B Hampas-
JICHHH BHELIHEH HOpMaJH.

2. Buxpb Bextopsoro nois. Teopema Crokca. Buxpem BEKTOPHOTO
noass a=a(r), o6GO3HAYAEMBIM rOt@, HA3BIBAETCA BEKTOP, KOTOPBIi
B KaX/0# Touke P nuddepeHupyeMoCTH NOJIs ONpeaeseTcs CleAyoluM
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obpa3zoM:

. 1
(np;rota)p= lim —§(a, dr).

O ()’p,‘r

3jicch $— eAMHHYHBIA BEKTOP MPOM3BOJILHOTO HANpAaBJICHHs, [p— Maublit
VAMKHYTBI KOHTYP, OKPYXAIOIMH TOuKy P, jexalMi B IUIOCKOCTH,
NCPNEHAUKYJIADHOH K BEKTOPY § M OOXOAMMBIH B TMOJIOKMTENILHOM IO
OTHOLUCHHIO K BEKTOPY § HaNpaBJICHUH, Op— IUIOLAAL 001acTH, orpa-
WHYECHHOH KOHTYpoM [/p; Tpefiel HINETCS NpPH YCJIOBMM, YTO KOHTYp
Ip craruBaetcs B TOouyky P. B TpexmMepHOM npoCTpaHCTBE rota Yepes
JICKAPTOBBI MPAMOYTOJIbHBIC KOOPAMHATHI BEKTOpa @=da.i+a,j+a.k Bbl-
paxcaeTcs CheayrolMM obpasom:

) da, da, it da, da, i da, Oa, X
rota=| ——— }i+| —— ———
4 dy oz 0z 0Ox 4 ox 0Oy

Teopema Crocxca Hupkyrayua ouddepenyupyemozo eex-
MOPHO2O NOAA @ NO  NPOU3BOALHOMY KYCOUHO 2AA0KOMY 3UMKHYMOMY
koumypy L pasna nomoxy eexmopa rota uepes nosepxnocme G, 0cpanuyen-
"y amum Koumypom L:

$(a, dr)=[f(rota, do), 93]
L G
WIH B KOOPAWHATHOH Qopme

Y(a.dx+a,dy+a.dz)=
L

da, da, da, da, da, da,
= ——— |dydz+| ——— )dxdz+{ —— dxdy.
oy o0z 0z 0Ox ox dy
G

[Tpn 3TOM €aMHUYHBIA BEKTOP A HOPMAaJH K NOBEPXHOCTH G HampasJ/ieH
B TaKyl0 CTOPOHY, 4TOObI 00X0O/1 KOHTYpa L TPOM3BOAMICH B TIOJIOXHTENb-
HOM N0 OTHOWICHHIO K n HaNpaBJICHUH.

Mpumep 2. Iposeputrs otBer 3amaun 10.76 npu nomowu
Teopembl  Ctokca.
< Tak xak a=zi+xj+yk, 1O rota=i+j+k. 3a nosepxuocts G,
OrPaHHYECHHYIO KOHTYPOM L, MpHMEM caM Kpyr, o6pa3oBaHHbIN CeYEHHEM
wapa x2+y2+z2<R? nnockocteio x+y+z=R. Lentp xpyra O'(R/3,
R/3, R/3); ero pamuyc R,=R./2/3. EauHMYHBI BEKTOp HOpPMAIH
n=(i+j+k)//3. Tax xax (rota,n)=3//3=./3, To maxomum

f(a, dr):JJ(rota, n)dc:ﬁjjdc:v/SnRz:Zf/Rlz.

3

IT1puw™Mep 3. Haiith uupkynsiumio BekTopa a=yi—2zj+xk BroJb
aunca, obpa3oBaHHOro ceueHueM rumepbonouna 2x2—y2+4+z?=R?
TIOCKOCTBIO y=X, B MOJNOXKHTEJIbHOM HANPABJIEHUH OTHOCHTENLHO OpTa
i. OTBeT NMpOBEPUTL NpH NoMomlk TeopeMbl CTOKCa.
< TlapaMeTpudeckMe ypaBHEHHs 3aJaHHOro ojiunca x= Rcost,
y=Rcost, z=Rsint. Jins obxona B 3aJaHHOM HANpPABJEHHH NAPAMETP
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t Hago u3MeHatb oT 0 mo 2w CrepoBaTesbHO,

2r
$(a, dr)=§ydx—2zdy+xdz=R?* | (—sintcost+2sin? t+cos? t)dr=3nR>
L L [

ITpumenum teopeMy Crokca. UmeeM rota=2i—j—k. 3a noBepxHOCTH
G, OrpaHHYEHHYIO KOHTYpOM L, NpHMeM 4acTh CeKylled TNJIOCKOCTH,
Jiexainued BHYTpH djuunca. EXWHMYHBIA BeXTOp HOpPMaJIH, HanmpaBJEeHHbIN

1
B HYXHYyIO CTOPOHY, HMeeT BUR n=—(i—j). TloaTomy (rota, m)=—— n
2

/2

§(a, dr)= j;J(rola, da)= JG j (rota, n)dc=%g d0=%nab.

L

Ho Tak xak J/IMNC HMEET TOJIyOCH a=Rﬁ u b=R, TO

Sﬁ(a, dr)=3nR2% o
L

10.110. Haittu rot xyz(xi+ yj+ zk).

10.111. Haittu rot(P(x, »)i+Q(x, »)j).

10.112. TlokasaTs, 9o MarhutHoe mone H(P) (cMm. 3amady
10.99) B obnacTi cBOero omnpeneiacHUst SBJSCTCS O€3BUXPEBBIM.

10.113. Haiitu potop nons [a. c], ecm a=x?%i+y%j—xk
H c=i—j+2k.

it vt zk
10.114. Haiitn rot Xtytz =rot—r—

SxTyiyz? Ir

10.115*. Xugkas cpeia BpaliaeTcss € YrjoBOH CKOPOCTBIO
O=0,i+0,j+n,k BOKPYr OCH, MNpOXOIfIUEH uepe3 Hayaso
koopauHaT. HaliTH BHXpbL noJis CKOpOCTEd STOH Cpemsl.

10.116. BuiBectu ¢opmyny I'puna (cM. oTBeT Kk 3amaue
10.107), npumeHnss teopeMy CTOKca K JBYMEPHOMY BEKTOPHOMY
noMo a=ai+a,j.

10.117 Ilouw3ysacy ¢opmynoii ['puHa, ybeauThcs B TOM, 4TO
wiomanes Q miuockoi obnactn D, orpaHUYEHHON KYCOYHO TJIaAKMM
KOHTYpoM L, MOXHO Ha#TH NpH NOOMOIIM JOOOro U3 Tpex

1
cenyommx HHTerpanos: Q=§xdy=—§ydx= 3 $xdy—ydx.
L L L
10.118. Ucnons3ys mocnennioro dopMyny mpeabiaymieit 3ana-
9M, HAATH TUTIOLIAHA GUTyp, OTPAHHYEHHDIX CIEHYIOLIMMH KPHBBIMHU:
a)* netneit [exaproBa mmcra x34y3—3axy=0;
2 2
a b* .
6) sBomoTo# vumnca x=-—cos>1, y=—sin’t(a 1 b—mno-
c c

qyocu 3mumnca, c¢=./a?—b?).
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10.119. IIpu momoum TeopeMbl CTOKCAa HAaWTH LHPKYJISLMIO
nextopa a=z%i+x%j+yk mo cevennto coepnl x2+y2+4z2=R?
IUIOCKOCTBIO X+ y+2z=R B MNOJOXHTEJIbHOM HANpaBJICHUHA OT-
HOCHIENbHO opTa k.

10.120. Haiith umpkynsuuio BekTopa a=z’i+x%j+y%k mo
cevennro runepbosionna 2x2—y?+z2=R? miockocTbio x+y=0
i MOJIOXHTENHOM HamNpaBJIeHHHd OTHocuTenbHo opTa i. Ilpose-
pPUTBL TIpH noMoil TeopeMbl CTokca.

10.121. Haiitn nupkynsumio Bektopa a=yZi+xyj+(x2+y?)k
110 KOHTYpPY, BHIp€3aéeMOMYy B NEpBOM OKTaHTe H3 mapaboyomna
\2+y?=Rz nnockoctamu x=0, y=0, z=R B NOJOXHTEILHOM
IAMPABMIEHAY OTHOCHTENBHO BHEIIHEH HopMmanu mnapabosonaa.
IlpoBeputs mpu momowmm Teopemsl Crokca.

3. Onepatop I'ammabToHa B ero npamenenwe. Bce onepanuu Bek-
I0DHOTO aHaJIM3a MOXHO BbIPa3uTh NpH nNomou onepatopa Ia-

MUJIbTOHa — CUMBOJIHYECKOro BekTopa V (yuTaerca— Habna), ompene-
ICMOTO  PABEHCTBOM

.0 .0 0
V=i—+j—+k—.
Ox "0y Oz
I1piMeHsst H3BECTHBIE ONEpAlMM YMHOXEHHS BEKTOpA Ha CKaJAp, CKAJISpP-
HOTO M BEKTODHOTO TNPOM3BEACHHS [BYX BEKTOPOB, HAXOAMM:

0 0 0 0
gradu=ia~z+jég+ka—:=Vu; a—::(s, grad w)=(s, Vu)=(s, V)u;
da, Oa, Oa
diva=—24D,%_ (g, )
iva 6x+6y+(?z (v, a
i j k
da, Oa da, Oa da, Oa o o0 @
ta=| ——2)it| = )je (2= k= | L & 9| Z[V,4]
rota (ay az)'+<az 6x>"+(6x 6y> ax 3y 2| L
a, a, a,

[To aHasorum ¢ ﬂpOl‘lI’BO)J,HOﬁ MO HAIpABJICHHIO OT cxanapnoﬁ q)yHKl.lHH
|
cu
Y BBOIMTCA TOHATHUC ﬂpOH:}BO}]HOﬁ 10 HanpaBJICHHIO €OUHHYHOIO
Js

BEKTOpa § OT BEKTOpHOH (yHkuuu a(r). VimeHHo,

oa
—=(s, V)a=(s, grada,)i+(s, grada,)j+(s, grada,)k=
()
a, . Oa,. Oda
=—i+2j+ k.
Os os 0Os
[lpousBojHblE NO HANDABIEHHIO TNPOM3BOJLHOrO (HE EXMHHYHOIO)
BEKTOpA ¢ OTJHMYAIOTCA OT NPOM3BOJHBIX 110 HANPABJICHUIO EAWHHYHOTO
BEKTOPa TOJBKO TEM, YTO B HHX BXOAMT JONONHHTENbLHBIH CKaJAPHBIH
MHOXHTENb |c|:

(e, V)u=(c, gradu),
¢, V)a=(c, grada,)i+(c, grada,)j+(c, grada,)k.
y
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C nomoupio onepatopa N'amuibToHa yHOOHO BbIMONHATL Au(hepeHLu-
ajlbHble ONEPaLMM BEKTOPHOrO AHAM3a HAA CJIOXHBIMH BbIPAXECHUAMH
(npoussenenne AByx MM Oonee ckanspHbix (yHKUMH, Npou3BencHHE
CKajIApHOH (YHKUMH Ha BEKTOP, CKaJSPHOE M BEKTOPDHOE NPOU3BEIEHUS
BekTOpoB M T.1.). ClelyeT JHIUb TOMHHTb, 4YTO 3TO OMNEpaTop
nudbepeHIIMPOBAHNA MPOU3BEACHHUS.

IMpumep4 HallTh rpaaMeHT NPOM3BEAECHHA [BYX CKaJSAPHBIX
byHkumiA u u v,
<1 HNmeem

grad (uv) =V () = V (it0) + V (1)
(cTpenka ykasbiBaeT (yHKUMIO, HA KOTOpYIO «aeicTByer» omnepatop). Ho
V(liv)= vVu=vgradu,
\Y (ule)= uVv=ugradv.

Takum obpasom, graduv=vgradu+ugradv. >
IMpumep 5 Haittu rot[a, ¢], rae c—nocrosHHbIi BEKTOP.
< Tak kak no usBectHoil dopmyse BexTopHoili amrebpn [a, [b, c]]=

=(a, ¢)b—(a, b)c, To, yuuthiBaa coortHomeuue [V, [a, ¢]]=0, nmeem:
rot[a, ]=[V.[a, ]]=[V.[4. e]]+[V.[a. ¢]]=(V. €)d—(V. d)e.

| |
Ho (V, ¢)Ja=(c, V)a, a 3T0 ecTb Npou3BoAHAs BEKTOPA @ 10 HANPABICHHIO
sekropa ¢. [anee, (V, a)c=c(V, a)=cdiva.

Takum o6paszom, rot[a, c¢]=(c, V)a—cdiva. >

BoinonHUTh cheayromme auddepeHnnaibible onepauua (¢ —
NOCTOSHHBIA, @ ¥ b— nepeMeHHbIE BEKTOPBI):

10.122. Haiitu div(cu) u div(au).

10.123**, Haiitu grad(a, ¢) u grad(a, b).

10.124. Haittu div[a, ¢] u div[ae, b].

10.125*. Haiitu rot(cu), rot(au) u rot[a, b].

4. Inddepenunanbhbie onepauun 2-ro nopsaxa. MoxHo ob6pa3oBaThb
naTh guddepeHUMaNbHbIX onepanui 2-ro nopsaka:

1) divgradu=(V, V)u=VZ2u=Au (namiacua QyHKUUH);

2) rotgradu=[V, V]y

3) graddiva=V(V, a),

4) divrota=(V, [V, a]);

5) rotrota=[V, [V, d]].

Kpome Toro, onepauuio V? MOXHO NPHUMEHATb M K BEKTOPHBIM IOJISM,
T. €. paccMaTpuBaTh omepauuio VZa.
Bropas u ueTBepTas ONEpallMH MPUBOAAT K HYJIIO:

rotgradu=[V, V]u=0, divrota=(V, [V, a])=0.

OTO crnenyeT M3 BEKTOPHOro CMBICAAa omepatopa V: B NEpPBOM Cllydae
$OpManbHO Mbl HMMEEM BEKTOPHOE NPOM3BEAEHHE [BYX KOJUIMHEAPHBIX
BEKTOPOB, @ BO BTOPOM —CMEIIIAHHOE TNPOU3BEJEHUE KOMIUJIAHAPHBIX
BEKTOPOB.
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10.126. IlonyuuTh BBIpaXKEHHS st

divgradu=V 2y,

graddiva=V (V, a),

rotrota=[V,[V, a]],
V?a=V’a,i+Va,j+V2a,k
ucpe3 MPOM3BOAHbBIE CKAJISPHOTO MJIM BEKTOPHOrO MOJEil.
10.127. Haiitu graddiva, eciu a=x3i+y3j+z3k.
10.128. Haiitu rotrota, ecnn a=xy2i+yz2j+zx2k.
10.129. Haittu VZ2a, ecmn  a=(y2+z3)xi+(x?+2z?)yj+
Hx2+y?)zk.

10.130. Haiitu div grad (uv).
10.131. Haiitn graddiv(uc) u graddiv(ua) (c— nocrosiHHbIif,

a-—TIEpEMEHHBI BEKTOD).
10.132. Haiitn rotrot(uc).

§ 4. Cnennanbnble BHIbI BEKTOPHLIX MOJIeH

1. TMoTenunanshoe BekTOpHOE noje. BekTopHoe mone a=a(r) HasbiBa-
CTCA  NOMEHYUaMbHbIM, €CIU BEKTOP TOJS @ SBASETCA TPATAHCHTOM
HEKOTOPOM CKasApHOW GyHkunu u=u(P):

a(r)=grad u (P). )

DyHKLHIO u(P) B 3TOM Cjly4yae Ha3blBAIOT NOMEHYua.1oM BEKTOPHOrO
nons. HeobXogMMbIM M JOCTaTOYHBIM YCJAOBUEM HOTCHLIHAJILHOCTH
nBax bl IUbOEPeHMPYEMOro B OIHOCBA3HON 06nacTu o a(r) sBiseTcs
PABEHCTBO HYJIO BHUXPA ITOrO MOJA:

rot a=0. (2)

Mpumep 1. TlpoBepuTb, YTO BHXPb TPEXMEPHOTO BEKTOPHOIO
nons a=grad u TOXIACCTBEHHO paBeH Hymo (yHkuuio u(P) npeanonaraem
ABaxabl auddepeHnnpyemoit).

ou, Ou, Ou
<1 Tak kak a=grad u=—i+—j+—k, TO, yuuTbIBass PABEHCTBO CMe-
ox 0y Oz

LUIAHHBIX NPOU3BOAHBIX 2-ro nopsika, nojy4acm

rota=rotgradu=<i(0—u>—£<a—u>>i+
dy\ 0z ) o0z\ dy
0 ( du 0 [ oul\. J ( cu 0 ( Qu
ARG (555 (5= =

B n.4 npempiaymiero mnaparpada 3TO PaBEHCTBO OBUIO MOJIyYeHO
C HKCTOJMIb30BAHUEM CBOWCTB CHMBOJIHYECKOFO BEKTOpa Habina.

MoTeHnmanbHoe mnose obnagaer ClenyrOUMMH CBOWCTBAMH.

1. B o6nacTu HenpepbiBHOCTH MOTEHLUMANA NOJS JUMHEHHBIH UHTErpan

OT BEKTOpa Mnojd, B3ATHIN MEXAY ABYMA TOYKAMH TMOJig, HEC 3aBHCHUT
OT NMYTH UHTETPUPOBAHUA U PABCH PA3HOCTH 3HAYEHHUI MOTeHIHANa TS
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B KOHLUE M Hayane NyTH HHTErPUPOBAHHA
B B B
{(a, dr)={ (grad u, dr)=[ du=u(B)—u(A4) 3)
A A A

(¥cnonb3oBaHa serko nposepsemas dopmyna (grad u, dr)=du).

2. Uupkynauus BeKTOpa MONA MO JHOOOMY 3aMKHYTOMY KOHTYpY,
HEJIMKOM JIeXaleMy B O0JIaCTH HENpPEpHIBHOCTH MOJIA, PaBHA HYJIIO.

3. Ecnu nosne a moTeHUMalbHO, TO noTeHuuan noias u(P) B npous-
BOJIbHOH TOYke P MOXeT ObiTb BblYHCIIEH mo ¢opmyne (3):

P
u(P)={(a, dr)+C, 4)
A
npuieM C=u(A4), 4To Nerko TNOJY4aeTCH MNOJACTAaHOBKOH B (4) BMeCTO
nepeMeHHoi ToukH P ¢PukCHpOBaHHOH TOYkH A.

Jlns BblYMCIEeHMs HHTerpasa (4) MOXHO BbIOpaTh o060 myTh —
NpOLIE BCEr0 B Ka4eCTBE TAKOrO MYTH BBIOpAaTb JIOMaHYI0 CO 3BEHbAMH,
napajuleSibHBIMH OCAM KOODIMHAT, COefHHsiollyro ToukHh A u P. 3a
ToYyky A ymXOOHO TNPHHMMATL HAYajoO KOOPAMHAT (€CAM OHO JIEKHT
B 00JIaCTH HENMpPEpLIBHOCTH TOJIf).

MNpumep 2. Haiitn notenuwan mons a=2xyi+(x?—2yz)j—y2k.
< Ybeaumcs, 4TO TOJiEe NMOTEHIHAJIBLHO:

da, JOa, da, Oa, da, Oa,
=—=-2y, —=—=0, T:——:Zx,

dy 0z 0z Ox ox 0dy
CaenosarenbHo, rota=0.

3a myTh MHTErpHpoBaHWs TpuMeM Jomanyio OABP, rne O(0, 0, 0),
A(X, 0, 0), B(X, Y, 0), P(X, Y, Z). Haxomnm:

ulX, ¥, Z)= | (a, dr)+C=§(a, dr)+f(a, dr)+£(a, dr)+C,

OABP
(a, dr)=2xydx+(x?—2yz)dy—y?*d:.
Tak xak Ha [OA] uMeem y=:z=0, dy=dz=0, 0<x<X, TO

E (a, dr)=0.

Ananoruuno, Ha [4B] umeeM x=X, dx=0, z=0, dz=0, 0<y<Y,
N03TOMY

™ —

Y
(a, dr)={ X?dy=X7?Y.
o
Ha [BP] umeeM x=X, y=Y, dx=dy=0, 0<z<Z, 3HauuT,
P z
f(a, dr)=—(Y?dz=-Y?Z.
B 0
Taxum obpazom, u(X, Y, Z)=X?Y—Y2Z+C. Bo3Bpawasch K nepemeH-
HBIM X, y, z, TIOJyYaeM
u(P)=x?y—y?z+C. o>

3aMevyanue HM3M0XKeHHBIA METOA OTHICKAHMS MNOTEHUHMAJIA HOJIA
TIPUMEHAETCA NpPH DPELLICHHH TAKHMX JKBHBAJICHTHBIX PacCCMOTpPEHHOH 3ajad
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A TCMAaTHYECKOrO aHaM3a, KaKk BOCCTaHOBJIEHME GYHKIMH NOBYX, Tpex
W n TEPEMEHHBIX MO MX TNOJNHbIM auddepeHunanaM, a Takxke TpH

wiierpupoBaniy  AndepeHMaNbHbBIX YPABHEHUH B MOJHBIX aHpdepeH-
naJiax.

Haiitu mnoTeHmManbl CleaylOMX IUIOCKMX M TPeXMEPHbIX
HoNen:

10.133. a=(3x’y—y*)i+(x*=3xy?)j.
10.134. a sm 2x cos 2y -i+cos 2x sin 2y j

\/COS x sin? y+sm XCOS y
2

10.135. a=(yz——xy)i+(xz—7 +yzz>j+(xy+y22) k.

1 1 1
10.136*. a= (———%)i+<~—iz>j+(_-.x;>k.
x Xy y z
z y 2yz\, z  x 2xz\.
10.137*. a=<?—;—z——“;>'+(‘x—z—;i——v;§-—>j+

+< +X+2xv>k

10.138**. Jloka3aTb, YTO BO BCIOAY HENMPEPLIBHOM NOTEHIH-

QUJIBHOM  BE€KTOPHOM TIIOJIE BCKTOPHLIE JIMHHHA HE MOTYT 6bITH
3AMKHYTbIMH.

Ecnv B IJIOCKOM MOTEHUMANBHOM MNOJIE €CTh TOYKH, B KOTOPBIX
10Jie TEpAET CBOWCTBO HEMPEPLIBHOCTH (TaK Ha3bIBAEMBbIE 0COOble TOYKH),
10 UMPKYJALUSA NO 3aMKHYTOMY KOHTYPY, OKDYXalleMy TaKyH TOYKY,
MOXeT ObITb OTJIMYHA OT HyJi1. B 3TOM ciiydae LHpKyJSLMA MO KOHTYDY,
0b6XoAfLIEMY NAaHHYI0 0coOyl0 TOYKY OOMH pa3 B TNOJIOXKHTEILHOM
HamMpaBJICHUH, HE 3aBUCUT OT (GOPMbI KOHTYPA W Ha3biBAETCH YUKAUUECKOT]
nocmoAHHOU OTHOCHTENIbHO HAaHHOW OcCO6GOH TO4YKH.

AHAJIOTUYHBIMHU CBOMCTBaMH obOnagaroT TPEXMEPHBIE TTOJIA C 0coOBIMH
THHHAMHA, BOOJNbL KOTOPBIX NOJIE TEPSET CBOWCTBO HENPECPBIBHOCTH.

xj—yi
xz-#—y2
OnpeaenuTh ero ocobyro TOUKY U €€ IMKJIMYECKYIO NMOCTOSHHYIO.

10.140*. [loxa3zaTb cGOpPMYJHUPOBAHHOE  BBIlllE CBOMCTBO
0 TOM, YTO LUPKYJISILHUS 10 3aMKHYTOMY KOHTYPY. OKpYXaloLeMy
0cobyto TOUKy, HE 3aBHCUT OT (OpMBI KOHTYpa.

10.141*. Bocnoab3oBaBinuch Gopmyoit (4) mius omnpenene-
HUS MOTEHUMaJla mnojs, ybeaurscs B TOM, YTO MOTEHIHAN

IUTOCKOTO MOJISl, HMEIoWEro ocobbie TOUKM, OyleT MHOTrO3HAYHOM
dyHKUMeH.

10.139. Y6enutbcd B TNOTEHUHAJBHOCTH MNOJA a=

2. Conenonnanbnoe moae. BexTopHoe mnosie a=a(r) Ha3bIBaeTCS
COAEHOUOAAbHBIM, €CIIM JMBEPreHUHs 3TOro mons paBHa Hymo: diva=0.
Jns TpexXMepHOro TOJIS 3TO YCIOBHE MOXHO TEpenHcaTb B BHAE

da, Oa, Oa,
e S (5)
ox Jy 0z
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B TakoM mode B cuiy TeopeMbl I'aycca — OCTpOrpafckoro paBeH HYIIO
MOTOK BEKTOpA MoJIg Yepe3 o0yl 3aMKHYTYIO NoBepxHOCTh. Mckitouenne
MOXeT ObITb TOJNIKO B Cly4ae HaJIMYMs B TAKOM TMojie OCOOBIX TOYeK
(B KOTOpBIX BEKTOp NOJIS He ONPENE/ICH U AWBEPrCHIMA TOJIS, €CIIH ee
onpeAeNsTh B Takoi Touke mpu nomouw dopmynst (1) § 3, orauuHa
oT Hynsd). B 3ToM ciydae moTok uepe3 3aMKHYTYIO MOBEPXHOCTh MOXET
ObITb OTJIAYEH OT Hydd, HO Oyder HMeTb OJHO U TO XK€ 3HAYCHHE
JUIS  BCEX 3aMKHYTHIX TMOBEPXHOCTCH, OKDPYXAIOWMX M[AHHYIO TIpynmy
0CcOOBIX TOUEK.

Mpumep 3. Jokasars, yto Wi moboro asaxasl audpdepeHuupy-
€MOr0 TPeXMEPHOTO BEKTOPHOTO mNois a=a(r) none BUXpel CoOJeHO-
HJAJNBHO.
<1 Umeem

rot az( %—%> i+( %_8&1, >j+( i&_%) k
dy 0z 0z 0x ox 0Oy
YuuThIBas PaBEHCTBO CMELIAHHBIX MPOM3BOJHBIX 2-T0 MOPSAKA, MOJy4aeM
div rot a=i ( ?&—@1)4-?_( %_%)_’_ 9 (?f——?ﬁ>50, .
ox\ oy 0z ) dy\ 9z ox ox dy

B n.4 npenwiaymiero mnaparpaga 3TO COOTHOUIEHME JOKa3aHO
C noMolubplo onepatopa Habia.

10.142. [Iokxa3aTh, 4YTO B COJICHOHJAJLHOM IOJI¢ HOTOK
BEKTOpa 4epe3 3aMKHYTYIO NOBEPXHOCTH, HE COAEPXKALLYIO BHYTPH
0CcOOBIX TOYEK, paBeH HYJIIO.

IIpoBepUTh CONEHOMIANBHOCTH CJIEAYIOLIUX MOJICH:

10.143. a=(x2y+y3)i+(x>—xy?)j.

10.144. a=xy’i+xyj—(x*+y?) zk.

10.145. a=Zi+ 2 _fery)inz

yz xy
_ xi- +(x2—y2)zk
- F-‘xz—f—y_z (,\'2+_v2)3/1'

10.147*. [Joka3aTh, 4YTO B COJICHOHOAJHLHOM MOJE TIOTOK
BEKTOpa MOJA Yepe3 MOMepeyHOe CeYeHHe JH00OH BeKTOpHOM
TpyOkH (ompeneneHHbl# B OJHOM M TOM K€ HalpPaBJICHUH)
COXpaHfeT MOCTOSIHHOE 3HAYeHMe.

3. JlanaacoBo (K rapMonndeckoe) noJe. BekTopHoe nosie Ha3biBaeTcs
4anaacosbim (AWM 2apMOHUYECKUM), €CJIM OHO OJHOBPEMEHHO U TMOTEH-
LHAJbLHOE M COJICHOMAAIbHOE, T. €. €CIH

rot a=0 u diva=0. (6)

10.146.

Mpumep 4. JlokasaTb, ¥TO NOTEHUMAn u ABYMEPHOTO HIM
TPEXMEPHOTO JIaMIacoBa Mnoss ABJscTCH ap,uommecrcou gSymcuueu ZXBYX

o%u 0% 0*u 0%u %u
WIH TpeX NepeMeHHbIX (T.e. ~—+—=0 wm —+—+—=0
ox? ay? ox? oy* 9z2
<0 JlefCTBUTENBHO, HMeeM
*u 0%
div a=divgradu =—+75=0
ax? oy?
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st IBYX MNEPEMEHHBIX,

div amdiveradu =24 20, 20
iva=divgradu =—+—4—=
& ox? ody* o0z

i TpeX NepEeMEHHBIX.

Mpumep 5. IlokasaTh, YTO NOTEHLHAN NONA CHJ TATOTCHHS,
nOSHAKAIOLIEr0 B TNPOCTPAHCTBE, OKPYXAIOIEM HEKOTOPYIO TOYEYHYIO
maccy, paBeH k/r (k>0-—xo3pdHUMEHT NPOMOPHHOHANBHOCTH) M 4TO
HoJle CHJ TATOTEHHS JIAILUIacoBO.

-1 [MoMecTUM Ha4ano KOOPAMHAT B LEHTPe HpHTskeHus. Toraa

k 1 xi+yj+zk kr
a=grad—=k grad =—k— 2] ST S
r Ny R PR L
Ho 5TO—BEKTOp CHJIbI NPUTSDKEHHA. JleHCTBHTENBHO, OH HampabieH
\ IEHTPY MPUTSKEHHS, MOCKONbKY —r/r— ¢OUHHYHBIA BEKTOD paaMyc-

HKTOpa TO4KH P(r), HampaBJIeHHBIH K Hayajly KOOPIMHAT, a €ro MOJYJb
pased k/r?, T.e. o6paTHO NPONOPLMOHANEH KBAaJApaTy DPACCTOSHHS OT

. . r
nentpa npuTsxenus. IlokaxeMm, urto diva=—kdiv—5=0. Umeem:
r

kx
(Tyit )T
da, x24+y24z2-3x2 ky2+zz—2xz
ox (24p2422)5%2 r’ '
AHANOrHYHO,
%——k x2422-2y? 6_(1_,=_.k xi4y2r_2z2
oy r’ T oz rs ’
U MOTOMY

da, da, Oa, _

ox dy 9z

Wtak, noje cua TArOTEHMS NamjacoBo. >

k
—= (2 +22=2x)+ (x> +22 - 2p?) +(x2+ y? —227))=0.
r

10.148. [okasaTh, 4TO IUIOCKOE BEKTOpPHOE IIOJIe, TMOTe-
HIMANOM KOTOPOro CHYXHT OyHkuua u=Inr (r=./x%+ yI),
JIaf1acoBo.

10.149*. Ina rapMoHndYecKkux B obnactu G yHKuuit u 4 w 10-
ka3ath crepyroume Gopmyns I'puHa:

a) fu ™ o= §{f (grad u, grad w)dv
s On G
(nepBasi popmyna ['puna),
ow ou
6) fsf(u‘a—;—-wb;> do=0

(BTOopas ¢opmyna I['puna),
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a(W)dcs =2 m' gradu, gradw)dv

B) §#
N
(tpetbst popmyna [puna).

SIBNAIOTCA MM TapMOHWYECKHMMH ClieAyroume (GYHKIMH:

10.150. y='=_ !

r ,/x7+y§

10.151. u=r—x=./x>+y?—x.

10.152. u=Ax+By+C.

10.153. u=Ax*+2Bxy+Cy?.

10.154. u=Ax3+3Bx%y+3Cxy*+ Dy3.

10.155. u=Ax+By+Cz+D.

10.156. u=a11x>+azy*+assz?+2a12xy+2a13xz+ 2az3yz.

10.157. u=ay11x3+azz2y3 +assaz® +3a11axty+3a3x%z+
+3a12:xy* +3az223y 2z +3a133xz2 +3az33yz 2 +6a; 23xyz.

§ 5. Ilpamenenne KpPHBO/IMHEHHBIX KOOPIAMHAT
B BEKTOPHOM aHa/H3e

1. KpuBosmmHeiinble koopaunaTbl. OcHoBHBIE cooTHOmeRna. B npocrpan-
CTBE 3allaHa CHCTeMa KOOpIMHAT, €C/M KaXAod Touke P mocTasieHa
B COOTBETCTBHE TPOMKA YHCEN ¢, ¢,, ¢3, NPAYEM PaA3JIHYHBIM TPOHKAM
YHceJa OTBEYAalOT pa3iM4Hbie TOYKM HpocTpaHcTBa. Yucna ¢, ¢,
q3 Ha3bIBAIOTCH Koopounamamu (MAH KPUGOAUHEUHbIMU KOOpOUHAMAMU)
Toukn P=P(q,, q,, ¢3). Haunbonee ynmoTpeOHUTENbHBIMH SABJIAIOTCA
CNIENYIOIIHE CHUCTEMB!I KOODIMHAT:

1) lekapToBa npAMOYrojibHas CHCTEMa KOOpAMHAT. 3aech ¢y =X—
abcuucca ToukM P, g, =y—oOpAMHATA W ¢3=_Z —aNIUIMKaTa.

2) Humunapuyeckas cucreMa KOOpPAMHAT. 31eCh 3a ¢ NMPHUHAMAETCS
paccTostHHe r OT ToukH P mo ocu z, ¢, =r(0<r<+ ), ¢g,=¢@—yrod,
COCTaBJICHHbIH mpoekuueil paauyc-sektopa OP Ha 1wiockocTh Oxy
C TOJIOKHTENbHBIM HampaBsieHHeM ocu Ox (0<@<2m), a g3=z—an-
MKaTa Touku P.

Ilpy 3TOM UMIMHApHYECKME KOOPAMHATBHI CBSA3aHBLI C AEKAPTOBBIMH
NPSAMOYTOJIbHBIMH KOOpDAMHAaTAMH MNpH nomolwH dopmyn

X=rcosQ, y=rsinQ, z=z

r=Jx%+y?, tg(p:z.
x

3) Cdepuueckas cucrema KOOpPAMHAT. 34eCh ¢, =r— IJIHHA pagUyC-
BekTopa ToukH P (0<r< +), g,=0-—yron Mexay MNOJOXKHTEIbHBIM
HanpaBieHneM ocu Oz U paauyc-BekTopoM OP ToukH- P(0<O<m)"),
q3=(Q—YyroJ MeXAy TNOJIOXHTEIbHBIM HampasjieHneM ocH Ox U TNpOoek-

4, obpaTHo,

)Muorna 3a KOOpIMHATY ¢, CHEPHYECKON CHCTEMbI MPHHAMAIOT
yroja Mexay paauyc-BekTopoM OP M 1uockocTbio Oxy (cM. § 2 ri. 8).
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wneit paguyc-Bektopa OP Ha minockocts Oxy (0< ¢ <2m). Umeror mecro
popMy b

x=rsinfcos®, y=rsinOsing, z=rcosO
n. oOpaTHO,

r=\/;2_+yT+_z—z, cose=——z , tg(p:X.

JIuHus, BOOAL KOTOPOH H3MEHAETCA TOJNLKO OAHA KOOpJAMHATa ¢,
111 bIBAETCH  KOOPOUHAMMHOT qy-Aunued, a €AMHUYHBIA KacaTelbHbIH BEKTOp
» 110H JIMHUM, HalpaBJCHHbIH B CTOPOHY BO3pacTaHus q1,— €OUHUYHBIM
noopounammsimM opmom e, B Touke P(q9, ¢3, ¢3). AHanoruuHo onpenens-
101cs g- M ¢3-JIMHHAH w €IMHUYHBIE OPTHI e,, €.

Ecnu BexTopnl e,, €,, €, TONAPHO OPTOrOHAa/bHH B J060H Touke
NPOCTPAHCTBA, TO COOTBETCTBYIOLIAA CHCTEMA KPUBOJIMHEHHBIX KOOPAMHAT
f1. 42, g3 Ha3bIBAETCS OpPMO2OHANBHOMU.

Myctv  P(q;, ¢q2, ¢3)—NpOM3BOJIbLHAA ToOYKa MPOCTPAHCTBA,
'(q,+Aq;, ¢z ¢3)—TOuKa, Jiexallas Ha ¢;-IMHUH TOYKH P,

| PP,|—nmna nyru PP,. Torma w4ucio

| PP, |

L,= lim

q,—0 B
nasbiBaeTCa kodgguyuenmom Jlame KOOpaAUHATHI ¢; B To4Yke P. AHanoruu-
o onpegenstorcs koddduumentol Jlame L, u L3 KOOpAMHAT ¢, U (3.
Ecoim  Touka  P(x, y,z) MMeeT KDUBOJIMHEHHBIE KOOPIMHATBI

41 =q1(xX, ¥, 2), 2=92(x, y, 2), g3=45(x, . 2), TO AubdepeHUMabl pau-
VC-BEKTOPOB d"'v KOOPIMHATHBIX JHHUA M auddepeHnmansr ux ayr ds,
v

onpeaeasrTCs ¢ NOMOLIUBKO PABEHCTB

Ox oy 0z
dr, =i _dqv+j _}dqv"'k ~_dqv:l-‘veq dqvv
oq v

o og, oq, v

dsy = [V +( 2V +(Z ) dg=Loa
““V\og.) \ag,) "\ag.) T

(v=1, 2, 3), roe L,—kodpduumentsr Jlame.

MHoxecTBo To4ek P(q;, g2, ¢3), JUIA KOTOPBIX OJHA M3 KOOPIMHAT
1IOCTOSIHHA, HA3bIBACTCH KOOPOUHAMHOU NOBEPXHOCMbIO.

HMubdeperimansl miomased KOOpAMHATHBIX NMOBEPXHOCTEH ompenes-
foTca no ¢popmysiam

dc,,_=LzL3dqqu3, quz‘—‘LlLadlIld‘h, qu,=L1de111dqz,
a auddepeHunan obbema
dv=L,L,L3dq,dq,dq;.
HaiiTi BHI KOOpPAMHATHBIX JIMHUA H KOOPAMHATHBIX IOBEP-
XHOCTEH H MOCTPOUTDL HUX B l'IpOHBBOJ'leOﬁ TOYKE OJid CJIEAYIOLIUX
CIIy4yaeB:

10.158. s pexkapToBOd NPAMOYIOJIbHOM CHCTEMBI KOOp-
IHHAT.
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* 10.159. [Ans uMIHHOPHYECKOM CHCTEMBI KOOpAMHAT.
10.160. ns cdepudeckoit cHCTEMBI KOOpAWHAT.

Boiuucnute ko3dpduumentsr Jlame:

10.161. B ngekaproBOif NPAMOYrOJILHOH CHCTEME KOOpAMHAT.
10.162. B muimHOpUYECKOH CHCTEME KOOPAMHAT.

10.163. B cdepuueckoit cucreMe KOOpAHHAT.

Haittu puddepeHunansl ayr KOOpAMHATHBIX JHMHHH, mUd-
¢depeHuManbl TIOMIaAeH KOOPOMHATHBIX MOBEPXHOCTEH u  aud-
¢depernmman obnrema:

10.164. B nexapToBOH NPAMOYroJIbLHOH CHCTEME KOOPIMHAT.

10.165. B mmnuHApHYECKOH CHCTEMe KOOpIMHAT.

10.166. B cdepuyeckoit cucreMe KOOpAMHAT.

2. Inpdepenumanbubie ONEPaUAA BEKTOPHOTO AHANH3a B KPHBOJAHEH-
HbIX KOOpAHHATAX. VYka3aHHbIe onepauvd OnpeaciasaroTCs ClIeAyroUuIUMH
dbopmynamu:

gradu:i—af—e +L—@— : aue
L, 0q, " L, dq, ‘ot Ls 0qs “
diva=- (6 (LaLsa, )+— 0 (L, L;aq)-i— ¢ (L L;a, )>
LyL,L3\0q, 092

(3necy a=a,e, +a,e, +a,e,),

1 (o 1 0
L o
(et o tta)eu o ()
P | @ é
——(L t—— | —(Lya,)——(Lya,) e,
L)oot (aq,‘ o) (laa,))e,
I & (LyL; @ d (L(L;y @
Au=V?*u= (——( 2 3_u>+_( ! 3_u_>+
LyLL3y\0q, \ L, 0dq,) 0q,\ L, 0q;
é (LILZ au)>
+— — )
0qs3 Ly 0q3
Jns UMIHHOPHYECKHX KOOPAMHAT r, @ M z HAHTH BBIPAXEHHS:

10.167. gradu. 10.168. Au.
10.169. diva. 10.170. rota.

rota=

s chepuueckux KoopaumHaTt r, 0, ¢ HAHTH BBIPAXKCHHUS:
10.171. gradu. 10.172. Au.
10.173. diva. 10.174. rota.

IMIpumep 1. [epeliTh Kk UMIMHAPHYECKAM KOOPAMHATAM B BhIpaXe-
xi+ yi—zk

Xy i+

HUM BEKTOPHOTrO NOJNA a= d Haiitu diva u rota.
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-1+ Tak kak B JaHHOM ciy4ae xi+yj=r, TO
re,—ze,
a=——">=.
Jrr+z?
Ilo  dopMynam, mnonyueHHbiM npd peuieHud 3azau 10.169 u 10.170,
AXO/THM:

1 (é(ra,) da da
¢||va=—< ( ')+—q’+ro z)

I

r\ o 0] 0z
1(2r(rPP+28)—r  (rP+2%)-2? 272
=;< (rP+ 277 —r(r2+22)3/2 >=(r2+22)3/z’
mla=(laaz-—%>e +<aa'—a—az>e +
roo ar )" \éz ar)®

I((’)(raw) aa,) 2rz
st 4 1

A

r 0z 2@

10.175. BoiBectu ¢opMyJIbL:
0
a) divev=~—|—M; 6) rotev=—l—[grad L,, e/]
L\L,L; dqy Ly

10.176. Ucnonb3ys ¢opMynsl, BbIBEJEHHBIE MpPH PELUCHHH
yanaun 10.175, naiita diva u rota s eIUHUMHBIX KOOPIUHATHBIX
BCKTOPOB LMJIMHJAPHYECKOH CHCTEMBI KOOPIMHAT:

a) a=e,; 0) a=e,; B) a=e,.

10.177. Pewmts 3amavy, aHanoruydyto 10.176, mns cdepuuec-
KOH CHCTEMbl KOOpIHMHAT:

a) a=e,; 0) a=ey; B) a=e,.

10.178. Haiitn Bce rapmonmdeckue (yHkuum BHIA:

a) u=f(r); 6) u=f(9); B) u=f(2)
(r, ®, z— UMTHHOPHYECKHE KOOPAHHATHI).

10.179. HaiiTh Bce rapMoHH4Yeckde (YHKIHMH BHIA:

a) u=f(r); 6) u=f(6); B) u=f(9)
(r, 8, @—cdepudeckue KOOPOUHATHI).

10.180. Ilepeiitu k cdepuueckuM KOOPDAMHATAM B BbIPAXECHHH
2xy (22 —xt—y?)
x24y?
10.181. IlepeiitT K UMAMHAPHYECKUM KOOPIHHATAM B BbIpae-
2xyz+(x*—y?)
VX2 +y?
10.182. IlepeiiTh K cpepudeCKHM KOOPAMHATAM B BBIPAXKEHUHU
xj—yi
N T

10.183. IlepeiiTn Kk UMIMHAPHYECKUM KOOPAMHATAM B BBIpace-
HHM BEKTOPHOTO TONA @=xzi+ yzj—z./x*+y*k w Haiitu a, diva
H rota.

CKaJSApHOTrO monsi u= u HaitH u, gradu u Vu

u Haiith u, gradu u Viu.

HAU CKAJSIPHOTO MNOJd U=

BEKTOPHOTO MOJIA a= 4 Haiith a, diva u rota.
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3. LienTpa/ibHble, OCeBble H OCECHMMETpPHUeCKHEe CKaJIipHbie MOJIA.
CkansgpHoe TOoJic Ha3biBaeTCH YeHMpaabHbim, eCIH QyHKUMS nons u=u(P)
3aBHCHT TOJIbKO OT PAcCTOSHHS TOYKM P NOJIS OT HEKOTOPOH NMOCTOSHHOM
TOYKH —€ro LeHTpa. Ec/iM Hauajno KOOpAMHAT NMOMECTHTH B LEHTD MOJIA,
TO GYHKUHS ¥ TPHMET BHA

u=u(r)=u(/x*+y*+z7%.

Ipu uccnenoBaHuM TakuX moJiel Heaecoobpa3Ho MONbL30BAThCA Chepuyec-
KMMH KoopauHaTaMu. [TOBEpXHOCTAMM ypOBHA Takoro monst Oyayt cdepb
C LEHTPOM B LEHTpE MNOJs, M MOTOMY O3TH TNOJSA YacTo Ha3bIBAlOT
chepuueckumu.

CxansspHOoe mOJie Ha3bIBAIOT ocesbiM, ecid GyHkuus mnons u(P)
3aBHCHT TONbKO OT PpACCTOSIHUS TOYKH Mojs P OT HEekoTopoil oOcH.
Ecnn npuHsATh 3Ty ocb 32 ocb Oz W 06O3HA4YUTh PACCTOSHHE OT TOUKH
P no Hee yepe3 r, TO (QYHKUMSA u TPHMET BH[

u=u(r)=u(\/m).
[Ipy WcCleNOBaHHM TAaKHX MOJei 11e1eco00pa3HO MOJIb30BATHCA LMJIMH-
NPHYECKHMH KoopanHaTamu. [TOBEpXHOCTAMM YPOBHS TaKMX MOJIEH $B-
NAIOTCS KPYroBble WHJIMHAPHI, OCH KOTODBIX COBMNAZAIOT C OCbHO TOJSA.
DTH NOJIA Ha3BIBAIOT TAKKE YUAUHOPUYECKUMU.

Ecnu ¢ynkumsi u(P) ckansApHOTO MOJs NPHHMMAET ONHH H Te ke
3Ha4YeHHMs B COOTBETCTBYIOLIMX TOYKAX BCEX MOJYIJIOCKOCTEH, MPOXOISLLMX
yepe3 OAHY M Ty Xe mNpsaMyio (OCb MOJIS), TO Takoe IMOje Ha3bIBAIOT
ocecummempuueckum. TIOBEPXHOCTH YPOBHS TaKOTO TOJIsi — HOBEPXHOCTH
BpALUEHHS, OCH KOTOPbIX COBMAAaOT C ocbio moins. Ecam ock mnons
NpUHATL 32 ocb Oz, TO NPH MCCIENOBAHUH TAKHX NMOJIEH Leiccoobpa3HO
N0JIb30BaThes MO0 cdepudeckuMHu, JHO0 NUIMHIPHYECKHMH KOODIMHA-
TamHu. PyHkuuio u=u (P) MOXHO B 3TOM Cjly4ae NMpeacTaBUTb 1Mb0 B BHIE

u=u(r, 6)
(B cepuueckux koopauHartax), aubo B BuAe
u=u(r, z)

(B UMJIMHIPUHYECKHX KOODAMHATAX).

3aMeuvanue [paaMeHTsl UEHTPANbHBIX, OCEBBIX M OCECHMMET-
puueckux mojed o0pa3yroT BEKTOPHBIE MNOJA TOrO XKe Xapakrepa —
[IEHTPAJIbHBIE, OCEBBIE H OCECHMMETpPHYECKHE.

Halitu rpaaueHTbl M JamulaCMaHbl CJIECAYIOLIMX IIOJICH:
10.184. u=f(r), r=./x*+y*+z>%
10.185. u=f(r), r=/x*+y%

10.186. u=F(r, 0) (r, 86— chepuueckue KOOPAUHATHI).
10.187. u=F(r, z) (r, z— UWIHHIPUYECKHE KOOPAMHATHI).



Fnasall

OCHOBHBIE MMOHATHUSA TEOPUU ®YHKLIUMN
KOMITJIEKCHO TIEPEMEHHOA

§ 1. Daemenrapunie QyHKIHH

1. IlonsTHe ¢yHKnHMH KOMIIEKCHO#H mnepemenHod. MHoxecTBO TO-
wek  E pacuiMpeHHOM KOMIUIEKCHOH miockoctd (z)=C(J {0} Ha3sbI-
BACTCS  C6ASHbIM, €CJIM  JHOOble JBE €ro TOYKH MOXHO COEIHHHTH
IICHPEPLIBHOR  KPHBOM, BCE TOYKH KOTOPOH TpPHHAIJIEKAT HaHHOMY
mioxecTBy. CBS3HOE OTKPBITOE MHOXECTBO TOYEK KOMIUIEKCHOM
IJIOCKOCTH  Ha3bIBaeTcs obaacmeio M obo3Havaercs yepes D, G u
1.n. Obnacte D Ha3bIBa€TCA 0OHOCBA3MOU, €CIAM €€ TI'paHULA SABIAETCH
CBA3HBIM MHOXECTBOM: B TNPOTHBHOM ciy4yae obiact, D Ha3biBaeTcs
MHO2OCEA3HOU.

Ecnu  KaxaoMy KOMIUIEKCHOMY 4YMCIYy 2z, HNpHHaJjexaiieMy o6-
nacTd D, moOCTaBlI€HO B COOTBETCTBUE HEKOTOPOE KOMILICKCHOE 4M-
CJI0 W, TO TOBOPSAT, YTO B obyacTu D onpejeneHa KOMIUIEKCHas (GYHKLUSA
w=/(z).

yeTb z=x+iy u w=u+iv. Toraa ¢yuxuus w=f(z) MoxeT GbITh
IPEACTABICHA C MOMOLIBbIO IBYX JCHCTBHTEIBHBIX (YHKIME u=u(x, y)
w v=v(x, y) AEHCTBUTE]bHbIX NEPEMEHHBIX X M ):

w=f(z)=u+iv=u(x, y)+iv(x, y),
11e
u(x, y)=Ref(z), v(x, y)=Im.f(z),

IMpumep 1. Ykasats obacTs, OonpeaenseMyo yCIIOBHEM
|z]—Imz<1.

< Tak kak |z|=./x*+y? u Imz=y, TO momyuaeM HEpaBEHCTBO

VxZ+yi-y<l
VxP+yi<l4y.

N3 nocnenHero HepaBeHCTBa cenyer, uTQ y> —1. BoaBonﬂ obe wactTu
HEPABEHCTBA B KBAaApaT, HaxomuM x°+y2<1l+2y+y2. CrenosaTebHo,

UK

MckOMasi 0GJIACTh OMpEAENseTCH HePaBEeHCTBOM y>§(x2—l), T. €. Npea-

cTaBnseT coGOil OTKPBITOE MHOXECTBO TOYEK, OTpaHHueHHOe rpaduxom
1

napa6obl y=§(x2-—l) u coaepxawee Touky O(0, 0). o

Hpnmep 2. HaliTu NeHCTBHTENbHYIO M MHHMYIO 4acTH (yHKUHMU

fle)=iz?—z.
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<1 Tlonaras z=x+iy, HaxoAuUM
f@)=ulx, y)+iv(x, y)=i(x+iy)*—(x—iy)=
=i(x2—y?+2ixy)—(x—iy)= —x(14+2p)+i(x2—p*+y).
Takum oGpazom
Ref(z)=u(x, y)==x(1+2y), Imf(z)=v(x, y)=x*+p*+y. ©

Onucath 007acTH, 3aJaHHBIE CIEOYIOIUAMH COOTHOLICHUSIMH,
U YCTAHOBHTH, SIBJIAIOTCSH JIM OHH OJHOCBS3HBIMH:

1L1. |z—z0|<R. 1.2 1<|z—i|<2.
113. 2<|z—i|<+0. 114. 0<Re(2iz)<l.
115. |z—20|>R. 11.6. 0<|z+i]<2.
11.7. Im(iz)<1. 118, Re1>%.

Zz

Vka3zaTh Ha KOMIUIEKCHOH IUIOCKOCTH MHOXECTBA TOUYEK,
YIOBJIETBOPSIOLIMX YKA3aHHbIM COOTHOLUCHHUSM:

1.9*% mZt o0, 1010, [z—i|+|z+i|<4.
z—2i

11.11. ReZ"2=0.  1L.12. |z—5|—|z+5|<6.
z+2i

11.13. argZ=21=0. 11.14* arg—~=0.
z—2, z+1

3anucarb C NOMOLIBID HEPABEHCTB CJICAYIOUIME OTKPLITHIE
MHOX€ECTBA TOYEK KOMILJIEKCHOH IIOCKOCTH:

11.15. TlepBbii KBagpaHT.

11.16. JleBassi mosymjiocKoOCTb.

11.17. Tonoca, cocTosilas U3 TOYEK, OTCTOSAIIUX OT MHMMOM
OCH Ha paccTOsIHHE, MEHbIllee TpeX.

11.18. BaytpenHocTs jumnca c¢ ¢okycaMu B Toukax 1+i,
3+i u OonblOH mNONYyOChIO, paBHOH 3.

11.19. BHyTpeHHOCTb yrja Cc BEPLIMHON B TOYKE Z, pacTBOpa
7/4, CHMMETPHYHOIO OTHOCHTEJILHO JIy4a, MapasuleJIbHOro Io-
JIOXHUTEILHO MHHMMOM TOJYOCH.

Hns cnenyrommx GYHKUHA HAATH OEHCTBUTENbHYIO 1 MHHMYIO
YaCTH:
11.20. f(z)=iz+2z2 11.21. f(2)=2i—z+iz2

11.22. f(z)=fT+f. 11.23. f(z)=§+§.
2
11.24. f(z)=Re(z*+i)+ilm(z*>—i). 11.25. f(z)=—z i-:_’z_;l~

Onpenenuts GyHKUMIO w=f(z) MO H3BECTHBIM IEHCTBUTEIb-
HOH M MHHMOH 4YacTsM:
11.26. u(x, y)=x+y, v(x, y)=x—y.
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1 i
-1 Eemu z=x+iy u Z=x—iy, 10 x=5(z+z') U y= _5(2_2)' Toraa

1 N o 1=i 14
u(x, y)=x+y=-2-(z+z)-§(z——z)=—7—z+

5.
<

2
1 ] 1+i 1—i
o(x, y)=x—y=5(z+z")+%(z—f)=—2—lz+*2—12'.
('51c10BATEIBHO,
=i I+i_ 1+4i 1—i
D=ulx, y)+iv(x, y)=—:z iz ——if=
1(2)=u(x, y)+iv(x, y) 3 + 3 + 3 iz+ 5

AR ETANN LT el (1 40)z
= 2 2 L)z 3 2 l)z= l)z.

laxum obpasom, f(z)=(1+i)z.

PaccMOTpeHnbili B 3ajiave METOX MO3BoaseT B obwem ciydae
NONYUTH /1 GYHKLMH KOMILIEKCHOH TEPEMEHHON BbIPAXEHHE, 3aBUCALLEE
or z M I >

11.27. u(x, y)=x2—y2=2y—1, v(x, y)=2xy+2x.

x+yi4l xP4yi-1
11.28. u(x, y)=xTyz, U(X, _V)=)'x—2+yT

11.29. u(x, y)=£, o(x, y)%,

®yukums w=/(z) HasblBaeTcs odno.aucmuoit B obGnacth D, ecau
MoBBLIM Pa3HYHBIM 3HAYEHHAM Z; #Z,, B3ATHIM M3 obmactd D, cooT-
BCTCTBYIOT pasiMyHble 3HaueHHs OyHkuuu f(z,)#f(z2).

Hafitn 0o6sacTH ONHOJIUCTHOCTH ClEOYIOLIUX GYHKIMA:
11.30. f(z)=z%

-2 Mycrp z;=p,1e® U z,=p,e'®*2. HalineM ycioBue, NpH KOTOPOM
:3=z3 xoTa z,#z,. Umeem plei?®1=plei2%: Orcroma 3akmouaeM,
410 Py=py, a 20,=2@;+2kn (k=0, 1). Tak xak z,#2z;, TO
(p2=(g1+1t, Takum  obOpa3zoMm, 00651acCTb OAHOJIMCTHOCTH  (GYHKLUH
w=z% He AOJKHA COJepXaTb BHYTpH cebf Touek, MOAYJH KOTOPbIX
COBMAJAIOT, @ apPryMEHThl OTJMYAlOTCA HAa T, T. €. 006JaCTBIO OJHOJIHCT-
HOCTH sBigeTcs Jobas MOJYIIOCKOCTb, Hampumep Rez>0 wuau
Imz>0. >

11.31. f(2)=z", neN. 11.32. f(z)=e".
11.33. f(z)=e%". 11.34. f(z)=z+%.

I'eoMeTpuyecky 3aannyio Ha D gyHkumio f(z) MOXHO paccMaTpHBaTh
kak OTobpaxeHHe 06aacTH D MIOCKOCTH (z) Ha HEKOTOPOE MHOXECTBO
G wiockocTH (w), sABASIOUIEECs COBOKYIHOCTbIO 3HaueHuil f(z), coorTser-
CTBYIOIIHX BCeM z€D.

Mpumep 3. Uccnenosats oTOGpaxeHUe, OCYLIECTBISEMOE JUHEHHON
byHkumMe#r w=az+b.
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DTo 0TOOGpaxeHHE MOXHO pacCMATPHBATh KaK KOMIIO3HLHIO Tpex
NPOCTEHIMX OToOpaxeHHHi. [IeHCTBHTENBHO, MONOKHM

wi=lalz,
W, =eiargawl’
wiy=w,+b.

Toraa HETPYAHO BUAETH, YTO W=wsow,ow,. U3 reoMeTpuyeckoro cMmoicia
NPOH3BEAEHHS U CYMMbI KOMIUIEKCHBIX 4YHCEN SCHO, 4TO OTOOpaxeHHe
w, ecTb oToGpaxeHHe pacTsxeHHs (cxaTus npu 0<|a|<1), oTo6paxenue
w, TpPEICTaBASET COGOH MOBOPOT BCeil IUIOCKOCTH (W;) OTHOCHTEJBHO
Hayajla Ha Yrol @=arga H, HaKOHell, OTOOpaXeHHe W3 €CTh Mapasuieib-
HbI TIEPEHOC TJIOCKOCTH W, Ha BEKTOP, M300pakalolMi KOMIUIEKCHOE
yucno b. o

Haiitu oO0pa3bl yka3aHHBIX TO4YE€K I@pU 3aJaHHBIX OTO-
OpaxeHusx:
11.35. zo=1+4i, w=z2+i.
I+i .
11.36. zo=7’, w=(z—i)2.

1137, z=1-7, w=1mz

z
1138, zo=3—2i, w=-,
11.39. Haiitu o0pa3bl koopauHaTHbIX oced Ox u Oy mnpu

z+i
OTOOpaKECHHH W=—.
z—1
Jns oroOpaxeHud, 3a4aBaeMbIX YKa3aHHbBIMH (YHKIMAMH,
Ha#iTy oOpa3bl nuHuH x=C, |z|=R, argz=a u obOpa3 obiactu
|z|<r, Imz>0:

11.40. w=z2. 11.41**, w=1

z

OpuH u3 Haubosiee ynoTpebiasemMbix cnocoboB 3aJaHus (PyHKLHME —
3ajlaHde C mnoMoubio (GopMynbl—B  ciyyae (QYHKIHH KOMILIEKCHOM
MEPEMEHHOH YacTO NpPHUBOAMT K MHOTO3HAYHBIM (YHKLHAM.

loBopaTt, yto B obOnactu D ompeneneHa MHOro3Ha4Has (yHKUMA
w=f(z), ecnu Kakno# Touke z€ D NMOCTABIEHO B COOTBETCTBHE HECKOJILKO
KOMILICKCHbIX YHCEJ W.

2
Mpumep 4. Haiith Bce 3HaveHus GyHKUMH W =" \/;

B TOYKE Zo=i.

< Tak kax |i|=1 W argi=m/2, TO B COOTBEICTBHH C ompenese-
HHEM KOpHA n-H CTENeHHM H3 KOMIUIEKCHOro uuciaa (cM. § 5 ri. 1) Ha-
XOIHM

1

T
wk=§—ef(5+m) k=0, 1.

’ )
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lakuM obpa3om,

wo l f£~cos——131ng——i£
4 4 2

3 s
Sni
wy =§——e7=§-—cos54—n——isiné}:ﬁ+i\/75. =

HaiiTu Bce 3HaveHds crenyoumx OQYHKOUA B YKa3aHHBIX
10YKaxX:

11.42. w=z+%/2z, zo=—1.
143, w7,

Z—1
1144, w=/1-/2, zo=—
1145. w=./i+./z, zo=—L.

Haiitn Arg f(z), ecin z=re'®
11.46. f(z)=2>. 1147, f(z )_z3.

11.48. f(z)=3/z+1. 1149. f(z)=./z-8.
11.50. f(z)=/z—4. 1151 f(z)=/(z—2)/(z+1).

2. OcHoBHbie JJeMeHTapHble PYHKIHH KoMIJlekcHoil nepemennoil. Cre-
jlytolliie GpyHKUMM (Kak OJHO3HAYHbIE, TAK H MHOTO3HAYHbIEC) HA3bIBAIOTCH
OCHOBHBIMH 3JIEMEHTAPHBIMU:

1. Apo6Ho-pannoHanbHas ¢yHKius

apz"+a,z" ' +..+a,
boz™+b 2" ...+ b,

n, meN.
YacTHBIMH ClIy4asiMH 3TOH QYHKUMHM ABJISIOTCH:

a) nuHeRHas QyHKuUs

az+b, a, beC, a#0,
6) creneHHas QyHKIMS
z", neN;
B) IpoOHO-NuHeHas GyHKUUS
az+b

——, a, b, ¢, deC, c¢#0, ad—bc#0;
cz+d
r) ¢ysxuns Xykosckoro

1 +]

—{z+-)

2 z
2. Toka3aTtensHas GyHKIMS

e*=e*(cos y+isiny).
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3. TpuroHomeTpuyeckue QYHKIUH
1, . . | I .
sinz=—(e”—e™"%), cosz==(e"+e "),
2= (e —e ) (e )

sin z cosz
Z=—, ctgz=——-.
cos z sin z

4. T'unepbomuueckue QyHKIMH
1 1, -
shz=5(e’-—e""), chz=§(e’+e"‘),

hz ch
thz=-————S s cthz=—z.
s

5. Jlorapupmuyeckast GyHKLUA
Lnz=In|z|+i(argz+2km).

OGyHkuus Lnz sBnaseTcs MHOro3Ha4HOW. B kaxaoH Touke z, OTJIHMHOM
OT HyJIf U 0O, OHa NMPHHMMAeT OECKOHEYHO MHOro 3HaucHWil. Bripaxenue
In|z|+iargz Ha3bIBaeTCs IJIaBHBIM 3HaYeHHEM JlorapudmMuyeckoit QyHKIHU
u obo3Havaercs yepe3 Inz. Takum obpasom,

Loz=Inz+2kmi.
6. Oburast creneHHas QyHKLHS
z%=e"z geC.
D1a (yHKUMA MHOTO3HAuYHAsi, ee [JaBHOE 3HauycHue paBHo e°™. Ecmu
a=;, neN, TO Nojy4yaeM MHOr0O3Ha4yHyl0 (QYHKLHIO— KOPEHb n-H CTENeHH

M3 KOMIUICKCHOIO H4HCJa:
argz+2kn

1 1
- ~(Injz]+i-(argz+2kn)) i
z"='{/;=e" =/lzle n

7. O6iias moxa3satesnbHas GyHKUHSA
L
a*=e*"¢, aeC.

InaBHOE 3HaueHME JTOH MHOrO3HAuHOK (yHKUMM paBHO e°™° B najb-
HeiieM 1pu a>0 nonaraemM a‘=e*'™“

8. O6patHble TpuroHomerpuuyeckue GyHkuMM Arcsinz, Arccosz,
Arctgz u obpatHbie runepbosimyeckue ¢yHkuumu Arshz, Archz, Arthz.
Onpenenesns 3TUX MHOTO3HAYHBIX (QYHKUMH PpaccMOTpeHbl B TNpHMepe
7 wu 3amavax 11.70—11.74.

OToGpaxeHus, OCYLIECTRIAEMbIC HEKOTOPBIMH IEMEHTapHbBIMH (yH-
KIMAMY, M npocrediiune cBoiicTBa 5THX (yHkuuit 6yayT paccMOTpEHbl
no3anee (B § 3); 3mech OrpaHMYUMCS TOJbKO BbIYHCIIEHHEM KOHKPETHBIX
3Ha4YeHUN ITUX (PYHKLH.

Mpumep S Boruucaute sini.
< Mmeem:

‘ eli_e™ii g1 _ol ol -t
sini= = =i =ishl. >
2i 2i 2
Mpumep 6. Boruucauts ch(2—3i).
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+ Himeem:
6’2_3i+€’_2+3i

(> 3i)= 3

=§(e2(cos3—isin 3)+e~2%(cos3+isin3))=

=cos3ch2—isin3sh2. >

ITpumep 7. Haiith aHanuTH4YeCcKOe BRIpaXeHHE [UIS (QYHKIUH
Arccosz mpu mo6OM KOMIUIEKCHOM z. Berumciaurs Arccos 2.
 Tak Kak paBEHCTBO w=Arccosz PaBHOCHJIbHO pPaBEHCTBY COSW=z,
elw+e‘lw
10 MOXEM 3aMHucaTh z=——i--—. Otcloga Haxoaum

e2v _2ze™4+1=0.

Peias 3TO KBaApaTHOE OTHOCUTENBHO e ypaBHEHHeE, MOJIyddem

eV=z4./22-1
(11cCh  paccMaTpuBaloTcs oba 3HaveHus kopHs). M3 3toro paseHcTBa

naxomuM iw=Ln(z+./z2—1), T.e.
w=Arccosz=—iLn(z+,/z?—1).

Orciona nosyyaeMm
Arccos2= —iLn(2+/3)= —iln(2+./3)+2kn. >

11.52. Wcnonb3yst naHHOe BbIlE oOmnpelciicHHe (yHKUMH e°,

JlI0OKa3aTb, H4TO e® HMMeeT 4YHCTO MHHUMBIHI nepuon 21ti, T. €.
2+ 2mi z
¢ =e".

Brigenuth AEHCTBUTENIbHYIO M MHUMYIO HacTH CIEXYIOIUMX
(pyHKIH#H:

11.53. w=e' "% 11.54. w=e @’

11.55. w=sin(z—i). 11.56. w=sh(z+2i),

11.57. w=tg(z+1). 11.58. w=3'=

Jloka3aTh TOXIECTBa:
11.59. siniz=ishz. 11.60. cosiz=chz.
11.61. tgiz=ithz.

BbluMC/MTh 3HAYeHMs (YHKUMA B YKa3aHHBIX TOUKaX:
11.62. cos(1+1i). 11.63. chi. 11.64. sh(—2+i).

1165. Lo(—1).  11.66. Ini. 11.67. Lo ™.

NG

11.68. ctgmi. 11.69. thmi.

TloyYynTh AaHAJMTHYECKUE BBIPAXKEHMS [UIS YKa3aHHBIX HHXeE
GyHKIME W NS KaXIOM M3 HMX HAaWTH 3Ha4Y€HHE B COOTBET-
CTByIOLIEH TO4ke zo (CM. mpumep 7):

11.70. w=Arcsin z, zo=i.

11.71. w=Arctg z, zo=i/3.
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11.72. w=Arsh z, zo=1.

11.73. w=Arch z, zo=—1.

11.74. w=Arth z, zo=1—1.

Haiith 3HaueHMe MoOZyJis M TIJIaBHOE 3HAYeHHE apryMeHTa
3alaHHbBIX (QYHKIMHA B YKa3aHHBIX TOYKaXx:

11.75. w=sinz, zo=n+iln3.

11.76. w=z%* zo= —mi.

11.77. w=1+ch?z, zo=iln2.

11.78. w=thz, zo=1+in.

Haiitu Bce 3HA4YeHHs CTENEHEH:

11.79. 2°. 11.80. (—1).
1181 (1+i).  11.82. (—1)¥2
11.83. (3—4i)' "% 11.84. (—3+4i)'*"

N 3i N\ 1—i
11.85. (ﬁ> . 11.86. (£+i) .
N; 2 2
PellMTh ypaBHEHHS:
11.87. ¢*—i=0. 11.88. e“=cosnx (xeR).
11.89. In(z—i)=0. 11.90. shiz=—1.

3. Ilpeqen u HenpepbiBHOCTL QYHKUMH KOMILIEKCHOH TNepeMeHHOM.
Yucno A% oo HasbiBaeTca npedesom dyukumm f(z) npu z—zo M 0Go3Hava-
erci A=lim f(z), ecnin ana moboro e>0 Hainercs 8=35(¢)>0 Takoe,

2z

0
4TO IS BCEX Z#Zo, YAOBJIETBOPSAIOIIMX HEPABEHCTBY |z—2Zo|<d, BBINON-
HAETC HEPaBEHCTBO
If(z2)—A|<e.

loBopuM, u4to lim f(z)=o0, ecnm ana moGoro R>0 Haiinercs
Z—2Z
o

5=0 (R)> 0 Takoe, YTO IUIA BCEX Z#Zo TAKMX, 4TO |Z—2Zo| < d, BHINOJHAETCA
HEpaBEHCTBO
If(z)|>R.

CrnepyeT WMeTb B BHAY, 4TO [UIs NaHHOH QyHkuuu f(z) cyuwectBoBanue
npesiena no o6oMy GpUKCHPOBaHHOMY NyTH (z—zo) €lUe HE rapaHTHpyeT
cywectsoBanue npesena f(z) mpu z—zo.
. 1(z Z .
Mpumep 8. Mycrs f(z)=—|-—-). Ilokasats, uTO lmbf(z) He
2i\Z z z=
CYLLIECTBYET. .
<1 [lns npenena npu r—0 no mobomy nay4y re® umeem

i 1/ re®® re @ -
im— —_—— )=sin
2 re”"®  re'® P

T. €. ITU NpeJesibl Pa3ju4Hbl AJIA Pa3jIMYHBIX HaNpaBJICHHH — OHM 3amosn-
HAIOT Ccrjiowb oTpe3ox [—1, 1], u, ciemoBaTenbHO,

I 1/(z Z
im —[2-2
22 2i\z z

HE CyLIeCTBYeT. C>
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GyHkuns  f(z) HA3BIBACTC Henpepvi6HOU 6 MOuKe Zo, €CIM OHA
onpeenieHa B 310l Touke M lim f(z)=f(zo).
Z—Ozo

hyHkums f(z), HenpepbiBHas B KaXI0M TOuKe 06JaCTH D, Ha3biBaeTCs
nmenpepslghoil B 3T0i  obJacTu.

dynkuus f(z) Ha3bIBAETCS pasHomepno Henpepvignoil B obnactu D,
com 118 moboro >0 Haitgetcs 3=0(e)>0 Takoe, 4TO JUIS JOGBIX
1ONCK Zy M Z; M3 obnactH D Takux, 4TO |z;—2z;|<O, BBINOJHSAETCH
nepasererBo | f(z,)—f(z2)l<e.

11.91. Hcnonb3ys JOrHYeCKYI0 CHMBOJIMKY, 3allMCaThb JaHHOE
nLILIC OTpe/iesieHUe HEeMpepbIBHOCTH (GYHKHMH B obyacTu.

BbryucauTs CJICAYIOLIME NPEAEIbL:

. z?—4iz-3 .
1192, lim™—2277 11,93, lim =22
zi Z—1 z-0cChiz
. ini . errq]
11.94. lim —2% 1195, lim& .
, Mchz+ishz S et
4

Jloka3aTh HENpepbIBHOCTb Ha BCEH KOMIUIEKCHOW [JIOCKOCTH
Cleyrowux  GyHKUMiA:

11.96. w=2z. 11.97. w=|z|Rez.
11.98. w=e*. 11.99. w=cos|z|.

Kak poomnpenenuth naHHble (yHKHuUM B Toyke z=0, 4TOOBI
OHM CTajJIM HENPEPbIBHbIMH B 3TOH TOUKE:

zRez zIm(z?)

11.100. f(z)= 11.101. f(z)= llllz

11.102. f(z)=e"""%). 11.103. f(2)=2/|z|.

11.104. Jokaszatb, uro ¢ynkums [(z)=e” HEMpephLIBHA
B noaykpyre 0<|z|<1, |argz|<m/2, HO He ABJAAETCA PABHOMEPHO
HCOPEPLIBHOK B 3TOM moJiykpyre, a B JoboM cektope 0<|z| <1,
largz|<a<m/2 OHAa paBHOMEPHO HENpEepbIBHA.

1/z

§ 2. AnajymTHueckde (QyHkuMH. YC/IoBHS
Koum — Pumana

1. TlpousBoanas. Anaautnyuocth ¢yukumn. Eciu B Touke zeD
CyLUECTBYET Mpenesn
. z+Az)—f(z
L4891 ()

h

, z+AzeD,
Az—0 Az

ro OH Ha3sbiBacTca npouseoonoii GyHkumn f(z) B Touke z W 0Go3HavaeTcs

yepes f'(z) wnan d’;—(_z)

Ecnu B Touke zeD dynkuus f(z) umeer npoussomuywo f'(z), To
roBopuMm, uto Gyukums f(z) ouddepenyupyema B TOUKE Z.
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®yuxnus f(z), auddepeHuupyeMas B kaxao0i Touke obsacti D U uMe-
lowas B JTOH O6GNACTH HENpephIBHYIO NPOM3BOAHYIO f'(z), HasbiBaeTcs
anasumuueckou 6 obaacmu D. Bynem Takke rosoputs, 4to f(2)
anarumuueckan 6 mouke zoeD, ecnu f(z) sABNAETCS aAHANUTHYECKOH
B HEKOTOPOHA OKPECTHOCTH TOYKH Zg.

Nns toro utobbl GynkumMs f(z)=u(x, y)+iv(x, y) Obina anamuTHYec-
KO B obsactu D, HEOGXOAMMO M HOCTATOYHO CYILIECTBOBAHHE B ITOM
00JIaCTH HENPEPBIBHBIX YAaCTHBIX MPOM3BOAHBIX GyHkumit u(x, y) u v(x, y),
ynosneTBopsiowmx yciaosusM Kown — Pumana

tuls.y)_tnls.y)

ox dy
du((x, y)_ dv(x, y) 1
ay ox

WM, B MNOJIAPHBIX KOOpAWHATAX,

u (rcos @, rsing) 1 dv(rcos o, rsing)

or r oo ’
dv(rcos@, rsing) 1 du(rcos @, rsin @) 2)
or T o9 '

Mpu BuinosHenun ycnosuit (1) uman (2) mpomssomuas f'(z) Moxer
OBLITH 3amMucaHa COOTBETCTBEHHO:

du v v Ou Ou Ou Ov _Ov

— 4 = —_——— —=— -_—
ox ooy oy ax Loy oy ox

P )._f 0u+.6u _1fov  du @
o=\ "a)"z éo I(“)(p '

®opmyasl aupdepeHuMpoBanus (YHKUUHA KOMILJIEKCHON nNepeMeHHOMR
aHAJIOTMYHBI COOTBETCTBYIOIMM dopMynam nuddepeHumupoBanus GyHkumui
JIECTBUTEIbHON NEPEMEHHOM.

Mpumep 1. Jokasath, 4To QyHkuus f(z)=e?* aHanmuTHuHA M HalTH

f@)= (3)

HJTH

1)
< HUmeem
e?*=e2*(cos 2y +isin 2y),
T. €.
u(x, y)=e**cos2y, v (x,y)=e>*sin2y.

MMoatomy

ou au

‘——_-ZEZXCOS 2y, —_—= _2elx sin 2y’

Ox ay

0 0
& 2e*sin 2y, & —2e?*cos 2y.
Ox dy
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('1ic/l0BaTeNbHO, yCioBHs (1) BBIMOJIHAIOTCA BO BCeil MIJIOCKOCTH, W TO
nepspoit U3 ¢opmya (3)

(€)' =2e?* cos 2y + i2e** sin 2y = 2e>* (cos 2y + i sin 2y) =2e?*. ©

Npumep 2. ITokazaTs, uTo ¢yHkuMs w=2z> aHanuTHYHa BO BCeii
KOMIUIEKCHOM TJIOCKOCTH (KpOME z= 00).
-1 [leiicTBUTENBHO, MMeeM z=re'® U

3=r3®=r3cos 3¢ +ir?sin 3,

w=z

npHYeM
du 3 v 5
—=13rcos3p, —=3r*sin3e,
or or

ou - ov 3
—=—3r’sin3¢p, —=3r’cos3e,
) 0@

I.C. IpH J1I0GOM KOHEYHOM z=re'® BhIMOJHEHbl ycnosus (2). Tpumenss
ncpByro 3 ¢opmyn (4), uMmeeMm

S (z)=(z3)’=£(3r2 cos 3¢ +i3r? sin3¢)=32%.
z

MMpumep 3. INokasate, uTOo sorapudmuueckas ¢yHKuus w=Lnz
AHAJMTMYHA BO BCEX KOHEYHBIX TOYkaX, kpome z=0, npuyem

1

(Lnz) ==
< Tak kak
Lonz=Inr+i(e+2kn),
ro MMeeM:
du_1 oo_, o o o
or r o  dp or

I. €. BbITIOJIHEHBI YCJIOBMA (2), ¥ mo mepBod M3 ¢opmyn (4) Haxooum

1
=-, B>
4

(Lnz)=

~ | -

r
z

AHaJIMTHYECKHUE (l)yHKLlHH HaxoaAT MNPUMEHCHHUE TP OMMCAHUU pa3-
JIMYHBIX NPOUECCOB.

Mpumep 4. PaccMoTpuM miockoe 6e3BUXpEBOE TEYEHHE HIEasIbHON
HeCkMMaeMoii xuakoctu. Ilyctb v,(x, y) ¥ v,(X, y)— KOMIOHEHTBI Bek-
TOpa CKOPOCTM V TEYeHHs BIOJb OCelt X M y, H MNyCTh

V(2)=vx(x, y)—iv,(x, y) )

— KOMILJIEKCHast cKOpocTb Teuenus. [lokasaTh, 4To V(z)— ananurtudeckas
byHxuus.
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<1 N3 HecKMMaeMOCTH XHUAKOCTH CIEAYET, YTO JAUBCPreHLUsT BEKTOpA
CKOpOCTH TOXIACCTBCHHO pABHA HYJIO, T. €.
G0 00y
Ox Oy
Janee, TeueHue sBASETCS 6C3BHXpCBblM TOraa M TOJILKO TOraa, kKoraa
pOTOp €ro BEKTOpa CKOPOCTH paBEH HYJIIO, T. €.

ov, dv,
——=0. W)

()

Ho paBeHctBa (6) u (7) siBastorcs ycinoBusmu Kowu — Pumana ans
Qynkumu (5), T. €. KOMIUIEKCHAS CKOPOCTb V(z) SBASETCA aHAIMTHYECKOH
(yHKLMEH KOMIIEKCHOH NEPEMEHHOR z=Xx-+iy. o>

BbisicHMTB, B KakuxX Toukax AupdepeHmMpyeMbl (YHKIHH:

11.105*. w==z. 11.106*. w=Rez. 11.107. w=zImz.

11.108. w=zRez. 11.109**, w=|z|. 11.110. w=|z—1|%

11.111*, Ipennonarasi BeINOJHEHHBIMU ycioBuss Komm — Pu-
MaHa (1) B JekapTOBBIX NPSAMOYTOJBHBIX KOOPAMHATAX, NOKAa3aTh
crpaBeyiiBocTh  ycaoBuit Kowm —Pumana (2) B moJspHBbIX
KOOpJMHATAaX W CNPaBedMBOCTb (opMyn (4) BHLIYHCICHUS IMPOU3-
BOJHOH B NOJSPHBIX KOOpAMHATAX.

IIpoBeputs BbhimosiHenude ycnoBuid Kow —Pumana (1) wiu
(2) u B cnydae uX BbINOJHeHus HaitH f'(z):

11.112. f(z)=e3". 11.113. f(z)=shz.

11.114. f(z)=z", neZ. 11.115. f(z)=cosz.

1116, f(z)=In(z?).  1L117. f(z)=sin§.

11.118*. Ilycrb f(z)—ananutudeckass ¢yHKuus B o6iacTu
D. [oxa3aTth, 4TO ecim oAHa U3 (yHKIMEA

u(x, y)=Ref(z), v(x, y)=Imf(z),

r(x, y)=1/(2)l, 8(x, y)=argf(z)
COXpaHseT B 001aCTH MOCTOSIHHOE 3HAYEHHE, TO H f| (z)sconst B D.
2. CroiictBa anaquTHYeckHuX ¢yskumii. Pag cBoOiicTB, XxapaKTepHBIX

s aubdepeHIMpyeMbIX  QYHKUMH ACHCTBMTENIbHOM TNEpEMEHHOMN, Co-
XpaHAeTCsl M Ul aHAJMTHYECKHX (yHKIHIA.

11.119. Jloxasate, 4ro ecnu f(z) u g(z)— aHaiuMTHYECKHE
B obnact D ¢yskuuu, To dyskumn f(z)+g(z), f(z)-g(z) Taxxe
aHaJqMTHYHB B obnactu D, a vactHoe f(z)/g(z)— aHaimTHyeckas
¢yukums Bo Bcex Toukax obmactu D, B koTophix g(z)#0. Ipu
3TOM HMEIOT MecTo (opMyJbl

(/) e =1 () g (2), (f(2)>'=f'(2)g(2)—f(2)g'(~')_

(D)e@) =/ @) g@)+/(2) g (2), g() £(2)
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11.120. Iycrb f(z)—ananuruyeckas B obmactn D yHKuus
« obnacteio 3Havennit G={f(z)|ze D}, u nycrb QyHKums @ (w)
aiuiMTHYHa B obnacth G. [lokasate, uto F(z)=¢(f(z))—ana-
urivyeckas B obnactm D QyHKums.

Ucnonws3dys yrBepxkaeHme 3amaud 11.119, Haiitu ob6nactu
AMEUTATHYHOCTH (YHKUMH H HX NPOU3BOIHBIE:

11.121. f(z)=tgz. 11.122. f(z)=z-e".
23, f() =200 1, f(z)=i:t:.
11.125. f(z)=tg—z+la—é—z. 11126 /(2)=".

1127, f(z)=cthz.  11.128. f(z)=&32‘§z—h§.

11.129. [Joka3atb, 4YTO MOCHCTBHTEJbHas W MHHMas 4acTu
ananuTHYeckod B obmacth D dynkumn f(z)=u(x, y)+iv(x, y)
ABJISAFOTCA TAaPMOHHYECKHMH B 3TOH obsacté GyHKIMAMH, T. €.
MX JIalJITaCMaHbl PaBHBI HYJIO:

Pu  0%u % %

T Tt

Au=
11.130. ITonyuuts BbIpaXKeHHE JaIUIacHaHa Au B MONAPHBIX
koopmuHaTax (u=u(r, )).

3aMeTHM, 4YTO 3aJaHHEM [EHWCTBHTEJbHOM WJIM MHHMOM 4YacT
aHasuTHyYeckas B obnactu D dyHkuus ompeaenseTcs ¢ TOYHOCTBLIO IO
IIPOM3BOJILHOM  (KOMIUIEKCHOM) nocTtosHHoi. Hanpumep, ecomm  wu(x, y)
-NelCTBUTE/IbHAS YaCThb aHanuTHYeckodt B obnactu D dynxkumu f(z), TO

.y
v(x, )=Imf(z)= | —uj,dx+tusdy,
(x0. yo)

rie (xo, Yo) — puKCHpOBaHHas Touka B obnacTu D M NyTb MHTEr PUPOBAHHSA
raKke JeXHT B obnactd D.

Mpumep 5. Iposeputs, urto dynxuus u=x2—y?—5x+y+2 sB-
NISeTCs NeMCTBUTEBHON YacTbiO HEKOTOPOH aHanuTHuecko# ynkumn f(z)
u Haittn f(z).
< Tak kak

Ty 2
ox?  oy?
BO BCell IIOCKOCTH, TO u(X, y)—rapMoHHYeckas (yHKUMdA, a Toraa

(x.y)

o y)= | (@—1)dx+(2x—5)dy= | (2y0—1)dr+ | (2x—5)dy=

(x 0, yo) Yo
=(2p0—1)(x—x0)+(2x —5)(y — yo) =2xy — X — 5y + 5p0 + X0 — 2X0Vo0,
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T. €.
v(x, y)=2xy—x—5y+C
H
flz)=x?—p?=5x+y+2+4i2xy—x—=5p+ )=
=(x2—=2ixy—y2)=5(x+iv)+(—xi+p)+ 2+ Ci=z2—5z—iz+2+Ci. &
Mpumep 6. INoxkaszarb, 4yTO ¢QyHKUMA BHAQ
u(x, y)=a(x*+y?)+bx+cy+d. a#0,

HC ABJISCTCS JEWCTBUTEJILHOW (MJIM MHHUMO#) YaCTbIO HUKAKOK aHAJIMTHUEC-
KO#M (yHKLHH.

<1 JleWcTBUTENBHO, 3TO CJ1IeAYyCT M3 COOTHOLUCHHS
Y Zu Zu
ox*  éy

[}
9

)

IIpoBepUTE TapMOHHYHOCTH TPHUBEJEHHBIX HIDKEe GYHKUMMA
B YyKa3aHHbIX oOJlacTsIX ¥ HAWTH, KOrJa 3TO BO3MOXHO, aHa-

JMTHYECKYI0 (YHKUHMIO 0[O J[JAHHOW ee JCHCTBHTEJbHOM WIH
MHUMOHM 4YacTH:

11.131. «(x, y)=x>-3xy? 0<]|z|< + 0.

11.132. v(x, y)=2¢"siny, 0<|z|< + 0.

11.133. u(x, y)=2xy+3, 0<|z|<+ 0.

11.134. v(x, }')=arctg£, 0<|z|< +00.
X

X

11.135. u(x, y)= e

11.136. u(x, y)=x2—'y2+xy, 0<|z|< + 0.
11.137. v(x, y)=xy, 0<|z|< + 0.

§ 3. Koudopmubie otodpaxkenus

1. leomerpudeckuii cMbIC1 MOAYJIA H apryMeHTa mpom3sojmoii. [TycTs
w=f(z)—ananurudeckas B TOoukC zo GyHKuMs U f'(zo)#0. Torma
k={f"(zo)| reomerpuyecku paBeH KOXPPHUMEHTY pACTHKECHHS B TOHKE
zo TIpH 0TOOpaxeHnH w=f(z) (TouHee, npu k> 1 UMeET MECTO PACTSHKEHHE,
a npu k<l—cxkaTue). ApPrymeHT npousBomHol @=argf’(zo) reomer-
PHYECKM pPaBCH Yriy, Ha KOTOPbI HYXHO NOBEpHYTb KacaTesJbHYIO
B TOYKE zo, K moboi rnaakoi kpuBoi L, NMpoXonasiuei 4yepe3 TOYKY
Zo, 4TOOBI MONY4MTb KacaTelbHylo B Todke wo=f(zo) k oGpasy L'
3TOM KpMBOW npu oToGpaxewuu w=f{(z). [Ipu sTom, eciu @>0, TO
MOBOPOT MNPOHMCXOAWT MPOTHUB YacCOBOW CTpesnku, a eciim @<0, To 1o
4acoBOM.

Takum 00pa3oM, recoMeTpuUyecKUif CMBICT MOAYJIS M apryMeHTa
NPOU3BOJHON COCTOMT B TOM, YTO NPH OTOOpaXEHHH, OCYLIECTBIAEMOM
aHanuTHYeCKO#  (yHKkumed, ymoBieTBopsiowed yciosmio  f'(zo)#0,
k=|f"(z0)] onpemenser ko3¢pduumeHT npeobpazoBaHus nOAOOUN Oec-
KOHEYHO MAJIOrO JIMHEMHOTo /ICMEHTa B TOYKE Zo, a ¢ =arg f (zo)— yron
MOBOPOTA 3TOr0 3JIEMEHTA.

Mpumep 1. Haiith xoddpduumedT pacTsxeHHs kK U yroja moBopora
@ B Touke zo=1—i npu orobpaxenun w=z%—z
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1 Tax xak w'=2z—1 u w|,.,;=1-2i, TO
k=|l—2i|=\/§ u o=arg(l-2i)=—arctg2. >

Haiitn ko3¢¢uumenT pacTsxeHus k U YroJ moBOpoTa ¢ s
LUIAHHBIX OTOOpaxenuit w=f(z) B yx(aummx TOYKaX:
1L138. w=2z2, zo=,/2(1+i). 11.139. w=z? 4, zo=i
11.140. w=23, zo=1+i. 11.141. w=z , zo=1.
11.142. w=sinz, z,=0. 11.143. w=ie*, zo=2mi.
BBISICHHTB, Kakas 4acTb KOMIUIEKCHOM ILUIOCKOCTH pacTsAruBa-
cicd, a Kakas CKHUMAaeTcs NpH CIeAyIOLUMX OTOOpaXeHHsX:
11.144. w=1/z. 11.145. w=e>"1
11.146. w=In(z+1). 11.147. w=2%+2z.
HaiiTu MHOXeCTBAa BCEX TEX TOYEK Zg, B KOTOPHIX IIpH
cieayromux otobpaxenusx koddduumeHt pactskeHus k=1:
11.148. w=(z—1)%. 11.149. w=z%>—iz.
Vi
11.150. "’=Tt'-’z' 11151, w=—z°.
—1z
Haiith MHOXecTBa BCEX TeX TOYEK Zo, B KOTOPBIX IMpPH
CIICOYIOMMX OTOOpaXXeHusX yroj mnoBoporta @=0:
1+iz
1152 w=—1 1L153% w=rt2
z —iz

11.154. w==z%+iz. 11.155. w=z%2—-2z.

2. Kondopmubie oTobpaxcenns. Jinnelinas u 1podno-nuneiinas Gpyukunn.
B3aMMHO OAHO3HAYHOE OTOOpaxeHHe obsacth D mjockocTH (z) Ha
0bnacTh G MJIOCKOCTH (W) Ha3bIBAETCH KOHPOPMHbIM, €CIH B KaXAOH
royke obnactu D oHO oOsagaeT CBOWCTBAMHM COXPAaHEHUS YIJIOB U MOCTO-
HHCTBA PACTAKEHHH.

Kputepuit konpopmHocTn otobpaxeHus. Laa moea umo-
vkl omobpawcenue obaacmu D, 3adasaemoe Pymkyuenr w=f(z), b0
KOH@POPMHBIM, HE0OXO00UMO U 0ocmamMouHo, 4modul f(z ('3 ovina 00}(0 ‘tucmmoi
u anaiumuueckoi 8 obaacmu D @yukyueii, npuuem ['(z)#0 eciody 6 D.

B nanbHeituiemM o6pa3 obnactu D npu otobpaxeHun yHkuue

-—/}l) oGo3nayaercs depes E nuGo uepes f(D).
puMep 2. IMoxazaTh, YTO OTOOpPaxKeCHHE, OCYLUECTBIAEMOE (YHK-
meit w=z3, kondopmHO B obnactH

={z] 1<]|z|<2, O0<argz<2n/3}.

< HeoGxonumo npoBeputh, MTO 3a4aHHAA (YHKUMA ABJIACTCS aHANM-
THYECKOIA, onHonucmou B D u uto Bcroay B D f'(z)#0. AHaNnUTHYHOCTD
(byHKunu w=z> mnokazasa Bbile (cM. npumep 2 §2), COOTHOLIEHHE
w'=3z2#0 ans moboro zeD oueBuaAHO. OJHOJUCTHOCTb CEAYyeT W3
TOro, 410 06jJacTb D cONEpXUTCS B Yrjie C BEpUIMHOW B Hayaje
KOOpAMHAT M BenauuuHOW 2m/3 (cM. 3apmady 11.31). >

BbIsICHUTD, Kakne M3 3alaHHbIX QyHKUMA w=f(z) onpenensior
kKOHGQOpMHbIE OTOOpaXKeHHs YKa3aHHbIX obnacreit D:

11.156. w=(z+1i)?, D={z|1<|z+i]<3, O<argz<3m/2}.

11.157. w=|z|?, D={z| |z]<1}.
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11.158. w=e¢*, D={z|0<Imz<2n}.
11159 w=% z+1), p={z -21—<|z|<1}.
11.160. w=(z—1)*, D={z||z—1|<1}.

OtobpaxeHue, ocyllecTBiseMoe JHHeitHON dyHkuued w=az+b, pac-
cMoTpeHo Bbiue (cM. npumep 3 §1). OHo mnpeacraBiser coboit
KOMINO3HLMIO pacTsikeHus (w,; =|a|z), noBopota (w,=e'*8%w,;) u napan-
JIENILHOro nepeHoca (wi=w;,+b). l())ﬁpa'rﬂaﬂ K JIMHEHHON (YHKIMH Takxke

ecTb JuHeliHas yHkuus z=-w—-. Tak xak w'=a#0, TO oTobpaxeHue
a a
w KOHGOPMHO BO BCEil PACHIMPEHHOM IJIOCKOCTH, NpHYEM HMEET [BE
HEMOJBHXXHBIE TOYKH zlzl— (npu a#l) n z;=o00.
—a

NMpumep 3. BbIACHUTB, CymwecTByeT M JuHeiHas (yHKIMsA, OT-
obpaxatomas TpeyroqbHHK ¢ BepuiMHamu 0, 1, i B muockoctd (2)
Ha TpeyrojbHuK ¢ BepwmHamH 0, 2, 14i B miockocTH (w).
<1 3aMeTMM, 4TO TpeyroJbHHK ¢ BepiidHamu 0, 1, [ mnonoben
TpeyroibHuKy ¢ BepwdHamu 0, 2, 144, mpuyeM BeplIMHa B TOY-
k¢ z;=0 coOTBETCTBYeT BeplIMHE B TOYke Ww;=1+i, BeplINHA B
TOYKEe 2z, =1—BepmiMHEe B TOouke w,=0 ¥ BeplUIHHA B TOYKE ZzZ3=Ii—
BEpIIHHE B TO4YKEe w;=2. BRHINONHUM moOCIEAOBaTENILHO Tpeobpaso-
BaHHUA:

a) wy=e""*z—n0BOPOT OKOJIO Hayala KOOPAMHAT Ha yrona o=>5m/4
NpPOTUB 4acOBOHM CTpEJIKH;

6) wzzﬁwl—rOMOTeTnﬂ ¢ k03¢ dunueHTOM k=\/§;

B) wy=w,+ (1 +i)— napanjieiabHbiii NEpPeHOC Ha BEKTOp, u3obOpaxa-
IOLMHA KOMIUIEKCHOE 4HCIO 1+i.

B pesynbrate TpeyroabHuk c BepmmHamu 0, 1, i oToGpaxaercs
Ha TpeyrojpbHUK C BepumHamMu 0, 2, 144, a ocyuecTBisiolas 3TO
oTobpaxxeHue uenas JMHeHHas (QYHKUMS HMEET BHI

Sn
i— 2 2
W=wyowgow, =/ 2¢ 4 z+(1 +")=\/i<~\/—r—i—§>z+ 14+i=
=(1+i)(1-2). =

11.161. [Joka3atb, yTO OTOOpaXeHHE, OCYLIECTBIsAEMOe LEOoi
JMHEHHOH dyHKOMEH, UMeeT [OBE HENOIBHXXHBIE TOYKH (COBIMA-
Jawouye, ecau a=1).

JUis yka3saHHBIX HHXe OTOOpakeHHH HAWTH KOHEYHYIO HEemo-
JBWXXHYIO TOYKY zo (€CIM OHAa CYIUECTBYET), Yroj NOBOpPOTa
¢ M ko3bduuueHT romoterHd k:

11.162. w=2z+1. 11.163. w=iz+4.
;" _it

11.164. w=e'4z—e¢ 4. 11.165. w=az+b.

JpobHo-nunentHas QyHKUUs

_az+b
T eztd’

w ad—bc#0, c¢#0,
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OCVICCTBIIAET  KOHPOPMHOE OTOOpaxeHHWe pacCUIMPEHHOH TIOCKOCTH (Z)
1A PACHIMPEHHY0 TUTockocTh (w). [1pu 3TOM noa yriiom Mexy KpUBbIMM
N o1oYKe z=00 MOHUMAETCSA Yroj B Touke z*=0 Mexay obOpazaMu 3THX

WPUBLIX, TMOJIyYEHHBIX NyTeM oToOpaxchHus z*=-. [lpocrteiiuieit npobHO-
z

1

miciiHOR QyHKUMeH (OTNIHYHOH OT JIMHEHHOMN) sABnseTCS QYHKUUS w=-—,

z

Kotopas MOXET ObITh MpeaCTaBieHAa B BHUAC KOMIIO3MIMM HHBEPCHH

O1HOCUTENBHO EIMHUYHOIN OKPYXHOCTH W;=— M KOMIUIEKCHOIO COMpSsKe-
z

s w, =w;. TNpocreiias aApoOHO-nuHeNHas QyHKUMsS oTOOpaxaer okpy-

AHOCTH TUIOCKOCTH (2z) B OKPYXHOCTH TIUIOCKOCTH (w) (mpsiMas JIMHHUS

(IHT1AETCS  OKPY)XHOCTbO OecKOHewHOro paamyca). Tak kak obwas

apoOHO-JIMHeNRHAast QyHKLUMS NPEACTABIAETCS B BUAE KOMIO3MLMH JIHHEHHOM
|

vk wy=cz+d, npocrediueii ApoOHO-NMHENHHON w,=-— U CHOBa
wq
. bc—ad a ‘
IMHCHHOR Ww3=———w,+—, TO OHa TaKke OTOOpaxaeT OKpYXHOCTb
¢ ¢
" OKPYXHOCTb.

JpoOHo-nHeliHas GyHKUMS w=w (z) BNOJIHE ONpenenseTcs 3aAaHHeM
obpa3oB Tpex Touek. VIMeHHO, ecnu zy - w,, z; > w,; H 23 > W;3, TO

W—W; Wy—W; Z—2Z{ Z3—2;

(N

W—W,; W3—W, Z—2Z; I3—2,

3amevyanue. Eciu onHa u3 Touek z,, z, WM z3 JaUOO wy, w, WIH
wy aBasercs 6eckoHeyHO yaaneHHo#, To B ¢dopmyine (1) Bce pasHoctw,
coaepxkalude 3Ty TOYKY, cleqyeT 3aMeHHTb eIMHULIAMM.
Mpumep 4. Haiitu o6pa3 okpyxnoctd x2+y2=2x npu 0TOOG-
1

PAOKEHAH W=—.
z
. 1 _ 1 .
-1 [lonaras z=x+iy, uMeeM x=5(z+z), y=5—,(z—z). IMoncrasus 3TH
i

IHAYEHUSA B YPABHEHUEC OKPYXHOCTH, HaXOOJUM

x?+yt—2x=z'7—(z+2)=0,

1
W MOCJI€ 3aME€Hbl Z=-— HMEEM

T. e w+w=1. Ecnu w=u+iv, 10 w+w=2u Takum o00pa3om,
oKkpyxHOCTb x2+4y2 —2x=0 npeobpasyercs B npaMmyio u= /2, napannennb-
HYIO MHUMOH ocu. >

Mpumep 5. Haiitu apo6GHo-nuHeHHOe oTOOpaxeHue, nepeBonsuice
rouku —1, i, i+1 B Toukm 0, 2i, 1—i.
<1 Ucnoabsys dopmyny (1), umeem

w—0 1—i=2i z+1 i+1—i
w—2 1—i—0 z—i i+1+1’
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OTKyAa
w 1 z+1

w—=2 5 z—i

__ 2+
4z—5i—1

1
Haiitn oOpa3sbl CiieAyIOIMX JHHHHA NMPU OTOOpaKEHHH wW=—:
z

11.166. OxpyxuoctH x2+y%=y/3.

11.167. TIlpsmoii y= —x/2.

11.168. Ilpsmoit y=x—1.

11.169. OxpyxHoctd x2+y?+2x—2y+1=0.

11.170. Joka3aTb, YTO MpoXodfAlliasi yepe3 Hayajlo KOOpIMHAT
okpyxHOCcTh A (x2+4y?)+2Bx+2Cy=0 npeobpasyerca (pyHKkmmeit
w=1/z B mpsMyro, a mobas mpsmas Bx+ Cy+D=0—B Okpy-
XHOCTb, TPOXOISIIYIO HYepe3 HayaJio KOOPJIMHAT.

Haiitn ppoOHo-nuHeitHoe mnpeobpa3oBaHue MO 3aJaHHBIM
YCJIOBHSM:

11.171. Touku i, 1, 1+i mepexogar B Touku 0, oo, 1.

11.172. Touku 1 ¥ i HemOOBUXHBI, a Touka 0 MepexonuT B cO.

1 53
11.173. Touku ; H 2 HENOABWXHBI, a Z+4_,i MEPEXOAHUT B 0O.

11.174. [JokasaTb, 4TO IpobHO-TIMHEHHOEe NpeobpazoBaHue

az+b
w= d HMEET [BE HEMOABMXHbIE TOYKHM. IIpu KakoMm yciaoBuM
cz

9TH Toukd cosmagaroT? Korga 6eckoHeuHO yAaJicHHasE TOYKa
SABJISETCSA HEMOABHIXHOM?

Toukn z, U z, Ha3BIBAIOTCA CUMMETPHYHBIMUH OTHOCUTEJILHO NPAMOMH,
€CIM OHHM JIeXaT Ha NEpNEeHAMKYJISpe K OJTOH mnpsAMOil mo pa3Hble
CTOPOHBI OT Hee M HA DAaBHBIX DPAaCCTOSHUAX.

Touku z; ¥ z, Ha3bIBAIOTCH CUMMEMPUYHBIMU OMHOCUMEALHO OKpY-
JCHOCMU, €CIM OHHM JiekaT Ha OJHOM Jiyye, BBIXOAAILEM M3 HEHTpa
JTOH OKPYXHOCTH, MO pa3HbIE CTOPOHBI OT HEe M TaK, YTO MPOU3BEICHUE
pacCTOAHMI OT 3THX TOYEK [O LEHTpa PaBHO KBaApaTy panuyca.

Touku M u N, CHMMETPHYHbIE OTHOCHTEJIbHO MPAMOH WJIH OKpY-
XKHOCTH B IUIOCKOCTH (2), oToGpaxaroTcs ApoOHO-IUHEeHHOH QyHKuMeH
B ToukH M’ u N’, CHMMETpHYHBIE OTHOCHTEJbHO OOpa3a 3Toi npsmoi
HIM OKPYXHOCTH B IUIOCKOCTH (W).

11.175. Haiitu TOYKM, CUMMETpH4YHbIE C TO4YKOH |+i oOT-
HOCHTEIbHO OKPYXHOCTEH:
a) |z|=1; 6)*|z—i|=2.

11.176. [ns orobpaxeHus w=

- i

HalTH oOpa3 TouKH,

Z

CHMMETPUYHOH TO4Yke |—i OTHOCHUTEIBHO:
a) mpaMoit y=ux; 6) okpyxHOCTH |z—1|=3.
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Mpumep 6. Haiitu otobpaxenne kpyra |z]<l Ha kpyr |w|<1
1akoe, 4Tobbpl Touka z=a(|a|<1) orobpaxanacs B meHTp kpyra w=0.
-1 Janumem Apo6HoO-NHHEHHOE oToOpakeHHe B BHE

Z—2g
w=g

zZ—2Z;

lik KaKk TOYKa z=0 MEPeXOAMT B Touky w=0, TO zp=0, a Tak Kak

CUMMCTPHYHOR € TOYKONW w=0 sBIfETCA TOYKa W=00, TO Z; ABJAETCA

«UMMETPHYHOM C TOYKOM z=0 OTHOCHTEJIbHO OKPYXHOCTH [z]=1, T.e.
1

, =—. IMoatomy

R

_z—a
w=ga— .
az—1

Jlanee, TOYKH OKPYXKHOCTH |z|=1 MepexoasT B TOYKH OKPYXHOCTH |w|=1,
A N03TOMY mnpu z=e'® HMeeM

| et*—a
1=|gq| 20711
to
e?—a |2 (e*—a)(eT—d) 1+|ui—ei*d—e®a
e'?a—1 :(e‘°ci—l)(e"Va—l)=|a|2+l—e"d—e“°a=

(icnosatenpHo, |gdl=1, T. e. gd=e'®, u uckomoe oTO6paxeHHe
UMceT BHJL

0 2T

w=e > )

za—1
Has oroOpaxenus (2) eDMHMYHOTO Kpyra Ha cebs HalTH
napaMeTpsl o0 ¥ 0 HO 3aJaHHBIM YCIOBHSAM:
11.177. w(1/2)=0, argw’(1/2)=0.
11.178. w(0)=0, argw’(0)=m/2.
11.179. w(z,)=0, argw’(zy)=mn/2.
11.180. [Iokazatb, 4TO GYHKIMS
w=e® "% Ima>0, 3)
ZT-(Z
OCYLIECTBIISIET OTOOpaXKeHUEe BEPXHEH NOJIYIJIOCKOCTH HAa €AWHHY-
HbI KPYT.

Onpenenuth mapameTpsl o 4 0 B ¢popmyine (3) mo 3amaHHBIM
YCTIOBHSIM:

11.181. w(i)=0, argw’'(i)= —mn/2.

11.182. w(2i)=0, argw’'(2i)=m.

11.183. w(zy)=0, argw’(zy)=m/2.

Haiitu obpa3 E obnactu D nmpH 3aaHHOM JpOOHO-JIMHEHHOM
0TOOpaXeHUH:

zZ—1

11184 D={z|Rez>0, Imz>0}; w="".
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11.185*. D= z|0<argz<;—[}; Wzil,

1
11.186*. D= z|l<|z|<2,0<argz<g}; w=14-.
V4

1—:
11.187. D={z||z|<], Imz>0}; w=i—o.
14z
11.188. D={z|0<Rez<1}; w=z—;.
z—
11.189. D— nByyronbHUK (KpyroBasl JIYHOUYKA), 3aKJIFOYEHHBIH
z

MeXAay OKpyxHocTsmu |z—1|=1, |z—i|=1; W=————.
zZ—1—1

11.190**. Haiitu obnacte D B MJIOCKOCTH (z), KOTOpas NpH

0TOOpakeHNH w=I; npeobGpa3yeTcss BO BHYTPEHHOCTb Kpyra
—Z

|w|<r nmockoctu (w).

3. Crenennas ¢yuxuns. OToOpaxkeHHe, OCYILECTBISEMOE CTENEHHOM
bynkuueit w=z" (neN, n>2), asnsercs koHPopMHBIM B sr0OOM yrie

2k 2(k+1
Dz{z a <<_+ﬂ}
n

—-<argz , k=0, 1, ..., n—1 (xpome TOukM z=0),
n
npuieM o6pa3oM 3TOro yria sBjseTCs BCA IUJIOCKOCTb (W) C pa3pe3oM

T
MO TOJOXHUTENBHOW YacTH JEHCTBUTENLHOH OCH (JIydyy argz=-— COOT-
n

BCTCTBYET BEPXHHMH, a Jyuy argz:w-n-—ummuﬁ Kpai pa3spesa).
i (p+2lmn

Ob6patHas ¢yHKums w=’{ﬁ=%e ", rae k=0, 1, .., n—1, r=|z|,

@=argz, sBNSETCS, KaK W3BECTHO, MHOro3Ha4yHo#. Ee ogHO3Ha4yHas BETBb

(BpimensieMas 3asaHueM obpasa oaHOM u3 Touek) oToOpaxaeT MIOCKOCTb

(z) ¢ pa3pe3oM MO HEOTPULATENbHOM 4YacTH OEHCTBUTENBbHOH ocH Ha
COOTBETCTBYIOLIUI YyroJl

{ 2kn
E=<w

1

—<argw<
n

2 )

rae k=0, 1, ..., n—1—dukcupoBaHo.

Mpumep 7. Haiitu orobpaxeHne BHyTPEHHOCTH ABYYrOJIbHHKA C BEp-
WIMHAMH Z, W Zz,, oOpasoBanHoro oxpyxHoctasmu C, u C,, Ha
€MHUYHBIA  KpYT.

z—z,
<1 IlpeobpasoBanue w,= — oToOpaxkaer TOUKYy z=
T
wy=1, TOUKy z=2z,—B HyJb, & TOYKY z=z,—B OeckoHeuyHOCTb. Taknum
o0pa3oM, OTpe30K, COEAMHAIOIMHA TOYKH 2z, M z,, OoToOpaxaercs Ha
MOJIOKHTENIbHYIO AEHCTBHTENbHYIO ToONyoch. JlyrM oOKpyxXHOCTeid, 00-
pasyrolie  ABYYroJIbHHK, oOToOpaxarorcs B JIyun  argw, =omn
u argw,=—Pn. CrnenosatenpHo, obnacte D otobpaxaercs Ha CEKTOp
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L, ={w,;|—Prn<argw,<oam} (cp. ¢ 3amaueit 11.189). I[losepHem 3TOT
(cKIOp HAa yroa Pm, T.e. npousBeneM mpeobpasoBanue w,=eP*w,,
1

W BO3BEAEM MOJIYYEHHYIO (YHKLMIO B CTENEHb BT:
a

1

wy=(w,)B%a.
('¢KTOp OTOGPAa3UTCA B BEPXHIOID MOJNYMIOCKOCTb. DyHKUHA
Wy —w3

W4=€‘° —
Wy—W3

OCYLUECTBIISIET OTOGPaXeHHe MOJYIUIOCKOCTH Ha ENMHMYHBIA Kpyr. Beiu-
aunbl wd W O ONpemeNsIOTC NOMOJHHTENBLHLIM 3aIlaHHEM OTOOpaXeHus

@ g (w,) ' (w,)
ar |~
zZ, i (11

Z w, o Wy Wy

] > o — —_— / —
Y
/ 7
(wy) (w)

\§
|#

Puc. 95.

TOYKH z, B TOuky w=0 u ycroBueM argw’(z,)=Y. OKOHYaTeIBLHO,
w=wsowyow,ow; (puc.95). >

Haiitn  ¢yHknuro, otobpaxaromyio 3agaHHyro o6JacTh
D TWIOCKOCTH (z) Ha BEpXHIOI NOJYIUIOCKOCTh (B OTBETax
yka3aHa ofHa W3 (YHKUHMH, OCYIIECTBIAIOIUMX YKa3aHHOE OTOO-
paxkeHHe, TpHYeM ecMM (QYHKIUA MHOTO3HAYHA, TO HMMEETCH
B BHUAY OJHAa U3 €€ OMHO3HAYHBIX BeTBEH):

11.191. D={z||z|<1, |z—1|<1}.

11.192. D={z|—n/d<argz<m/2}.

11.193. D={z||z|<1, Imz>0}.

11.194. D={z||z|>1, Imz>0}.

11.195. D={z||z|<2, O<argz<m/4}.
11.196. D={z||z|>2, 0<argz<3m/2}.
11.197. D={z||z|<2, Imz>1}.
11.198. D={z||z|<1, |z+i|<1}.
11.199. D={z||z| <1, |z+i|>1}.
11.200. D={z||z|> 1, |z+i|<1}.
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11.201. D—mnockocTh (z), pa3pe3aHHas Mo OTpe3ky [—i, i].

11.202. D—mnockocTh (z), pa3pe3aHHas MO OTPE3KY, COEIH-
HAIOIIEMY TOYKH 1+i m 2+2i

11.203. D—miockocTh ¢ pa3pe3oM mno JjyyaM (—oo, —R]
u [R, +), R>0.

11.204. D —nonymnockocts Imz>0 ¢ pa3pe3oM mo orpesky,
coemunsomwieMy Toykum 0 u ih (h>0).

1 1 1221
4. ®dynxuna XKykosckoro. Mimeem w=§ z4+-), w’=§z 5—. ®yn-
z z

kuus JKykosckoro') ocymecTnseT koHGOpMHOe OTOOpaxeHUe Kak BHeLl-
HOCTH, TaK M BHYTPEHHOCTH €IMHMYHOIO Kpyra IUIOCKOCTH (zZ) Ha
wIockocTh (W) ¢ pa3pe3om mno otpe3ky [—1,1]. Ilonuas nnockocts
(z) orobpaxaercs Ha [BYJIHCTHYIO PHUMAHOBY TOBEPXHOCTb, CKJICEHHYIO
KpecT-HakpecT no paspesam [—1, 1]

Ob6paTHas GyHKUUA
z=w+ /w1

JIBYy3HaYHA, MPUYEM KaXIas BETBb OCYIUECTBISET OTOOpaxKeHHe MIOCKOCTH
(w) ¢ pa3pe3om no otpe3ky [—1, 1] Ha BHYTPEHHOCTb MJIM Ha BHEIIHOCTb
€AMHUYHOTO Kpyra B IJIOCKOCTH (2).

Mpumep 8. Haiitu obpa3 nonspHod ceTku p=const u @=const
npu npeobpa3oBaHMK IIOCKOCTH (z) ¢ momolubto (ynkuun JKykoBckoro.
<1 [lonaras z=pe'®, umeeM

1 A B 1 1 1 1
w=u+iv=—| pe’®+—-e7'® |=—| p+—|cosp+i=| p—— }sine.
2 p 2 p 2 p

CrenosaTesibHO,

n s p#1 umeem

uZ v 2
Y VA @
) )
"
u? v?
cosztp——s'mz(p= ' ®)
") KoudopMmHoe oTobpaxenue, OCYILECTBJIEMOE bynkunei

w= 3 z+- ), 6bu10 Mcnonb3oBaHo BnepBbie H. E. JKykoBckUM B KauecT-
z

BE METOJa IMOJy4YeHHS OJHOro KJjacca a’pOAMHAMHYECKMX mpoduieit,
Ha3BaHHbIX npodunsamu Jykosckoro. Ipodumu XKykosckoro orodpaxa-
I0TCS Ha Kpyr, AJsd KOTOPOro MOXHO JIETKO PelUuTh 3ajayy obTexaHwus,
a 3TO [JaeT BO3MOXHOCTb MCCJIEA0BaTb OOTEKaHHE KpbUIA CaMoJieTa.
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114 JTHX PaBEeHCTB 3aKJIIOYAEM, YTO OKPYXHOCTH |z|=p# 1 oTobpaxarorcs

1 )JUTHICHI TJIOCKOCTH (W) C TNOJIYOCSAMH a=§ p+—|u b=§ p—— ) npu

pol uam b=§ ——p)] mpu p<l. Jlysn ¢@=const B IUIOCKOCTH (Z)

upcobpasyroTcs B IIOCKOCTH (w) B runepbosibl ¢ MOJYyoCsIMH a=|cos® |
w h=|sing|.

3aMeTM, 4TO (OKYCHBIC pAcCTOsSHHA c¢=./a?—b> onnuncos (4)
w ¢, = a*+b? runepbon (5) pasubl 1, T. e (4) u (5)—-cemeiicTsa
co(OKYCHBIX IJUIMNCOB ¥ runepbon. o

[MTpumep 9. Haiitn oTobpaxeHHe NNOCKOCTH (z) C pa3pe3aMu IO
OTpe3Ky, coequHsioneMy TOoYkH O ¥ 4i, U MO OTPe3Ky, COEAMHSAIOLIEMY
104k 2i ¥ 2+2i, Ha BHYTPEHHOCTb €JIMHMYHOro kpyra |w|<I.
-2 HMickomoe oTOOpakeHHE W HaxOOMM B BHIE KOMIO3HLMM TSTH
otobpaxenuit. PDyHKIMA w,=z:2i MCPEBOAUT TOYKY z=2i B Haualo

KOOpIMHAT, a (yHKUHMS w,=e'2Zw, OCYLIECTBJISCT NOBOPOT ILIOCKOCTH
(w,) Ha yron nt/2. Touka z=4i NepexoaAUT B pe3yJibTaTe 3TUX OTOOPaXKEeHUMH
B TOUKY W, = —2, TO4YKa z=2i—B TOUKy w,=0, Touka z=2+2i—B TOYKY
w2=21 a Touka z=0—B TO4Ky w,=2. [lanee, B pe3yibrate OTOOpaKEHHMI
wy=w3 H w,=w,/4 pa3pe3 oTobpaxaercs B oTpe3ok [— 1, 1] miockocTn

(w,), M, HakoHel,
ws=w,+/wi—1,

oTobpaxcaeT BHEIIHOCTb oOTpe3ka [—1, 1] Ha BHYTPEHHOCTb €IWHHMY-
HOTO Kpyra, NpW4YeM BbIOMpaeTcssi Ta BeTBb JTOW (QYHKUMHM, KOTOpas
npy w,=oc0 obpaumaerca B HyJb. MHrak, w=wsow owzow,ow,
(puc. 96). >

4 ) (Wy) (w,)
2 gue 242§ w, V73 w, 2 wy
— — —_—
g 0 2 -2 0 2
-2
(wz) (wy) (w)
wy Wy
—_— —
-4 0 4 -7 |7 7
Puc. 96.

B 3aga4ax 11.205—11.207 na#iT oOpa3bl 3agaHHBIX obyacrei

1 1
npd oToOpakeHuH w= 2 z+-
z

11.205. BuyTpeHHocTH kpyra |z|<R npu R<1 u BHEMIHOCTH
kpyra |z|>R mpu R>1.
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11.206. BuytpeHHocTH Kpyra |z|<1 c pa3pe3oM Mo OTpe3Ky
[1/2, 1].

11.207. BayTpeHHOCTH KpyTa |z|<1 C pa3pe3oM MO OTpPE3KY
[—1/2,1].

11.208*. Haiitm otobpaxenue kpyra |z|<1 c¢ pa3spe3oMm mo
orpe3ky [1/3,1] nHa xpyr |w|<l.

11.209*. Haiitu otobGpaxenne obmactu D={z|Imz>0,
|z|>R} (BepxHAS MNOJNYIUIOCKOCTb C BBLIKHHYTHIM MOJYKPYTOM)
Ha BEPXHIOIO MOJYIUIOCKOCTD.

2

2
11.210*. OTo06pa3uTh BHEIIHOCTHL 3JUIHMIICA x—z+%=l (a>b)
a

Ha BHCIIHOCTH COAUHHYHOIO Kpyra.

5. Moka3atembnan ¢ynxkums. OyHKUHA w=e” ONHOJHCTHA B JHOOOHK
noJloce IIHPHHON MeHee 27, Mapasule/IbHOH JAeHcTBHTENbHOHW ocH. OHa
oToGpaxaer mojocy —oo<x<+0, —R<y<m B NOJHYK IJIOCKOCTb
(w) c pa3pe3oM Mo [EHCTBUTENLHOH OTpMUATENbHOH mnonyocH. Bes
NNOCKOCThL (z) oToOpaxkaeTcs Ha OECKOHEHHOJMCTHYIO DHMAHOBY IOBEp-
xHocTh. O6paTHas ¢ynkius z=Lnw=Inw+2nni, n=0, +1, ..., oqHO3HaY-
Ha Ha OJTOH pHMAHOBOW TMOBEPXHOCTH, a ee TJaBHOE 3HAYCHHE
Inw=In|w|+iargw ompemenser koHbOPMHOEe OTOOpaxkeHHe Bcedl IUIOC-
KkocTH (w) ¢ paspe3oMm (—oo, 0] Ha monocy —n<Imz<n wHpuHOH 2T,
napajulejibHyl0 NeHCTBHTENILHOH OCH.

Ipumep 10. Haiitu otoGpaxenue nosocsl wupuuoit H, 0<Rez< H,
napajUlelbHOR MHHMOW OCH, Ha EOMHHYHBIH Kpyr IUIOCKOCTH (W).

(z) (wy) (w,)
d 7]
: % % - =
—_— —_— —_—
aq H %%
g [

(w3)

Y )
Wy
7
0

Puc. 97.

N

<1 MckoMoe pelieHHe NONYyYHM, HamlpHMeEp, C IMOMOUIbIO KOMITO3HLUH
oTobpaxeHui:

. n , wy—w
Wy=e 2z, Wy=_W,, Wy=e", wg=e ——5
H 3

Ilpu nocnenoBaTeNbHOM BBINMOJHEHHH 3THX OTOOpaxeHWH 3anaHHas
nojnoca mnpeobpasyercs B obGnacTH, NMoka3aHHbIE Ha puC. 97. o>
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Haittm obpa3 E obnmactu D npu otobpaxenun w=e”:

11.211. D={z|-n<Imz<0}. 11.212. D={z||Imz|<n/2}.

11.213. D={z|0<Imz<2mn, Rez>0}.

11.214. D={z|0<Imz<mn/2, Rez>0}.

11.215. D={z|0<Imz<mn, 0<Rez<1}.

11.216. Haiitu oOpa3bl mpsamMpix x=C u y=C mnpu 0T0O-
DIOKEHUH w=e~,

Hafith o0pa3el cienyrommx obsacteit mpu otoOGpakeHHH
w=Inz, w(i)=%’:

11.217. {z{Imz>0}. 11.218. {z]|z|<]1, Imz>0}.

11.219. {z||z|<1, z¢[0, 1]}.

11.220. {z|z¢ [— o0, —1]U [0, + 0]}

6. Tpuronomerpuyeckne u runepGoanveckue Qynkmm. DyHxuus
n‘=cosz=e—28— O/IHOJIUCTHA B moJjyrnojoce —n<x<mn, y>0 u or-

obpaxaer 3Ty NOJYNOJOCYy Ha TJIOCKOCTb (w) ¢ paspe3oM (—oo, 1]
PuMaHOBa TOBEpPXHOCTh JTOW GyHKuUMM Oonee cloXkHas, 4eM y Tpeabl-
JYIMX, TaK KaK CKJICHBAHME JIUCTOB MNPOMCXOAMT OTAEIbHO TO Jydy
(—o0, —1) 1 no orpe3ky [—1,1].

DyHKLUUS w=SinZz CBOAUTCA K NMpeAbIAYLLEH C MOMOIUBIO COOTHOIIEHHUS

. n .
§In z=Cos E—z . K sinz u cosz cBoasatcs u runepbosinyeckue QyHKUHH:
shz= —isiniz, chz=cosiz.

11.221**. Haiitu o6pa3 E nosaynonocsl D={z|0<Rez<m,
Imz>0} npm orobpaxeHuu w=cosz.

11.222. Haiitu obpa3bl npsmeix x=C, y=C npu otobpaxe-
HUM w=chz.

11.223. Haiitu o6pa3 E npsamoyronsuuka D={z|-nt<Rez<
<m, —h<Ilmz<h, h>0} npu orobpaxeHun w=cCosz.

§ 4. Unrerpan or ¢QyHKUHE KOMIUIEKCHOH TNepeMeHHO#

1. Uurerpan no kpuBoii m ero Buruuciaenme. [Iycts /— nyra Hampas-
JEHHOW KYCO4YHO TIJIaaKko¥# KpMBOH B miockocTH (z), Toukn zel, k=0,
1, ..., n, pa3buBatoT Oyry / Ha HacTHYHblE XYId, HAa KaXIOH M3 KOTOPBIX
BbIOpaHO Mo omHo# Touke &,. k=1, ..., n. Ilo onpenenennio nonaraem

/)= tim S f(6) Az, M

max|Az||~0k

NpU YCJIOBHH, YTO Tpele B npaBoi YacTH (1) CyLIeCTBYeT M He 3aBHCHUT HHU
oT cnocoba pa3bueHus nyru / Ha 4aCTHYHBIE AYrd, HU OT BBIOOpa TOuek &,.
Eciu ¢dyHkums f(z) wempepbiBHa Ha /, To uHTerpan (1) cymecrsyer.

Ecnn f(z)=u(x, y)+iv(x, y), TO BbluuciieHHe MHTerpasa (1) ceogurcs
K BbIYHCJICHHUIO ABYX KPHBOJMHEHHBIX HMHTErpajsoB 2-ro poaa

[fz)ydz=[u(x, y)dx—v(x, y)dy+ifv(x, y)dx+u(x, y)dy. )
1 1 . 1
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Mpumep 1. Moms3yscy onpenenernem (1), Beraucuts [Rezdz, rae
1
/— paguyc-BekTop TOukH +4i.
<1 PazbuBaeM paauyc-BeKkTOp TOYKM 14/ Ha n paBHBIX 4acTelt, T.e.
noJilaraeM

Kk k 1
z,,=;+1;, Azk=;(l+1), k=0, 1,

U MnyCcTb E,,‘=z,‘. Toraa HHTErpajibHasgs CyMMa 3anuueTcs B BHIC

" tl4i 140 I+i n(n+1)
Rez Azy= ) x,-——=— ) —=—5 .
kgl a hgl e n n kgln n? 2
CrnemoBatenbHo,
fRezdz—ll (l'i-l)m..__(_'lil_)z_l_'_li >
n-—-c0 2n 2 ’

Mpumep 2. Ucnonb3ys mnpencraBicHue uHTerpana B dopme (2)
M TIpaBHJIa BBIYMCJICHUS KPHBOJIMHEMHBIX HHTErpajioB 2-ro pojaa, BBbIYHC-
nuth uHTerpan (|z|Zdz, rae /— BepxHAs MONYOKPYXHOCTb |z|=1 ¢ 06-

1]
XOIOM TPOTHB YacOBOW CTPEJKH.
<1 Umeem

jlzlzdz _[./x +y?(xdx+ydy) +1_(,/x +y?(—ydx+xdy).

l'lepexonu K napaMeTpuquKOM aBHCHHK) KpHMBOH Xx=cos!, y=sint,
0<t<m, u yuntbiBas, uto \/x2+y?=|z|=1 B TOYKax KpHBOIi, NoNydaeM
n n
flz|Zdz={(—costsinr+sinscost)di+if(sin? 1+cos® t)dr=mi. o
] ] )

Ecau nyra / 3ajaHa mapaMeTpHYeCKMM YpaBHEHHEM =z (), MpHYEM
HayaJibHasi ¥ KOHEYHAs TOYKM AYIM COOTBETCTBYIOT 3HA4YCHUSAM IlapaMeTpa
t=t, M 1=t COOTBETCTBEHHO, TO

_ff(z)dz=}f(z(r))z’(t)dt. -3

Mpumep 3. Ucnoab3ys ¢opmyny (3), BBIYMCIAUTD  HMHTErpaj
f(z+2)dz, rae |—nyra okpykHoctH |z|=1, m/2<argz<3m/2.

]
< Monoxum z(t)=e", n2<t<3n/2. Torma z'(t)=ie" u, ucnonb3ys
dopmyny (3), Haxoamm:

3n/2 ] )
f(z+ Z)dz = _f(e"+e"‘)te"dt—x<2 2"—i—t)
i

x/2

3n/2
=mi. >
n/2

HenocpeACTBEHHBIM CyMMMPOBAHHEM BBIYHCIIHTHL CJIEAYIOLIUE
MHTErpassl:
11.224. jlmzdz, rae /—paauyc-BEKTOp TOYKH 2—i.
1

11.225. {|z|dz, roe |—pamuyc-BekTOp TOYKH —2—3i.
1
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11.226. [Ioxa3aTb, YTO NpU HM3MEHEHHM HAIpPABJICHHS NYTH
HHTETPUPOBAHUS HHTErpaj W3MEHUT 3HAK, T. €.

};f(z)dz= — | f(2)d=.
1 [
11.227. loka3aTb, 4TO €CM a, M a, —IOCTOSIHHBIE, TO

I(alfl )+a, f,(z))dz= alffl( dz+a2_ff2

11.228. [loka3aTb, 4TO €ClIM KpHUBas HHTErpupoBaHUs [ sB-
inseTcs oObenuHeHMeM KpuBbIX [, M [,, TO

[ f2)dz=] f(z)dz+ [ f(z)d.
] 1 1
11.229*, Jloka3aTh, 4YTO HMEET MECTO OIEHKa

{f(z)dz s{lf(z)lds,

rue ds— nmuddepeHunan ayru.
Bblyuc/IMTL MHTErpajbl MO 3afaHHBIM KOHTYpam:
11.230. [(2z+1)zdz, I={z||z|=1, O<argz<m}.

11.231. flmzdz, I={(x, y)ly=2x2 0<x<l1}.
11.232. jl'(izz—Zz‘)dz, I={z||z|=2, O0<argz<mn/2}.
11.233. jRe(z+22)dz, I={(x, y)ly=2x2 0<x<l1}.
11234, [(z2—z)dz, I={z||z]=1, n<argz<2n).

1
11.235. _[z'e’dz, |—otpe3ok mnpsMoil OT TO4kH zy,=1 mdo
1

TOYKM Zz,=I.
11.236. _fe’dz, /—oTpe3ok mnpsAMOR OT TOYKH zy=T MO

TOYKH Zz,= —IT.
11.237. {zIm(z?)dz, I={z|Rez=1, |Imz|<10}.

1
11.238. {Re(cosz)sinzdz, {={z|Rez=mn/3, |Imz|<1/2}.

1
11.239. [cosZdz, [—oOTpe3ok MNPAMOH OT TOYKH Z,=T [0
1

L
TOYKH z,=5+1‘
11.240. [shZdz, /—oTpe3ok NpsAMON OT TO4KH zo=In2 10
1
ToukH z;=In10+miln5.
11.241. (Imz?Rez’dz, I={(x, y)|ly=3x> 0<x<l1}.
1

11.242. Edz, I={z]|z|=1, 0<argz<m/2}.

1
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IMycts B obmactu D 3amaHa MHOro3HauHas ¢yHKuus w=f(z).
Onxo3navyHas GyHkuus w=@(z), aHanuTHyeckas B obsactu D, Ha3bIBaeTCH
00HO3HauHOL eemablo GyHKIMH f(z), ecnM [ons ool Touku zoeD
3HayeHHe ¢ (z,) MPUHALJICHKHUT MHOXKECTBY 3Ha4eHUH QYHKLMH f(z) B TOUKe
z=z5, T.€ @(zy)€{f(z,)}. MHoro3naunas B obsactu D ¢yHKuuA
MOXET HMMEeTb KaK KOHEYHOE YHUCIO OJHO3HAYHBIX BETBEH (Hampumep,
w="\(z), Tak ¥ OeckoHeyHoe (Hanpumep, w=Lnz).

OYKa z KOMIUIEKCHOH IUIOCKOCTH, obnaparoiias TeM CBOHCTBOM,
4TO 00XON BOKpYr Hee B JOCTAaTOYHO MAaJloH OKDECTHOCTH BJIEWET 3a
coboif mepexoa OT OJIHOM BETBM MHOTO3HAYHOH (YHKUMHM K [ApYro#,
Ha3bIBaCTC MOuKol eemeéaenus (pazgemeneHud) pPacCMaTPUBAEMOH MHO-
rosHayHoi ¢yHkuuu. Tak, TOYKAMH BETBJICHMS MHOTO3HAYHON (QYHKIUU
w=_/z sBamoTca ToukHu z=0 M z=o00. B kaxaod u3 cBOMX TOUEK
BCTBJICHUA MHOrO3Ha4yHas (yHKUMS NPUHUMAET TOJILKO OIHO 3HAYEHHE,
T. €. pa3aH4yHble OAHO3HA4YHble BETBH (PYHKUIHH B ITHX TOYKAX COBMAAAIOT.

IIpu MHTErpHpoBaHWH MHOTrO3Ha4HOH (GYHKIMH HEOOXOOWUMO BblIe-
JATH €e OJHO3HA4YHYIO BETBb. Bo Bcex 3amauax HMXKE 3TO HOCTUTaeTCs
3a/laHHEM 3HA4YEHUsI MHOTO3HAYHOH (PYHKIMH B HEKOTOPOiH TOYKe KOHTypa
HHTETPUPOBAHHUS.

Boruucaurp HHTErpajabl MO 3aJaHHBIX KOHTypaMm:

n2a. | 2. i=()z1=1,  —n2<argz<n)2), /1=

13\/;,
NG

1.

3/z ABJISICTCSI MHOTO3HAYHOM:

:g\/_z'=3\/l_z"e§(¢+2knl’ k=0, 1, 2,
J3

|
rae @=argz. Ycnosuwo /1= —=+i~~" ynoBneTBOpseT Ta OAHO3HAYHAS
¢ g 2 3 y P

<1 DyHxuusa

BeTBb 93TOH ¢yHKUMM, AN KoTopod k=1. [edcTButensHo, mpu k=1
(v Tak kak argl=0)

i 2mi o 2n 1 3
Y=e 3‘°+2"’=e‘3'=cos?+isin—3—= -5+i{—.

[onaras Teneps z(Q)=e™ (—n/2<@<n/2) Ha KpUBOH [, HaxoaUM
i
3\/=e etz (g)=ie’,
H, CJIeJOBAaTENbHO,

n/2 n/2

dz [ ie*do (2-2)

= - = do=

3 /7 F@+2n) ¢ ad

3 n

] v -n/Ze —-r/2
3 (B3| 9 3.3
=Ze'"3 3) =—(e_'3——e—'")=———-i——'\/—. (=

w2 2 4 4
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* d
11244, | =, I={z||z|=1, O<argz<n}, 3/1=1.

3z
!

11.245. [ \/Zdz, I={z||z|=1, mn2<argz<n}, /1=—1.
1

f1n2

1.246. | 227

Y

dz, I={z||z|]=1, O<argz<m/2}, Lnl=2mi.

11.247. {Lnzdz, I={z||z|=1}, Ln,'%,;
1

11.248. | z"Lnzdz, neN, I={z||z|=1}, Ln(—1)=ri.
1

2. Teopema Koum. HUwrerpasbnas ¢opmyna Komm. Ecnu ynknms
f/(z) aHaNMTHYHa B OAHOCBA3HOH oOnactm D, OrpaHHYEHHOH KOHTYpOM
I, 1 y—3aMkHyTH# KOHTYp B D, TO

§f(n)dn=0. @)

Ecnu, nononHurenpHo, QyHKUMA f(z) HempepbiBHa B 3aMKHYTOH obnacTu
D=DYT, 1o

§f(m)an=0
r (treopema Koumn).

Ecnn  ¢ynkums f(z) aHanuTH4HAa B MHOrOCBsI3HOHW oOnactu D,
OrpaHHYeHHOH KOHTYpoM I M BHYTPDEHHHMH MO OTHOIUEHHIO K HEMY
KOHTYPAaMH Y, ..., Yy, U _HenpepbiBHA
B 3aMKHyTOH obnactu D=D{JT' "
Ut U...U¥« , rAe 3HaKu B BEpXHHX
MHIEKCAX O3HA4aloT HampaBJICHUA
obxonoB (puc. 98), TO

§  S()dn=0 (5
k
ruUy
v=1
(reopemMa Komu ang MHoOro-
cBA3HOH obOmnactu).

Ecnn ¢yHkuMs f(z) ompeneseHa M HeNpepbiBHA B OJHOCBA3HOM
obnacth D ¥ TakoBa, 4TO ANA J10OGOro 3aMKHYTOro KOHTypa yc<D

§/(m)dn=0,

ro npu (GHKCHPOBAHHOM zo €D QyHKuUSA

()= f(n)dn

ABJIAETCA AHAJIUTH4YeCKo#i B obmactu D, npudeM @'(z)=f(z).
Oyukuus P (z) Ha3bIBaeTCA NEPBOOOPA3HOM HIIM HEONpeEleNICHHbIM
uHTErpajioM ot f(z), mpuueM ecnu F(z)-—omHa U3 mepBOOOPa3HbIX s

f@), 1o

Iff(n)dn=F(Zz)—F(2x)-

z
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Ecnu f(z) amanutuuHa B obmsactu D, zyeD u yc<D—koHTyp,
OXBaTBIBAIOLIMI TOYKY Z,, TO CIIpaBelJIiBAa MHTErpajdbHasa ¢popmyia
Kouwwu

f()

i n— z0

S (z0)= (6)
IMpu 3tom dyHkuus f(z) umeer BCIOZly B D npousBoaHbie JitoboOro
NOpsAAKa, A8 KOTOPbIX CNpaBeMIMBbl (HopMyJbl

P09 e

Ipumep 4. [lokasarts, '-rro ecii f(z)— aHaIMTHYeCKasds ¥ OrpPaHHYEH-
Has B BbIMYKJOH obnactu D dyHkuus, To mns ymobblIx IBYX TOYEK Z,
H z, U3 3TOH 061acTH MMEET MECTO OlEHKa

zz
§ f(n)dn|<max|f(z)l|z,~z,|.
zeD

zl
<t U3 Beinyknoct obnactu caeayer, 4Tto ecaum I, €D, z,eD, TO
M OTpE30K, COCAUHSIOWMUHA 3TH TOYKH, TAKXKE NPHHAMIEKMT obsactu D.
U3 Teopembt Kowm cienyer, 4To B KayecTBe NYTH WHTEIPHPOBAHHSA
MOXEM B3siTb HMMEHHO 3TOT OTPE30K, a MOTOMY, TNPHMEHAs OLEHKY
3apaun 11.229, umeem

dn, k=1,2, .. )

If(n)dn <max | f(z )lfd |22z, Imax| f(z)]. &

Mpumep 5. Beluucanre uHTErpai
z

dn

1412
0

€CJIH NyThb MWHTCITPUPOBAHHA HC OXBATHIBACT HH ONHY M3 TOYCK 2z ;= +i.

=F(z)-F(0),

< Tak kak noapiHTerpanbHas Gyskums f(z)= 322 SBJIACTCH AHAJIMTHYEC-
z

KOW BCIOAY, KPOME TOYeK Zz,,=ti, TO HHTerpan F(z) HUMEET CMBICI

BO BCEX TOYKaX, KpOMe z= ti, U NIPH YCJIOBHH, YTO MyTh HUHTErPUPOBAHUSA

HE NIPOXOAMT 4epe3 dTH ToukH. CleaoBATESbHO, €CJIM NyThb HHTErpPHPOBA-

HASL HE OXBATHIBAET HM OIHY M3 TOYeK Z, ,= ti, TO B Ka4eCTBE OAHOM
1

U3 nepBOOOpasHbIX Wi (YHKLHH MOXHO B3Th OJHO3HAYHYIO

2
z%4+1
¢ynkuuto  F(z)=arctgz, u, yudtbiBas, 4to arctg0=0, umeem

z

t dn
arctgz= .
& 1+n?

V]
ITpumep 6. Boiuucnuts MHTErpaj

. iz
sin

I= _z—d
- z241 z

lz—i|=1
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-1 3anMuieM HMHTErpajl B BUAE
. izm
sin—
2

z+1i
I= § —dz
z—1i
|z—il=1
u, ucnonws3ys ¢opmyny Kowmn (6), naxoaum

()

=2 —r—>=—T. >
2i

sin —
I=2mni

z+1i

z=i

Mpumep 7. Boiuucautb uHTErpan

I- i
h 23(z—1) "

jz2—2]=3

-1 Tak kak BHYTpM KOHTYpa MHTCTPUPOBAHMS 3HAMEHATENb TOABIHTErpalib-
noit GyHKuMM oOpamiacTcs B Hyab B Toukax z;=0 u z,=1, TO paccMOTpUM
MHOI'OCBSI3HYIO 06s1acTb D, OrpaHHYEeHHYI OkpyxHocTbhio I'={z||z—2| =3}
W BHYTPCHHHMH  KOHTYpaMH y,={z||z| =p} u y,={z||z—1|=p}

ez
(0<p<1/2). Torna B JTo# obnacth D ¢yukumsa f(z)=-—5——— sBaseTCA

23(z—1)

AHATUTHYECKOH, M no ¢opmyne (5) MoxkeM 3amucaTh:
$ f(z)dz+ § f(z)dz+ § f(z)dz=0,
r " "

OTKyAa CJacayer, 4To

= fﬁ’z’(j—l) i fﬁz’(i:—l)"” ff’“(—_l)"

r+ + v3
2
[TpumeHas Tenepb cOOTBETCTBEHHO (opMmyabl (7) u (6), Haxoaum

z

e
=1 2nif e* \" e*(z2—4z+5) )

§ 23 dZ="2"~(;-:—l"> =1tl—“*(—z_—l)°3—“— =—51[l,
A . z=0 z=0
Yl s

e e’

i; 2 :=2m’—3‘ =2mei.
z—1 FAd P

3
Takum obpazom, I=mi(2e—S5). =
BbIMHCIHTD HHTErpassl:

11.249. fe*dz, I={(x, y)|y=x3 1<x<2}.
f }

11.250. (sinzdz, I={z|z=1t>+it, 1/2<t<3/2}.
l
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11.251. [z%coszdz, |—OTpe3ok NMpSMOH OT TOYKH zo=i MO
1
TOUYKH z;=1.
11.252. ftgzdz, I={(x, y)lx=y?% 0<y<l}.
1

11.253*. |(z—2z0)"dz, n—uenoe uucno, /={z||z—zo| =R}.
1l

11.254. [(z—z0)"dz, n—uenoe wuncno, I/={z||z—z¢|=R
]
Im(z—z0)>0}.
11.255. BplyuciuTe HHTErpan j(z——l)coszdz 0 TPOHU3BOJIb-

3n
HOH KPHBOH 1 COCI[HHﬂlOU.IGH TOYKH Zog=T H Zl=~2—l

dz
11.256*. Kakue 3Ha4yeHHs NMPHHUMAET HHTErpas J —» ecm

1275

B kauecTBe / 6paTb MPOHU3BOJILHLIC KPHUBBLIC, COCAUHAIOLIIAEC TOYKH
1+i
Zo—l n Z; —T?

BoiyucnuTe uMHTErpaabl (00Xod KOHTYPOB — NMPOTHB YaCOBOM
CTPEJIKH):

11.257. a) § 2 6) § 5 dz.
z—2i z-2i

lzl=1 [z|=4

11.258. a) -dz; ©) .dz.
z—mi z—mi
|z|=4 |z)=1
dz dz dz
11.259. a) § T 0) § et B) § T
lzl=1/2 lz—il=1 |z4i]=1
T4 %4
Slﬂ—z— Slﬂ—z—
11.260. a) § e z; 0) § zz_ldz.
1z—1]=1 |z]=4
11.261. § 4z 11.262. fﬁ €S2 4.
z°42z zé—m
|z{=3 |z|=4
shg(z+i)
11.263. §—2—dz.
z4-2z
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11.264. %sxnzsm —l)

zZ"—2Zz
|2=2

11.265. LA——

(z—1)*(z+1)*’
pa

a) C={z|lz—1|=1}; 6) C={z||z+1|=1};
B) C={z||z| =R, R#1}.
; h2 -
11.266. Sz 26 @ M la
(z+1)? z3
lz4il=1 lz)=1

nz

sm——
11.268. § ——
z—3)

lz—1|=1

11.269. fﬁ %"-e-—'zdz.
z°—4z

[z=2]=3

11.270. #; ljcos
z

el/z

n
z. 271, ——dz.
z+ld n § (z1+4)2d
|z{=1/2 z=2|=1

11.272. [okazatb TeopeMy O cpedaHem: ecin Oyskuus f(z)
AHAJIUTHYHA B Kpyre |z—zo| <R M HempepblBHA B 3aMKHYTOM
kpyre |z—zo| <R, TO 3HayeHHe (PYHKIHUU B LEHTPE Kpyra paBHO
CpeHeMY apmpmemqecxoywy ee 3HAYCHHUH Ha OKPYXHOCTH, T. €.

Sf(zo jf zo+ Re'®) de—— § f(n
In-zl=R
rae ds— auddepeHuman Iyru.
11.273*. U3sectHo, 4to ecim f(z)#const— aHanuTAYecKast

B obmacTd D M HempepbiBHAs B 3aMKHyToil oGmacty D=D\JL
¢yHkumsi, To max|f(z)|zocTuraercs TONBKO Ha IpaHHMUE 06IACTH
D

ze
(NMPUMHLAN MaKcHMyma Mogyis). JlokasaTb, YTO €C/M, KpOMe TOro,
Vze Df(z)#0, to u min|f(z)| DocTuraercs Takxke Ha TPAaHHMLE.

ze .

11.274. Wcnonb3ys popmyny (6) ais f'(z), noka3ath Teopemy
Jlnysuns: ecnu f(z)— aHanuThYecKas M OrpaHMYeHHas BO BCei
miockoct (z) ¢ynkums, 1o f(z)=const.



Tunasa 12
PAAbI U UX NMNPUMEHEHUWE

§ 1. Yucnosbie paab
1. Cxoaumocts pana. Kpurepnit Komm. Bripaxenue
uytuz+ .t = Z Uy, 1)

rae (uy)iew—3aJaHHass uMCIOBas OEHCTBUTE/bHAs WM KOMILIEKCHAS
MOCJIEJOBATEIbHOCTb, HA3bIBAETCH YUCA08bIM pAOOM. KOHEUHbIE CYMMBI

Si=uy, S)=uytuy, .., Sy=utus+ ... +u,, ... )

Ha3bIBAIOTCA wacmuuHbimu cymmamu paga (1).

Ecnu cyiecTByeT KOHEYHBIH Mpenes NOCIeNOBaTEIbHOCTH YaCTHYHBIX

cyMM (2) S=1lim S,, 10 pag (1) HasbIBaeTCa cx00AWUMCA, A HHUCIO
n— oo
S—cymmoii paca (1).

Kputepuit Kowu HJaa mozo umober uucaoceoii pad (1) 6via
CXO0AWUMCH, He0OX00uMo u odocmamouHo, umobvl 04s8 mobozo €>0
cywecmeosaro N=N (&) makoe, umo 04a ecex n>N u p=1, 2,
8bINOAHANOCL HEPAGEHCMBO

ISn+p_Snl=|un+1+un+2+ +u,,+p| <Eg.

Heob6xonuMblii mpusHak cxoaumocTH. Ecau pao (1) cxo-
oumca, mo

lim u,=0.
n— oo
o

Mpumep 1. Mokasate, 41O pAA Z CXONMTCA, H HaHTH

‘n(n+1)
ero cymmy.

<1 Tak kxak nmpobb

x(xl+l) npeacTaBMMa B BHIE
1 1 1
x(x+1) x x+1
TO YaCTHYHYIO CYMMY psffa MOXHO 3anucaTh CleAyloluM obpa3om:
Sp= : +—L+—l—+ + : + : =
1-2 23 3:4 (n—=1)n n(n+1)
1 1 11 1 11 1 1

l
—fm e ——— —_—t— =]
2 2 3+3 4+ -t n—1 n+n n+1 n+1

=]— —
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€ 11C/10BATEJIBHO,

. . 1
lim S,=lim { | ——— }=1,
n—o0 n-o n+1
| ¢. 3aJlaHHBI PAX CXOOMTCA M €ro cCymMma paBHa |. o>
@

Mpumep 2. MccnenosaTs Ha CXOAMMOCTh PR ), q" M B Ciyuae

n=0
CXOJAMMOCTH HaWTH €ero CyMMYy.

-1 Umeem
S,=14+q+q%+ ... +q"" .

tem g=1, To S,=n, T. e. lim S,= 00, U, CJIEQOBATEAbHO, PAN PACXOTUTCS.
n-—ao0
llycrb Temeps g#1, Torpa
1 _qll I q'l

=l—q=l——q~|—q'

loaoxuM g=re'®, toraa ¢"=r"e™®. Tlpu O0<r<1 umeem

lim ¢"= lim r"e™®=0,
n—» n-—=oC

" I

r.e. lim =0, orkyna lim S,= Ecau xe r>1, 10 r"-> o0 u,
n-ol—q n—oc l1—q
qn
CICAOB4TENbHO, KOHEYHOro mnpezena lim , a 3HAYMT, W npenena

n-owo 1l —¢
1I0CIEA0BATENLHOCTH YACTHYHBIX CYMM He cyulecTByeT. Hakomen, npu
r=1 u @#0 (mod2rn) npenen

lim ¢™"®= lim (cosne+isinng)
n—w n—x

(a moTtomy M mnpeaen lim S,) Takxe He CylIECTBYET.
n—x

©
Takum o06pa3oMm, psalA Y, ¢", WieHbl KOTOPOro COCTaBAAKOT Gec-
KOHEYHYIO €OMETPHYECKYIO rﬂ;(;)rpeccmo C mepBbIM 4ieHOM | M 3HaMeHa-
T€JIEM ¢, CXOOUTCSA NMpH |¢|<! n ero cymma paBHa ]—l—— U pacxoauTcs
npu |q|=1. > i
Mpumep 3. [loka3aTs, 4TO rapMOHHYECKHI pAA
1 1 o
l+§+§+ +;‘+ ="§l
PacXOMHTCHA, XOTSA €ro 4ieHbl CTPEMATCS K HYTIO NpU n— 0.

<1 PaccMOTpMM pa3HOCTb YAaCTHYHBIX CYMM C HOMepaMH 2n H n.
Umeem

1 1 1
Sopn—Sp=——+——+ ... +—.
2 " n+l+n+2+ 2n
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3aMeHss Kax[oe claraeMoe MeHblued BeJuuuHoW 1/2n, nosyuyaem

1 1 | 1
Son—Sy>—+—+ ... +—=n—=-.
2 2n+2n+ +2n 2n 2

DTO HEpPaBEHCTBO O3HAYaeT, 4TO MpPU p=n [UIS I'aPMOHMYECKOro psaaa
He BbImoJHsieTcs KpuTepuit Kouwn u, cie10oBaTenbHO, PAIl PACXOAUTCA. o>

[loka3zatb, uTO CJICAYOIIME paabl CXOOATCA, Y HAUTH HX
CYMMBIL:

i 2
1Y e 2 Ly
o 2n+1
L ey 2L
12.3. nZI(Zn——l y(2n+1) 12 ,z:}n(nz—])
25+ § O 126, ¥ UL
n=1 3 n=0 2"

Hcnonb3ys kputepuit Komm unu HeoOXoAMMBIH NpU3HAK
CXOAMMOCTH psida, YCTAHOBUTb PACXOOUMOCTb  CIEAYIOLIMX
pANOB:

a0

12.7. 128. ¥ .
ngl (n+l) n§1n2+2

129. ¥ (—1)" 12.10. Z
n=1 n=

12.11. 2(“’) PRV y——
n=1 n=1~/n+in

12.13. [loxa3aTb, YTO €CIM 4WiEHbl CXOASLIErocs psja YM-
HOXHUTh HAa OOHO M TO XE YHUCIO, TO €ro CXOOUMOCTb He
HapyLIHTCA.

a0 e o]

12.14. [oka3aTb, 4YTO €CIU psabl Z U, " Z v, cXousaTcs

n=1 n=1

M HX CYMMbl COOTBETCTBEHHO # HU U, TO CXOOUTCA U paAd

a0

Z (u,,+v,,), npuyeM ero cymma pasHa u+v. [lpuBecTn npumep,
=1
KOrla OOpaTHOE YTBEPXKIEHHE HE MMEET MeCTa.

12.15. [loka3ath, yTo OTOpachIBAaHUE KOHEYHOI'O YMCJA YJICHOB
psAda HEe BJMSAET HAa CXOAUMOCTb 3TOro psjga (HO BJHMAET Ha
cymmy!).

2. AGcomoTHas M ycjoBHas cxoaumocTb. [lpu3Haku aGcosmoruod
cxoaumocTH. Pan (1) Ha3sbIBaeTCss abcoarOmHO cX00AWUMCA, ECIU CXOTUTCSH
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L M3 MOZlyHCﬁ YJICHOB 3TOro psnaa, T.€. CXOOUTCS paa

lug [+luz |+ oo Fltt |+ oo =Y, || 3)

n=1

e pan (1) cxoaurtes, a pan (3) pacxoautcs, To pan (1) HaspiBaeTcs
Ve 10BHO  CXOOAWUMCH.
Mpusnak cpaBHEeHHUs DPANOB. Ecau usenvl paca (1) oaa ecex
@

n - No(No>1) yoosaemsopaom ycaosuio |u,|<b,, npuuéM pao Y. b, cxo-
doumca, mo pad (1) cxodumca abcomomno. Ecau e 0an n>"§{11 Ynensl
pada (1) yooeaemesopsarom ycaosuro 0<c,<|u,|, npuuem psao Z ¢, pac-
vodumea, mo paod (3) pacxodumca, m. e. pao (1) ne cxooumca a'l'iztlmmmuo.

[Tpumep 4. 3uas, yto pax —_

21
YCI4HOBHTb CXOAMMOCTb psija Y, —

n=1

cxomutcs (cM. mpumep 1),

@

1 @
-1 Tak kak Y, == z TO, YYMTbIBass HEPaBEHCTBA

n=1 (n+| Z’
1 1 12
< h=L4 ..,
(n+1)* n(n+1)
10 TIPU3HAKY CPABHEHHMS YOEkKIdeMCS B CXOAMMOCTH paga ), — .0

n=1
Ha npaktuke 6osiee 3(PEekTUBHBIM OKa3bIBAETCH CIEAYHOLUMHA
©

MpenenbHblil npu3Hak cpaBHeHUus. Ecau pad Y v, cxodumen

n=1

~ : u"
abcomomno u cywecmeyem Koneundlii npedea lim|—|=g< +oo0, mo psao
n—-0
(1) maxxce cxooumca abcomomno. Ecau xce unemvl paodog u, u v,—
delicmeumebHble NOAOHCUMEAbHbIE YUCAA U

. ull
0< lim —< + o0,
n—o Uy
@0 @
mo padsl Y, u, u Y. v, Aubo oba cxodamcA, aubo oba pacxodamcs.

n=1 n=1
Mpumep 5. UccnepoBaTh Ha CXOAMMOCTb PSR
® 3n?-2

,E, n*+5n “)

©

< Tak kak pag . — cxomutcsa (CM. npumep 4) M Tak Kak
) n

n=1

3n2-2 1
lim ——:—==3+#0,
noan+5n n? *
10 pag (4) Takxke cxoaMTcs. >
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IMMpumep 6. UccnenoBaTh Ha CXOAMMOCTbL Pl

* 2n+5

to 5
E, 3n?-2n ®)
<1 Tak kak
. 2n+5 1
lim -————:-
noo3n%=2n"n

2
=5

|
a FAPMOHHYECKHUN D Z - pacxonuTcs (cM. npumep 3), TO M pan
n=1"

(5) pacxomuTcs. o

Mpuszuwax Jdanambepa. Ecau uaenvt psida (1) maxogel, umo
cywjecmeyem KoHeunwili npeoei

. Up+
lim

n— o

_—.[’

Up

mo npu 0<I<1 pad (1) c¢xodumcsa abcomomuo, npu 1>1— pacxodumcs,
a npu =1 mpebyemcs OonoanumeabHoe UCCAe008aHUe.
IMpumep 7. HccnenoBaTe Ha CXOAMMOCTb DAL

o n3
2o (6)
< Umeem u=n—3 u+.=(i_tl—)3
ST yur ont1
lim Mt D201

n—w N, n— 2n+ln3 2
Takum oOpa3om, psan (6) cxomurcs. o>

Mpusnak Kowwu. IMycme lim » lu,|=1. To2oa ecau 0<I<l1, mo

pao (1) cxooumces abcoarommo, ecau I>1—pao (1) pacxodoumcsa, a npu
I=1 mpebyemcs Oonoanume.iwnoe ucciedogarue.
IMpumep 8. UccnenoBatb Ha CXOIMMOCTb DS

2 (2nt5\2
n§l<3n_]> .

2n—-1
, MO3TOMY

2n+5
3n—1

1
— Mm+5\2—= [2)?
fim 2 Tal=lim [ 222) (2] <1,
n— o n—a \3n—1 3

CnenoBaTenbHO, N@HHBI AN CXOMUTCA. >
Ilpu ucnosv3oBanun mpu3Haka Kowm ObiBaeT mosie3Ha clieayroinas
dopmyaa Cmupaunea:

<1 Umeem u, =(

n!=1/2nn<r—'> e 0<f<l.
e
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Mpumep 9. UccrenosaTs Ha CXOAMMOCTb PSft
£ 2"n!

n=1 n"

<1 Umeem:

S — 2" Jf2mn (m\" =\ 2 L 2

lim &/ |u,| = lim (—-—"—— <~> e‘z") == lim 2rn)?"-el2"" ="«1,
"o n e

n— o éen—w e

. e DpAL CXOOMTCSH. >

UuTterpansusiit npusnak Kowmu. Iyems @ynkyua f(x) no-
10cumenbia u monomonna npu x=1, u nycme 0ana ecex neN umeem
mecmo pasencmeo f(n)=|u,|. Tozoa uucaoeosi psd (3) cxooumca (m. e.
a0 (1) cxodumca abcoarommno) uau pacxooumcs OOHOBDEMEHHO ¢ Hecob-
CMEEHHBIM UHME2Paiom

+

j f(x)dx, a=1.

IIpumep 10. BoissicHUTB, NMpH KaKUX 3HAYEHUAX MAPAMETPA p CXOAMT-
cs pad Hupuxae

< Tak xak ¢yHKuHﬂAf(X)=—7 YAOBJIETBOPSACT YCIIOBHAM HHTErpa’ibHOro
X
MpU3HAaKa KOIIIH, TO HUCCJICHOBAHHC CXOAHMMOCTH psAda HHPHX.HC CBOAUTCA
. +

K HCCIIENOBAHHIKO CXOAUMOCTH HHTErpaja j > Ho
X
1

+ o0 b
dx . dx
—= lim | —=
xP b—+ow | xP
1 1
blin} Inb=+o0 opu p=1,
bl-e 1

= lim ——=4o npu O<p<l,
b— + I~p 1-p

1 1 1
lim { ——————)=—— nmpu p>1.
b—~+w<p—-| (p—l)b"_l) p—1 PP
Orcioza 3akioyaeM, 4To paa Jupuxiie cxoautcs mpu p>1 u pacxogutcs
npu p<l. >

12.16. [loka3aTb, 4YTO BCAKHH aOCONIOTHO CXOIAIUMACH pAL
SBJISAETCS PAOOM CXOISILMMCS.

12.17. Jloka3aTb, 4YTO WIEHBbI CXOIALUIETOCHs psAa MOXHO
rpyNIUpOBaTh, He MEHAA HX NOPAAKA, NMPOM3BOJBHBIM 00pa3oM.

12.18. [loka3atb, 4TO 4ieHbI abCOIOTHO cXonsllerocs psaa
MOXHO TIEPECTABJISTb MPOM3BOJIbHBIM OOpa3oM; MpH 3TOM CymMMa
psila He HM3MEHHTCH.

7 CneunanbHbie pa3esibl Mat. aHanu3a. Y. 2 193



Hcnonp3ys npu3HaKk CpaBHEHHS WM TNpeAC/IbHBIR NpH3HAK
CpPaBHEHMS, HCCJIEIOBaTh HA CXOOUMOCTH ClIEAYyIOLIHE pPAObI:

o Y o 120 :
p

P =1 QQn—-1)*
e n hod 1
12.21. 12.22. —
nzl 3n"—1 nzl Jnn+1)(n+2)
2
12.23. sm - 12.24. Z 3

4n3+5n

12.25. 12.26.

In? arctg

12.27.

S H

1)3"

Z
12.28. Z
Z cos n+zsm\/_

12.29. 12.30.

QO
@
0

nMg ||M3 n[\/]g ||M

IMonb3ysice npusHakom J[lamambepa, uccienoBaTe Ha CXOAH-
MOCTb cnenywmne 193911 38

231 ¥ ° +5 232 3 0.
n=1 """
3 3.5 3-5..2n+1)
23 1+t - TG
© s E (Bn+1)
12.34, u; & 123 Z. gont
a@ eZn+l 1-3-5 (2”—')
123 § —- 123 ;—52(':——1)'
< sinin "
1238 3 = 123®. "Zl e

Hcnonb3ys npusHak Kowm, uccienoBaTb Ha CXOAMMOCTH
clenylolye pslbl:

1\" @ 1 n?
12.40. Z (2"“) 241, ¥ <1+;> .

n=

® n? @© 1 1 n?
12.42. ..; 5(1+;> . 12.43. n; 3;<1+;’> )

<) n 2n -9 ) 1 n
12.44. n;\/r_z<4n_3> . 12.45. Zln<arcsm ;) .

n=
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. P\  \¥2
12.46. ) u,, rne u2k—1=<2k+])’ ul"=(3k—l) '

n=1

n+2i " S [i@n+i)
12.47. e 12.48. .
D B G |
Ucnonb3ys uHTerpaibHbiii npu3Hak Koumm, ucciaemoBaTh Ha

CXOOUMOCTh CJIEAYIOLLIME psAObL:
1

1249, } G, 1250 ; finn
@ 1
1251 3 oo 128 n; ninn(ininn)

WccnegoBath Ha CXOAMMOCTb paobI:

1+n>2 © 1 . ontl
) 12s4. Y —
( Jn

1+ we2 /n n—1

[v]a

12.53.

E]

M8 n[\/]x n[\/]g 1

12.55. 12.56.

(n+l) 12.58. 21

l
n!

LoJ

12.57.
+1

T

100+ I03+ 100-103 ... (97+3n)
15 1:5-9...(4n=3)

12.59. W 12.60.

n=1

12.61. 100+

111 11121 1-11-21 ... (10n—9)

12.62. 1 +—
62. I+—=+—5 @n—1)!

263 g 1S, 159 159 (an3)

2246 246810 (4n—2)n

f_—'. 12.65. 2(”")”"-”.

n+1
1 1 1
n;1— In Slnm .

12.68. Z sin —

n=1

ln<l +l2> 2w y |

nlnninlnn’

MT

12.64.

B
|
N

12.66.

N

=

12.67.
2n?

12.69.

iNMs 1D 108
’Gl?
g

=
-
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.y TF 2t y "

2:5 2-5-8 2:5-8..3n—1)
12.73. 2+ — + —— _—
+l +l -5 9+ +l~5'9.‘.(4n—3)

274. 3 - 12.75. 2 ln(l+ )
2

n=1

1276 3, <SZ;;) 27, ¥ (n 2)"

278, L 14 v47 1-4-7...(3n-2) ,
7100 0 100-102 0 100-102-104 T 100-102...(98+2n)

eg) /”; [eo]
1279. ) = 12.80. ) —

ny n=2 "(\/'_'—%).

o 1

12.81.

12.82. N
1 (3n+1)(2/n—1)

(1+i)"n
2"

n=2n In®n

el

I
N

n—l\/

12.83. 12.84.

b
—

uMs} nMg 118

1285. Y (“’) hdl L 1286, :

n=1 (" =1 ) v "

d 1
12.87. HccnenoBaTh Ha CXOOUMOCTbH psfl Z TT
n= nn
had 1

12.88. HMccnenosath Ha CXOAMMOCTb psill Z

IpU pas-

JIMYHBIX HEHCTBUTE/IBHBIX 3HAYCHHSIX p U A

. n?(Inn) (Inlnn)®
OpU Pa3THYHBIX JCHCTBUTENbHBIX 3HAYCHHAX p, au B
12.89. VOeautbcs B TOM, 4TO mpu3Hak Jlanambepa HenpH-
e 2k 1 21(
MEHHM K PARY D Uy, THE Uzy— 1= 3 4n=3;, TOrAa Kak
n=1 - -
npu3Hak Koim mokasbiBaeT, YTO 3TOT PAL CXOAMTCS.

3. TIlpm3nakn ycaosHoi cxoaumoctd. [lpusznax Jle#k6Guuna.
Iycmb usenvl a, 3HaKouepeoywwezoca paoa

—az+a3—a4+...+(—1)"+'a,.+... (7)

Oeticmeume ibHbl, MOHOMOHHO Yybvisaom, m. e.

a;>a;...>a,>..., 8)
u
lim a,=0. 9)
n—o0
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l'ocoa pad (7) cxodumcsa, npuuem 043 €20 cymmbl S HMEET Mecmo
oyenka S<aj.

Mpumep 1. HUccnenoBaTe Ha CXOZMMOCTH DSA

©

1
Z (__l)n-ﬁ'l_~
n=1 n
1

. 1
-1 Tak xaK g,= — > —— =a,4+,, n=1, 2, ..., u lim — =0, To BrIMON-
n n+1 n—o N

newsl ycnosus (8) u (9), U aaHHbIH pAx cxoauTcs. Pax u3 abGcomoTHBIX
a

BCJIMYHMH YJIEHOB, T. €. paa z — , PAaCXoOOHTCH. CﬂeﬂoBaTeﬂbHO, paa
=1 n
n=1

. 1
Y (="' — cxomurcs YCIOBHO. o>
n

no

Mpusnax Ab6ens— JQupuxne. Ilycmb usenvi nocaedosamens-

nocmu  (b,) Mmonomonno ybwiearom: by>by>..>b,>... u lim b,=0,
n—a

a uacmuunbie cymmul S,=a,+ay+..+a, n=12,..., ocpanuuenvi 8 co-

40KynHocmu, m. e.

<M o0as ecex neN.

n
Y @
k=1

Toz0a pad Y, ayb, cxodumca.

n=1

IMMpumep 12. HUccnenoBaTh Ha CXOAMMOCTb PAA

2 sinkx
>
k=1 k

x€R.

<1 O4eBHAHO, YTO B TOYKAX X=mT BCE WICHHl pAJA PaBHBI HYJIO,
r.e. mpdi X=mm psX CXOAUTCA K ero cymMma paBHa Hymo. IIycts
renepb x#0 (mod ). IMoacuuraem cymmy

Y sinkx=——o ZZsin-{sinkx=
et 2sin = *=! 2
X +l
COS — — COS -
o 1 1 2 "2t
=—— Y |cos|{k—— ] x—cos|k+ = Jx |= .
2sin = %= 2 2

2sin>
sin—

2
Otcroga 3aKiodaeM, uTo s mobeix n=1, 2, .. u x#0 (modn)

2 1
{—=
215‘n xl ‘sinx

in = Z

2 2

Y sinkx

k=1
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1 1
Jlanee, nociaeaoBaTEbHOCTh | — MOHOTOHHO YyO6biBaeT u lim - =0.
N/neN n—-oon

Takum o6pasom, npu x#0(modm) BbINOJHEHbI YCIOBUS TNpHU3HAKA

x
Abensi— Jlupuxie, u MOTOMY psa 3. cxonutcs. CrefoBaTesbHO,

k=1
pAn cxomuTcs mpu MoboM x. o>

HUccnenoBath Ha 36COII}OTH)'I-O H YCIOBHYIO CXOOUMOCTH
CJICAYOIIHUE pPAObIL:

1290. 3 (~1)y" 291, y =
n=1 n=1Nn/n
ad hd 2n—1Y\"
12.92. ~1 . 12.93. —1) .
ngl( -2 ngl( ) <3n+2)
1204, L LA VAT e 4T (02
3 35 357 3°57..(2n+1)
s LInn s R n!
120950 "g“z ( - l) 7 . 120961 "gl ( - l) m .
- n | - n—1
12.97. ";(—1) PR 12.98. n;(—l) -
[ ¢) _ n_ln_z el _
12.99. ";( )t 12.100. ; (=)'
o o) n2
12101, Y 228 12102, Y (—1)"2
n=1 n n=1 n!
x 1
12.103. —f—
n§3( ) ninn/Inlnn
. Mn
2 sinna * - vy
12.104. ..; 3 12.105*. ,,;T'
o " o f3—i\"
12.106. ) —. 12.107. ) <——> :
=11 n=1 2
0 2 A\ n o
12.108. ¥ <;> 2109, 3 cosinm
n=1 n=1

o0

VY6eautbcs B TOM, 4TO K psgaM ). u, C YKa3aHHBIMH
n=1

HHXe wieHamHu (keN) Henb3ss npuMeHUTh npusHak Jleii6Huna.

UccnenoBate 3TH paabI Ha CXOAMMOCTb [PYTHMH Criocobamu.
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1 1

—_—, Uh = — ——— .
Jk+1+1 Zk Vk+1-1

! I
k2 T Ty

12.110* Ukg—1=

12.lll. Uk-1=

U= —7

12.112 Uk-1= l 2" .

3k’

1 1
12.113. Uk—-1= i-—-l , U= ._;(_2.

12.114*. Jloka3aTtb, 4YTO H3 CXOAMMOCTH pAOOB Z |a,|?

n-—l
@

i" }: |b,|? cremyeT abCoMOTHAss CXOAMMOCTH pAza Z aybn.
n=1 n=1
a0

U
Tpoussedenuem no Kowwu psgoB Y a, H Z b, Ha3sbIBaeTCH

n=1
o

PSE Y, ¢, UWIEHB KOTOPOro MOJy4YeHbI 1O (opMynam

n=1
n
Z acb,_x+1, neN.

HUccnepoBath Ha CXOAMMOCTh NPOU3BECACHHUE 110 Kowmu ceny-
IOLHUX pAdOB:

PRILLAD YD)

n=1" n=1

12.117*, Z( " 2% 12.118%, ‘;l%u y L

n=1 n=1 ® n=1"

)=
S |-

12.116*. le W X

12.119. Iloxaaan, 4TO €CJIU pil Z a, cXonuTcs abComoTHO,
oc n=1
a4 pan Z b, cxomutcs, To npousBeacHue no Komm cxomurcs.

n=1

Ilycth (v,,)k N MPOU3BOJIbHAS YMCJIOBas MOCJIENOBATEIbHOCTD,
n €

ao

= ) w,— 4acTH4YHbIC CYMMbI CXOIAIUErOCA PAfa ), u, a R,=
k=0 k=0

9]
Y, wuy—ocraTok storo psga. [IpoBepHTH CHpaBeIIHBOCTH
k=n+1
COOTHOIICHHH (Ha3bIBAEMBIX npeobpazoeanuamu Abens):
n—1
12.120. Z UpUy = Z (v,‘—ka)Sk——vlSoﬁ-v,,S,,.
=1 =1
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n-1

12.121. Z Ul = Z (Uk — U+ 1) (Sk - Sm) +v, (S,, - Sm) .

k=m+1 k=m+1

n n
12.122. Z Uy = Z (vk-vk~1) Rk—l +Vm+1 R,,,—U,,R,,.
k=m+1 k=m+2
12.123. [doka3ath, 4TO Js OCTaTka R, 3HaKOYepeAyIOIEerocs
pana (7), yoOBIETBOPSIOILETO YCJIOBUSM mpu3Haka JleitObnuna,
CIpaBelJIABO HEPABEHCTBO |R,|<a,+;.

§ 2. OynknMoHaNbHbIE PAILI

1. O6aacts cxoaumoctn ¢QynkumHonanbuoro psana. [lycte QyHkuuu
f+(z), neN, onpenenensl B obnactu D. BoipaxeHue

f@+H2(2)+ o+ (2)+ o= Y fulz), zeD, 1)
n=1

Ha3bIBaeTCA Gynkyuonarbhoim psadom. Ecnu s zoe D uucioBodt psa
a0

Z Jfa(zo) cxoauTcs, TO TOBOpHM, YTO GYHKUHOHANBHBIA paa (1) cxodumca

n=1
«

6 mouxe zo. Eciii B kaxnoit Touke ze D, <D 4YHCIOBbIE PSAbI Zf,,(z)

n=1

cxoasrca, 1o paa (1) HaswiBaeTcs cxodawumca 6 obaacmu Dy,
Kputepuit Komn. [Jaa moco umober gynkyuonaienwiii pso (1)
Obla ¢xo0awumca 8 obaacmu Dy, Heobxo0umo u docmamoyuHo, umobbl
oaa 06020 €>0 u mobozo z€ D, cywyecmeosaio N=N (g, z) makoe, umo

for1 @ +Hfar 2@+ Hfarp ()] <€

oan ecex n>N(g,z) u peN.

JAns onpeneneHus o6sacTH abCOMOTHON CXOOUMOCTH (PYHKIIMOHAb-
Horo psna (1) cnemyer Bocnomb3oBaThes anb60 mpuzHakoM Jlanambepa,
qmb6o npusHakoM Kowu. WmeHHo, ecin

Sn+1(2)

=]/(z
nlml f"(z) )

WJIH

Jim Y/ 1/,()[=1(2),

TO U1 onpenesieHus obaacTu abcotoTHOM cxoauMocTu paaa (1) cieayer
peluTh (QyHKIMOHANLHOE HepaBeHcTBO /(z)<1, a mus ompenesieHus
o61acTH pacxoAUMOCTH — (PYHKUHOHaNIbHOE HepaseHcTBO [(z)>1. Ilpwm
3TOM U W3YYEHHs TOBENCHHS PAJA B TPAHHUHBIX TOYKAX MOJyyaeMoW
obGnacTi, T.e. B TOYKax, OMHUCHIBACMBbIX ypaBHeHHeM [(z)=1, Tpebyerca
JOTMONIHUTENIBHOE HCCIEIOBAHUE.

Mpumep 1. Haiitn obaacts cxoauMocTd (yHKUMOHAJIBHOrO psaa

@ (_])n-H

n; n3" S(x+2)"

xeR, x>-2.
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S Tak xak f,(x)]=

H x>—2, TO, TNPUMEHAA MNPH3HAK

1
n3"/(x+2)"

Koy, umMeeM

— o 1 !
fim o/———— — lim = :
o\ 3 S(x+2)" " E3(x+2) 20/ 3 /x+2

(1C10BATENIBHO, PSN CXOAMTCH, €CAM —
3 /x+2
x

17 : 1
Hpi x= — g flonytaem 3Hakouepenytolmiics paa Y, (—1)"*! -, koTopblii
n

17
<1, T.e. npy x> —-—.

. n=1
cvouTes no npusHaky JlciiOuuia. Takum o6pa3om, 061aCTh CXOAMMOCTH
puia - nojgyuntepsan [—17/9, + ). =

Haiitu obnactu cxomumoctu pspoB (xeR). Hccnemomats
psi/tbl Ha abCOJIFOTHYIO CXOAMMOCTD.

12124, Y (- 228 Y 2
n=1

RNy
1216 3 " 2127,y —
D AL T A (e +3)
@ . ®© . 1
218 % o CRED) (,\ +nz"xn>‘
a0, Y U s Y xtgs
ns1 € =1 2
12132, F e PREI R yity

n=1 n=1 "

ITpumep 2. Haiitu obnacte cxoaMMocTd (yHKIMOHAIBHOTO psla
H

v L cec

not (:_’)"

-1 Ilpumenss npusHak [anambepa, MOXeM 3alHcaThb HEPAaBEHCTBO
. (n+1)(z—0)" 1
lim T = - <1,
nsoo | (z=)""'n |z—1i]

OTKYAA 34KJIOYaeM, 4TO DPAJ CXOAMTCH abCOJIIOTHO BHE Kpyra paamyca
| ¢ ueHTpoM B TOYke i, T. €. mpu | z—i|>1. Ha oxpyxHoctu | z—i| =1
pad, OYEBHAHO, PACXOAMTCA. >

Haiitu obnactu abconioTHOi cxogmmocTu psagoB (zeC):

ot 1 d 1
12.134. . .135. |
2.134 "gl oy 12.135 "; YA




12.136. Z 213 Y e

ney (2=3D°" et
2138 ¥ e 12139, Y ne

n= n=1
121405 Y (—1)"n7% 12.141% Y (z"f).

n=1 n=1 z+i

. 0 ) n . o on

12.142*. ";(1_22)’ 12.143*, n; T
2. PaBHomepnas CXOHMOCTb. Cxonswmiics B obnactu

D, o¢yHknmoHanbHbiit psaa (1) Ha3bIBaeTCs  pagHOMEPHO CXO00AWUMCA
B 9TOM o0OnacTH, ecau s gwoboro £>0 naigercs N=N(g) Takoe,
410 118 ocratka psaga (1)

R,(2)= Y fi(2)
k=n+1
npu Bcex n>N(g) M ze D, MMeeT MECTO OlEHKa
[ Ru(2) | <e.

Kputepuit Kown paBHOMepHOH cCXOAUMOCTH. [aa moeo
umobwl @yuxyuonaavhoiti paod (1) Ovia pagnomepro cxodAawumca 6 obaacmu
D, Heobxo0umo u docmamouno, umobel oan awbo2o £>0 cywecmeosaro
N =N (¢) makoe, umo 0as écex n> N (€) u ze D, gbinoanaiuce nepasencmea

[ far 1 (D) Has2(2) 4+ 101 p(2) | <,

[Tpumep 3. Haiitu obnacte cxoauMocTH psana

Z (Z"—Z"+l),
n=0

p=1, 2,

CyMMYy paga ¥ TOKa3aTh,
CXOAMTCS HEPaBHOMEPHO.
<1 Tak KaK YaCTHYHBIE CyMMbl psila MMEIOT BHA

4T0 BO BceH 06JacTH CXOAMMOCTH psif

_:k+l)= 1 ‘—Z"+‘,

Si(2)= ) (2
k=0

TO MOXEM 3aKJIOYHTh, 4YTO ,,11,[2 S,(z) cyuwecTByeT TONbLKO TpH |z | <1
n B Touke z=1, T.e. OOJaCTbIO CXOAUMOCTH psia sBiseTca obnacTb
D,={z||z| <]l u z=1},

NpUYeM CyMMa psaa paBHa
npu |z|<1,

S(z)=nlingo S, (z)={ :

0 npm z=1.
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Ocratok psaga R,(z2)=S(z)—S,(z) umeer BuA
ntl z) <1,

Rn<z)={z w21 <
0 npu  z=1.

Oiciona 3akJI04aeM, YTO CYLIECTBYIOT €o>0 u N(gy) Takue, 4To IIs
noboro n>N(gy) Haimercs z, Takoe, uto |z,|<1, HO |R,(z,)|>¢&,.

.
e " @,— MPOU3BOJIbHO,

] ] 2n +1
nmeeM | R, (z,)| =5> g DTO 03HAYAET, YTO BO BCEH 00JIACTH CXOAUMOCTH

lak, Hampumep, BbOupas g=1/4 u z,=

/), paBHOMEPHOW CXOJMMOCTH HET. 34METHUM, OAHAKO, 4TO B OOl
obiactn D,={z||z|<r<1} psa OyaeT cXOAMTbCS PABHOMEPHO, TaK Kak

ne
Lis moboro £>0 Haiigercs N=N(£)=1—— Takoe, 4TO Ajis Bcex ze D,
nr

w n>N() umeeM |R,(2)|=|z|""'<rt<e >
IMpusnak Bedepumrpacca. ITycme @yuxyuonasvuuiii pao (1)
cyooumea ¢ obaacmu Dy, u nycmb cywecmgyem cx00AwulicaA 3HAKONO-
o

10HCUMEAbHBI YUCA060U PO Y. a, makoil, umo 048 eécex z€D, u 0as
n>Nqo uaenvr pada (1) y()oaﬂ';r:eopﬂwm YCA08UIO
Ifn(2)<a,.
Toeda pao (1) cxooumces abcomomno u pasHomepno 6 obaacmu D, .
w

Pan Z a, HaspIBaeTCs Mmaxcopupyrowum s pspa (1).
n=1 © n
Mpumep 4. Haiftu obnacTs CXOOMMOCTH psiga Y, —; M TOKa3aTh,
~n
n=1
4ro B JTOH 00JacTH psa CXOLMTCA pPaBHOMEPHO.
-1 Bocmoawsyemcst 1ipusHakoM [danambepa. HMmeem

n+ln2

e |7

n— o

(CrnenoBaTtenbHo, B kpyre |z| <1 paa cxoqutcs. Ha rpanune xpyra, T.e.
pn | z|=1, nonyyaem cxozmuumca p;m:

lzln K
-3

3HauYUT, MCXOAHBIA PAA CXOAMTCA B 3aMKHYTOM kpyre |z|<]. Ho Tak
KaKk Oas Bcex |z|<

n=1

: [z|" 1
I./n(z)(=—2—<P,

TO PSA CXOOMTCd abCOMIOTHO M PaBHOMEPHO.

Haiitn ob6nacte cxomumocTd M 006JaCTb paBHOMEPHOH cXo-
IUMOCTH yxaaanﬂmx psaoB (xeR, ’eC)'

(-
12.144. —D"n™*. 2.1
El( s 1214, 2 WGt 2

)n+l
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2146, ¥ Y gy SV

n=1 n n=1 x+n-
2148, 5 & 12149, 5 (—nn =

n=1 " n=1 n
12150. ¥ n~*. 2151 Y

n=1 n=1 n(z+2)n‘

L .2
12.152*. [loka3aTb, 4TO psx Z (_l—-h\—z—)"
n=0
abCoMOTHO BO BCEX TOYKAaX, HO HE pPaBHOMEpPHO B Jo6oM
NMPOMEXYTKE, BHYTPH WJIM HA TpaHHUE KOTOPOrOo HAXOJUTCH
Touka x=0.

xeR, cxomarcsa

0 2

12.153. [lokasate, uto pam Y (—1)" ———,

n=0 (l+x )
aUTCH abCoJIIOTHO W PpaBHOMEPHO Ha Bced 4YHCIIOBOH ocH,
Torga kKax psan u3 abCONIOTHBIX BENMYMH YWICHOB JAHHOTO psja
(psan 3agaum 12.152) Ha Bcel YHMCIIOBOR OCH CXOOMTCS HepaB-
HOMEPHO.

12.154. Wcnonp3ys NpUHOMI MakCMMyMa MOJIyJs AaHaJH-
THYeckoi GyHKIMH, [oka3zaTh, 4YTO ecad wieHsl psaga (1)
ABJIAKOTCA aHAJNMTHYECKKMH B oOnactu D ¢yHkuusMu H He-
TpepuIBHBIMA B 3aMKHyTOH obsacth D=D+T u eciu paa (1)
CXONUTCA paBHOMEPHO Ha I, TO OH CXOMMTCS paBHOMEPHO
B 3aMkHyTo#l oOsactu D (BTopas Teopema Beitepmr-
pacca).

12.155. Haiitu obnacTh cX0AMMOCTH H 00JIaCTh PaBHOMEPHOM
CXOAMMOCTH, a TakKkxke CyMMYy psaa

i 1 1
o \U+z" 14zt )

3. CeoiictBa paBHomepHo cxonasmmmxcs pagos. Chopmynnpyem psanm
CBOWCTB B BHIE 3ajau.

xeR, cxo-

12.156. [loka3athb, YTO €CJIH YJICHH PABHOMEPHO CXOMSIIETOCsA
B obnactm D, ¢yHkuMoHanbHOro psiaa (1) yMHOXHUTb Ha OIHY
B Ty JXe OrpaHuueHHyro B obsactu D; ¢yskumo ¢ (z), TO
paBHOMEpHasA CXOHMMOCTb psifia HE HapyLIUTCS.

12.157. Hoxasatb, 4YTO0 ecid ¢yHKuUMH f,(z) HENpEpHIBHLI
B obnmactu D; u psax (1) paBHOMEpHO cXoauTCcs B 3TOH obOnacry,
TO ero cymma f(z) HempepbiBHa B oOmactu D;.

12.158. [oxa3ats, uro ecnu ¢yHKUHMM f, (z) HempephIBHBI
B obnactru D; u pax (1) paBHOMEpPHO CXOOHTCH B ITOH
0o0NacTH, TO €ro MOXHO MOYWIEHHO HMHTErpPHpOBaThL MO JIHOOOH
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xpUBOR [, HEeMKOM Jiexamed B obnactu D, T. €. UMEET MECTO
MIBCHCTBO

J( ifn(n)) dn= i fa(n)dn.

n=1 n=1
1 4

12.159*. [Jloka3aTb, 4YTO ecnu Ha oTpe3ke [a, b] byHkuuu

1,(x) aubdepenumpyeMsl, (GYHKIHOHAIBHBIA paa Y, f,(X) cxo-
o n=1

anres, a pAd M3 MPOU3BOAHBIX Z fn(X) paBHOMEPHO CXOOMTCH,
n=1

10 MUCXOZHBIA pPAX MOXHO mNowIieHHO muddepeHUHpoBaTh, T. €.

HMeeT MECTO PaBEHCTBO

a0 ’ 0
4
z j;r(x) - Z fn(x)~
n=1 n=1

J/Ins paBHOMEPHO CXOAAUIMXCS DALOB M3 AHANMTHYECKMX QYHKUUA
WMECT MECTO

Teopema Beiepmrtpacca. Ecau usenvt @ynkyuonasbnozo psaoa
(1), m.e. gynkyuu f,(z), Asasomca anaiumuveckumu 6 obaacmu D @yn-
AuAMU U 8 000l 3amkrymou nodobaacmu Dyc D pao (1) cxooumca
PUBHOMEDHO, MO:

a) cymma paoca (1), m.e. gyukyus f(2), sA6a1aemca anasumuyeckoi
« obaacmu D,

6) pad (1) moxucno nousenno Ougdepenyuposamp moboe uucao pas,
m. e. cnpaseoaudbl pageHcmea

@)= if,‘,"'(z), k=1, 2, .., zeD; )
n=1

B) & 110601 3aMKHYMoil nodob.aacmu D, < D noayuennsie 6 pesy.ismame
Jugipepenyuposanun padet (2) cxodamcsa pagnomepHo.

12.160. Ucnonw3ys ytBepxaeHue 3amay 12.157, 12.158 u Te-
opemy Mopepa (Teopema, obpatHas Teopeme Koiun), moka3satb
yIBepXKAEHHE a) TeopeMbl Belepumrpacca.

12.161. Bocnosb3oBaBumch ¢opMmysoit Koum gns mpous-
BOAHOW M yTBepxIeHHeM 3amaun 12.158, noxa3aTe yTBEpkACHHE
6) Teopemsnl BeitepmTpacca.

§ 3. Crenennnie paabl

1. O6aacTh CXOOHMOCTH H CBOHCTBa cCTemeHHbIX psanoB. Psn
@
cotcy(z—20)+ 2 (z—20)2+ oo +Culz—20)"+ .= Y, calz—20)" (D)
¢ n=0
Ha3BIBAETCA CMENeHHbIM TIO CTENEeHAM z—Zzo. B 4acTROCTH, psn
w
cotcrzHeazi b ezt =Y, 2" )
n=0
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SABJISCTCS CTENEHHBIM 1O creneHsM z. C NOMOIUbIO 3aMeHbl z—zo=Z
psax (1) cBomutcs kx psamy (2).

Teopema A6Gensa. Ecau cmenennoti pad (2) cxooumca 6 mouke
z=2,%#0, mo on abcomommno cxooumca 014 6cex z maxux, umo |z|<|z,|,
npuuem cxooumocme 6yoem pasHOMepHOU 8 a060OM 3aMKHYymMoOM Kpyze
|z|<r<|z,|. Ecau oce pao (2) pacxooumca 6 mouke z=z,, Mo OH
pacxoounica u 04A 6cex z makux, umo |z|>|z,|.

M3 teopembl Abens crienyer, 4To 06J1acTbiO CXOAMMOCTH CTENEHHOro
psga SBISETCA KPYr C IEHTPOM B Ha4aje KOOpAMHAT (C ILEHTPOM
B TOYKE Zo), PagMyC KOTOPOrO MOXET OBbITh omnpenesieH NPUMEHEHHEM
Jubo npusnaka Jlanmambepa, nu6Go mpusHaka Kommm, T.e. 43 ycnoBuit

nt1
Ch+12 Cn+1

lim

n— o

<1

— |=1z| lim
Cpz n— o

lim {]c,z"|=|z| lim ¥/|c,|<]1.

OTtciona U181 BBLIYMCIEHHMS paadyca R Kpyra CXOOUMOCTU TNOJIydyaem
COOTHOLUECHHA

HJIH

1
R=——F—— win
. Cn+1
lim

n—

1
R:‘—‘—_.
fim el

Cn

IMpumep |. HccraenoBatb Ha CXOOUMOCTbL pPAX
(z+2)* (z+2)* (:+2)2" o (z+2)2"
1-3 4.3 770 p23e B '

n=1

< [pumenum npusnak [lanambGepa:

(z+2)2n (+2)21n+1)
n " E] Uy =TTN2 antl
u .30 1= (+l) 3n(-1
(z42)2*Pn2-3" 1 jz42)2 n?  |z42|?
_ | =—— Im = ——
(n+1)23"* 1 (z42)* 3 n—w(@m+1)?r 3

OTcroga 3aKiIo4YaeM, 4TO psA CXOOMTCS B XKpyre lz+2|<\/§. Hautee,
Ha TIpaHHlE Xpyra, T.e. TpH |z+2|=\/§ uMeeM

Z ( +2)2n

n=1 n

©

g‘z

a 9TO O3Ha4ae€Tr, 4YTO paa abCcoNMOTHO CXOAUTCA B 3aMKHYTOM Kpyre

|z+2|<\/§, OpUYEM CXOAMMOCTb B 3TOM 3aMKHYTOM Kpyre paB-
HOMEpHas. >

12.162. CdopmymupoBate Teopemy Abens s psma (1).

12.163*. VYcranosuth, uTO cTenmeHHo#t psax (1) obnanmaer
CJIEXYIOIIMMH CBOWCTBAMH:

a) B Kpyre CXOJHMMOCTH |z—zo|<R cyMMa CTENeHHOro psia
f(2) sBnsercs ¢yHKUMEH aHaIHTHYECKOWH;
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6) B Kpyre CXOOMMOCTH |z—zo|<R CTEHEHHOH pAI MOXHO
noynenso audepeHUpoBaTh M0OOE YACIO pa3, IpHueM nponud-
(}cpeHHMPOBAHHBIE DALl UMEIOT TOT XK€ CaMbIil KPYI CXOAMMOCTH;

B) psa (1) MOXHO TMOYICHHO MHTETpHpOBaTh MO JOOOMH
KPUBOH, JieXalled B Kpyre CXOOMMOCTH, TIpHYEM MHTerpal
KIBUCMT TOJILKO OT Hayaja W KOHIA KPHBOW HHTErpUpOBaHHS,
A psl, MOJyueHHbIH U3 psafga (1) B pe3yjabraTe MHTCTPUPOBAHHUSA
oF zo OO Zz, UMEET TOT JX€ KPYI CXOOMMOCTH |z—zo|<R.

12.164*. Ilyctb crenenHo# psn (1) cxomurcs B kpyre | z—zg| <R,
R>0, u f(z)—cymma ostoro psna. Ilokaszatb, 4YTO 3HAYCHHUS
IpoM3BOMHBIX [ (z) B TOYKE zo MOXHO BBIPA3UTh 4Yepe3 KO-
(uumentel pama (1) nmo dopmynam f®(zo)=n'c, n=0,1,..

Haiitu obnact abCONMOTHON CXOOUMOCTH M oONacTH pas-
IHTOMEPHOH CXOJUMOCTH CleAyolux paxoB (z€C). 3aMeHss B 3THX
psmax  (kpome 12.179, 12.181, 12.187—12.189) z Ha xe€R,
HeeNieqoBaTh MX Ha aOCONIOTHYIO M PAaBHOMEDHYHO CXOJHMOCTb.

12.165. i(z")n. 12.166. i 41"

noy nt2" Zin2" 2nt 1

oC 2n
2167, ¥ (-1 R “)
;) +I(Z 4)
12.168. ¥ (—pmtr 2 =Y
g (n+l),/ln nt1)
@ ,, © _—1)2n
16, ¥ TEES nam. ¥y ((2n+3l))
"o z" °=° n+1
12.171. O an o
i i )
o« n n 1\2 ,n
a3, ¥ e 2 ()2

2 (3n—2)2" (2n)!
12.175. Y (=)™ 'nz". 12.176. Z(—l)"

=1 e 3n—2"

o (2n+1)z" = no \»* e
a7 § I a3t ) ey
12479, Y nic—iy. 12180 ¥ E-T

A79. 3 n! . 180, %S
12181, Y (z:"‘). 12182 3 G+ 1) (-1
n=1 n=

< _qyn+1 (z-3)"

12183. 3. (~1) (_“zn+1)4"‘ P

O n zan 1
2185, ¥ (=15 12186 )j e
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(z—2i)™ 2 nS(z+i)!

12.187. H; e 12.188. Zj —
Y (]+i)"(2+i)" o 2""'22”
12.189. Y LT ETY 42,190, ‘
2 ey T
12.191. Z 2n— 12"H( )" 12.192 i’” "
. - Ini2 Vi . . . ”cl;l-z .
00 nf,__2}2n—1
12193, ¥ (= 1)+ 2E=I" 42104, 2 E+3)
n=1 (n+1) n=1 ny/n
< (z—3)* hd . ntl n
12.195. Ez e P AL ";( D" o G4
< 10! < n"(z—-S)"
12.197. ";n.z . 12.198. ; B I
1219. ¥ = 12.200. ¥ 272"
n=1 ni2" n=0
2o, ¥ 20 oo ) ”"
n=1 n=

2. Pa3noxenne Qynxumuit B paa Teiaopa. Mmeer MecTo caemyrouas
Teopema Te#aopa. Pyukyus f(z), anasumuveckas 6 Kpyze
|z—2zo| <R, 00HO3MAYUHO npedcmasuma & Imom Kpyze ceoum padom Teiiiopa
o0
@)= X ealz—20)",
n=0
Kkoapduyuenmpt Komopozo onpedeasiomcs no dopmyaam?)

[P0) 1 f(n)
—_——t = ————dn, n=0,1,..
n!  2mi (n—2z0)
In-zol=r
r<R

Cnenctsue. Ecnn dyHkums f(z) ananuTuyda B obnactu D U zo€ D,
TO B Kpyre |z—zo|<R(zo, D), rme R(zo, D)—HauMeHbllicE PacCTOSHUE
OT TOYKH Zo AO FpaHHUbl obsacth D wmm no Onuxkaied Touku Zz/,
B KOTOpO# f(z) He aHanuTH4HA, f(Z) MOXeT ObITH NMpeACTaBjicHa B BHIE
CTENEHHOro psana

Cp=

«©

f(2)= 2 ealz0) (z=20)", A3)

n=0
KO3CI)¢)HUP[CHTH KOTOpOro onpeaecasoTcs Imno CbOpMleaM

[Pz0) _ 1 f()
n = = d > =0, 1,...
¢ (20) n!  2ni (n—2zo)"*! o
In-zol=r
r<R(zg, D)

') 3nece M [Oanee MNA 3aMMCH  KPHMBOJIMHEHHBLIX HHTErpajgoB 1O
3aMKHYTOMY KOHTYPY (KOHTYDHBIX MHTErpajioB) Mbl HCIOJIb3yeM OOBIMHbIH
3HaK MHTErpaja.
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Ecmu zo=0, 10 pan Teiinopa Ha3piBalOT Takke padom Makaopena.
Mpumep 2. Paznoxutb QyHxkuuto f(z)=shz B psa no creneHsM
(r.e. B pan MaksopeHa).
ef—e’F
1 Tak xak shz:T SIBJISETCS AHAJIMTHYECKON BO BCell TUIOCKOCTH,

10 o teopeMe Teitnopa ec psn MakiopeHa OymeT cxoauTecs K Hel
so Beelt niockoctH. Mmeem

(shz)®"*VY=chz, n=0,1,..,
(shz)®™=shz, neN.

f2n(0) f(2n+l)(0) 1
(JICHOBATENBHO, € 3,= ——=0, a Coap+1= = , 1 HCKOMO¢E
(2n)! @+ 1)1 @n+1)!
PA3JIOXKCHHE HMMCET BHI
© 22n+1
shz= — zeC. >
§0(2n+ 1)!

3amevanue. Ecnmum paccmatpusath pan Teinopa ¢ynkuuu f(x)
JICACTBUTEILHON TMEPEMEHHOM, T. €. pan

i f(n) (xo)

Y (x—xo)",
n=0 M

0 UIA CNpaBelIMBOCTH paBeHCTBa (3) (MpU z=X U zo=X,) HeobXxoaumo
M JIOCTAaTOYHO, 4TOOBI OCTaTO4YHbI ujieH ¢opmynbl Tediaopa R,(x)
CTPEMMJICS K HYJIIO npH n — 0. OCTaTOYHbIA 4JI€H MOXET ObITh 3amUcaH,
Hanpumep, B ¢opme Jlarpanxa

R,(x)= (ic(“}fll)'._f“"+"(x°+9(x—'v())), e 0<0<1,

wii B ¢opme Koum

(_)_C_—Xo)"“(l —0)"

Rax)= n!

S P x0+8(x = xo)),
WM B Kakoi-nubo apyrow ¢opme.

IMpumep 3. Pas;roxuts B pax Teinopa no creneHsm x (Wm(uu
<1 OyHkuus f (xz e* GeckoHeuHo auddepeHuupyema u (e* Cne-
aosatenbHo, f™(0)=1. ®opmyna Teiilopa € OCTaTOYHBIM HJIEHOM
B ¢opme JlarpaHka HMeeT BHI

+
xnl

n x o
— e’ 0<o<l.
gk (n+l)‘

Ha moboM xoHeuHoOM oTpe3ke x€[—a, al, a>0, umeeM

|n+l an+l
lim |R,(x)|= lim ——e®<e® lim ——
n—o n—ux( )‘ n— Lr(”+])'

a noroMy s jnoboro xeR

@
e*= Z

n=0

bl By
v
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[Ips peweHMH MHOTMX 3334 DPEKOMEHOYETCS MOJb30BaThCsA CJIEAY-
IOLUIMMH Pa3JIOKEHHSAMH 3JIEMEHTApHBIX (YHKIMIA:

22 z" © L0
a) ef=l+z+4—+...+—+..= —, zeC.
2! n! RT
22 zZn @ zln
6 =l——+ .+ (-1)'—+..= —1)t—, C.
) cosz Thl +(—1) (2n)!+ "go( ) @ ze
23 zln+l © 22n+l
inz=z——+.+(-1)'——+..= -, Cc
B) sinz=z=374 . +( )(2n+1)!Jr LGy o
52 n
r) ln(l+z)=z—:2-+...+(— )"“ Z( yE <.
n) arct z—z—i+ +(—l)"”£+ = i (—l)"fz—”—l- lzl<1
& 37 mal e '
-1 —1).(e—n+1
e) (1+z)°‘=1+az+3(—°;'—)zz+...+w—-)z"+...=
n:

a(e—1)..(a—n+1
=1+ Y gz", lzl<1, aeR\N
n=1 "!
(B cinyyae, koraa ao=meN, ¢yHkuus (1+2z)™ packnaabiBaercs no OMHOMY
HploTOHa B MHOrOUYJIEH, NPHYEM pa3JIOKEHHE HMEET MECTO BO BCEH
TUIOCKOCTH).
%) npH o=—1 U3 e) moiy4aeM OECKOHEYHYIO TE€OMETPHYECKYIO
NPOrPECCHIO CO 3HaMEHATeJleM —Z:

1
—=l—z4z2?=2+ .+ (=1)"z"+..., |Z<].
1+:z

MMpuMmep 4. Paznoxuts B paa no creneHsM z+ 3 dynkuuro In(2—5z).
<1 PaccMoTrpuM cHauana cieayroulee npeobpa3oBaHue AaHHOM Jorapud-
MHYECKOH (YHKUHUH:

In (2 52)=In (2— 5 (z+3)+ 15) =In 17(1 —%(24-3)):

5(z+3)
=In17+In{ 1 — .
n < ! )

5
Bocnonb3yemcs pasnoxesdeMm r) mas In(l+wu), nonaras u= —ﬁ(z+3).

Tak Kak pa3jioXeHue ) UMeeT MecTo npu |u|<l, TO Haue pa3yioXeHue

OyneT MMeTb MECTO MpH ﬁlz+3|<l. Takum obpasom,

n= n

In(2—5z)=In17+ il(—l)"+‘(~l—57(z+3))"l—lnl7 Z (17) e+3)

| +3|<17
V4 -
S
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lamMeTHM, YTO Ha JEHCTBHUTEJIBHOW OCH B TOouke Xx=2/5 psan pacxoautcs
(1apMOHMYeCKMH psa), a B Touke x= —32/5 mo mnpusHaky JleiiGHuua
cxonutes. CnenosartenbHo, [—32/5, 2/5) — npoMexyToK CXOAUMOCTH Ha
IWACTBUTEJIBHOR OCH. >

Yacto ana pasnoxeHus ¢yHkuuii B pax ynoGHO nonb30BaThCA
andepeHIMpOBAHHEM MJIM MHTETPUPOBAHHEM M3BECTHBIX DPa3JIOKEHHUH,
A 1P Pa3JIOKEHHH PAaLMOHAJIBHON OpobM pa3siokuTh ee Ha mpocTteiiume.

Mpumep S. [Monyuurs pasnoxenue 1) wis ¢yaxkuuu f(z)=In(1+z2).
-1 MmeeMm

z dn
In(l+z)=f —,
ol+m
tlc MyTb MHTErPHPOBaHMA HE OXBATBHIBAET TOUKY = — 1. 3ameTumM, 4TO

(pyHKLHS T npu n|<1 sBiaseTcs CyMMON reoMeTPHYECKOH NPOrpeccuu
n

¢0 3HAMEHATEIEM —mnN, T. €.

l €N

——=2 (=)~

I+n 5%
npuyeM, ecad |n|<|zl<1, TO psa CXOAMTCA PAaBHOMEPHO M €ro MOXHO
IIOYJIEHHO HMHTerpupoBaTh. Ilo3ToMy ans z Takux, 4TO |z|<], HMEEM:

n+1

z x z K z e
In(l+z —n)"dn= —-1)" —l"J'1 . >
oL fimran= L - E e
Ipumep 6. PaznoxuTe B psa mo creneHsM z GYyHKUHIO
—2z+19
f@)=

(z—3)*(2z+5)

< Pasnoxum f(z) Ha anementapHble apobu. Mmeem
2

2245 ( (-3

[To dopMyie CyMMBbI F€OMETPHUYECKOW IPOrpeccHn

f@)=

3ameuas, 4TO

M yudWThIBas YyTBepXaeHue 6) 3amaum 12.163, nonyan
2 2 nz""! 2 z"

= 5 3o
(2_3)2 3 ngl 3 20 3n+1 |Z|<
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1 2
H —,
2z24+5  (z-3)?

it 2" 2 1 5
=X ((—l)" 5,,H+%j—2—))z", |z|<§. o>

n=0

CxnaasiBas paasl O0is HUMEEM

Mpumep 7. Paznoxurb B pan mo creneHaM x (xe€R) ¢yHkumuio

. sinu
f)=f-—d
o U

sl 2k +1
< 3uas passoxenue GyHkimu sinu= )Y (—1)* -——— (cm. pasnoxenue

Py (k+1)!
B)), HMeeM

SIS L e,
5 2k+1)

a MOTOMY, MCHO/b3ys CBONCTBO B) 3amaud 12.163, nonyuaem

* sinu an x 2k o X2k+l

_ X u RS k -
ot B U e 8 ey YT

Ucnonbiys teopemy Teitnopa (popmyny Teitnopa ¢ ocraTou-
HBIM WIEHOM B Kakoi-nubo ¢opme nis GyHKuui QeHCTBUTEIbHON
NEpEMEHHOM), PA3JIOKUTh B PO MO CTeNeHAM I cJelylolliue
(GYHKIMM, NMPOBEPHB TEM CAMBIM CNPABEATHBOCTb COOTBETCTBY-
IOIMX COOTHOILICHHH H3 a)—e):

12.203. . 12.204. cosz. 12.205. sinz. 12.206. (1+2)“.

12.207. 2°. 12.208. sin(z—%). 12.209. cos’z.

Hamucath nepBbie TpY HEHYJEBBIX WIEHA DPAa3jOXKEHHUS B Pl

MO CTEMEHSAM z CIeIYIOWMX (DYHKIMIA:
1 :
12.210*. tgz. 12.211. —-. 12.212. thz. 12.213. ecosz.
Cos >

Hcnonb3ys pasyioKeHHS OCHOBHBIX 3JIEMCHTapHbIX (QyHKLHM
a)— ), a TaKKe BO3MOXHOCTb MOYJICHHOro AuddepeHLHpPOBAHAST
M MHTErPUPOBaHUS CTEMEHHbIX PAJOB, PA3JIOKUTb (YHKIHH B P
Mo CTENEHAM z M YKa3aThb 00JaCTH CXOIMMOCTH TIOJIYyYEHHBIX
panos '):

2 z

12214, ¢, 12215, sin?z 12216, ——. 12217, ——.
44z 3+4:z
s 1 341
12218, 3/77—z. 12219, — - 12.220% L
\/ V/'9+_72 (2_2)2
12221, — > 12222, (1—z2)e . 12.223. chz.
142222

') CM. Takxe 3agaum 12.289—12.294.



12.224. sin2z+2zcos2z. 12.225. sin 2zcos2z.
12.226. In(1+z—2z%). 12.227. In(z2+3z+2).

12.228. In(z+./1+2z%). 12.229. arctgz. 12.230. arcsinz.

z ) : . )
12231 fe"an. 12232 [ T lan,

0 o M
122334, ZS8ETE g g, ZSRET 0082

Paznoxuts (I)yHKIlHH B psad MO CTENECHAM Z—Zo M ONPECHCIUTDH
0bJIaCTH CXOIMMOCTH NMOJIYYCHHBIX pAOOB:

12.235. 22— 222572, z9= —4. 12.236. i Zo=2.

1 . 1
12.237. ‘l-:;l, 20—31. 12.238. m, 20—3.
—_— = -— 3 -
12239, . 20=—4. 12.240. 3/z, z,
12.241*. = 20=2. 12.242, e*' 7441 7 =2,
12.243. ze?* 7% z5=1. 12.244. sin(z? +4z), zo= —2.

12.245*. In(5z+3), zo=1.
12.246. In(z2+62+12), zo= —3.

Haiitu og.nacrn CXOOUMOCTH YKa3aHHbIX pﬂ)éloOB H HX CYMMBI
12247. ¥ (—D)"(n+1) (n+2)z". 12.248. ¥ n(z+1)"

n=0 n=1

12.249. Z(Z V12250, T (= 1)"a~ 222 a0,

n= 0 n=0

12.251. }: (=D)"(n+1)z2"

n=0

3. Teopema eQHHCTBEHHOCTH. AHajHTHYeckoe mnpoaomxenne. Cdop-
MYJIHDYEM TE€OpEMY €IAMHCTBECHHOCTH.

Ecau pynkyuu f(z) u g(z) anasumuunor 6 obaacmu D u ecau
HA MHOMCeCMBe DA3AUYHbIX MOYEK (Z,),en, UMEIOUEM NPEOeAbHYIO MOUKY
ae D, evinoanaromca pasencmea f(z,)=g(z,), neN, mo f(z)=g(z)
6crody Ha D.

Mycts ¢yHkuus f(z) aHanuTyHa B obnacth D, a ¢yHkuus g(z)
aHanuTH4HA B obaactu D, Takoi, uyro nmepecedenue D () Dy =D, COAEPXHT
NOC/E0BATEIbHOCTh PA3JIMYHBIX TOYEK (Z,),en, MMEIOLIYIO MO KpaiHeH
Mepe OAHy mnpelefbHYI0 Touky a€ D,. Ilycrb, kpoMe Toro, f(z)=g(z)
nas zeD,. Torma dynkuus

F(Z)z{f(z) ana zeD,
g(z) nmna zeD\D,

Ha3bIBAETCSA aHaaumuueckum npodoancenuem GyHkuun f(z) c obmactu
D na obnacts D,\D,.
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Mpumep 8. [lokasath, uTOo ecnu GyHKUMs f(z) HempepbiBHa

—1)"

B obnactu D, coaepxaweit Touky z=0, U ecou f|-|= ans

n
n=ny+1, no+2, ..., 70 f(z) He aHanuTH4Ha B obnactu D (ny,=>1-—uenoe).
< Tak kak f(z) HempepbiBHAa B D, TO Ha oOTpe3ke [CHCTBHUTEJIbHOH
1 1
n+1’
n>n,, OHa NPUHUMAET 3HAYCHHs pasHbIX 3HakoB. [TosToMy cymecTByrOT
1

OCH OHa TaKX€ HENpEpbIBHA, a B COCEC/JHHX TOYKAX X=—- H X=
n

TOYKH X, € 1) B KOoTOpBIX f(x,)=0, npuiem x, — 0. Cnenosarens-
n+ n
HO, B TOYKax X,€ D ¢yHkuusa f(z) COBNAAAET ¢ aHAJIUTHYECKOM (yHKUHUCH
g(z)=0, a Ttax kax f(z)#0, T0 f(z) He MOXeT ObITb AHATUTHUCCKOH
dyukuueit. o
Ilpumep 9. Hoka3zatb, 4To OyHKUMS
1 z z"

ge)=—+ ——5+ .+ ————+

1—z  (1-2)? 1=zt
ABJIACTCA AHAJIUTHYCCKUM TNPOAOJDKEHUEM Cl:)yHKuPlH
f(z)=142z422224 . +2"2"+ ...

<1 OnpeaenuM o00JacTb CXOAMMOCTH psifioB st g(z) U f(z). Umeem

— [

hm —H: Da—

n-o ||~Z|" l—z
lim */]272" = 2|z] <1,
n—oo

T.e. psaa oas g(x) cxoautes B obnactu Dy ={z|Rez<1/2} (cM. 3apmauy
12.143), a pan as f(z)—s obmactu D,={z||z|<1/2}.
OnpenesiuM CYMMBI 3THX PSI0OB B YKa3aHHbIX O0OJIACTAX:

(2) 1 - z + z? + 1 1 1
SARCAR PSR e g (1-22" 7)) 1-: -2 T 1=22

1=z
1
SO

Tak xax D, c D, u B obnactu D, cnpaseiMBO TOXIAECTBO f(z2)=g(z),
TO ¢yHKUMA g(z) SABNACTCA AHANMTUYECKHM TNPONOKEHHEM (GYHKIHH
f(z) ¢ obnactu D, Ha obnacte D,. >

12.252. [Joka3ate, uyto mpu JoboM a#0 u |a|#1 PyHk-
HOHaNbHOE ypaBHeHue f(z)=f(az) He HMeeT pelIeHUs, aHAJIHU-
THYeCKOro B Toyke z=0 M ee OKPECTHOCTH, OTJHYHOTO OT
f(z)=const.

12.253*. Jloka3aTb TeopeMy €IMHCTBEHHOCTH B TOM CJyvae,
korma VzeD g(z)=0, T.e. 10Ka3aTh CJEAYIOIIYIO TeOpeEMY:
ecnM aHanuTHyeckas B obnactu D ¢yHkuus f(z) obGpawaercs
B HYJIb B TOYKaX (2x)ien, JIOXKAIUX B obmactd D H TakWx,
4TO k]im z=aeD, to YzeD f(z)=0.

- 00
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12.254. byner s aHanuTH4Yeckod B Touke z=0 U ee
okpecTHOCTH GyHKuMs f(z), eca1M OHa TNpPH BceX UENBIX N> Rg

1 nn
y/NOBJICTBOPAET COOTHOILCHHIO f(—) =sin ? ?
n

HaiiTh aHanMTH4YeCKHEe B OKPeCTHOCTH TOYKH z=0 QyHKumu
/(z), YROBJETBOPSAIOLIUE YCIOBHSIM:

1

12.255. f(}l) = m, neN.

12.256. f(%) =f<~£> - % neN.

12.257. Iloka3aTsk, yTo QyHKIMSA g(z)= Z —Lz-—-‘-)w ABJSETCA

o (2 )n+1
I ) n
AMIAJIATHYECKAM NIPOJOJDKEHUEM pyHKuuu f (z)=5 Z (%) . Haii-
n=0

I aHAJIMTHYECKOE BBIpaXXeHHe 3THX (yHkuMA B oOmed vacru
obyiacTell CXOAUMOCTH PSALOB.

12.258. Iloxa3ath, 4TO $ynkuus g(z2)=In(2+2i)+

By (=D (e—1-2ip ABISETCS AHAJMTHYECKHM HPOAOJ-
n=1 (2+2 )

KeHueM QyHkuuu [ (z)= Z (—1) . Haitu ananutTHYeckoe

n=1

nbipaxeHHe THX QyHKuui B obmied yacTh obnactedl CXOAMMOCTH
PAAOB.

§ 4. IlpnMeHeHHe CTeNeHHLIX PANOB

1. Bbluncnenne 3navenuit ¢Qynxumi. Pasnoxenus a)-—x) u3z § 3
1103BOJIIIOT NOJIY4aTh 3HAYEHHMS COOTBETCTBYIOMIMX (YHKIMH B 3aJaHHbIX
roykax ¢ moboH TOYHOCTbIO.

Mpumep 1. Halitu 4ucino e ¢ TOYHOCTLIO 110 10 .
< TloactaBuB x=1 B pasnoxeHue Q)ymcuun e*, nMeeMm

S| 1

= kzo k‘+k§+lk!‘
OLEHUM OCTATOK
1
=1 12 1 12 1 1 n+l 1
k=§+1;§=;§k=u+l(n+l)"'k<;ik=n+l(n+])k_"=5.] _]_—m

n+1

n

Cie10BaTebHO, PABEHCTBO e= Y. o MMeeT NpelenbHylo abcomioTHyio
k=0 N

1
NOrpelHocTh, paBHyro — . Haitaem n, nis xoroporo — <0,00001, wnu
pe paBHy an i
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8

nln>100000. Moxyuaem n>8. Boluncnas 2+ Y, @ N OKpYIJIfisl, HAXOJHUM

oTBeT ¢ TpebyeMoil TOYHOCTHIO e=2,71828.k Z

12.259. Onpe/leIdTb, CKOJLKO HYXHO B3ATbhb WIEHOB B pas3-
noxenun Qyukimu In (14 x), 4ToOb! BBIMUCIUTH INn2 C TOYHOCTBIO
no 1074,

12.260. OnpenenuTh, CKOJBLKO HYXHO B3ATh 4YJIEHOB psla
B pa3/ioxeHuH (QyHKIHM cOS X, 4TOObI BBIYMCIUTbL cos 10° ¢ ToY-
HoCTBIO ;O 1074

12.261. C «kakoii npenenbHOH aOCONIOTHOH MOTPEIIHOCTBIO
MOXHO BBLIYHCIUTh

— / 1\ /5
3/36=(32+4)15 =2 (1 + ’é) .

B3B TPH 4WiecHa OUHOMHaJNbHOTO psiaa?
3 5
X X
12.262. IIpu xakux x MHOIOWIEH X— % + T35 "aeT 3HAYCHHUE

GyHKUMM sinx C TO4HOCTBIO a0 10 *?
12.263. Kakosa mnpeaenbHas adCoJIFOTHas MOIPEIIHOCTb pa-
BEHCTBA

5

faT x—at 5 - X
Jat+x=a+ - —
v 2a 8a®
Npd BbIYUCICHUU \/5'?

Hcnonb3yst COOTBETCTBYIOLLME PA3J0XKEHHMs, BBIYUCIMTL YKa-
3aHHbIE 3Ha4YeHua QYHKUMHA ¢ TounocThEO g0 107 *:

12264, Je. 12265~  12.266. sin .
e -

12.267. sin 12°.  12.268. cos1.  12.269*. sin 1000.
12.270*. 3/520.  12271*. /15, 12.272* ¢/700.

12273* n2.  12.274. arctg —.
V3

2] 2k

12.275. 1o(0,5), rme Io(x)= ¥ (

N
o ! 2% (k)2
12.276. sh1.  12.277. ch1.

B 3apmayax 12.278—12.287, ucnonb3ys pa3noXeHHUS B CTereH-
Hble psajbl, Tpebyercs cocTaBuTh Ha (GOpPTpaHe MOANPOTrPaAMMBbI-
GyHKUIMM /1151 BBIYUCIIEHNS 3HAYCHUN yKa3aHHbIX QyHKIMH c 3a1aH-
HOM npenmenbHOM abcomoTHON morpemHocTbio. Mcnosib3oBath
napamerpel X, EPS, rne X —aprymentr, EPS-—npenensHas
abcomoTHas mnorpewHocTh. MMeHa mnoamporpamMm BbIOpaTh He
COBMNAJAIOUIMMH C HMMEHAMH COOTBETCTBYIOUIMX CTaHIAPTHBIX
noanporpaMM-pyHkui.
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12.278*. y=sinx. 12.279. y=cosx. 12.280*. y=e™.
12.281*. y=(1+x)". 12.282. y=In(l +x).

12.283*. —lnii. 12.284. y=arctg x.

12.285. y=1Io(x) (cM. 3amauy 12.275).

12.286. y=shx. 12.287. y=chx.

12.288. CocTtaBuTh Ha GopTpaHEe MpPOrpaMMy pPEIICHHS OTHOMH
w3 3amad 12.264—12.277, npuMeHsAs NOANPOrPAMMBI-PYyHKIIUH,
110JTy4eHHbIE TpU peleHun 3amay 12.278—12.287. B nporpamme
1IPEAYCMOTPETh CPaBHEHHE pPE3YJIbTAaTOB, BBIYHCIEHHBIX C MOMO-
IUbIO COCTABJIEHHOH MOANPOTPaMMBI-PYHKIIHK M C 11OMOLUBIO
CTAaHA4PTHOH MoOANMporpaMMbl-GyHKIMH, Bxoasuiel B OGMOIHOTEKY
00s3aTeNIbHbIX NOANPOrpaMM.

2. Unterpuposanne ¢ynkumii. Pasznaras noabHTErpajibHyto QyHKIMIO

/(1) B CTENMEHHOH PAA, MOXHO, UCNOJB3Yysl TEOpEMY 00 HHTErpUPOBAHUH
x

CTENEHHBIX PSAOB, NPEACTAaBATh MHTerpan [f(t)dr B BUJE CTeneHHOro

0
psaaa 4 NMOACHHTATH BCJIMMHHY 3TOrO HHTErpaja ¢ 33aJaHHONH TOYHOCTbLO
1pH J1000M 3HAYEHMHM X M3 MHTEpBAJIa CXOAUMOCTHU MOJYYCHHOI'O psija.
x

2 ~
Mpumep 2. Paznoxute ¢yHkuuio e dt B cTeneHHoi psi 1o

CTENCHAM X,

«© xk
<3 ”CHOJIb3yﬂ Pa3j10OXKEHHE eX= z _" noJy4Yum
k=0 T*
" « IZk
e =Y (=) —
¥ (-1
k=0

Ha BCeH uuciioBoH ocH. IlpuMeHsAs MO4YIEHHOE MHTErpUPOBaHHE, HAXOJHM
2k+1

2 o RS
=Y (=)o
¢ LV e =

O ey %

Paznoxurts YKa34HHBIC (byl-ll(l(ﬂlfl B CTCNEHHBIC pAdbl 110

CTCNICHAM X!
x
j ne
0 \/-

2
12.289. j'"('li) d

V]
12.291. | cos 1 dr. 12.292. j &
0 O,/1+t3

X

12.293. | Io(¢)tdr (cM. 3amauy 12.275). 12.294. jT dt.
1)
0



Buqncmg’gb HHTETpajibl C TOYHOCTHIO 1O 107%

12.295. J Mlt—+—t—)dt. 12.29. Jarc:g’dt.

O(.)S 0?6
12297. | e “dt. 12.298. | 3/1+x%dx.
0
08 \
12.299. J & 12.300. JS‘“—" dx.
1+x x
0 ]

B 3apavax 12.301—12.305, ucnonb3ys pa3/ioxkeHUs B CTETICHHBIC
Ppsbl, COCTAaBUTH Ha (opTpaHe NOAIpOrpaMmMy-GyHKIHIO IS BBIYKMC-
JICHUSI YKa3aHHBIX MHTErpajioB C 3a[aHHOM NpenesabHoH abcosmoTHOR
norpettHoctbio. Ilapamerpol: X, EPS, roe X-—Bepxuuili npenen
uHTerpupoBanus, EPS—mnpenenbHas abcomoTHas NOrpenIHOCTb.

X

12.301. Si(x)=j$:1 dt. 12302, erfx=—=
t \/1_‘:
0
12.303.  (1+1%)%dt(s>0, a+0).
0

X X

12304, J‘"Ct‘g'dz. 12.305. J 'ﬂ't—“l dr.

e ?dr.

(=L X

0

12.306. WUcnonb3ys mnognporpaMMbl-GyHKIMY, TOJy4YECHHbIE
npu pewienun 3agad 12.301—12.305, cocraButh Ha ¢opTpane
MporpaMMy pellieHdss OAHOM u3 3amay 12.295—12.300.

3. Haxox/enue CymMM 4HCJOBBIX PHIOB. YObICTpeHHE CXOJHMOCTH.
[Mpu HAaXOXKACHHM CYMMBI YMCJIOBOTO DS/Ia BBLIYMCISIOT €ro YaCTHYHYIO
CyMMy, /Ul KOTOPOH BEJIAYMHA OCTATKA Psijla HE NPEBOCXOAMT 3aJaHHON
abconoTHOM morpemHocTH. Mcnosib3ys M3BECTHbIE Pa3/IOKEHHS B CTENEH-
Hble PAIb, CYMMY YHMCJIOBOTO psila B HEKOTOPbIX Cly4yasiX MOXHO
BLIDA3HTh B BHJE 3HauYeHUs (YHKUMH B ONpENESICHHONW TOYKe.

LlOKa3aTl> YKa3aHHbIE PABCHCTBA:

os 1 1
12.307. e =
30 g’" (e+k)(a+k+1) a+n

o

* ! = l
12.308*. Z‘" (a+k)(atk+1)(@+k+2)  2(@+n)(atn+1)
* v ! = ‘
12.309*. kgn (@t+k)(@+k+1)..(a+k+p)  platn)..(@+n+p—1)

(peN).
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123105 ¥ (—1)*t L2,
n=1 n

d 1

* _1r -
23 Y (1) =g

T

HaiiTh cymMMbl psi/I0B, HE BBIYUCIHSS HACTHYHBIX CYMM:

12.312. Z —l— 12.313. Z (=" —. 12314 Zl.
n—l n=0 ( ') n=1"
! .l
12.315. L Nrnrent 12.316. "2 —1) T
. ] > 2"
12.317. 'Z"O(—l) 3 ) 12.318. Z I

[Mpy HaxOXIAEHHMH CyMMBbI YUCIOBOro psaa TpebyeTca Opatb Gosbiuoe
HCJIO YIEHOB, CCIM OCTATOK JTOrO PSa MEUICHHO CTPEMHUTCS K HYJIO.
l'akoit psap ciaenyer npeobpa3oBaTb B pAd, OCTATOK KOTOPOTO CTPEMHTCS
k Hymo ObicTpee. JlaHHOe npeoOpa3oBaHME HA3LIBACTCA yObICMpeHuem
cxooumocmu paoa. OAHUM U3 METOJOB YOBICTPEHUS CXOAMMOCTHU SIBJISETCS
viemod Kymmepa. HeusBecTHas cymma A cxoasuuerocs psaa

2 (M

k=1
BbIyMcaseTcs mo Gopmyne

A=qB+ z’: (ak—qbk), (2)
k=1

w

e B—wu3BecTHas cyMMa psga Y. by Takoro, 4To CyLUeCTBYeT mpejen
)
k=1

lim 2 %0
= lim — #0.
7 k—x bk
Pan

Z (ax—gbi) 3

cxoauTcs OwicTpee, YeM ucxonaHbid psa (1), 1.e. ocratok psga (3) ecTb
OeckoHeyHO MaJjlass 6osiee BBICOKOIO MNOpsAKd, 4eM ocTaTok psaxa (1).
a

Mpumep 3. Haittu cymmy psma Y,

k=1

<1 BBISICHUM, CKOJIbKO 4JICHOB [JAaHHOrO pAjd HYXHO B3ATb s J0-

cTuxeHust TpedyeMoit TouHocTH. OuenuBas ocratok (cMm. 3amauy 12.307),
nojy4yaem

— ¢ TouHoCThIO g0 1077

o1 x l

y —< ¥ — ): — <0,001,
k=nt1 K2 k(K _]) k=n k+l n
oTKyHa cieayer, yto n> 1000, T. e. 1)1 TOCTHXKECHUS YKa3aHHOM TOYHOCTH
TpeOyeTcs B3aThb 1001 wujmeH ucxogHoro psna.
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ViyuiiMm cxoauMocTh pana. [lonoxus B ¢opmyne (2)
1 b 1 ) b 1

=5 b=, 4=l a—gbh=5—7",
k2 Tk R ket )

HaxomuM (cM. 3amawy 12.307 npu a=0 u n=1):

ay=

®©

N O
2™ L ke )+Z (k+l) =t Llawey @

< 1
MNpumennm ¢opMmysny (2) s npeobpasoBanus psga Y. ;(—2—(7(:1—), no-
k=1
1 1 2
= N b = N =| — b ———————
TOMIE A=) T k(k+ 1)(k+2) A= K2 (k) (k+2)

Torpma, yuntbiBas (4), umeeM (cM. 3amayy 12308 npu a=0 u n=1):
al 1

1
L~ L i wey AL Z 2(k+l)(k+2)

u[\/]g

1
”Z k) (k+2)

BbiumcreHre Cymmbl psga ). 43 CBUIOCH K BLMHCIEHWIO CYMMBI PAIA
k=1

1
K2 (k+1)(k+2)

Tpe

OueHuBas 0OCTaToOK
d 1 hd 1
o PR S, (e DR (ET)
hd 1 1
=k§" k(k+1)(k+2)(k+3)  3n(n+1)(n+2)’

2 1

noJiyyaemM -3———3- <0,001, orkyna n3> 3'2000z666,7, wm n=9, 1. e. Tpedy-
n

emMasi TOYHOCTb Aocturaerca npu n=9. CrnenoBaTenbHo,

i : =14 — : +22 ! =14+0,25+2-0,1975=1,645
Sk 4 y k2 (k+1)(k+2) ’ e
it 1
[Mpumenus npeobpa3oBaHue (2) ewe pa3 Kk psan ——
p peobp: @) p pYZk(k+l)(k+2)
MOXHO ObUTO Obl ewie 6oJiee yny4lIMTh CXOAUMOCTb. >

B sapmavax 12.319—12.323, npumeHnssi npeoGpa3zoBanHue Kym-
Mepa, HaliTH CYMMBI YKa3aHHbIX DAOB C TOYHOCTHIO OO 1074,
B3AB JUIs 3TOoro He Oosee 10 WiIEHOB NOJYYMBIIErocs psaa.
Hcnonp3oBaTh COOTHOLLEHHS

0

St w o Eeri-(i55)e) een

1
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3navenus m3eta-QyHkumu ((p) B3ATh M3 TabIHMIBI

p g(p) P L(p)
2 1,6449340668 6 1,0173430620
3 1,2020569032 7 1,0083492774
4 1,0823232337 8 1,0040773562
5 1,0369277551
N
12.319*. z - 12.320*. Z sin? -
n=t 11 n=1
a0 1 an l
12.321*, 12.322%, nvl <.
";l 342 g‘ ) n(5n+3)

|
% nt+l__ "
12.323* Zl (=)

12.324. CocraBute Ha (opTpaHe NPOrpaMMy DEILCHHS OTHOH
w3 3amay 12.319—12.323.

4. UnrerpupoBane MpdepeHmaibHblX ypaBHeHMH ¢ NOMOUILIO PHIOB.
CTerneHHble PAJIbl IMPOKO NMPUMEHSIOTCA MPH pelleHuH JupdepeHIMaTbHbIX
ypaBHeHuid. [ns uesoro pspa auddepeHUMANbHBIX YpaBHEHHH IOKAa3aHo,
4TO pellieHHe y(f) NPEACTAaBUMO B BHUJC CTENEHHOro psia

0 © qu)( )
. k
y(x)= Y a(x—xo)*= ZT(V xo)", &)
k=0 k=0
K03dHULMEHTE KOTOPOTO MOXHO ONPENC/IHTL C YYETOM 3aJaHHOro ypas-
HEHHSL PaA3IMYHBIMU  criocobaMu.

a) Iycts Tpebyerca HaiTH peleHHe ypaBHeHus y'=f(xyy'h
YAOBIIETBODAIOLLICE  yCIIOBHAM y(x0)=yo» y'(x9)=y;, npuieM ¢ yHK-
s f(x, y, y') B TOUKE (X, Voo Vi) umeeT qacmble NPOU3BOAHbBIE JIOOOro
nopsaaka.  Torpa Koaqxbnuuemm ®(x,) pama (5) onpene-
AMOTCA  NMYyTEM  TIOC/IENOBATENIbHOrO nuq;q)epemmpoaanm HCXOIHOTO
YPABHCHHMS W TOJCTAHOBKH B HEIO Xo M HallIeHHbIX yXe 3HaueHuit y’(x,),
v (Vo)

Hpumep 5. Haittu pewneine ypasenus y”=x2y, ynoBieTBopsolee
yeaoBusm y(0)=0, y'(0)=1.
< Wmeem y(0)=0, y'(0)=1, u3 3amaHHoro ypasHenus Haxoaum y” (0)=0.
Nlanee, nuddepeHUUpYs ypaBHEHHE, HMMECM

Y=ty 42,
yV=x2p" +4xy’ +2y,

yY=x2p" 4 6xy” +6y',

YO D= x2y® 4 2 xy® 0y ke (k—1) y %),

u npu x=0 nonyyaem oTClO/a
ye*r20)=k(k—-1)y*"2(0), k=23,..
Tak xak y(0)=y"(0)=y""(0)=0 u y'(0)=1, TO
y(4n)(0)=y(4n+2)(0) =y(4n+3)(0)=0
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)44

y“""'5’(0)=(4n+2)(4n+3)y“‘"+ D(0)=2-3-6-7... (4n+2)(4n+3),
CrnenoBaTesibHO,
* 2:3:6-7..(4n+2)(4n+3)
y(¥)=2%
ey (4n+1)
Mo npusnaky danambepa MoJy4eHHBIA PAA CXOAMUTCA mpu JiroObix x€R,

T. €. omnpeAesnseMas JTHM psiaoM QYHKUMS p(x) SBISCTCS peLICHHEM
3a[JJaHHOr0 YPAaBHEHHMs TNpU JIOOBIX X. >

X4"+l.

Haiitm pemienuss ypaBHEHHH, YIOOBJIETBOpPSIOLIUE 3aJaHHBIM
YCJIOBHSM:!

12.325. y"=x2%y, y(0)=y'(0)=1.

12.326. y" = —x?y’'—2xy+1, y(0)=y'(0)=0.

HaiiTn nepBble 5 uieHOB pa3foxeHus pemeHus aupdepen-
IMaNbHOTO YPABHEHHS B CTEMEHHOH DA

12.327. y'=2cosx—xy?;, y(0)=1.

12.328. 3" = —2xy, y(0)=y'(0)=1.

12.329. y" =ycosx+x, y(0)=1, y’(0)=0.

6) Eciu ucxonHoe audgepeHimanbHoe YpaBHEHHE JIMHEHHO OTHO-
CHTENIbHO MCKOMO# (yHKUHMM M ee TpPOU3BOAHBIX, MpUYEM KO3pdULHMEHT
OpH CTapIiled NMPOU3BOJHONW B TOYKE X, OTJIMYEH OT HYJA, TO peLICHHE
clefyeT HCKaTb B BMAE psaga (5) ¢ HeompeaeneHHbIMHM KoddduuueHTamu
a,, k=0, 1,... 3aKOHHOCTb TaKOro MeTO/a BBITEKAET H3 YTBEPXKACHHS,
NOKa3bIBAEMOI0 B aHAJIMTUYECKON TeopuH AubGepeHUMaTbHbIX YPABHEHHIH,
KOTOpPOE MBI NpHMBEAEM JUIS YPaBHEHHs 2-TO TOpPAJAKA.

Teopema l. Ecau ¢ Jupdepenyuaivnom ypasnenuu

Po(X)y" +pi(x)y +py(x) y=1(x) )

dyukyuu po(x), pi(x), p,(x) u f(x) anarumuunel ¢ okpecmnocmu mouku
Xg U Ppo(xy)#0, mo cywecmsyem pewenue ypasnenus (6), npeocmasumoe

6 eude cmenennozo pada y(x)= Y, a,(x—xq)~.
k=0
MMpumep 6. Halitn pelnenue (B BUIE CTENEHHOrO psijia) YpaBHEHHS
Y —xy y=1,
ynosneTBopstoiuee yciaosuam y(0)=y’(0)=0.

< Hwem pewenne B Buae psma y(x)= z a,x*, B KOTOpoM B cuiy
k=0
yCJIOBHi y(0)=y'(0)=0 nMeeM ay=a,=0. CrnenoBaTesbHO,
e

y(x)= Y ax* TloacTaBu 3TO BBIPAXEHHE B YPABHEHME, TOJYYAEM

M8

k(k—1)a,x*~ Zkakx axk=1.
= k=2
1
3
k+1)(k+2)a,,=(k—1)a, nna k=1,2,..

k=2

Orciona Haxomum, uto 2-l-a,=1, T.e. a,= %
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lak kak a,=0, TO ay,+;=0 mna Bcex m=0,1,.., a mns k=2m,
m=1, 2, .., ToJy4aeM PpeKyppeHTHyI0 dopmyiy

(2m—1)a,,
2m+1)(2m+2)’
W3 KOTOPOH BBIBOJAMM PaBEHCTBA

Arm+1)= m=1,2, ..,

(2m—1)
(2m+2)! '
('IeIOBATENIbHO, MCKOMOE pELUEHHE HUMEET BH[
x2 —1)n
y(x)-——— Z((22':1n+12)) x2m*2,
m=1
IIPUYEM MOJIYYEHHBIX psiil CXOoOMTCs mnpd Bcex xeR. o

A2m+1)=

Ucnonb3ys cTeneHHbie pAObl, NPOMHTErPUPOBATDH CIIEAYIOIIME
nuddepeHIHaNIbHbIE YPABHEHWA:

12.330. y"+xy'+y=1, y(0)=»'(0)=0.

12.331. y"—xy'+y=x, y(0)=y'(0)=0.

12.332. y"+xy'+y=x, y(0)=0, y'(0)=1.

B) Ecim ko3pduumeHnT npu crapuieit npou3BOAHOH B JIMHEHHOM
YPABHCHHH B TOYKE X, OOpalnaercss B HyJib, TO CJIElyeT BOCMOJIb30BAThCH
criedyoliel  TeopeMoi.

Teopema 2. Ecau 6 Ougpdepenyuaibhom ypasHenuu

Po(x)y " +py(x)y"+p,(x)y=0 0
dyukyuu po(x), pi(x) u p,(x) anasumuunvl 6 okpecmuocmu MouKu X,
npuuem mMouKa X, A6AAemMcA Hyaem nopsaoka s @ymkyuu po(x), Hysem
nopaoka He nuxce s—1 @dyukyuu p,(x) u nysem nopaoka He Hudce S—2

pynkyuu p,(x), mo pewenue ypasnenus (7) 6 okpecmnocmu mouku X,
cywecmeyem u npedcmagafemca 6 6ude 0600WeHHOZ0 CMeneHHo2o pAda

y(X)=(x—Xo)'Zak(x—Xo)"»
k=0
cde ay#0 u reR.

Mpumep 7. Haiith pewenne (B BHOE O06GOGIIEHHOTO CTENEHHOroO
pana) ypaBHEHHUs

Xy 4y +xy=0,

yIOBJIETBOpSAIOLEE HayajdbHbIM ycaoBuaMm y(0)=1, y'(0)=0.
< Koatbduunentsl ypaBHEHUS YIOBJCTBODAIOT YCIOBHSAM TEOpEMbl 2,
MO3TOMY HIIEM pelleHHe B BUAE OOOOILEHHOro CTENEHHOro psaa
9] an
y(x)=x" Y ax*= Y ax**", a,#0.
k=0 k=0
Nmeem

©

=Y (k+r)axrt
k=0

=Y (k+r)(k+r—1)a,x**2

k=0
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MoacTapss JTH ps/ibl B YPAaBHEHHE, NOJyYaem
x KO o
Yktr)k+r—Dax "+ Y (k+r)ax* T 4 Y g x =0,
k=0 k=0 k=0

T. €.
@

rragx" '+ (r+1)a,x"+ Y ((k+rf ata, ) x* T =0,
k=2
OTcroa CIEAYIOT PaBEHCTBA
r’ay,=0, (r+1)?a,=0, (k+r)*a,+a,_,=0.
Mo ycnoBuro a,#0. CnemosatenbHo, r=0, a Toraa
a,=0 n klaq=-—a,_,, k=3,4,..

W3 3TUX pAaBEHCTB 3aK/II0OYaeM, YTO dap,+; =0 nmas Bcex m=0, 1, ..
YuutbiBasg HayasibHoe ycioBue y(0)=1, 3akimouaeM, 4To a,=1, U HMeeM

pexyppeHTHyI0 (opmyJty
. Qm-2

“am= " )2

u3 KOTOpOﬁ noJjriy4yacm
o m_ %0 m 1
an=(=1)" Gy = 1) 22" (m1)?
CHCHOBaTCJ'lLHO, HUCKOMO€ DpCIIICHHE 3aruIilueTcs B BHIC

x2m

y{x)=1 +m02::1(— l)’"m, xeR. o

Haiitu obmee pemenue muddepeHnasbHOro ypaBHEHUS B BH-
ne 00OOIIEHHOro CTEMEHHOro psna:

12.333*. xy“+2y’'+xy=0.

12.334. 4xy”+2y’'+y=0.

S. Ypabuenne u ¢ynkunn beccess. UacTHbIM ciyyaeM ypaBHEHHUS

(6), k03p(PUUUEHTHI KOTOPOro YHOBJIETBOPSAIOT YCJIOBHAM TEOPEMBbI 2,
siBAseTCs ypaBHeHue beccens

X3y xy'+(x?—v?)y=0. )

Ero peueHusmMu sBASIOTCA LMAMHApHYeckHe ¢GyHkumu Beccens mepBoro

poma mopsamka v
x 2k
<5>

Lx)=a¥>* ¥ (=) v 9 v h) ©)
W JUIS HENebIX Vv
(x>2k
I_ (x):a‘“'x'vi(—l)" 2 . (10)
Y 5 k'(1=v)(2=V)...(k—v)

Ecim ke v-—uenoe 4HCIO, V=n, TO BTOPbIM 4YaCTHbIM pEILIECHHEM
ypaBuenuss bBeccens (8) sBnsercs ¢yukuus Heiimana (unu  BeGepa),
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anpejiesiieMas U3 COOTHOLUEHH S
. I{x)cosvn—1I_ (x
N, (x) = lim XIS VR 1 (x)
v—n sin vrt
WILIIOIIAACS  LMJIMHAPHYECKOH (YHKIMEH BTOpPOro poja mnopsaaxka n.
loctosaunas af’ B ¢opmyiax (9) u (10) Gepercs 0OBIMHO creAyrOLAS:
1

B — 1
TN T(v+) an

>

+ o

tie T(w)= | e *x""'dx-- ramma-pynkuus Dinepa.
0

12.335. Ucnonw3ys npeacrasnenue (9) mis [,(x), Hoka3ath
CIICYIOIINE COOTHOUICHHUS:

(L) =x"T (%), (12)

d (1,x) _ L,44(x)
S

12.336. Ucxons wun3 cooTHoweHnid (12) u (13), BeIBECTH
COOTHOLLICHHS

Les@) Lo (0) =2 1),

Iv— 1(,t)—1v+ 1(X)-_—21:,(x)
12.337*. Hcnonw3ys npencrasiiedue (9) M 3HavYeHHE ay’ W3
(11), Bbipasuth I_y;5(x) ¥ I;;5(x) Yepe3 3neMeHTapHbIE (PYHKIUH.

12.338. oka3atb, yTo ecnu I,(x)— pemeHue ypaBHeHHs (),
10 I,(x) sBAAETCS pEUICHHEM YpaBHEHHS

x%y"+xy'+(@2x?—v?)y=0. (14)

3anucath oOiuee peunicHue ypaBHeHus (14).

Hcnonb3ys pesynbrat 3amaum 12.338, Haiitu oOume perueHus
ypaBHEHMH:

12.339. xy"+y’'+4xy=0.

12.340. 9x%y"+9xy’'+(36x2—1)y=0.

12.341. x2y"+xy'+(3x2—4)y=0.

12.342. xzy"+xy’+<9x2—51§>y=0.

§ 5. Paawl Jlopana

1. Paam Jlopana. Teopema Jlopana. Padom Jlopana Ha3hiBaeTcs pan

+ o0

Y clz—z0) (1

n=—awo

8 CneumnanbHbie pa3ienbi MaT. aHanusa. 4. 2 225



NpH 3TOM pAd
-1

hle)= Z ealz—20)"
n=-o
Ha3bIBACTCs 2.1a6Holl uacmeio psna Jlopana, a paa
@
f(2)= X e,(z=20)"
n=0
-——npaguavHout wyacmoro. Ecnu

[im ",/Ic_,|=r<R=———l—,

n—o0 im" /l Cn'

n—w

TO obnacTeio " cxonumoct pana (1) seasercs kosmbuo K={z|0<r<
<|z—z4|<R}. B 3ToM koabue K cymMma pana f(z)=f,(z) +/;(z) ssasercs
¢dyHkuMel aHANUTHYECKOM, npHueM KodpdHULHEHTH psga ¢, CBA3aHbI
¢ o¢ynkumeit f(z) mocpeactsom ¢opmyn

1 f(n)

L T g, n=0, 21, .. 2
2mi gy 1= (M=20)""

Cy=
rne r<r'<Rk.
MMpumep |. Haiitu obnactb cxomumoctu M cymmy psna Jlopana

© n © n(z——l)"“
ZZ"(Z—])"+1+,§1 o

n=1

< anMeHﬂﬂ MpU3HAK Komn x KaXaoMy M3 3TUX ClaracMbiXx, HMEEM

l " L
im n = <
P N 2 a1 21|
n
) njz—1|""' z—1
lim n [ ———="—<1
n—ao 3" 3

Orcrona 3aKJIl04aeM, Y10 00acTblO CXOJAMMOCTH HMCXOJIHOrO psaa
ABJIACTCA KOJbLHO

K={z[1]2<|z—1|<3}.
3aMeuas, 4TO cjlaraeMble ABJISIOTCS NPOU3BOAHBIMH OT pAAOB
o —1 ] (Z _ ])n

— U
Loy "L
MOXEM 3amucaTb, YTO B Kojble K

© © ___l)n 1

nzl 2 (l )"+l g

)
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lakuM oOpa3oM, cyMMoH OaHHOTO psifa siBaseTcs (QyHKUHA

3 2 1
/() @27 3 2

Teopema JlopaHa. Ecau ¢ynkyua f(z) anasumuuna 6 Koabye
0<r<|z—zo|<R, mo 6 >mom Koabye ona eOUHCMBEHHbIM 06pA30M
npedcmasuma 6 eude psaoa Jlopana

+
fl@)=% clz—z),
n= —
x03@PuyueHmol KOMOPO20 BLINUCAAIOMCA
no gopmyaam (2).

Cnencrtsue. Ilycts f(z) ananu-
IHYHa B MHOrOCBsi3HOH obnactu D,
OrpaHMyeHHOH KOHTypom I' M BHyTpeH-
HAMH KOHTYPAMH Y1, Y2, - Ym
(puc. 99). Ecau Touka z, JEXHMT BHYTpH Puc. 99.
(MM Ha TPaHHULIE) ONHOTO M3 BHYTPEHHHX

KOHTYPOB 7Y, M BEJMYMHA r=max|z,—n| MeHblle paccTosiHus R oT z,
ney,

JI0 OCTaJbHOH YacTH rpaHUlBI obmacth D MM A0 TOYKH, B KOTOpPOM

f(z) He aHaJIMTH4HA, T. €.

<|z—1|<3. >

0<r=max|zy—n|<R= min |zo—m1,
SI= ey, (fo7 nefUnU-Ur UreeiU-Ure 0
TO B KOJble r<|z—zy|<R ¢yHkuus f(z) MoxeT OBbITb NpeacTaBieHA
ce psaoM Jlopana
+
f@)= ¥ clzo)lz—20)" r<lz—zol<R,
n= =
koadduuuenTer KOTOpPOrO C,(2,) ompenensiorcs mo ¢opmynam (2).
Pagom Jlopana nns ¢yHkuun f(z) 6 oxpecmHocmu mouku z=o0
Ha3bIBAaeTCA PpAN

+

f(z)= Z c,z" (amn Y c,(z—a)"), 3)

n=-ow

CXOOALIMACS B HEKOTOPOM  KoJblle r<|z|<+00 (COOTBETCTBEHHO
r<lz a|< +00), MPU 3TOM IJIaBHOM YacCTblO paa Jlopana ABasiETCA pAn
a

Zc z" (Z cu(z—a) ), a TpaBUILHON — psil Z c,z" ( Z c,(z—a) )

n=1 n=1 n=-w n=-—o
MMpumep 2. Paznoxute B pan JlopaHa no creneHsM z (QyHKLHIO
1
f@)=——.
z(1-z)
< Tak kak aHaJIMTHYHOCTb (PYHKLMM Hapyuraercs B Toykax z=0 W z=1,
to obnacteio cxoauMoctH psaa Jlopana 6yamer kompno 0<|z|<1.

zn+2(1_z)

3ameyast, yTo TpH N< —2 QyHKUHA aHaJUTHYHA B Kpyre

|z|<p<l1, MoxeM 3anucathb, 4TO

1 1
—_— —_—dr= =—-2, -—3,
C, 'fz"”(l—z)d 0 s n

227



: 1
Hanee, npumenss dopmyny Komm nmns dynkuuu (p(z):-‘-——- U ee

NpOM3BOAHBIX, UIA n= —1 MoXeM 3amucaThb

1 0(z) @ " 1(0) 1 (n+1)
Ch =5 u+7dz= = +2
i | z"*? (n+10 (a1 (1=2)""2 ], 2
l71=p
Takum obpazom, mis 0<|z|<1,

=1

I l ey
f(2)=;(l—_‘z—)=;+"§.02 , 4

T. €. [JaBHAA 4acTb COACPXHT OJIMH WICH, a NpaBUJIbHAA -- GECKOHEUHOE
YUCIO WIEHOB. >

BblyMciieHHe KOHTYPHBIX MHTErpajoB (2), Kak NMpaBUJIO, JOCTATOYHO
3aTpyanuTenbHO. [loaToMy s pa3snoxeHns ¢ydHkuuit B paasl JlopaHa
HCNONB3YIOTCA HMCKYCCTBECHHble mnpHeMbl. Tak, B rnpumepe 2 ¢yHKIHUIO
f(z) MOxXHO OblTO OBl MPEACTaBUTH B BHUAE CYMMbl ApoOei, T. e.

fert b L

z(1-z) z 1-:z

NpUYEM MEPBOE CJIAT4€MOE ABASETCH YXKe pa3icxkeHueM B psa Jlopaua
MO CTEMEHSM 2, a BTOPOC CIaraeMoe €CcTh CyMMa [e€OMETPHYECKOM
NPOrpeccMd o 3HAMEHATeNeM I, T. €. MMEEM palioxeHue (4).

Haiitu obnactu CXOOMMOCTH M CYMMBI CJIEAYIOLIMX PSIOB:

% 1 Y] ninom

12.343. . 12.344.
ng() (2—2)” nzl( +I)"+l
© ., -nt+3 -2

12345, § . 12346 3 (n+1)imt?(-0)n
n=0 : n=-o

Ha#itu obaacty cXOAMMOCTH psOB:

12.347. Z <(—+—’i+~f12—>

2"(n+1) 3Mz+i)"

(z=2i)" n2"

12.348. ,.; (3 "o +l) B _21
< n! 2n+i "
12.349. "gl et 12.350. ..21 <4n(b+ l))

12.351 i(§>+i<l>
’ .n=l 3 n=1 2z '

Haiitu Bce pa3noxeHust yka3aHHBIX (pyHkumii B psiabl Jlopana
MO CTENEHSAM Z—Z, U YCTAHOBUTb OOJACTH CXOAMMOCTH IIOJIyYE€H-
HBIX DAa3JI0XKEHHIA:

1
12.352. P!

, Zog=1. 12.353*, , Zg=00.

1
z(z—1)
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12354, — -2 12385 —_ z=_3.

(z=2)(z+3) T (z=2)(z+3)°
12.356. ——, z,=c0 12357, 2L, o
WO Ty FoT % R gy 0T
z+1 _ . z3 _
12.358. —;ﬁ 20—-2. 12.359*. 22_22+], Zg=00.

24
12.360.-;— Zo= =l 1236l s 0=

12.362. zy= , Zy= 0.
12.364*. IR Zg=1. 12.365*. e Z4
COSZ €osz
12.366. »=0 | Zo=00.
1
o1 3
12.368. sin-—, Zo=2. 12.369. z2e , z,=0
1 1_4
12.370. z2¢”, zy=w0. 12.371. cos———, zo=2
0 (2_2)2
z+1 .
Zo—l. 12-373- m, Zg=1.
z 1
12.374. m, ZO=0' 12.375. m, ZO—O.

12.376. Haittn Tpu nepBbIX 4YieHa pa3yioKeHHSs (QYHKIMH
. .1
f (z)=sml— B pan JlopaHa B OKPECTHOCTHM TOYKHM Z,=0C.
—2Z
KaxoBa o6sacth cxoguMocTH 3Toro psiaa?

2. Xapaxrtep W30MpoBaHHbIX 0coObIX Tovek. Toyka z, Ha3biBaeTcs
npasuabHou TOYKOM /sl aHanMTH4Yeckoi B obsactu D o¢yHkuuu f(2),
o
€CJIH CYHIECTBYET CTENEHHOW paa Z ¢p(29)(z—24)" ¢ pamMycoM cxonu-
n=0
MOCTH r(zy)>0 Takoit, uto B oOOWIEH 4YacTH Kpyra CXOAMMOCTH
|z—2zo|<r(zo) n obnactu D cymma 3Toro pana ¢, (z) cosnanaet c f(z).

Touku, He SBJAIOLIMECS TNPABUIbHLIMH, Ha3bIBAIOTCH 0COGLIMU.

Touka z, Ha3bIBAETCH U304UPOGAHHOU OCODOH TO4KON GyHKUMH f(Z),
ecmd  f(z)—oOHO3Ha4YHAass  aHaquTH4Yeckas  (QYHKUMS B KOJIbLE
0<]z—zg|<R, a zy—ocobas TouKa.

AHQJIOTHYHO, TOYK2a 2,=00 Ha3bIBAETCH MH3OJMPOBAHHOK 0CO6OM
Touyko# GyHxuuu f(z), ecau f(z)— omHO3Ha4Has aHajuTH4ecKast GyHKUMs
B KOJblle r<|z|<oo M z=o00—ocobas ToOUKa.

W3onupoBaHHas ocobGas Touka z, dyHkuuu f(z) HasbiBaeTCs:

ycmpanumoti 0coboii moukoii, €ClH CYIICCTBYET KOHEYHbIH mnpenen

lim f(z)=a# oo;
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1
noarocom nopaoka m=1, ecnu 118 QyHkuMH g(z)=-—— TOUKA Z,

ABJISETCA HyJleM TopsAka m, T.e. g(z) umeeT BUIA g(z)=(z—2z,)" ¢ (2),
¢ (29)#0 (04eBHOHO, YTO €CIH Zo—MOJKOC, To lim f(z)=o0);
7

. 2‘7
cywecmeenno ocoboii, ecma lim f(z) He cylecTByerT.
z—z,
UccnepoBande xapakTepa OECKOHEYHO yAaNeHHOH o0coboit TOYKH
1
ynobHee TIPOBOAMTL MyTEM 3aMEHbl z=—, C TOMOUIbIO KOTOPOH
n

0OECKOHEYHO yHajJeHHas TOYKAa zZ=00 INEPEXOAMT B Touky N =0.
[Mpumep 3. Haiith Bce ocobble TOYKH (YHKIMH

1
f@)=—
ez+1

M ONpEelENHTh HX XapakTep.
<1 OcoObiMH TOYKaMH SBJAIOTCA Toyka z=0 M TOYKH, B KOTOPBIX

3HAMCHATCJIb o?pamaeTcn B HlyJIb. t

UMmeeM ez+1=0 u ez=—l=e®m*™ 1 e ez+1=0, ecau

s
1

—=(2m+1)ni, meZ, npuYeM 3TH TOYKH SABJIAIOTCA HYJAMH l-ro nopsika.
z"l

1
CnepoBatefibHO, B TOYKax z,=-————, meZ, ¢ynkuus f(z) umeer
@Cm+1)mi

nomockl 1-ro nopsaxa. Toyka z=0 He ABNAETCA HU30JIMPOBAHHOH OcoOo#
TOYKOM, Tak Kak OHa ABJAETCSA MNpeaeaoM mnostocos, 6o lim z,=0. >

m—co

12.377*. doka3atb, YTO OTCYTCTBHE B pa3yioxeHuH (1) rmias-
HOM 4YacTH, T.€. paBeHCTBO HYyIIO BceX KoadduuueHTos c,
C OTpHMIATENbHBIMH HOMepamu (n=-—1, —2, ..), sBiseTcs
HEOOXOMMMBIM H [OCTATOYHBIM YCJIOBHEM TOIO, 4YTO TOYKa Z,
SIBJISIETCS YCTpaHUMOH ocobod Toukoi dyHkuuu f(z).

12.378*. Jloka3zaTb, 4TO HAJW4YWe B IJIABHOM 4YacTH pasJjioxe-
Hus (1) He Oonee m>1 yneHos, mpuyeM c_,#0, a c_,=0 ons
n=m+1, ecTb HEOOXOIMMOE M AOCTATOYHOE YCJIOBHE TOrO, YTO
TOYKa z, SBJISETCS MOJIIOCOM mopsiaka m s dyukumm f(z).

12.379*. [loka3aTh, YTO €CJIH z,— CyLIECTBEHHO ocobas To4ka
¢yHkuuu f(z), TO CyLIECTBYET INOCJIEAOBATENLHOCTh TOYEK (z,),
lim z,=z,, Takas, 4TO "li_x'rzo f(z,)=00.

n— oo
12.380*. Onupasice Ha pe3ynrbTaT 3agaud 12.379, mokasatb,
YTO €CIH Zz,—CYIIECTBEHHO ocobas Touka ¢yHkimuu f(z), TO
U1 JIIOOOTO KOMIUIEKCHOTO 4Mcjia A # 00 CYLIECTBYET MNOCHENO-
BaTeNBHOCTE  TOYeKk  (z,(4)), limz,(4)=z, Takas, dTO
n—

lim  (z,(4)) = 4.

12.381. YcranoBuTh 00JAaCTH  CXOAMMOCTH  [PaBHJIBHOM
W TJaBHOH 4uacTed pasnoxenus Jlopana (3) B OKpecTHOCTH
OECKOHEYHO YNAJICHHOH TOYKH.
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Yka3arb BCEe KOHe4YHble OCOOble TOYKHM 3aJaHHBIX HHXKE
pyHKUMH W ONpenesuTb MX XapakTep:

1 z+2
12-3820 m. 12.383- m.
1 z
12.384. —. 12385 o s
| z
2386, o 12T s
,_ T
z(n—=) “Ta
12.388. 212 12.389. .
sin 2z tgzl—l
12.390. tg?:. 12391, ¢ 3,
1 z—1
12.392. cos—— . 393, . 12304, 8D
z42i 7—1
12,395, — - °° 12.396, 5" 12.397.

ei—

Jnas 3agaHHBIX HHXE (bym(upm BbISICHUTbL XapaxTtep Oec-
KOHEYHO YAaJIeHHOH 0co00H TOYKH (YCTpPaHMMYIO OCOOYIO TOUKY
CUUTATh npaBnanoﬁ):

12.398. 12399, 22512 15400,
5-2z7 224z-4 1—3z%

12.401. 11—z+z_2. 12.402. ¢ - 12.403. cos

12404, ez +222—5.  12.405. o=, 12.406. ¢3-2 |

12.407. ¢~ **+3z3—2z+8.

§ 6. BoiueThl M HX npHUMeHeHHe

1. Border ynkunn n ero Boiuncaenue. Eciv pynkuns f(z) ananntuuna
B HCKOTOPOW OKDCCTHOCTH TOYKM Zy, 34 MCKJIOYEHHEM MOXET ObIThb
CAMOM TOYKH Zo, TO @bivemom QyHKuMH f(z ) OTHOCHMTEJIbHO TOYKH Z,

obo3nauaembiM  res[ f(z); zo], mau Bwiu [ f(2); z,], HasbiBaeTcs uucno,

PABHOC 3HAYCHHIO MHTErpajla T,jf(n)dn. rjae C - HEeKOTOpBIH MPOCTON
2mi

e
3JAMKHYTBIH KOHTYp, Jexaluid B 0O0JACTH AHAJIHTHYHOCTH f(:z1 u co-
JlepXaluMit  BHYTpH cebs TOJbKO OOHY OCOOYIHO TOUKY z,. Kaue-
crBe C y1006HO OpaTh OKPYXHOCTb |M—z,|=p HOCTATOYHO MAJIOro
paauyca p.

Borvet QyHkuun cosnagaet ¢ kodGOULUHEHTOM c_, pasinoxeHus f(z)
B psa JlopaHa mo cTeneHsM z—z,, T.e.

BoId [ f(z); zo]=('_1——— J f(n
In-—-2zl=p
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Ecmu zy=ac --m3onupoBanHas ocobas Touka ¢yHkumu f(z), To
sbiv [ f(z); oo]--» ff )dn,

rie Cg={n|Im|=R}, R ROCTATOYHO BEAUKO M OOXOA KOHTypa — IO
YacoBOH CTpenKe. 3aMeTUM, YTO €CIIH

+ 0
fl2)= Y c,2" r<|z|< +o0,
1
" =5 j f,(,?),dn, n=0, +1, ...,
2ni n
nj=p>r

0 Boiy [ f(z); c]=—c_,.

Ecnu z,—mnomoc l-1o nopsaka dyHkuuu f(z), TO

Bbra [ f(2); zo]zlirg(z—:o)_/'(z),

0()
E)

npukem ecmm f(z) npeacrasama B Buac f(z)=
V(zg)=0. ¥'(z9) %0, 70
. 9(20)
BbiY | f(z): zo|=—.
[ ( ) 0] ‘l’ (20)
Eciu z, --momoc mopsmka m>2 Qynkuwmu f(z), To

Bord [ f(z); :O]:(m m ar- I«Z’Ho)"'f(:)).

rae @(zo)#0,

— 1) d=mt
iz
[Mpumep 1. Haitu Bbiu| ——; 3i |.
P P 2249’
<1 Tax kak Touka zy=3i sBISCTCA NOJHOCOM l-ro mnopsamka, To

iz iz i-3i :
Bbl‘lI: ¢ v 31]——hm( 3i) — ¢ _ e___=_L

3 B>
z-h (z+3))(z—3i) 6i 6e
. cos2z
Mpumep 2. Haiith by | ——5;
(z—1)
<1 Touka zy=1 aBaseTcs nojiocoM 3-ro MNOPs/IKA, MOITOMY

cos22'l —ll' L (1)’ cos2z
ey Taa2\T UG 1)3

——-5 lim (—2%c0s2z)= —2cos2. o

3

Mpumep 3. Haittu sbm [e?~2; 2].
< Touka zo=2 ABNAETCA CYLIECTBEHHO OCOBOI, TIOITOMY JUIsl HAXOXK/IEHHS

BbiuETA HAMCM KOXpAHUMEHT c_, pasnoxeHus e*~2 B pax Jlopasa mo
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creneHam z—2. Tak kak
}’_‘2 3 1/ 3 \?
e i=lt——4+—| —=) +..., 0<|z=2]|<+00,

1o ¢ =3. CienoBaTeiIbHO,
3

BbIY [eFi; 2]=3. >

HaliTh BBIYETH yKa3aHHBIX HHXE (QYHKIMH OTHOCHUTEJILHO
WUKIOFO M3 €€ TOJIOCOB, OTJHYHBIX OT OO:

2 2
12.408. 211, 12.409. .~ .
z—2 (z*+1)
2> !
12410, —— neN. 12411 ————.
(z—1H" 23(22+4)?
1
412, . 124 .
=(1—¢%) T
SiInZ——
2
in2z in2
12414, . 12415, (i‘:];.
<z—§> (z—1)
z 3
12.416. 5(-‘-’2?;). 12417, tgz. 12.418. ctg?z. 12.419. 7
2241
12420 = 12421 _.
(z—-1) z(1=2%)
1 cos4dz
12422 5. 12423 o

Haiith BblueTbl QYHKUMH OTHOCHTENIBHO TOYKHM zy=0:
1

12424, 7. 12.425. cos.. 12.426. sin -.

Haiitu BbiveTbl GYHKNUH OTHOCUTEIBHO TOYKH 2= OO:

12427, sin©. 12428, — ' 12.420% SM7
z =1 @2+1) 2249
4 2 1
12430. =12 12.431. zcos? . 12.432. = sin-.
%= z z— z

2. Teopembl 0 BbIYeTax H MX NMpPHMeHeHHEe K BBIMHC/JICHHIO KOHTYPHbIX
MHTErpajios.

llepBas Teopema o BuiueTax. Ecau gynkyus f(z) anarumuuna
¢ o0aacmu D, 3a uckarouenuem u3oaupoéannblx 0cobblx movek z,, Z,, ..., Zy,
lexcawux 6 omou obaacmu, mo 0aa 06020 NPocMO20 3AMKHYMOZ0
koumypa Cc D, oxeamvieaowezo mouku z,, z,, ..., Zy,

Cf+f(n)dn =21u'k§l Boid [ f(z2); z,])-
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BTopas Teopema o BuueTax. Ecau f(z) anaaumuuna 6o eceil
KOMNAEKCHOU NAOCKOCMU, 3G UCKAIOHeHUeM U30AUPOBAHHBLX OCOObIX MOYeK
Zyy 2y .y Zy—1 U Zy=00, MO

é:l Batd [ f(z); 2,]=0.

82

Mpumep 4. BoluvcauTh HHTErpan Jz—-'_—zdz, rae C={z||z|=3}.
z

c+
< Tak xak BHyTpH KoHTypa C HaxoIsTcs ABE OCOObIe TOYKM MOJbIH-
TerpajbHOM (PYHKUMH — MOJIOCH 1-ro mopsaka z, ;= +2i, To, NpUMEHAs
MEPBYIO TEOPEMY O BBIYETaX, MOXEM 3amucaThb

e’ e’ e’
—— dz=2mi{ BbI4| ——; 2i [+ — =2il)=
7 z( i b= z] Bbl‘i|:22+4 1)
c

ez ez eZi e—li
2z{z=2i 2z|,._y 4 4

Mpumep 5. Beiyucnaure HHTErpan

dz

%41
lzl=2

1=

< TMonsiHTerpanbhas Qynkuus f(z)= MMeEET JECATh OCOOBIX TOYEK
z

10
(@k+ Uymi 27 +1
ze=e ' | k=0,1,..,9, ABIsSIOWMXCA NPOCTHIMH MOJIOCAMH, JEXa-
UMMM  Ha EeAMHHYHOM OKPYXHOCTH. Tak kak pasyiokeHHe GyHKIuH

B OKpPECTHOCTH 6eckoHe4YHO y[laJICHHOﬁ TOYKH HMEET BHIA

1 _ 1 1 | 1 4 1
2104-1—‘210(]+ 1>_Zl° L1070 z200 )

10
1 1 1
=j~%+35—..., 1 <|z|< 4+ 00,
z10 220 2
TO —Coy =B | i 0 =0. TMo3ToMy, NpUMEHSS BTOPYIO TEOpeMy
0 BbIYETaX, MOXEM 3aMHUCATh, YTO
9 @+ |
Y Bbu| e 0 |=—Bbu| ——; 0 [=0.
k=0 z22%+1 2% +1

Taxum obpazom,

k=0

9 glt"'l)m'
I=2ni Y Bou| ————;e 1 |=0. >
Z 21041
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Wcronb3ys TeopeMbl O BBIYETAX, BBIYMCIMTDH CIEYIOLLHE
nIrrerpasbl:

"
12.433. | e rie C={z||z—1|=1}.
b .
r ”d'
12434. | ———— e C={z||z—-2|=2
J(z=1)(z=2) { }
Cc+
[ etd:z
12.435. ] z—z—(—zT+—9), rae C—{ZHZ'—]}
Cc+
. sin = _ 4
12.436*. JZZ+9dz, rae C={z||z|=4}.
Cc+

12.437. j(—ﬁ, rae C={z||z|=1}, n—mnBarypansHoe
zZ—a Z—

C+
auciao u 0<lal<1<|b].
dz
(z—a)"(z=b)"

C+
nbHoe yueno M 0<la|<|b|<].

~

12.438*.J rne C={z||z|=1}, n—mnatypa-

1
12.439. |sin-dz, roe C={z||z|=r>0}.
V4
C‘«
12.440 dz rie C={z||z|=R<1}
A ey T TR
C+
12.441. zz:lldz, e C={z||z|=4).
.
12.442. (sin%) dz, neN.
|:lu=R
r % l—t’zl
12.443. | z"e?dz, neN. 12.444. j PP L
zZ°\z—1
|z|=R |z—i|=2
[ 224z e’dz
120445- m . 120446o J‘ ;T_:zz—z_;__l .

z|=5 jz—il=1
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1 s
12.447. J (sin?+e’ cosz)dz.
1

|=
z3dz
12.448. ztgnzdz. 12.449. —
2z%+1

|z]=1 lzl=1
3. Ipumenenne BLIMETOB K BLIMHCICHHIO ONPE/IECHHLIX HHTErpasios.
n
a) UnTterpanet Buma | R(sinx, cosx)dx, rae R~ cHMBON pauMOHamb-

o .
HOM (YHKUMHM, C MOMOLIbIO 3aMeHbl z=¢" NPUBOAATCS K KOHTYPHBIM
HHTETpajaM OT palMOHANBHbLIX OTHOCUTEJIBHO' Z (QYHKUMIA.
MpuMmep 6. Boiuncautes unterpan Ilyaccona

2n

I(p)= = Ipl#1
PI= 1—2pcosx+p?’ Pi=

[

. , e el

< TpousBons 3ameHy z=e', dz=ie“dx=izdx, cos.v:Te:
+l

24—

z z2+1
=—= , ToJjiyyaeM

2 2z

dz dz

1 = =—1i _— =
(r) . 2241, j—pzz+pzz+z-——p

l2]=142 1-p ; +p [zi=1

dz

,i,m:—p)(z—,{)

Tak kax npu JwoboM p, |p|#1, BHyTpU kpyra |z|<] HaXxOOHTCA TOJILKO
OAMH KOpPE€Hb 3HaMEHaTeJs NOAbIHTErpajibHOW (GyHKUMH, TO TpH |p|<]
HMEEM:

=1

iz [ 1 1 2n
I(p)=—sbIu 3p =
p

a ecu |p|>1, 1O

2ni2 [ 1 17 2
1(p)=—ﬂ—nuq ;= |= 21: .
P (z_p)(z_1> p| p-1
L P i
Takum oGpa3om,
2r
—p? npu | pl<l,
I =
(p) m
P npu |p|>1. >
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+ w

6) Wurerpanst Bupa | f(x)dx, rae f(x)-—dyHkuus, HenpepbiBHas

—
ma (—o0, +00), aHAAMTHYECKas B BEPXHEH MOJYIJIOCKOCTH, 3a HMCKJIOYE-
nICM KOHEYHOTO YHCIIa 0COOBIX TOYEK Zy, Z,. ..., Zy, JIEXKALUMX B KOHEYHOMH
“ICTH BEPXHEH MOJYINIOCKOCTH, W YIOBJETBOpAIOWAs U8 JOCTaTOYHO
boIbILMX | Z| yCIOBHIO

1f(z)I< |H5, M>0, 6>0.
B yrom cnydae N
| f(x)dx=2mi ¥ soiu[ f(z); z:]. m
-0 k=1
+ o dr
[Ipumep 7. BoluHcauTh uHTErpan _[ ie 2+9)2
: 1
-1 B BepxHe# MOJYMaOCKOCTH (QyHKLMS _f(z)=(——z—+——9)3 HMEET OAMH
z

noimoc 2-ro mopsaka B Touke zo=3i, u |f(z)<— mns moctatouHo

[z|*
vosplux | z|. TMosromy

U dx _s 1 3l
| ‘\ _L()) Ui BBIY (75+—9)2,-1 =

d , a4
=2’”E<('_3) B +9)2) z:}.-”z"'dz<(z+3i)z>

4ni 4ni n

(z+3i)*|.-n (6i)> 54
3ameyanue. dopmyna (1) cnpaBeanuBa MU B TOM Clyyae, Korja
(yukuust f(z) umeer Bup f(c)=e™ F(z), rae a>0, a ¢ynkuns F(z)
ANWTUTHYHA HA JAEHCTBUTENILHOW OCH, B BCPXHEH MOJYMIOCKOCTH HMEET

IMIllb KOHEYHOE HYHUCJIO OCOOBIX TOYeK I, Z3, ..., Zy H lim F(z):O.
I

+x .
I ¢ B i xsinx
pumep 8. Boluncauts marerpan | —————d
Joxi=2x+10
[MoabiHTerpaibHas (yHKUMA SBASCTCS MHHMOH 4acTbio  (yHKUMH
\,eix
G=2x 4107
nuTeabHON ocH dyHkund f(z)=

3HAYEHHUS KOTOPOH COBNANAIOT CO 3HAYEHHAMM Ha HeHCT-

z

2222410 22-2z+10
UMeEeT B BEPXHEH MOJIYIUIOCKOCTH TMOJIOC 1-ro mopsiaka B TO4ke zo= 1+ 3i
w lim F(z)=0, T.e. BbIMONHEHb CHOPMYJIMPOBAHHBIE B 3aMEYAHUH

e"”. Oynxuma F(z)=

T

VCIOBHS, @ TIOTOMY MOXEM 3alucaTh:

tor xeix zel'z

———=———dx=2miBbl4 143

e T [ P22+ 10° ']

(l+3l) i(1+3i) _
=2 1+3i)e 3 =

3oty 30 3ie

=§e"(cosl—3sinl+i(3cos 1+sin1)).
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Taxum obpasom,

T xsinx dr=] +5°° xe'™ d ne"3(3 L+sin1)
——————dx=Im [ ————dx= cos 1 +sin1).
S xr=2x+10 S Xx2—=2x+10 3

3aMeTHM, 4TO OOHOBPEMEHHO Mbl BbIMHACIIKWIIA HHTErpall

*®  xcosx tw xe'™ ne 3
—————dx=Re ~————dx=——(cos1—3sinl). >
_'sz—Zx—l-lO ~ _Imxz—zxﬂo ¥=—5(co inl)

MCHOJIB3)ISI OIHH N3 PACCMOTPCHHBIX BHIIIEC METOILOB, BBIYHC-
JIATH ONPEAC/ICHHBLIE HHTErpaJibl.

2n
"

12.450. sl
J a—+cos x
0
2n
[ dx
12451, | — & > 0.
5 J(a+bcosx)?’ a>b>0
0
2n
" 2
12452, | 2 g a1
J ] —2acosx+a
0
2x
12.453. CSXd__ g<a<l.
J 1—2asinx+a
(4]
2rn
* i 2
12454, | SX s b0,
J a+bcosx
0
2n
™
12.455. | ctg(x—a)dx, Ima>0.
°
+ o + oo
241 d>
12456. | =l 12457. | -2 neN.
x*+1 (x2+1)"
+ 0
dx
12458, | —— . b>0.
> J(x2+a2)(x2+bz) >0, b>
0
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xtdx
12.459. ] (—xz—-l—é—ZF’ a>0.
)
+ o + o
[ xdx x*+1
12.460. ] (x——zmi 12.461. J‘x6+]dx.
+ o
[ x%dx
12.462. ——  a>0, b>0.
246 (a+bx?)* a4
+o + o
12463, | 5 _dx. 12464 | o
x*+4x+20 x“+x+1
+
12465. | T dx, a>0, b>0.
x*+b
0
+ o + o
" (x+1)sin 2x (x*+5x)sinx
12466. | 5PN ax 12467, | S
+
3
12468, | 221 G van
x*+13x%+436
+ +
12.469. | - gx. 12470, | ——
x“+9 x*+5x°+4
) )

4. MNMpauuun  aprymenta. Ilycte ¢ynkuus f(z) B obmacru D, orpa-
HHYEHHOM NPOCTBIM 3aMKHYTBIM KOHTYpoM C, MMe€ET KOHEYHOE YHCIIO
N HyJiei W KOHEYHOe 4MCI0 P MNOJIIOCOB, Ije KaXIbld HyJIb U KaXAblH
II0JIFOC  CYUTAIOTCS CTOJNIBKO pa3, KakoBa MX KpPaTHOCTb, NpPHYEM Ha
koHType C He HMEET HM HyJIeH, Hu mosocoB. Toraa pasHoctb w=N—P
paBHa unCly O6GOpOTOB panuyc-BeKkTopa w=f(z) mpu O06XOmEe TOUKOM
- koHtypa C.

Ecnu f(z)— ananutuueckas B D ¢dyHkuus, 10 P=0 u o=N.

Mpumep 9. HaliTh uucio Hyned MHOrowieHa p(z)=23~3z+l,
JeKAlKWX B MPaBOH TNOJYNIOCKOCTH.
< Paccmorpum xoHTYyp C, cocTtosmuii M3 monyokpyxHoctH Cy paauyca
R, nexaiuer B npaBo# MOJYIUIOCKOCTH, M OTPe3Ka MHHUMOH OcH | — iR, iR],
U U1 XOCTAaTOYHO OOJIBIIOrO R NPHMEHHM K 3TOMY KOHTYPY HPHHLHII
ApryMeHTa.
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Tak kak 1
i
31 '
=2 1-5+=5 ), 2
r(2) z( 22+z3) @

TO OYeBHAHO, YTO mpH 06xome Toukol z koHTypa Cp TPOTHB 4acoBOH
CTpe/KM argz NOJydaeT npupauleHue 7T, a notomy arg(z®) mosyuut
npupauenne 3n (Cg 0TOGpaxaercs B kpuByro w=Re™, —3m/2<y<3n/2)

Tak xax BTOpoil coMHOXHTEnb B (2) ANA [JOCTAaTOYHO OOJBUINX |
R 61430k X |, TO M TpUpallleHHe APryMEHTa ITOr0 MHOXHTEJS MaJo.
IycTte Tenepb z=it, T. €. TOYKa z JBMXKETCH MO MHHMOW OCH OT TOYKH
iR no Toukn —iR. Torna

plit)=u+iv=1—i(3+31), T.e. u=1l, v=—1-3¢

DTO 03HAYAET, YTO NpPH M3MeHeHnH ¢ OT R 10 —R npu R—+oo  argp(it)
n3MeHseTcsa Ha T (0T —m/2 go m/2). Takum obpa3om, obiuee NMpupalLeHne
argp(z) npd obxoae KOHTypa paBHO 4m, a 3TO O3HayaeT, 4yTo N=2,
T. €. B MpaBOil MOJYIUIOCKOCTH MHOrouneH p(z)=z>—3z+1 umeer jBa
HyJs. o

JIns HaHHBIX MHOTOYJICHOB HAWTH KOJIMYECTBO KOpHEH, Je-
XalUMX B NpaBOil MOJYIUIOCKOCTH:

12471%, p(z)=z*+2z>+32>+2+2.

12.472. p(z)=22z%-3z3+3z2—z+1.

12.473. p(z)=z*+2z>+4z2+2z+3.

12.474*. Jloka3aTs, uto ecnu ynkunn f(z) n @(z) aHanuTHy-
Hbl B 3aMkHyTOo# oOnmactu D=D+I wu gns Toyek mnel
crpaBefiMBo  HepaseHcTBO | @(n)|<|f(n)|, To uuciao Hysmei
dynkunn F(z)=f(z)+¢(z), nexammx B obmactu D, coBmaaaer
¢ uucioM Hyneir ¢yskumn f(z) (Teopema Pyme).

12.475*. [loxa3aTb OCHOBHYIO TeOpeMy BbICIICH anreOpsl:
MHOT O4JIEH p,,(z)=aoz"+a,z"_1+ ...+a, CTEIEHH n HMeeT
B IUIOCKOCTH (z) TOYHO n HyJeid.

Onupasicb Ha TeopeMmy Pywe (3agaua 12.474), naiitu uucno
HyJjled OAaHHBIX (PYHKUMA B yKa3zaHHbIX OO6JacTiX:

12.476*. F(z)=z>+2z2+8z+1: a) B xpyre |z|<l; 6) B
Koabue 1<|z|<2.

12.477. F(z)=z>-5z+1: a) B xpyre |z|<l; 6) B Kosble
1<|z|<2; B) B kombe 2<|z|<3.

§ 7. Paani ®ypbe. Unrterpan ®ypbe

1. Paznoxenne ¢ynknmii B TpHroHomerpnyeckue paani Pypve. Tpu-
rOHOMETpHYECKAA CHCTEMa QYHKLMIA

1, cos x, sin x, cos 2x, sin 2x, ..., COsnx, sinnx, ...

SABNSETCA OpmozoHaavHoii Ha OTpeske [—m, m] (kak, BHpoueM, M Ha
BCAKOM OTpe3Ke [UIMHbI 27), T. €. MHHTerpajl Mo 3TOMY OTpe3Ky
OT mMpoM3BeJEHMA Mo0bIX ABYX pa3iauyHbiX GYHKUMH DTOH CcHCTEMBI
paBeH HYJIO.
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Eciu f(x)eL(—mn, n) (1. e. [ |f(x)ldx<+ o0), To cymecTByloT uncna

| B 1
ay=—{ f(x)coskxdx, by=— [ f(x)sinkxdx, k=0, 1, ..,
n n

-n -n

Ha3biBaeMbie Koddduyuenmom Pypoe dynxunn f(x). psa

S(.\f)=a—20+ Y (awcoskx+ b, sin kx) 1)

k=1
naseiBaeTcss padom @ypve dynkumm f(x). Ynewst psga (1) MoxHO
lanMcaTtbh B BHJAE TapMOHUK

aycos kx + by sinkx = A, cos (kx—@y)

~ 2 2 o . k
¢ amnaumyooti Ay=./ai+bi, vacmomon o=k w Pasou @=arctg—.
ay

Ons  dynkumn  f(x) Takodt, uro f*(x)eL(—m, m), cnpaseaauso
pasencmeo ﬂap('eea,fm

@«

1 r 2 )d __a(z) 2 [72
- SE(x x——2—+k2 (ak+b37).

=1

[
Ecnu xe f(X)EL(_E' 5), TO k03¢¢HuuueHTbl Pyphe 3aMUCHIBAIOTCH

B BHIEC
12

12
2 Ink 2 2nk
- j f(x)oos gy, p,-2 j i o

-1/2 -1/2

a pax dypbe—B BUAE

oy X 2mkx 2mkx te  2nkx
S(x)==+ Y [meos——+Bsin—— )= ¥ GCe' 1. (3
2 k=1 [ ! k=-o
MNMocnennuit  psn  HasbiBaeTcas  padom  Dypve 6  KOMHACKCHOU
¢popme. 3nech

12
1  2mkx
c,‘=7 S(x)e T dx, k=0, +1, ...,
=12
u s k=0
P _a,—ipy _ Py
k 2 ’ -k )
Cymmsbl psaoB (1) ¥ (3) MMEIOT COOTBETCTBEHHO TNEPHOAbI 21 M /.
®yukuus f(x) HasbiBaeTCA Kycouno 2aadkoii Ha oTpeske [a, b], ecnn

cama ¢yHkumus f(x) u ee nmpoussommas f*(x) uMeroT Ha [a, b] xoHeuHoe
YMCJI0 TOYEK paspeiBa 1-ro pona.

Teopema. Ecau nepuoduueckan gynkyus f(x) ¢ nepuodom | Kycouno
2nadka na ompesxe [—1/2, 1/2], mo pad ®ypve (3) cxodumca x 3nauenuo
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Sf(x) 6 xaxcooii ee mouke Henpepvisnocmu u x 3navenwo (f(x+0)+
+f(x—0))/2 6 mouxe paspviea, m. .

S0+ (x=0)= T aeT @

k=—-o

Ecau, donoanumensno, f(x) Henpepwigna na eceit ocu, mo psd (4) cxooumcs
k f(x) pasnomepno.
pumep 1. Paznoxuts B pan Pypre yHKUHIO

f(x)=signx, —m<x<mn,
M, TOJNIB3YACh Da3NOXKEHUEM, HAWTH cymmy psaga Jleiibruua
5 (=1

o2n+17

<1 Tak xak ¢yHKuMs HeyeTHas, To (cM. 3amauy 12.479)
=0, k=0,1, ..,

)-

2J . . 2< cos nx
by=—|signxsinnxdx=—-| —
T T n

0

4
—— =2m—1,
=—2—(l—cosnn)= n(2m—1) e
meN
0 npu n=2m,

CnenoBaTeNbHO, NP —N<X<T

4 2 sin(2m—1)x

sign x =— s
& n,"; 2m—1
OTKyAa MpH Xx=7/2 noyy4aem
| 4 = (_1)m+1
Tn,2 2m—1
T. €
© (1)
Z( T
moo2m+1 4

12.478. [loka3satb, yro ecam f(x) mMeeT nepwox I, To mHpH
mobom aeR

a+l 12

{f(x)dx=5)f(x)dx= [ f(x)adx.

=1/2
12.479. 3amucath BhipaxeHus koddpduumenros Pypre (2) mis
YeTHOH M HeweTHOH Qymkumit ma [—1/2, I/2].
Pa3noxuth nepuomuyeckyro ¢ mepuonoM !/ QyHKIMIO B PO
dypbe, MOCTPOUTH IPadUKK €ro MEpBBIX YACTHYHBIX CyMM Sp(x),
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Si(x), S2(x) m S3(x) u HaiiTh 3Havenne S(xo) CyMMBI MOJyHeH-
HOro psiia B 3aJaHHOM TOYKE Xg:

12.480. f(x)={

1 mpn O0<x<m,
I=2n, xg=m.
0 npy —n<x<0,

12.481. f(x )___x npu 0<x<2m, /=2m, Xo—g

12.482. f(x )=|x| mpu xe(—1,1), /=2, xo=1.
Paznoxuts B pan Pypbe ciaeayroiuMe ¢GyHKUMM Tepuona [:

12.483. f(x)= cosxl —n<x<m; [=2n.
12.484. f(x)=x?% —n<x<m; [=2m.

I, —1<x<0, ,
12.485. f x)—{ L oercr =2
12.486. f(x)=|sinx|, —n<x<n; /=2n.

12.488. f(x)=10—x, 5<x<15; [=10.

12.489. f(x)=sinax, —n<x<m, /=2m.
12.490. f(x
12.491. f(x
12.492. f(x

)=cosax, —n<x<m, [=2m.
)=shax, —m<x<mn, [=2nx.
)=chax, —n<x<mn, I=2n.

(
(
f(
12.487. f(x)=2x, O<x<l; I=1,
(
(
(
(

Hoonpenenss Heob6xoauMbIM 06pa3oM 3aJaHHYIO B IpOMe-
xytke (0, a) dyHKUMIO 0O NEPUOOMYECKOH, MONYYHTH MU Hee:
a) pag ®Pyppe no kocuHycaM, 6) psan (Dypbe 1Mo cuHycam.

12.493. f(x)=e*, x€(0, In2).

l, 0<X<n/2,

12.494. f(x):{() T2<x<m.
‘ ‘. 0<x<l,

12.495. f(x '—‘{2 x, l<x<?2.

)
12.496. f(x)
12.497. f(x)

)

xsinx, xe(0, ).
x%, xe(0, 1).

12.498. f(x x+— xe(0, ).

12.499. f(x)= —-x x€(0, ©). 12.500. f(x)=x, xe(0, /).

12.501. Mcnonbzyu pan ®ypue, noayyeHHbl B 3amave 12.482,
HalTH CyMMBI CJIEQYIOUIMX DSIOB:

- 1 st 2k+1
2) ,,g‘o(Zn+l)2’ o* k;(,("l)k(4k+1)2(4k+3)2‘
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12.502. HUcmonb3ys psag ®@ypbe, nojyueHHbIH B 3agaye 12.497,

1
HalTH CyMMy psjga 3. (_l)kﬂﬁ'
k=1

12.503. Ucnonw3ys pasedctBo [lapceBans nns QyHkuuu 3a-
x

1
maun 12.481, maditm cymMy psna Z -5
n=1"h

12.504*. 3uas BbIipaxeHue sdpa Jqupuxae
. 2n+1
Sin - X

1 n
9,,(.x)=§+k; coskx=-— ,

2sin—
2

HaHTH BbIpaxeHue adpa Peiiepa F.(x):

Falx)== Y (x)=5+ y (l—-;%)coskx.

12.505. HUcnonb3ys paseHcTBo [lapceBans ans ¢GyHkuuM 3a-

i
naun 12.484, Haiitu cymmy pspa Y, —.
n=1MN
12.506. 3nas BbipaxeHwe 1as sapa [Hupuxiae (cM. 3agady
12.504), mosyyuTb HHTErpajbHOE MPEACTABJCHHE ISl 4YaCTHBIX
CyMM

Sa( /. x)=%°+k; (axcos kx + by sinkx)

paga ®ypbe dyukumn f(x) mepuoma 2.
12.507. 3uas BblpaxeHue nas saapa Peitepa (cM. 3apavy
12.504), nonyuuTh HHTErpajibHoe mnpeactaBicHue cymm Peiepa

¢oynkuun f(x) mepuoma 2m.

12.508**. Mcnonb3ys nosyyeHnoe B 3agaye 12.507 BbipaxceHHe
s cymm @eiiepa o,(f, x), mokazaTh, YTO I HENPEPBHIBHOM
Ha ocH (yHKuMM f(X) B KakaoH Touke x €[ —7, | cnpaBeTHBO
cooTHOMIEHHE  lim ol f, x)=f(x).

2. [ipoiinbie paast ®ypve. Ecin  dynxkumus f(x, y) umeer nepHon
| no mepeMeHHOW X, MCPUOA h MO NEPEMEHHOH y, HenpepbiBHA M MMeEeT
o o of

HENpepLIBHbIE YACTHLIE NMPOU3BOAHBIE —, — H —
ox 0Oy 0xdy
K= {(x, ) =l2<x<lp2, —h/2<y<h/2}, 10 f(X, y) NpeacraBuMa ABOIi-
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HeiM pagom Dypbe

X 2nmx  2mn 2nmx  2mn
S5, y)= Y Aol amncos——cos y+b,,,,sm I s T
mn=0 h [ h
X . 2nny . 2nmx | 2mny
+ C.n COS sm—h—+d,,,',,sm smT s

e
1/4 npu m=n=0,
Ama=< 12 mpu m>0, n=0 wm m=0. n>0,

1 npu m>0, n>0

u npn m=0, n>0

4 Mf( ) 2nmx 21tnyd y
m,n =TT § ———COS — s
A, Al X, y)eos—; —dxdy
K
4 2nny
b,,,,,,:E”f(x, y)smﬂfcos%dxdy,
K
4 Mf( ) 2nmx 21myd &,
man = X, y)cos sin——
=) )Y n
FILA | P Y e d
m =), X, ¥ sm % sin L dedy.
K

B xomnnexcHoit popme psa ®ypse ans f(x, y) 3anuceiBaetcs B BHIe

mx ny
to 2xi<—i—+~"’~)
flxy)= Y cmane .

mn= -0

| (742
cm,,=ajjf(x. v)e ! ")dxdy, m, neZ.

K

e

NMpumep 2. Pasnoxuts B asoiinodi pan Pypee ¢dynkumo f(x, y)
=Xy B KBapaTe —N<X<®, —A<y<m.
<1 [IpunnMas BO BHHMaHHWE YETHOCTb HJIH HEYETHOCTb MOABIHTEIPATbHBIX
GYHKUMA, HaXOIMM

1
[ F J:[xy cosmxcosny dxdy=

K
]

L]
1
=—2- chosnydy jxcosmxdx:O, m, n>0;
-
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l r
bp=— | ycosnydy stinmxdx=0, m, n=0;

-n

-n
= n
] r
Cnn="75 ysinnyd)'fxcosmxdx=0, m, n20;
-n -n

n
n

1 . .
A n=— Jysmnydy xsinmxdx=

T v
-n -n

n
4
= —ZJ"V sinny dy jx sin mx dx =
n
o

4 ( cos ny ")( cos mx
=—2 _-y —X
0 m

(= )-
in(_l)n+l.n(_l)m+l

4
5 =(—-1)"*"—, m,nzl.
n n m mn

(=]

n n

sin mx

2
0 m

sin ny

2
0 n

Cneposartensho, npu xe(—mn, n), ye(—mn, nt)

et § (e

mn=1

sin mx sin ny

mn ’
Paznoxurs B aBoitHON pan Pypbe crenyromme (QyHKIMM:
12.509. f(x, y)=xy npu O<x<2m, 0<y<2m, I=h=2m.
12510, f(x, y)="—2.22

2 2
I=h=2m.
12.511. f(x, y)=x%y npu —l<x<l, —2<y<2, I=2, h=4.
2

npy —n<x<®, —N<y<m,

12.512. f(x, y)=x ? mpn —l<x<l, —m<y<m, [=2,
h=2nx.

3. Hurerpan ®ypwe. Ecnu dynkums f(7) abcooTHO MHTErpupyema
Ha (—o0, 4+ ), T.e. f(f)je L(—00, +00), H KYyCOMHO IadKa Ha KaXIOM
KOHEYHOM OTpe3Ke ACHCTBUTE/LHON OCH, TO OHAa MPEACTABIACTCA B BUAE
uHTerpaiga Pypbe

f(’)=}2_(f(t+0)+f("—0))=NETx, __[ f(v)e*™dv= jwf(v)ez"‘v‘dv, (5)

-

rae N
fv)= [ flt)ye” v at. (6)

[MpeoOpa3zoBanue (6), koTtopoe OymeM o00603HaYaTh E-[f], Ha3bIBAIOT
npameim, a (S)— obpamnuim npeobpaszosanuem Pypve, BBHIPAKCHHBIM
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1 KOMILIEKCHOH ¢opme. B neficTBuTenbHOM dopMme 3TH mpeobpa3oBanus
JIMMCBLIBAIOTCS B BHAE:

a((o):% Jf(t)cos wt dt, b((o)=1l—t jf(t)sin wt dt %)
(nmpsimMoe) H.
fn= T) (a(w) cos ot + b (o) sin 0f) do ®)

0o

(obpaTHOe), @=27V.

Ecnu q)ym(uuﬂ S(¢) setnas, 1o (7) 1 (8) 3anMCHIBAIOTCA B CIEAYIOLLER
CHMMETpHYECKOH popme:

& [f]=/. (@) fff(t coswtdt )

+ o

f(t)=\/% Jﬁ(w)cosmtdm (10)

0

W Ha3BIBAIOTCA MNapoil  Kocumyc-npeobpasosanuiit Pypve. Ecmu xe f(f)
HEYETHAsA, TO MMeEEM TMapy cuHyc-npeobpasosanuti Dypve

3s[f]=f;(m)=\/% Jf(l)sin(otdt
=\/% J‘f.(m)sinmldm‘

[Mpumep 3. Haiditu npeobpazoBanue Dypbe ana  QyHKUAH
fl)=e""", a>0.
< MMoacrasnss 3auaHHy}o f(¢) B (6), nonyyaem

+ o

A( j‘ e—ullle-—levldt_ -" e-(va u)ldt+ I e—(Z-uv-Hx)ldt_
- w haall* ¢}
1 - 0 1 o + o0
= eu niv)t e (2niv+a)t =
a—2miv c O 2miv 0
1 + 1 2a
To—2miv a+42miv ol+aniv?
T. €
el ——-————, a>0.
! ] o?+4n2v?
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IMoacraBiss 310 Bbipaxeuue B (5), mosysaem

+x + o0 +a
2rivt i@t )
e o e 2a cos wt
e =2y | 5———5dv== —— do=— T——do. (%)
a‘+4nv n o+ T a‘+o
- - o
[MocnenHee paBEeHCTBO cheayeT M3 TOro, 4YTO
+ o N
sin o¢ . sin w?
3 sdo=lim ———do=0. >
a‘+w No+owo | 0?2+
- -N

Mpumep 4. Haiitu npeobpaszosanue Pypbe s yHknuu
fl)=e ™', a>0.

<0 Tak kak QyHKkuus f(r) 4eTHast, MONYYUM Tapy KOCHHYC-npeoGpasoBaHuit
®ypoe. [lostomy Bocnonb3yemcst ¢opmysamu (9) u (10). Hcnonb3dys
pe3ysabTar 3anaud 8.192, mosiysaem

+ a0

[e]= “eosotdt= [~ = /;e“gz : e‘:‘;
7'[2\]:1 \/:"!; ’

+

o
e M = f j—-—e 4:c0>wtdw~-—;: Jy 42 COS W dw. o>
o
v 0

Haiitn npe06pa3onaHHe ®ypbe B KOMITIEKCHOH (opMe s
pyHKUMH:
12.513. f(t)=sign(t—a)—sign(t—b), b>a.

l—'—{—l npu |t|<a,
12.514. f(1)=
0 npu [t|>a.

. cosat npu |t|<m/a,
12.515. =
f(') { 0 opm |[t|>n/a.
sign ¢ t|<1,
12.516. (1)=& mPu 1<
0 npu |t|>1.

HaiiTu nmapy xocuHyc- wiM cuHyc-npeobpa3zoBanuii Pypbe
yKa3aHHBIX (YHKUMH:

12.517*. f (z)——7, a>0.

t
* -
12.518*. /(1) P
12.519. f(t)=te™".
12.520. f(t)=e"*"'cosBt, a>0.
12.521. [oka3satp, 4To mpeoOpasoBanue (6) sABJsETCS Hempe-
pBIBHOW (yHKIHeH, npuyeM lixP f(v)=0.
V= + o0
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4. CnexTpajbHble XapaKTePHCTHKH psina H uuterpana ®ypwe. Chex-
mpaabhoit PyHxyueti S(vk pana Dypbe MM CReKmMpPAAbHOU NAOMHOCMbIO
Ha3blBaeTCA OTHOWeHHEe Kodpduumenta Pypbe QyHkumu f(x) nepuona !

2

1 .
Ce=c¢ (vk)=7 J Slu)e™ 2" dy,

-2

k
vk=7, k€Z, ¥ TMpUPALIEHHIO HYACTOTHI

k+1 k 1
AVk’—"L—“-_—‘,
! 11
I. €. "2
C .
S(v,‘)—_-———A(::)z J. S(u)e” vy,

—1/2

Amnaumyonsim cnexmpom p(vg Ha3bIBaCTCS MOAYJIb CHEKTPaibHOM yHK-
i, a pazosem cnekmpom ®(v,)— B3s-

Iblif C OOPATHBIM 3HAKOM APrYMEHT CIeK- [
tpanbHOM QYHKUHH, T. e.

P(Vk)=|s(\’k)l=[|('(\’k)|
@ (v,)= —arg S(vi).

Ha rpadukax p(v.) u d)(v,ég 00bIYHO
CTPOAT TOJILKO OpAMHATHI p H ® B TOUKax
Vi M CHEKTP Ha3blBAIOT JIMHEHYATbIM.

IMTpumep 5. Haiitu cnexTpanbHyto
¢dynxnuio psaga Pypbe M NMOCTPOUTH aM-
WIATYAHBIA W (a30BbIt  CHEKTPbI 7S
(hyHKUHM

s 3%

w

Qe
NIN
(S13Y]

S

0 npu xe(—2, —1),
flx)=91mpu xe(—1, 1), flx+4)=f(x),
0 npu xe(l, 2).

< Umeem v, =k/4 n

S{w)= -jzf(x) eI gx =

1 = 2xiv,x |1

= j‘ 1 ,e—Zniv.xdx=
-1

1 -nr

—21iv,

1 e?™™Mi_e™2"%  gin2nv,
= . Puc. 100.

TV 2i Vi
CaenoBaTelibHO,

0, ecau sin2nv, >0,
P(Vk)=|S(Vk)|= *

|sin 21v, |

, ®O(v)=—argS(vi)=
(ve) gS (Vi) {_1[, ecnu  sin 2mv, <O0.

7| Vi f
Tpaguku p(vi) u ®(v,) npencrasnenst Ha puc. 100. >
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CnexkmpaabHoii  @yHkyueti uHTerpaja @dypbe Ha3bIBaeTCs MPIAMOE
npeobpaszosanne Pypbe

S0=70= { S0 (an

Bennquna pg v)=|S(v)| Ha3bIBaETC amnaumyoHbim cnekmpom, a BEJMUYHHA
®(v)=—arg — dazoevim cnekmpom.

Haiitu cnexrpanbhbie GyHkimMu S (v,) win S(V) 1 MOCTPOUTh
aMIUTATYOHble B (a30Bbie CHOCKTPHI CIIEAYIOMMX (DYHKIMIA:
0 npu te(—2T, —T),

12.522. f(1)= *: Egz i&? ?)f))’ f(e+4T)=1(1).

0 mpu €(T, 2T),

0 mpu re(1, 3

1 opu |t|<a,

12.524. £ (1)

12.523. £ (1) {2""“ e (0, ';’ FU+3)=1 ).
{ >0.

0 npu | t]|>a,

It

15.525%. 71 {cosntnpnltlgl/Z,

0 npu [t]>1)2.

1+¢mpu te(—1, 0),
12.526. f(1)=< 1—tmpu t€(0, 1),
0 npwm |¢]>1.

2mpu 1€(0, 2),

12.527. f(t)=
/() {Onpn te(—o0, 0)U(2, + o0).

5. AnckperHoe mpeoGpazoBanne Pypoe (AIIP). AHnanuTHYeCKOE
BbIYHCJIeHHe mnpeoOpa3oBanus PDypbe (cnekTpasbHoH ¢yHkuuu) (11) w
obpatHoro npeobpa3oBaHusi (5) BBI3BIBA€T, KaK MPABMJIO, 3HAYUTEIb-
Hble TpyaHOCTH. Pa3paboraHbl MeToabl HMX YUCJIEHHOW peasM3alMH,
ONHMM M3 KOTOPBbIX SABJISETCA TaK Ha3bIBACMOE OuUCKpemHoe npeobpa-
306anue Dypve:

2N-1

S(v)=yn.= o kz flt)e ~, n=0,1,..,2N—1, (12)

T 1
rae t,‘—k— (T — nnaMHA 3a/JaHHOTO HHTEpBaslia) M V,=n — 06pdTHOC

k (12) npeo6pa3oadHne UMeeT BU]
2N -1 nkn

f(t,‘)=xk—— Z Vel N, k=0,1,..2N—1. (13)

IMpeobpazosanus (12) u (13) BHINOAHAIOTCS C MNOMOILBLIO TakK Ha-
3bIBAEMBIX Obicmpolx anzopummoe (BIId), coctosiuiux B TOM, 4TO
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ceo 2N=ryry...r,, r,—uensie =2, TO MaTpuua npeobpa3oBaHus
(12) (mam (13))

1
1 q q2 q2N~—l
1

2 4 2(2N-1)

1 2N-1 2(2N-1) (2N-1)2

n n
ine g=e ‘N (q=e'N nns (13)), npencrasnsieTcs B BHIE NPOU3BEICHUS
n KBaApaTHbIX MaTpunl W, mopsnka 2N,

W=W,W,_,.. W, Wy, (14)

MUMEIOILUMX  KaxJaas mno r,-2N  OTJHYHBIX OT HYJS  3JIEMEHTOB.
YMHoxeHue Matpuubl W, (v=1,2,...,n) Ha Bektop-cronben Z=(z,,
Iy s Zan—-1)" 3@ CYET OTOpAChIBAHHA YMHOXEHUS Ha HYIM MOXET
ObITb TPOM3BEAECHO 3a r, 2N onepauMii KOMIUJIEKCHOTO YMHOXEHHS
Ha  MHOXHMTENH ¢* u cnoxenus. Bcé M@ (12) sbiuucasercs
roraa 3a (ry+ry+ ... +r,) 2N Takux onepauuii ¥ YMHOXEHHS KOHEYHOro
pe3ynbTaTa Ha MHOXUTENb 71/2N.

Ecnu  2N=2" (ry=r;=..=r,=2), TO B KayecTBe MaTpHUUbI
Wa=(cy™), k, j=1,2,..,2" nns paznoxenus (14) MOXHO B3STb MaTpHuy,
)IEMEHTBI KOTOPOH BBIPAXAKOTCA CleayroluM obpasoMm (g=e '27-1):
nyctb v=0,1,...,2" " "—1 u p=1,2,..,2"" !, Torma

C(\'"-"Z"“"p,v-Z"‘_1+p=C$l"~')2"'+Z""‘+p,v-2"‘ L4y = 17
. — —-1)2n-m
C(y".”zmw, 2n=l4y.2m= 4y = _CSI"-.)Z"+2"'-I+|.|, z'--l+\,.2"--l+..--q('l ) , (15)
cM=0 nna ocrtaneHeix map (k, j).

12.528. Beimucath Matpuusl W,, W, u W3, COOTBETCTBYIOILIHE
popmynam (15) npu 2N=23=8.

12.529. Ilyctb X =(x¢, Xy, ..., X7)'. COCTaBUTL NPOU3BENCHHUS
ZW=wX, ZP=W,ZW=W,W,X) u Z®=Ww,Z?%=
=W; (W, W,X). CpaBHHTb NOJIyYeHHBI pe3yJbTaT C NPOHU3-
BeeHUEM WX,

Jns  KOHEYHOH MOC/NeNOBaTEJIbHOCTH KOMIUJIEKCHBIX 4Hcen (X,
X,y Xy—1) AP no dopmyne (12) MOXHO mpeacTaBUTL B BUIE
n-1 2nink

1
Ya=— Y xe N
Nk=0

(n=0,1,..., N—1),

a obparHoe AII® (OAIID)—s8 BHAE

2nink

N-1
Xe= ), yne N (k=0, 1,..,N—1).
n=0

O6o3nauum kpatko AP u OAIID coorBeTCTBEHHO
Y=2§[X] 1% X=?§“[Y],
rae X=(xg, X1, ..y xN-x)T, Y=o, )’1,-~-,YN-1)T-
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12.530. CocraButh Ha (popTpaHe MOANPOTPAMMY BBIYUCJICHHS
npsMoro U obpatHoro npeodpasoanuil Pypbe ¢ HUCMOIL30OBAHUEM
6eicTporo anropurMma. Ilapamerpel: N, L, KIND, A, B, AA,
BB, rone L-—uucio 3/1€eMEHTOB HCXOAHOH MOCIENOBAaTEJIbHOCTH
(1 mpeoOpa3zoBanus), N-—IoOka3aTeIb CTENEHH B PABEHCTBE
L=2N, KIND ectb 0 m60 1 (0 npu Boraucienun AIIP u | npu
poluuciedun OIIP), A um B-—BxogHble MacCHBBI pa3Mmepa
L nns nedcTBUTEIbHOR M MHHMOM 4YacTed HCXOOHOM MOCJENO-
BaTeJabHOCTH, AA ¥ BB—BbIXOOHBIE MaccuBbl paszmepa L mis
JNEACTBUTEILHONR U MHUMOH 4acTeil noJlydeHHOro npeodpa3oBaHus.

B 3agauax 12.531 —12.535 coctaBuTh Ha ¢opTpaHe NOANPOr-
paMMy TIOJIyYEHHMS KOMILIEKCHOH IOCJIeIOBaTENbHOCTH (X,
X3, ..., X128), Tmojaras x;=x(4)+i 0 Ond yka3aHHbIX (QyHKIMH
x=x(t), te[l, 128), (,=k=1, 2, ..., 128. Tlapametrpsi: A, B, rme
A u B—maccuBsl M3 128 23jIeMEeHTOB IS OEHCTBHUTEJILHOM
M MHHMOM 4YacTed MOCJedOBATEIbHOCTH.

12.531. x=25.

0, tel, 321U [97, 128],

12.532. x {20, r€ [33, 96].

12.533. x=i 1 (128 —1¢).
32

_{ t, tell, 64],

12.534.
=1 1281, 1€ [65, 128].

12.535. x=1.

12.536. HMcnonb3yss moAnporpaMmbl, NMOJIy4eHHbIE NpHU pelle-
Hun 3amay 12.530 u 12.531—12.535, nns omgHo# W3 mocieno-
BaTelbHOCTEH (Xi, X3, ..., X128) COCTAaBUTh Ha ¢GoOpTpaHe mpo-
rpaMMy CJEIYIOIINX Npeobpa3oBaHUid:

a) Haiitu Y=g [X ];

6) mis m=24, 32, 40 u3 moOCHeNOBATEIbLHOCTH (y,|n=
=1,...,128) mnonyuuTs mnocnenoBaTenbHOCTL (J,|n=1, ..., 128),
3JIEMEHTBl KOTOPO#l OINpeneNnsioTcss pPaBEeHCTBAMH

=) m n=1,2,..,64—m, 65+m, ..., 128,

=10, n=64—m+1, .., 65+m—1;

B) Haiitu X=§ ' [V ];

I) CPaBHHTb TNOCIENOBATEJbHOCTH (X;) M (X), Haios ux
Pa3HOCTH.



Fnasa 13

ONMEPAHIMOHHOE HUCYUCJIEHUE

§ 1. IlpeoGpa3osanne Jlannaca

1. Onpenenenne n cBolictea npeoGpasoBanus Jlannaca. [Ipeobpa3zosa-
nuer Jlanaaca dyuxkuum f(t), teR (xoTopas, BOOOiLE roBops, MOXET
IIPUHUMATL M  KOMIUIEKCHbIE 3HAuYeHus), HasbiBacTca (yHkuus F(p)
KOMILIEKCHOR NEpeMEHHON p, ompeaenseMas CJCAYIOLIMM PABCHCTBOM:

F(p)= fme”"'f(r)d!. 1))

Opucunaiom HasbiBaeTcs Beakas GyHkuusa f(f), yAoBiaeTBopsoiias
CICAYIOILMM  YCJIOBHAM:

1) f(t)=0 npu t<0, npuuem npuHumaercs, 4to f(0)=/(+0);

2) CylIecTBYIOT TaKue MOCTOSHHbBIE O W M, 4TO

|f(t)l<Me® mpu >0 (2)

(senMyMHAa O =Inf o Ha3biBaeTcs nokasameiem pocma GyHkuuu f(1));
3) Ha moboM koHeuHoM oTpedke [0. T'] dyHkuus f(f) MOXKET UMETb
MIIb KOHEYHOE YHMCJIO TOYEeK pa3pbiBa, NMpPUYEM TOJbKO |-ro poja.
Ecnu f(t)— opuruHan, To crosiuMii B NpaBoil yacTH paBeHcTBa (1)
unrerpan Jlanaaca cxoauTcs abCONIOTHO M PABHOMEPHO B MOJIYTUIOCKOCTH
Rep>0>a0, ITlpu os1om dyHkuus F(p) SBIAAETCA AHAJTUTHYECKOMH
» nosyrmiockocth Rep>oy u Ha3sbiBaeTcs wusodpaxmcenuem QyHxkuuu f(t).
CooTBeTCTBHE MEX/Yy OpHUTHHANIOM f(f) U ero uszobpaxeHueM F(p)
CHMBOJIMYECKH 3amucbiBaeTcs B Buae F (p)=f(t).
Mpumep 1. Haiith nokasatenb pocta MHorowieHa f(tf)=a,t"+ ...
- +agt+ag.
< 3ametum, uto A moboro o >0

.a"+ ... +at+a
lim —— L " %9

(et 0!

JHayuT, ans moboro ¢>0 cylwecTByer Takoe uucio M= M (o), uTO
BBITIOJIHAETC HEPaBEHCTBO:

la,t"+ ... +ajt+ag|<M(c)e®, 1>0.
CnepoBartenbHo, Go= inf o=0.
a>0

3ameTuM, 4TO npu 0=0,=0 HepaBeHCTBO (2) He BLINOJHAETCH. >
Mpumep 2. Haiith u3obpaxenue @yuxyuu Xeesucailda

(1)= 1, =0,
M=10, <o
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<1 Tak kakx yHkuus XeBHcalga ABISETCS OPHITMHAJIOM C IOKa3aTeleM
pocta Go=0, TO

+

|
n)= | e Mdi=—-e7"
0= | :

V]

+ o0

1
0 P

npu Rep>0. >
Bcrony B [fganbHeiiueM mnoja 3aJaHHON C mnoMouiblo  popmy-
abl  GyHkumedr f(t) Oynem mOHMMaTh mNpoM3BelNeHHE I3TON (YyHK-

uMd  Ha oyskuMio  XeBucaidga mn(¢), T.e. cuurtath f(1)=0
npu t<0.

IlpoBeputs, ABNAIOTCA U cieayroliyde (GYHKIUM OpHMIMHAa-
MH, W HalTH MX TNOKa3aTelH pOCTa.

13.1. f()=e¥*2, 132, f(t)=e".

133. f(t)=e"* 134. f()= { » 0sie<l,
o ‘ /1, 1>1.

135. f()=In(t+1). 13.6. f(1)=1>
137. f(t)=tsin ; 138. f(1)=e

Hcnonwszys ¢opmyny (1), HailTm u3oOpaxkeHHs O cieny-
IOLUX OPHTHHAJIOB:

1, 0<1<2,
139. f(1)=4 —1, 2<1<3,

0, 3<t.
, t, 0<t<2,
13.10. £()=1; (@4-1), 2<1<4,
0, 4<1t.
t, 0<t s
1BIL f()=1 | =t
12—1), 0<1<2,
13.12. f(t
- { >
0<t<]1,
1<t<?2,
B.13. ()= 2<1<3,
3<t.
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. T
sin ¢, 0<t<§,

2 n 3n
f ;(T[*I), §<t<“
13.14. f(1)=1

. 3n
sin ¢, —z—s t<2m,

0, 2n<t.
-

CaoiicTBa npeobpa3oBanus Jlannaca:

. CBoiicTBo nuHeiHocTH. dna mobObix mnocrosHusix C,
k=1,2,...,n,

Y Chilt)= Y CeFi(p), Rep>max{oy, 6, ..., Gy}
k=1 k=1
2. Teopema nono6bus. [Ana noboii nocrosHHo# o>0
L(P
flat)==F{=), Rep>ac,.
a \a

3. Teopema cMelleHNs. YMHOXKEHUIO opuruHana Ha e, a€R,
COOTBETCTBYET CMEILEHHE aprymMeHTa H300paXeHHs Ha O, T. €.
e f(1)=F(p—a), Re(p—a)>o0,.

4. TeopeMa 3ana3nbiBaHUfA. 3ana3AblBaHUIO OpUIHHAjIa Ha
U COOTBETCTBYET YMHOXEHWe H300paxkeHus Ha e P', T.e.

n(t—1) f(t—t)=e " F(p), Rep>o,.

5. ludpdepeHunpoBanue opurunana. Ecan f(t) u ee mpous-
'A'(f?,blez,{.(fn(t)’ k=1,2,.., SBISIOTCA OpWTrMHANaMH, TOo s Joboro
SR)=p F(p)=(p* T L (0)+p* 21 (0)+ .. +/47(0).

B wactHOCTH,
f'()=pF(p)=f(0). Rep>oo.

6. UHTerpupoBaHue OpHUrHHaja:

Jf(‘t) dt.——-‘f(—p), Re p>o,.
p

[

7. AnbbepeHunpoBanue H300paXeHHA. YMHOXKCHHIO OpH-
1MHAjJa Ha MHOXHTENb ! COOTBETCTBYET YMHOXEHHE H300pakeHus Ha
—1 u nuddepeHUMpOBaHHE €ro MO APryMeHTy p:

"f()=(=1)"F™(p), n=1,2,..
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@)
8. UuterpupoBanue uzobpaxenns Ecaum —— spasercs opu-
!

rHHAJIOM, TO

X

L10= [ Fla)
14
9. luddepeHuunpopanue u MHTCl‘pHpOBa}:’HC no mapa-
f(ja %) j'j(t o) da, pac-
CMaTpuBaeMble kak (DYHKUMH NEpEeMEHHOMH !, SBIAIOTCS opuruuanamu, TO
«

o) 2F(p. ) '[f[ a)da—JF(P o) do

da Jda

MeTpy. Eciu f(¢, 2)=F(p, @) 1 QyHkuun

*y

10. Teopema bopens 06 usoﬁpameunu cBepTkH. CBepTke
OPHIHHATOB

Fiofa=] 110 fo (=) de=] fi(1—1) /o () de

COOTBETCTBYET NpPOM3BCACHHE H300paxcHHid, T.e.
.fl*fz?Fl(P)Fz (l’)
11. Uuterpan Hwamensa Ecmm f(1)=F(p) u g(t)=G (p), 1O
PE(p)G(p)=f (00 g (1) +(/ *£) (1)=g (0) f (1) +(g'* 1) (¢).

1
3uas uszoOpaxenne ¢ynkuuu Xesucailga m(r)=- (cM. npumep 2),

MOXHO C TOMOIIbIO MEPEYHUCIIEHHBbIX Bbillle CBOHCTB |— 11 nocTpouth
Tabnuuy H300paxeHHH OCHOBHBIX (YHKLMIA:
Ne Q) F(p) Ne [ F(p)
1 1 1
) - 6 | sinpr P .
p p+p
2 r : 7 h P
;1_! ;)n+l chpr pi—p?
3 e ——l— 8 sh Bt P
p—a p:-p?
4 Lo _ 9 | evcospr | —FP—X
n! (p—o)"*! (P~<>t‘);+ﬁz
P .
5 cos Bt 10 e sin ¢ —s
p*+p? (p—)+p?

C nomolubto cBO#CTB npeobpa3oBanua Jlamnaca 1 TabJHLUBI OCHOBHBIX
n300paxeHnit MOXHO HaiiTu U300paxeHus GonbluMHCTBAa QyHKIMH, BCTpe-
YalOIMXCd HA MNPAKTHKE.
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Mpumep 3. Haittn u3obpaxenne dynxuuu sin .
-1 HMmeem mo ¢opmyae Ditnepa

it__ ,—it\3 1/3 it__ ,—it 3ir __ ,—3it 3 1
sin3t=(e 6,’ ) =—( (e"—e )_e ¢ )=Z sint—z sin 3z.

2i 4 2i 2i

WUcnonb3ys CBOWCTBO JIMHEHHOCTH W ¢GopMyidy 6 TaGiuipbl, HaXOIUM:
ind 1 1 3 6 .
sin”t=—- - = .

4 p2+1 4 p*+9 (p*+1)(p2+9)

Mpumep 4. Haittu usobpaxenne dynxuun ¢2 cos2t.
-1 Hcnonb3ys dopmyny Ditnepa u dopmyny 4 Tabmuupl uszoOpaxenuit,
noJiyqaem:

1 . ) 1 1 p3—12p

12 cos2t==t* (e*+ e~ %"= + = .

2 ( ) (p—2i)® (p+2i)* ~(p*+4)°

3aMeTHM, 4TO H300paxkeHHe yKa3aHHOH (yHKIMH MOXHO ObLIO ObI

IOJYyYUTh W [APYI'MM CHocoOoM, a MMEHHO, nBaxasl AuddepeHUUpys
wiobpaxeHue cos2t. o

t
sint
MMpumep 5. Hailitu wusobpaxenue ynkuuu Sit= J —dt o1y
T
o

(YHKUHIO Ha3BIBAIOT UHMEZPAAbHBIM CUHYCOM).
<1 Mcnonb3ys TeopeMy HHTErpHPOBAHHS H300pakeHHs, HaXOOAUM

sint dp
t ) g*+1
14

Orcioga 1o TeopeMe HHTErPHPOBAHHS OpPHIMHAJA TOJIydaeM
t

. sint l1(n
Sit=| —di=-|-—arctgp ). >
T p\2

0

©

n
=arctgg | = 5 —arctg p.

4

t
Mpumep 6. Haiitn usobpaxenue Qynkumu | cos (1—1) e " dr.

1]
<1 Ucnonb3ys teopemy Bopena o6 u306paxeHMH CBEPTKH, MOJyuyaem
t

- - 14
cos(t—1)e  ¥dr=costse ¥=———" >
j =9 (P?+1) (p+2)
o
Mpumep 7. Haiitu usobpaxeHue opuruHana f(t), ecnu
f(n)=

sint mpu 0<r<m,
0 mnpu t2>m.

<1 WUcnonb3ys ¢ynkumro Xesucaita u yuurbiBag, 4to m(1—m)=1 npu
t>n, dynkumio f(¢) 3anuineM B Buae

f(¢)=sint+mn (t—n)sin (t—mx).

9  CneunaibHble pa3neibl MaT. aHanu3a. Y. 2 257



[Toab3ysicy dopmynoit 6 Tabnuubl U TEOpPEeMOH 3ama3/bIBaHUs, MOJyH4acM
1 e™ l4e ™
F(p)= + = . >
(#) p2+1 p*+1  pi+1l
13.15*. [Joka3aTh ClexyIOLIHE TEOPEMBI O CBS3U «HA4aJIbHbIX
U «KOHEYHBIX» 3HAYEHHH oOpuIrMHajJa u wu3o0paxeHus. Ecmu

FO=F(p), T
@) fO)= lim pF(p)

H (ECIM CYIIECTBYeT KOHEYHBIil lirP f(@)=f(+0))
t—+w
6) f (+c0)= lim pF (p).

13.16. Jloxa3aTh cleayiolMe COOTHOLIEHUs'):

" _.R'\é((p+Bi)n+l).
a) n!cos[}t.— BT
"o Im((p+Bi)tY)
6) ; sin ﬁf.——w.
Haiitn u300paxkeHus 3aJaHHBIX QYHKIMIA:
1 1
13.17. -2 +1. 13.18. 12—~ ¢".
2 2
13.19. e 43¢ 2412, 13.20. 2 sin t—cos %
13.21. cos?t. 13.22. sin%(t—a).
13.23. sh31. 13.24. ch¢sint.
13.25. sh3tcos?2:t. 13.26. tch2t.
. 1 .
13.27. sint—tcost. 13.28. E(chtsmt+shtcost).
13.29. 12e¢7". 13.30. 3%
13.31. e* cost. 13.32. ¢ 'sin?t.
13.33. t%ch2s 13.34. te *'sint.
t -t
13.35. te 'sht. 13.36*. [e™ 2 tdt.
0

t t
13.37. {(t—1)*cos2tdr. 13.38. [ te'“sin(t—1) dt.
0 0

t t

13.39*. f? dr. 13.40. f":_'dr.

0 0

N N
)3nech oGosnavenns Re u Im momvepkuBaloT TOT (akT, 4TO
NEHCTBUTENLHAA W MHUMAs HACTH COOTBETCTBYIOUIETO KOMILIEKCHOTO
MHOTOY/IeHa 6epyTCs YCIOBHO, T. €. p CYMTAETCH BELICCTBEHHBIM YHCIOM.
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t

1341 |20y 1342 Jc————“ﬁ’”“’m dt.
P

T
]

eﬂf
dt.

T

J

Haittu m3o6paxkenns muddepeHIManbHbIX BbIpaXEHHH NpH
J0JaHHBIX HAYaJIbHBIX YCIJIOBHSX.

1344, XV () +4x" () +2x"(1)=3x ()5  x(0)=x'(0)=
=x" (0)=x" (0)=0.

13.45. X" (1) +6x" (1) +x (1) —2x(1); x(0)=x'(0)=0,
v (0)=1.

1346. x"(1)+5x" ()—Tx(t)+2; x(0)=a, x'(0)=0.
Hcnonb3yss TeopeMy 3ama3abiBaHUs, HAWTH HM300paxeHUs
caeayromux QyHKIMMR:

1347, n(t—1) et 13.48. n(1—2)sin?((1—2)/2).
13.49*. n(t—1)te’.  13.50*. n z-%‘) sin .
1 mpu 0<t<r,

13.51. f(t):{o i o1

(eNMHUYHBIA HMMOYJBC, HACHCTBYIOIUMA B TedeHHE TNPOMEXYTKa
BpeMeHH oT (=0 mo t=1).

0 npn <7,
13.52. f(t)— npu T<t<T+r,
0 npy =T+
(3ana3abIBaroLIUiI CD,'HHPI‘IHBIPI HMILYJbC).
mpu 0<i1<r,

npu  T<t<2t,

13.53. f()=
S ——(t——3‘t) npa  2t<t<3r,
npu >3t
sin? mnpHu 0<t<m/2,
13.54. f(1)= —cost npn n/2<t<m,
pH t>m.
h mpu 0<1<]1,
13.55. f(1)= { D w131,
sin ¢ npu 0<i<m,
13.56. f(1)=
s { sh(t—m) nmpu t>m.
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13.57**. [loxa3ath, uTo ecnu f(t)— nepuoauyeckast QpyHKIUs
¢ mepuomoMm [, To

1

F(P)=$ Ie‘”'f(t)dt.
0

Ucnonpidys pesynbrar 3amaun 13.57, Haiith wu300paxceHHs
nepuomuyeckux (yHkuui (aHanuTHYecKHe (GOPMYNBI ONpeNeNsIoT
3ananHbie QyHkumu Ha nepwone [0, /]):

1 mpu 0<i<r,

13.58. 1(1) ={ I=T

0 mpn t<!<T,

(mepuoanyeckas TOCIENOBATENbHOCTh CAMHHYHBIX HMIYJIECOB).
13.59. f(r)=sin Bt npu 0<t<m/B; I=n/P (1. €. f(¢)=]|sinPr}).

t mpu c<t<2c

int 0<ri<m,
13.60. f(1)=4 *"" TPH =TT
0 opu n<i<T,
h upu 0<t<c,
13.61. f(1)= 1=2c.
r { —h npu c<t<2c ¢
13.62. f(1)="1 npu O<t<c: I=c.
p
h
-t nmpu 0<t<c,
13.63. f(1)= ; [=2c.
c

s n
13.64. f(t)=cosPt mpu 0<t<2—B, 1—56.
13.65. f(t)=|sint|, /=2m.

2. Paciumpenne kJaacca opurnHanoB. Kiacc OpHMrHHanoOB MOXHO
pacluMpUTb, BKJIIOYMB B HEro (DYHKUMH, KOTOpbie MOryT OBbITb HEol-
paHHYEHbl B OKPECTHOCTH KOHEYHOTO MHOXECTBA TO4YEK, HO TaKue, HTO
uHTerpan Jlamnaca oT HMX TeM He MeEHee B HEKOTOPOiHl MOJIYMIOCKOCTH
Re p> 0, cxonutcs abcomorHo. K unciy Takux 0600LIEHHBIX OPUrHHAJIOB
OTHOCUTCA cTeneHHas yHkuns f()=t* npu p>—1, ¢ydkuus Ins
U HEKOTOphie ApYrHe. B 4aCTHOCTH, K TAKOMY KJIACCYy OTHOCHMTCS BCsKast
$yHxuus f (1), KOTOpas B HEKOTOPBIX Toukax t=1, (k=1, 2, ..., n) aBaseTcs
O6eckoHeyHO OoNbUION MOpA/AKA, MEHBIUEro €AMHHLBI, T. €. Takas, 4TO
'lin} (=) f(t)=0 npu HekoTOPOM r,<l, M ecIM BHE HEKOTOPBIX
i

OKPGCTHOCTCﬁ TOYEK ! OHAa YIOBJIETBOPSAET YCJIOBHUSAM, TNPH KOTOPHIX
d)yHl(l.(HlO MOXHO CYMTAaThb OPHIHMHAJIOM.
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Mpumep 8. l-iaﬁm nm3obpaxenue F(p) oynkunu f(t)=1t¥, p>—1.

1 Umeem F(p)= j’ e P't*dt unu, mocie NOACTAHOBKH pI=T,
0

. T(p+1)
F(p)=p“+l Je di= PN

(]

Utak, ————= Y. >
F(p+1) p**! )
3ameuanue. Ecim p—uenoe TOJOXHTENbHOE  YHCIO, TO
l(u+1)=pn!, ¥ Mbl mpuxoauM k ¢opmysie 2 Tabnuusl u300paxKeHui.
Mpumep 9. Haiitn usobpaxenue oynkuun f(£)=t"Int, p>—1.

I'(p+1
1 U3 coorBeTcTBHA t*= l(:: +1) ¢ noMouibto auddepeHpoBaHus MO

WAPAMETPY | TOJy4aeM
T'(p+1) T(p+1) Cp+1)(T'(n+1)
1 7 Inp= ¥1 —lnp}.
" r* »* T (p+1)

W wactHOCTH, nosioxuB p=0, ¢ ysetoM Ttoro, yro I'(1)=1, I''(1)=—y
ty 0,577215...——nocmoannas Jinepa), nosnyvaem

tMint=

Y+Inp
P
Haiitu u3oOpaxenns ¢GyHkuuit:

the®

Int=—

t*e® Int
13.67. f(t)=I_%IT), p>—1.

M
13.68. f(1)=e™Inz. 13.69. f(z)=Fl—— cosBt, p>—1.

(n+1)

13.70. f(1)= sinBs, p>—1.

1!‘
T (p+1)
13.71. f(t)=cosPt-Int. 13.72. f(1)=sinPt-Int.

0 mpu 0<t<a,

13.73. f(1)= pn 1>a

t—a

")3mech non dyHkuMeir KOMIIEKCHO# nepeMenHoi 1/p**! nonumaetcs
1t M3 BeTBeH 3TOM MHOTO3HAYHONM (YHKUHM, KOTOpas Ha BELIECTBEHHOMH
HOJNOXKUTENLHOR TNOJYOCH KOMIUIEKCHOM IJIOCKOCTH (p) NMPHHAMAET Be-
HCCTBEHHbIE 3HaueHus, T. e. 1/p**1=¢ ®*DIP  Ayanoruunoe sameuanue
OIHOCHTCA K M300paxeHuaM ¢yHkuuii t*e™, t*e®Int, t¥cosPt, *sinpt.
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§ 2. BoccraHoBiieHHe OpHIHHAJIA N0 H300parkeHHIO

1. DneMenTapHblii MeTo4. Bo MHOrux ciyuyasx 3alaHHOE U300paxeHHe
MOXHO npeoOpa3oBaTh K TaKOMY BHAY, KOIJAa OPHMIMHAJ JIErKO BOC-
CTaHABJIMBAETCS HEMOCPEACTBEHHO C NOMOLIbLIO CBOHUCTB NMpeoOpa3oBaHUs
Jlannaca u Tabnuubl M300paXKEHHIA.

JAns  mpeobpa3oBaHus M300paxeHHs LWIUPOKO MHCMONb3yeTcs B
ITOM CJy4ae METOJ PpA3JIOXKEHHUS pPAlMOHAJILHOH ApPOOH B CyMMy
MPOCTEHILHUX.

IMMpumep 1. Haiitu opuruHan ans ¢yHKuMd
F(p)=—m———.
(P)= 2,75

<1 [epsbiit cnocod. Bbimenss nosHblii KBagpaT B 3HAMEHaTene U Aajee,

ucnosb3ys TabiauuHoe u3obpaxeHue s sinft M TeopeMy CMelLEHHUA,
TioJIy4aem:

1 1 1 2 1
= = =—e
pr+2p+5 (p+1)2+4 2(p+1)*+4 2

“tsin2t.

Bropoit cnoco6. PacknageiBas gpob6b B CyMMY NpOCTEHIIMX M HC-
nonb3ys u3obpaxeHue s e, mosiyyaem

! =l ! — 1 ﬁl(e‘"”“‘——e"'_z”‘)z
pr+2p+5 4i\p—(—1+42i) p—(—1-2i)) 4i

1 eZit_e-Zil 1
=—e ————,———z—e?'sinZt. (>l
2 2i 2

Mpumep 2. Haitu opuruHan ans ¢yHKUUU F(p)=m.
p
<1 [lepssiii cnoco6. PackiaaeiBast 1pobb B CyMMYy NpOCTEAUINX, NOJy4aeM

1 1 1/ i i 1 1
= =t ———|=
(P2+1)* (p=i)*(p+i)? 4(17—1' p+i (p—i)? (p+i)2>
1, T
,——*'—Z(i("‘—ie"‘+te"+te ")=§(smt—tcost).

Bropoit cnoco6. 3amerum, 4TO

Iy
(P2+1)2 2p\p*+1)°

NpHYEM COIJIAaCHO TeopeMe O AubdepeHUMpOBaHUN H300paKEHUS

1 /
-<pﬁ> =tsint.

[pumensis Temepb TeopeMy 00 MHTErpUpOBaHWM OpMIMHAja, Ha-
XOAHUM

t

1 1 AR DI 1(,t rcos1)
—=——| ) = jtsIntat=—(SInf{—ICOS ).
(p2+1)2 2p\p*+1) 2 2

o
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Tpetnii cnoco6. HWcnonb3ys Teopemy bBopens 06 wuszobpaxenun
CBEPTKH, MOJy4aeM

1 1 1 rosin 1 i (t—t)sintd
= ’ =siInHsiIni=\smy/—1)sINnTadtr=
(PP+1)* p*+1 p*+1 0

t t 1
=sint [costsintdt—cost sin? Td‘l.‘=—2- (sint—rcost).
o )

Ze—Zp

MMpumep 3. Halith opurnmHan ans ¢yHKUMH PO
p
2

< Hailgem cHayana opuruHan aas apobu npHYeM B OTJIHYHE

-
p +1
OT JBYX Mpe/IbLAYIIMX NPUMEPOB pa3JioXeHHe ApoOH B CyMMY MPOCTERLIMX
MPOM3BEJEM B MHOXCCTBE ACHCTBHUTENbHBIX 4Hceld Mmeem:

2 2

12 p 1 1 + 2p—1 1\
PP+l (p+1)(pi-p+1) 3\p+1 pi—p+1)
1
p—-
1 1 2 1 3
22— .='—(e"'+2e"2cosl/2-’t>.

=3(pe1 EE
P=3) 4

A Tenepb, NpUMEHSA TEOPEMY 3ana3/blBAHHA. YYTEM COMHOXHTEb e 27
OKOHYaTeIbHO HAaXOJUM:

ple -2p

1
1 S(1-2 3
P ,='§n(t—2)(e"'”2'+2e2(, )cos—{(t—Z)). [

Haiitu opuruHajbl 07 3aJaHHbIX (QYHKIMA:
1 1

13.74. . 13.75. ————..
(p—1)? (p+1)(p-3)
1 1
13.76. ——. 13.77. ————.
pi+dp+3 pi+2pi+p
i 2p+3
13.78. ————. 13.79. —8~ .
pip*+1) pP+4p*+sp
P p
13.80. —————. 13.81. ———.
(P2=4)(p*+1) (p2+4)?
13.82. /. 1383 -2
p +1 pt+4
13.84. < 1385
84, —. 85
1 e™P 3e % p  2pe?
13.86. ——+— . 87, ——-— .
p_2+ , +p2+9 13.87 PR R

2. ®opmyna obpamennus. Teopembi pasioxkenns. Ecnu f(1)— opurusan
u F(p)—ero u3obpaxenue, To B J0GOW Touke HempepbiBHOCTH f (1)
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crnpaBelIuBa gopmyaa obpawenus Meauna

a+iw

1035 [ Floleman

o—ix

re MHTErPUPOBAHHE NMPOM3BOAMTCSA MO JIt0OOH npamoit Rep=0o, o> o,.
3amevanue: Bo Bcskoil Touke fo, SBNSIOUIEHCS TOYKOM pa3pbiBa

1
dyskusu f(r), npasas wacTh ¢opMmyisl MeniuHa paBHa E(f(to-—0)+

+£(to+0)).
HenocpeacreenHoe npumeHenue GopMyibl oOpalleHus 4acTo 3aTpya-
HUTEJIbHO, X OOBIYHO MOJIb3YIOTCS TEOPEMAMH PA3JIOKEHUS, ABJISIOIUMHCH
CIIEICTBUSIMH U3 Hee:
Mepsas Teopema pasnoxeHus Ecau gynkyua F(p) anasumuy-
HA 8 HEKOMOpOU OKpecmHOCMU OeCKOHeYHO yoadennow mouku u ee
pasaoxcenue 6 pso no cmenenam 1/p umeem 6uo
a0
all
F ([’ )= Z P »

n=0

mo @ynkyua
S0=3 a=. 120 (f(1)=0 npu 1<0)
n=0 n:

AgafAemcA opucunaiom, umelowum usobpaxcenue F(p).

Bropas Teopema pasnoxeHus. Eciwu wuzobpawenue F(p)
ABAAGMCA O00HO3HAYHOU BYHKYUel U umeem Aub KONEHNOC HUCAO O0COObIX
MOUEeK Py, Pay -y Dp NEHCAWYUX 6 KOHEUHOW HACMU NOAYNAOCKOCTIU
Rep<o, mo

f(t)ﬂ‘f‘. suit [e” F(p); p].

Pm
Ecin, B yactHocTH, 1-‘(p)=Q zp)), rae P, (p) u Q,(p)—mHorounenst
W(p
CTencHell m M n COOTBETCTBEHHO (n>m), py, pi, .., P,— KODHH

MHorowseHa Q,(p) ¢ KpaTHOCTSAMH, COOTBETCTBEHHO DABHBIMU [y, [y,
wer b (h+ 1+ +1,=n), TO

o d’ !
=% —— -l -.((p P F(p)e™). M
‘,(I,‘— l) p—ne

Eciu Bee koddduumentsl MHorouneHos P, (p) u Q,(p)— nevict-
BUTEJIbHbIE YHC/IA, TO B NpaBoi yacTH (1) mo;1e3Ho 0ObeAUHHUTH Cllaraemsle,
OTHOCALMECS K B3aHMHO CONPSXKEHHbIM KOMIUJIEKCHBIM KODHAM; CyMMa
KaX/I0if mnapbl TaKMX UJIEHOB paBHA YINBOEHHO! ACHCTBUTENbLHON YacTH
OHOTO M3 HHX.

B u4acTHOM ciyuae, korma Bce KOpPHH py, pi, ..., P, MHOrouseHa
0.(p) npocrbie, ucnonb3ys GOpMyy JUISL BBIYHCIEHHS BblYETA OT-
HOCUTEJIbHO NOJIOCa MEpBOro ncpsaka (cM. c. 232), mosy4um

flr)= ;lQ“—((f,:—)) @

264



1
1 -
Mpumep 4. Hajitu opurunan ¢ynkunmn F(p)=-e ».

3 Iepsniit cnoco6. Pasnoxenne ¢yHkuMn F(p) B OKPECTHOCTH TOYKH
p=0C HMEECT BHA

I

= 1
F(P)=;}P "=;"§0(— = Z: (=1 A

1105ToMy, B COOTBETCTBMH C TIEpBOii Teopemou PA3NOKCHHS, OPUTHHATOM
e ——==1 (2\/_ ) (Jo— dyskuns

beccens nepsoro poma ¢ Hynenbm ancxcom)
Bmopoii  cnoco6. Bocnosb3yeMcsi BTOpOil  TeOpeMOH  pa3jiokeHHs.

s F(p) sBasercs dynkums f(1)= Z (-

JUia 3TOro Hamo HaiTH BbiYeT QyHKIMM -eP ¢ 1P oTHOCHTENBHO ee

C/IMHCTBEHHOH oco60if Touyku p=0 (3TO cyulecTBeHHO ocobast Touka),
i.e. koapduuneHT npu 1/p pasnoxenus 3toit ¢yHkimH B psaa JlopaHa
3 oKpecTHOCTH Toukn p=0. Hmeem

1
oPle VP 22 ngn
P = l+pl+{’ —+ +I—)—-+
n!

11 1 1" 1
X ;——[7—{-5,‘)3—}'...4-(— ) 'n'pT—i" .

BuigenuB B 1IpOM3BCACHHM PSJAOB 4iEHBI, cojepxamue 1/p, HaiigeM:
1 t? "
(f)=8brd| —ePe 17 0 |=1—t+—=+..+(=1)"—5+..=1(2/1) =

B stom mpumepe pelueHde, MCNOJIb3yOliEe NEPBYIO TEOpeMy pas-
1I0XCHHSA, OKa3asiock 6oJiee MPOCTBIM, YEM pEILCHHE TPU MOMOLIH BTOPOWH
1€OPEMBI  PA3JIOKEHHS.

1
Mpumep 5. Haiith opuruuan ans QyHkumu F(p)—-(—p—sz—)—}-.
<2 Bocno:b3yemcs BTOpoil Teopemoit pasnoxenus. dyHkuus F( p? HMeEET
iBa MNojloca 3-ro nopsaka p=+Pi, M € OpHUrMHaN ONpeaeNseTcs

PABEHCTBOM

f(t)=BbIu [(pziw ; Bi:l + BbIY [(—[_)—Z_Z—W — Bi:l:

=2Re (Bbl‘l I:(—E%_p’[;—zy ; Bi:D.
Hmeem:

llhl‘lI:( 5 )3. BI:I 2'p;.;;.d ((I’ Bi)? 7 2+B)3>

1 . d? e? 1 tlem 6teP 12¢*
=-l1m——5——1—3=—l| 3 ,4+ s |T
2 p—Bi d[) (p+ BI) 2 p—Bi t+B’) (p+ Bl) (t+ ﬁ')
2Pt 3pebit 3P
T6p%  16p* | 16p%
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(npy  nuddepeHIIUPOBaHHH MbI BOCTIOJIB30BaNIMCL (popMynoii JleibHuua
JUIS TPOM3BOAHON Mpou3BedeHUs). BoinennB neiCTBHTENBHYIO YaCTh 3TOrO
BLIDAXKEHUS W YIABOMB €€, INOJIYYHM

fl0)=-

t2sinBt 3tcosPt 3sinPt
_ . B>

8ﬁ3 8'34 865

Mpumep 6. Haiitu opurunan mis QyHKuuu F(p)= ol
<1 3HaMeHaTens ApoOM 3Jechb WMEET TOJBLKO MPOCTbie KOPHH py,= *+1,
P34=ti. TloaToMy B cooTBeTcTBUM ¢ (opmynoit (2) monydaem

4 1 . 1 , ~ eit e—il 3
f(l)—- Z ?t’ k ‘—‘(E —e +i—3+(—_—i)—3>—

1
=—————~————=—(sht—sint). >

OTOoT mpuMep MOXHO ObUIO pPEIIMTh, MCXOAS M3  Pa3JIOKEHHA
1 1 1 1

P =1 2\p2—1 p2+1)

[Nonb3ysce nmepBoil TeopeMOM pa3JIoXKEHMS, HAUTH OPHUTHUHAJIBL
U1 3aJaHHBIX (YHKUUH.

13.88. Lcost.  13.89. sin-.
y4 ¥4 p

13.90. —lnp+l. 1391, L'
2p p-1 P

1
« 1T
13.92*, ——e P70,
p—1
IMonb3ysach BTOPOH TeopeMoii pa3jioKEHHA HJIM C TMOMOILILIO
Pa3jI0KE€HAsE HA J3JIEMCHTAPHBIC 11p06ﬂ, HalTH OpHI'HHAJbl U1

3alaHHbIX (YHKIMIA:

p p+2
13.93. F@):m. 13.94. F(P)=(p+|)(p_2)(pz+4)'
13.95. F(,;):%‘p”)), rae Q(p)=(p—p1)(P—p2)--(P—pn) 4 Bee

YUACJa py NOMNapHO pa3JIMYHbI.
1
(p*=1)*
13.98. F(p)=—L—.
o

1
(P2+1)2(p?—4)
13.99. F(p)=—2

13.96. F(p)= 13.97. F(p)=

13.100. F(p)=—p—p——. 13101 F(p)=—p .
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pi+1

_ 14
13403, F(p)=i—p oy

p3
13.104. F(p)=m.

§ 3. IpumeHennst ONEPaLMOHHOrO HCYHCJICHHS

1. Pemenne suueiinbix uddepennnaibHbIX ypaBHeHnii M CHCTEM ypaB-
nennit ¢ nocrosuubiME Koddhduumentamu. [1i1s Toro 4tobbl HalTH pellieHde
\(r) smHeRtHOTO QU(GEPEHINANILHOTO yPABHEHUS C TOCTOSHHBIMH KO3(-
(pMLHEHTaMH

xMpax® Vg tax=f(1) (1
(ine f(t)— opHruHan), yAOBIETBOPSAIOLIEE HAYAILHBIM YCIOBHAM
x(0)=xo, x'(0)=x0, ..., x""D(0)=x§" ", ()

CJICyeT NPUMEHUTH K OOEMM YacTAM ITOro ypaBHEHHs NpeoOpa3oBaHue
llannaca, T. €. ot ypaBHenus (1) ¢ ycnosusmu (2) nepeiiTu x onepartop-
HOMY YPaBHEHHIO

(p"+arp" ' +..+a) X(p)+Q(p)=F(p),

1ae X(p)—mn306paxerue uckomoro peiuenusi, F(p)—u3zobpaxenne dyH-
KUXH f(( a Q(p)—HekoTopbiit MHOTOUNEH, Koaq)qmunembl KOTOpOro
JABUCAT OT HAYaJbHBIX JAAHHBIX Xg, Xo, ..., XD u KOTOPBIA TOXIECT-
BCHHO DaBeH HYJIIO, €CM Xo=Xo=..=x§ ""=0. PewuB onepaTopHoe
ypaBHEHME OTHOCHTEJbHO X(p):
y(p)<FP)—0(p)
(P)=—7r
(p)

(L(p)=p"+a;p"~ "+...+a,— XapaKTEPUCTHYECKU MHOTOUJEH JAHHOIrO

YPaBHEHUA) H Hdmm OpHIMHANM s X(p? MBI TOJYYHM HCKOMOE
peiienme x(t). Ecim cuntath xo, Xo, ..., X§ ') NIPOH3BOJNBHBIMH TIOCTOSIH-
HLIMH, TO HaNJEHHOE pelleHue OyneT oOlMM pelleHHeM ypaBHeHus (1).
('OBEPILEHHO AHAJIOTHYHO PELIAIOTCS M CHCTEMbl JMHEHHbIX aubdepeH-
IIMAJIbHBIX YPaBHEHUH C NMOCTOSHHBLIMU koddpduuuentamu. Otiauuue Oyaer
JMWb B TOM, YTO BMECTO OJZHOrO ONEPATOPHOIO YPABHEHHS MBI MOJYYHM
CHCTEMY TaKMX YPAaBHEHWH, KOTOpble OyayT JMHEHHBIMH OTHOCHTEJILHO
H300paXeHNniH MCKOMBIX (DyHKuMiA.

[MTpumep 1. Haiitn obwee pewenne ypaBHeHus x”+2x'+x=te ',
A4 TAKXKE €ro HaCTHOE PELICHHE, YIOBJICTBOPSIOLICE HAYANBHBIM YCIOBHAM
=1, xpg=2.
- I'lycn x(t)=X(p), Torma

x'()=pX(p)—xo, x"(t)=p*X(p)—pxo—xb.
1

Mo Tabnuue u3obpaxeHuit HaxoouM te '=————, N ONEPATOPHOE

(p+1)*
YPaBHCHHE HMCEET BUA

1

(P?+2p+1)X(p)=(p+2) X0 x():W-
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Orcrofa HaxoouM

p+2 1 1
X(p)=

T R T T B PN E

18 OTHICKAHHs ODHIHHAJa B JAHHOM CJiydae MpOLIE BCEro MpPENCTABHTHL
X(p) B crnenyromem Buze:

(p+1)+1 1 1 1 Xo+Xo  Xo

= X xo+ = + +—.

R P e PR L P R P A P R
IMonp3ysace Tabmuueit u3oOpaxeHuit, HaxomuM obllee peileHne

x(l)=31—’t3e"+(xo+x2,)te"+x0e".
O603HaunB xo=Cy, xo+xo=C,;, €ro MOXHO 3aIKCaTb B BHJE
x(t)=%t3e"‘+(C|+C2t)e".
YacTHoe pellieHHe, YIOBJIETBOPAIOLICE 3aJAaHHBIM HA4aJIbHBIM YCIIOBHAM
x(t)=—;-t3e"'+(l+3t)e”'. o>

[Ipumep 2. [pounterpupoBaTh ypaBHeHue x”+ x =/ () npu HyjIeBbIX
Ha4aJbHBIX YCIOBHSX, €CIIH

n
t npu OS1<E,

fl)=

alnailN

(n—t) npm g$t<n,

0 npu (2T

< 3amHmeMm f(f) ¢ nomowsio eauHMuHol (yHkumn Xesucaiina:

f(f)=(1 —T\(’—g‘));ztt—(T](l—g)—n(l—u))%(t—n):
=1”2t(’—27l(’—g)(’—%)+ﬂ(t—n)(t—n)),

IMonb3ysace TeopeMoii 3ama3abIBaHMA, OTCIOJA HAXOIUM
n
5P
1—2e +e™ ™

E RS

f)=F(p)= P’
Tak Kak HauaJbHbIE YCJIOBMS HYJEBbIE, TO, Nonaras x(¢)= X (p), npuxoaum

K ONEPaTOPHOMY YPaBHEHHIO x

—<p
1-2¢ > +e ™

ailN

(P*+1)X(p)=

2 s
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M3 KOTOPOro mnoOCji€ HECIIOXHBIX npeoﬁpasonalmﬁ Haxoaum
n

2 LA VAT
X(p)=1—t(l'—28 +e p)(p—z—pT—;‘l_)

1

ﬁ;’ t—sin t, TO, CHOBa NMPHUMEHAA TEOPEMY 3ana3abIBaHHs,

Tak xak 5=
14

HAXOUM

o-Sfrmren( ) (-3

+n(t—n)((t—n)—sin(t—m)),

2(1 int) 0<r<=

—(t—sin mpy  0<t<c,

n P 2
2 . T

x(t)=< =(—sint—2cost—t+n) npu FSt<m,
n

4
——Cos! npu (=2n. o>
n

IMpumep 3. Haiitu peweHde cucTemsl
x'ty=ée',
x+y'=e”

t

UpM HaYaibHBIX YCIoBHAX x(0)=xo, yS()):yo,
< MOyers  x(1)=X(p), y()=Y(p), “torma  x'(t)=pX(p)—xo,
y'(t)=pY(p)—yo, W moONydaemM ONEPATOPHYIO CHCTEMY

1
pX(p)—xo+ Y(P)=l:,

. . 1
Y(p)—yo+X(p)=—o.
Y (p)—yo (p) prl
Pewlass cucreMy, Haiiem
P 1 pi+1

X(p)= -
(p) pz_lx(’ p2_|y0+(p2_1)2’

1—xo 2p
pZ___l (pz_l)z

p
Y(p)= Yo+
()pz_ [

1

W, ClenoBaTeNbHO,
x(t)=xocht—yosht+tchy,
y(t)=yocht+(1 —xo)sht—rsht. o

Haiitu obwme pemenus muddepeHIHaNbHBIX ypaBHEHUI:
13.105. x"+9x=cos3t. 13.106. x"—4x'+4x=e*.

13.107. x"+2x'=te” 2. 13.108. x"+x'—2x=¢".

13.109. x"+x'=e ‘sint.
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Haittu pewenus muddepeHmmanbHbpIx ypaBHEHHH HpHM 3aaH-
HbIX HayaJbHBbIX YCJIOBHSX:

13.110. x"+x=0; x(0)=0, x'(0)=—1, x"(0)=2.

13.111. x"+2x'+x=e""; x(0)=1, x'(0)=

13.112. x"+3x’=e'3'; x(0)=0, x'(0)=—1.

13.113. x"—2x'+2x=sint; x(0)=0, x'(0)=1.

13.114. x"+4x=sin2; x(0)=l x'(0)=-2.

13115 x"—~9x=sh; x(0)=—1, x'(0)=3.

13.116. x"—x"=e" x(0)=1, ( )=x"(0)=0.
17, XV —xmsh s x(0)=x'{0)=x"(0)=0, *"(0)=1

1318, x"+3x"+3x +x=te % x(0)=x(0)=x"(0)=0.

HaiiTi npu HyJeBbIX HavaJbHBIX YCJIOBMSX DELICHHS CIeay-
omux  auddepeHnuanbHbIX  YPaBHEHHM:

<
13.119. x'+x=f(), roe f(t)={(l) ﬁg: O\ﬁii’

120l rae 1= 5 TP OSSR

o o<r<l,
13121, x"—x'=f(1). rae f(t)={g zgz t;l.

1 npu 0<r<1,

13.122. x"+x=f(t), roe f(t)z{ —1 mpu 1<1<2,
0 npu 1=2.

13.123**, C nomompio uHTerpana [JroamMens mgoka3aThb cile-
Aylollee  yTBEPXKIEHWE: €ClNH X, ({)— pellleHHe  ypaBHEHHUS
x"4a,x" V4  4a,x=1 npH HyIeBBHIX HAYANLHBLIX YCIOBMSAX
x0)=x"(0)=...=x""Y(0)=0), TO pewieHHEM YypaBHEHUS
x"4ax" " Y4 4a,x=f(f) Ipy Tex Xe HaAYaJbHBIX YCJIOBHSX
sBasieTcst pyHKuus

x(f)= [x )f(t—7)dt=x,(1) f(O +jf(1: xi(t—1)dt

(f () —npoN3BOJILHBIA OpUrMHAI).

3ameuvanue. Pesynbrar 3amaum 13.123 mno3BosiieT HAXOOUTb
peleHne JIMHENHHOro IuQGepeHIInaNbHOrO YpPaBHEHHS C TOCTOSIHHBIMH
k03hUIMEHTAMH TIPH HYJIEBBIX HAYaJbHBIX YCJIIOBHAX, HE HAXolIs HM300-
paKeHHs TMPAaBOH YacTH JTOro ypaBHEHHMS.

IMonb3ysace pe3ynabraTroM 3amaud 13.123, HaiiTw perneHus
crepyromux auddepeHIMaNbHbIX ypaBHEHHIA:

13024, x'—x=——. 13.125. x"—x=—1
e'+3 1+e'

270



13.126. X" —x' = 13027, x"4x=—"

1+e! 2+cost

13.128. x"+x=e""".

Haiitu ob0ume pemenus cucreM nauddepeHnuanbHBIX ypa-
BHEHUHN

13.129. x"+y’'=t, 13.130. x"+y'=sht—sin¢,
y'—x"=0. y"+x'=cht—cost.

Haiitn pemenus cucteM muddepeHIHATLHbIX YpaBHEHHH NpU
3J4JaHHBIX HAYaJIbHBIX YCIOBHSX.

13.131. x'+y=0,

=1, y(0)=—-1

cry =0, *O=10

13.132. 2x"+x—y'= —3sint,
x4y’ = —sint

x(0)=0, x'(0)=1, y(0)=0.
13.133. x"—y'=0,

x—y"=2sint

x(0)=—1, x'(0)=y(0)=y'(0)=1.
13.134. x"—y'=0,

x'—y"=2cost,

x(0)=y'(0)=0, x'(0)=y(0)=2.
13.135. x"—y'=¢",

xl+yll_y=0;

x(0)=1, y(0)=—1, x'(0)=y'(0)=0.
13.136. x"+y’'=2sint,

y"+z'=2cost,
z"—x=0;

x(0)=z(0)=y'(0)=0, x'(0)=y(0)=—1, z'(0)=1.

IIpouHTErpUpOBaTh NPH HYJEBBIX HAYaJIbHBIX YCIOBMAX CH-
crembl muddepeHnUaIbHBIX ypaBHEHHIA:

13.137. x"—y'=f (1), _{
yax=plo, N0

{ t upu 0<r<m/2,

1 npu 0<t<m,
0 nmpu t2m,

f2(0)=

n—t npu T2<t<m,
0 npu t=>m.
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" 1 npu 0<t<m
13.138. x"—y=0, ’
, roe f(f)=< —1 npu n<r<2m,
y'=x=f(1), “

0 pu t=22mn.

2. Pemenne JHHEHHBIX HHTErPAJbHBLIX H HHTErpo-au¢depeHIHAILHBIX
ypaBnennii. Mcnosb3ys TeopeMy CBEPTBIBAHHA, MOXHO JIETKO HAaWTH
u300paxKecHUs PEIICHHI MHTErpasibHbIX ypaBHeHuit Bosibteppa 1-ro u 2-ro
pona (a B NpOCTEHIIMX Ciy4yasX NO HAWICHHOMY H300paKeHHIO HANTH
W CaMo pellieHHE) B TOM Ciyqae, KOrJa SAPOM B COOTBETCTBYIOILEM
ypaBHEHMU cayxuT ¢yHkuus Buga K(z—t), rae K(f)—opurunan. IT1oT
MeTo/J MPUMEHMM M K HHTerpo-anddepeHuHatbHEIM yPaBHCHUAM C TaKHM
K€ SOPOM.

MMpumep 4. Halitu pewenue ypagnenua Boavmeppa [-20 poda

feos(r—1)x(t)dr=1cost.
o

< Ilycte x(£)=X(p); Tak xak

P pi—1
COSt=———, [COSI=r——,
pi+1 (p*+1)
1
X
[cos(t—t)x(t)dt;’pz (r)
0 pe+1
(N0 TeopeMe CBEPTHLIBAHUS), TO NPUXOIMM K ONEPATOPHOMY YPaBHEHHIO
pX(p)_ p*—1
PP+l (pP+1)¥

oTKyIa
2
p:—1 2p 1
X(P=—— =
p(p*+1) p*+1 p
Takum o6pa3om, x§l)=2cosl—l. =
Mpumep Haiitu pelieHue ypaBHEHHS x"+x=
t

=sint+jsin(l—t)x(t)dr npu HavaJbHbIX yciaoBusax x(0)=0, x'(0)=1.
< l'lom?raﬂ x()=X(p), umeeM

1
“(=p*X(p)—1, sint=——r0,
x"(N=p*X(p) sin o)

:{Si“('“‘)X(r)drélfif)l,

IMony4yaeM omnepaTopHOe ypaBHEHUE

1
(p“rl)X(p)—l=p2+
WK
(P*+1)* =) X(p)=p*+2.
Orciona Haxomum X (p)=1/p? u x()=t. >
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Pewnts crnenyloiie MHTErpajibHble M HHTErpo-auddepeHm-
UIbHBIE YPaBHEHMS:

13.139. fch(r—1)x(t)dt=cht—cost.
0

13.140. 3_'{sh(t-—t)x(r)dt:x(t)—e".

13.141. J rsin(r—1) x(t)dr=x"—x"+e¢'(1—cos 1);
0
x(0)=x'(0)=1.

13.142. jsh(t—t)x(t)dt=x"—x'+%tsht; x(0)=1, x’(0)=0.
0

IMpounterpupoBaTh ypasnenuss Abeas:

t

x(t)dv

\/,—_—

13.143.

13.144. f"(’)dt—zﬂ 0<a<l, B>—1.

3. MnterpupoBanHe JIMHEHHbLIX YpaBHeHHHi B YaCTHBLIX NPOH3IBOIHBLIX.
[TpuMeHEeHHe ONEPALMOHHBIX METOJOB IS HMHTErPUPOBAHMSA JIMHEHHBIX
YPaBHEHHH B YACTHBIX NPOM3BOJHBIX PAacCCMOTPHM Ha TpHMepe.

MMpumep 6. Halitn pelieHue ypaBHEHHS

02z

——+2z=sinxcosy,
Ox 0y

yaosnerBopstoilee ycnosuaMm z(0, y)=siny, z(x, 0)=0 (xe [0, + o), ye
€ [0, + o0)).

<1 TlepexoauM K OMNEPAaTOPHOMY YPABHEHHIO OTHOCHTENIbHO apryMeHTa
y, nonaras z(x, y)=Z(x, p). Orcrona

0z
3,7 PZ(x p)==(x, 0)=pZ(x. p)

%z

=—(p2(v pP)=pZ(x, p)
Cydx Ox

(mo TeopeMe o AupGbEpeHIMPOBAHUH ONEPATOPHBLIX COOTHOIUIEHHH MO

napamerpy). [lonyusaem omnepaTopHOoe ypaBHEHHME:

psinx P

TaK KaK COSy=-——|.
pi+1

Z ' (x, Z(x, p)=
PZ(x, P)+Z(x, p) pEa
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WHrerpupys nojyuyenHoe auddepeHuHanbHOe YpaBHEHHE MO aApryMeHTY
X, HAXOIUM
2

Ld sin x P cos X

2 2 2 2 o
(p?+1) (p?+1)
B cuny HavanbHOro ycinosus z(x, 0)=0 M TeOpeMbl O CBSI3M HaYaJbHOro
3HAaYEHHs] OPUTHMHANA M KOHEYHOrO 3HAYEHUS M300paXeHUs MbI JOJIKHBI

Z(x, p)=Ci(p)e 7 +

umets lim pZ(x, p)=z(x, 0)=0, oTkyma Haxomaum lim pC,(p)=0, npu-
p—o p—oC

yeM ecit Cy (p)=@(y), T0 ¢ (0)=0 (B cuity Toi e Teopembl). 3anuileM
Tenepb Z(Xx, p) B CJEAyIOUIEM BHIE:

1 -2 p
Z(x, p)=pCi(p)-€ "+—5——3
( ) 1( )p (pz

(P4 +(p? 1)
+1)ZSIHX——————————' C

COS x.
2 (pPrl)? x

Ho Tak xax
1 -3 -
PCi(P)=0' (1) ¢ P=1o(2/x)

(cM. pewsenre npumepa 4 u3 § 2),

P 1 pi-1

(FZ‘I]-)—Z.:E_}’SIU}/, (—F_’_—l)zzycosy,

TO HaxoauMm:

y
1 1
z (x, y)=J(p'(t)lo(2. /x(y-t))dt+§ysinysinx—i(siny+ycosy)cosx=
0

y

1 1
Jw'(z)10(2J)c(y——0)dt—gsinyw”“iyws(”y)
0

(nepBoe cjlaraeMoe MOJIyYEHO MO TEOPEME CBCPTHLIBAHHS OPUIMHAJIOB).
Tax xak I,(0)=1, T1O, monaras x=0, Haxoaum:

y

1. | | 1 .
z(0, y)= (p'(t)dt—ismy-5ycosy=(p(y)—iany——iycosy:smy
)

3. 1
(no HavaJIbHbIM YCIJIOBUAM); NO3TOMY eo(y)= 2 siny+ Ey cos y,

1
(p’(y).-=2cosy-—§ysin Y, U OKOHYATEJIbHO HAaXOJNM

z(x, y)=J{<2cost—%tsin 1)10(2\/.:();—-:))(1:—

1
—Esinycosx—iycos(xwLy). .
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TpounTterpupoBath CJeAyIOIINE JINHEHHbIE YPABHEHNS B 4acT-
HBIX TMPOU3BOIHBIX:

0tz oz

13.145. @—5;+z=cosx; z(0, y)=y, z%(0, y)=0.
0’z 0z, ) , _
13.146. a—z—a—y—a z=f(x); z(0, y)=—y, z%(0, y)=0.

13.147**, VYpaBHEeHHS [JIMHHOW JIMHUM B Cjy4ae OTCYyTCTBHUS
noteps (MHEHHOEe compoTHBIeHHE R M yTeuka G paBHBI HYJIIO)
MMEIOT BHI:

du(x, t)= _Lﬁi(x, 1)

ox or
3

difx, 1) _Cau(x, 1)

ox a

rne u(x, {)—HanpsbkeHue, i (X, {)— TOK B TOYKAX JUHHUH B MOMEHT
BpeMEHM !, L —MHOYKTHBHOCTL M C—€MKOCTb, OTHECEHHBIE
k emuHuune mauHbl. Haiitu pemenus ypaBHenuil (3), ymOBJeT-
BOPSIOLIME HAYAJIbHBIM YCJIIOBHSAM

u(x, 0)=i(x, 0)=0 “4)
W TPAHHYHOMY YCJIOBHIO
u(0, )=q(t)=Esinwt.

13.148. B ypaBHEHMSX MIMHHOHM JIMHUU

6u£x, 1)= _Lﬁi(x, ’)—Ri(x, ),
ox t
di(x. 1) u(x, 1) ©
i(x, u(x,
o -C ry —Gu(x, 1),

B Cillyyae JIMHMM Oe3 McKaxeHwii, Bemuunbl R, L, C 1 G CBS3aHbI
R G " .
COOTHOIIEHUSMHU ==V Haiitn peennss ypasHenuit (5), ymoB-
JIETBOPSIOIIME HAYAJIbHBIM YCJIOBUSM (4) M TPAaHHMYHOMY YCIIOBHIO
u(0, )=q()=E(n()—n(—1)), t>0.
4. Boluncienve HecoOCTBEHHBIX HHTErpasioB. Omun u3 cnoco6os

BBIYMCIIEHHsE HECOOCTBEHHBIX HMHTErpajoB BHIA f f(t)dt ocHoBaH Ha

o
NMPUMEHECHUU TEOPEMBI ONECPAIITMOHHOTO HMCYHUCJICHUA O CBA3H «KOHEYHOro»
3HAQYCHUSA OpUIrHHajJa M «HAYAJbHOrO» 3HAYCHHUA H306pa)KeHPlﬂZ €CJIH

@(H=® () m cywecTByeT koHeunwmii mpemen lim @ (H)=¢(+ ), TO
1=+ 00

lim @ ()=¢(+o0)=1limp®(p) (cM. 3amauy 13.15).
1=+ p—0
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U3 310l TeopemMbl M COOTHOLUECHHA

fﬂ0m=%F0ﬂ (F()=F(p)

+a

NpH YCNIOBHM CXOZMMOCTH HMHTerpana [ f(f)dt cmemyer cooTHoluenue
0

T () di=F(0) ©)

+ o0

sin ¢
Mpumep 7. BoiyucauTb MHTErpasn J —dt.
t
0

1
< Tak xak = , TO TO TeopeMe WHTErPHPOBAHHA W30OPaKEHHS
pi+1

HMEEM

o0

sin ¢ j dg n
— =——arctgp,

t 241 2
14
nostoMy no ¢opmyne (1) Haxooum
+ a

sin ¢ n
—dt=—. >

t 2

IMycrs  Gynkuun

+ o

f,w) v Y= [ oW f(t, wdu
[

ABJISIOTCA OpUTHHanamu W f (¢, u)=F(p, u). Toroa, mpumeHnsis Teopemy
00 MHTErpMPOBAHHH NO MapameTpy, OyaemM HMeThb

wM#Wm=T¢MH%WW-

[Mostomy, ecnu wuHTterpan, onpeaeistowmid W (p), MOXHO BbIYHCIIHTS,
+ 0

TO 1S OTBICKAHMA MHTErpana j @ (u) f(t, uydu [pOCTAaTOYHO HAWTH
0
opuruHan ans W (p)., T.e.

+ oo + o0
§ o f(t, wdu= | @(u)F(p, u)du. U
0 0
+ w
cos tudu
IMMpumep 8. Boluncauth HHTErpan —5-
o +u

0o
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<1 HMmeeM cos tu.=='$4 INosromy (no dopmyne (7))
pitu

costudu pdu p du du \_
a?+u? (p +u?)(x?+u ) pi—a? al+u? pi+u?
(V]

+ o
costudu =
———=—e " >
f a?+u? 2a
0
Ewe oaMH Ccnoco® BBLIYMCIEHHS HECOOCTBEHHBIX MHTETPAjiOB IPH
IIOMOIIIM ONEPALIMOHHOTO MCYUCIECHHA HaeT
Teopema [Mapcesans Ecau fi(t)=F,(p), /2()=F,(p) u dyn-
kyuu Fy(p) u Fy( p) anaaumuunvl npu Rep>0, mo

_[fl(u)Fz (W) du= _f Fy(v) f>(v) dv 8)

lIpu 3mom u3 cxodumocmu 00HO20 U3 IMUX UHMe2paao8 caedyem

cxodumocms Opyz0z0'). .
e~ *sin Pu
Mpumep 9. Beiyucaurb ——du, a>0.

u
0o

< ”MC]CM e “sin BI#GE?—Z—:‘;;, n(t).='£. IMonaras f, (u)=e~*sin Pu,
I"z(u)=;, uMmeeM F, (v)——-m, f2(v)=n(v). ITostomy mno ¢op-
myiae (8)
me'“"sinBudu : Bn (v)di _p
u (v+a)2+Bz (v+0t)2+l32
V] V]
(Mm@)=1, tak kak v>0). Ho

+

I ct x arct B
=——arctg—=arctg—.
2 gB ga

0

B J’_._____c{g...__..—arct gj:z
(ro)?+p? PP
]

“Ecnu ans ommoit w3 dynxumii Fy(p) wim  F,(p) ycnosue
AQHAJIATHYHOCTH BBIMOJIHEHO JHiUb NpH Rep>0, To cxomumocTh oxHOro
M3 MHTErpajioB MOXET HE HMEThb MeCTa.
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Takum obpazom,
+ o
e *sin Budu
f i—:arctgﬁ, a>0. >
u o
0

BbIYHCIIUTL HecOOCTBEHHbIE MHTErpajibl, HUCNONb3ys (opmy-
ny (6):

+ o
—at __ ,— Pt
13.149. J"——"l—cﬂ-’m, % B>0.
0
+
13.150%. [ e “Inrtdr, o>0, p>—1.
0

BoryuciiuTh HeCcOOCTBEHHBIE HWHTErpalibl, UCHONb3YyS (GopMy-
ay (7):

+
+ o

13.151. JM. 13152 | e~ du.
u 0

2 +o 2
0
BbluncauTh HecoOCTBEHHBIE MHTErpajibl, MCHOJIB3ys TEOpeMy
[Mapcesans (dopmyna (8)):
+ o
e~ _p~ Pu

13153, | S —du, a, B>0.
)
+ o
13.154, | Smou=sinBu, o B>0:
uju
0
+
—ax2_ , —Px2
13.155*, f"—f—dx, o, B>0.
X
0

5. CymmnpoBanne psiaoB. MeTOIbl ONEPALMOHHOIO MCYUCIEHHS MOTYT
ObITb UCHOJIB30BaHBI MPH CYMMHPOBAHHH HYUCIOBBIX M (DYHKUMOHAJILHBIX
psSIOOB. ‘

Mpumep 10. Mycrs f(r)=F(p) (obnacte ananutuynoctu F(p):

a0

Rep>k). Mokasate, uto cymma S paga . (+1)"F(n) MoxeT ObITh
n=k

HaiaeHa no dopmyne
+ o
e M f(n)dt
S=(+1)* | ————. 9
ey [0 o
o
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+ o k,—kt @
-2 Mo ycnosuo F(p)= | e " f(1)dt. Umeem: %‘—= S(x1)re ™
llosTomy ’ e
) Mf)de o n
e [ R0 Jm;(il)e =
=Y (21 [ e f(Ddr= 3 (1) F(). o
n=k o n=k

Ucnonb3ys ¢opmyny (9), HalTH CyMMBbl CIEOYIOUIMX YHC-
JIOBBIX DSIOB:

oo

ad 2
13.156**. ) — . 13.157**. )" arctg—.
n=l<n2_1> n=1 n
4

13.158*. ¥

n=1

2n+1

d 3
- - * E: P o
(n24+1)(n*+2n+2) 13.159%. Bl T

n=1
Mpumep 11. Mycre f(1)=F(p) (obmacte ananutmuHocTH F(p):

Rep>0). Mycrb, kpome Toro, ®(r, x)—mnpoussoaswas ¢yskuus Oec-
KOHEYHOM mocienoBaTebHOCTH dyHKuMil @, (x), T. €.

Jlokasatb, uto cymma S(x) cxoaswerocs Ha [a, b] dyHKUHOHANBLHOTO
©

paga Y F(n)e,(x) MokeT 6biThb HalizneHa no dopmyie
n=0

+ o

S(x)= [ ®(e™", x)f(r)dr (10)

<1 Umeem:

+x

J ot x)f(z)dr!ff(r)i 0 (x)e i =

n=0

z j e " f(1)dt= Z ©.(x)F(n)=S(x). >
n=0 o =0
Hcnonb3ys ¢opmyiay (10), ¢ moMouiblo MOAXOASLIEH NpouU3-
BoAsLEeH (YHKIHH NPOCYMMHPOBATH ClEAYyIOUIME pPSAbI:

e o) 2n+l

* —
13.160 *. Eo( T
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S 13 (2n—1) x2*!
13.161% 2:4.2n  2n+1

n=1

sin nx

13.162**. Y

n=1

13163 3 (—1)7 ' =5, xe(0, )

n=1

, xe(0, m).

6. Tlpnmenenne ONEPALMOHHOrO WCYHC/ICHHS NPH pacueTe IAEKTpHYe-
CKHX meneii. MeTOAbI ONEPAIMOHHOrO HCHYHC/ICHMS LIMPOKO MCTOfb-
3YIOTCS NpU  pacyeTax [pOUECCOB, MPOTEKAIOWMX B  ICKTPHYCCKMX
uensax. Ilycts i(t) M u(f)—COOTBETCTBEHHO TOK M HANPAKEHHE B
uenu. [IpuMeHeHHEe ONEPAaTOPHOTO METOAA OCHOBAHO HA  CIIPABE/LTH-
BocTH 3akoHoB Kupxropa nns onepatopubix Toka I(p)=i(r) u Ha-
NpSKEHHS U(p),——-‘uft). Ha ocHoBanuu 3akoHa OMa 1S OCHOBHBIX
3IEMEHTOB JIEKTPUYECKOH LeMH MOryT OBITh 3aMHCaHBl CiEAyIOLLUE
COOTHOLUEHHA:

ug(t)=Ri(r)
di(t)

=12
w (1) =L

IJid CONMPOTUBJICHHUSA R,

AJ11 HHAYKTHBHOCTH L un
t

uc(1)=% J i(x)d -+ uc (0)

0

g €EMKOCTH C. l'lcpexoim K H306pa)KCHHﬂM, OTCrola 1oJiyyaem
Ur(p)=RI(p).
Ur(p)=pLI(p)—Li(0),

uc(p)=;,'~cl(p)+,{uc<0).

Ucnoab3ys 3akoH Oma B onepatopHoi ¢opMe, IS NPOU3BOJILHOTO
y4acTKa LEMH MOXEM 3amnucaTthb

U(p)=2z(p)i(p). (11

rae Z(p)— onepaTopHOE COMPOTHBJIEHHE YKA3AHHOTO ydacTka uenu. Jlis
y4acCTKOB C COMPOTHUBJIEHHEM R, HHAYKTMBHOCTbIO [ HJIH €MKOCTbIO
C npH HYyNAEBbIX HAYAJbHBIX YCIOBUSAX OTEPATOPHOE CONPOTHUBIIEHUE
HMeeT, COOTBETCTBEHHO, BHI:

Zr(p)=R. Zu(p)=Lp. zc(,,)=z';.

an HEHYJICBbIX HAYaJIbHbLIX YCJIOBHAX K UMCHOUIMMCA B LMK UCTOYHHKAM
9. I. C. JOOABIAIOTCA [JOMOJHUTEIbHbIE HCTOYHMKH. Beawuuusl 3. 1. C.
AOOMOJIHUTEJIbHbIX HCTOYHHUKOB ONPEACIAIOTCA 3anacaMu 3HEPrud B HH-
AYKTHBHOCTH M €MKOCTH M paBHbl B ONEPATOPHOM BHUAEC, COOTBETCTBEHHO,

Li(0) —%uc(O).
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CootHowenne (11) sBAsSETCS OCHOBHBIM /IS PAacyeToOB 3aMaHHOIO
yyacTKka Lend B onepaTopHoi ¢dopme.

Mpumep 12. Haiitn Tok i(f) B uenu, w306paxeHHON HAa PHUCYHKe
101 npH NOAK/IIOYEHHWH TOCTOAHHOM 3. 1. C.

¢(f)=E. HavanbHble YCIOBHA HyJeBble. r—'/"zm'"c_'
- Tak kak e}t):E.:’E/p, TO, HCHOJIB3YS

cooTHolenne (11), Haxomum:

Z(p)M(p)=Elp. (12)
INic  onepatopHoe conportusieune Z(p) R[]
neny, u3obpaxeHHoi Ha puc. 101, umeer 2e(t)

BUI

z(p)=zL(p)+zc(p)+zk<p>=Lp+—C';+R,

Puc. 101.
B CHUJIy HyJIeBbIX HavaJbHbIX ycioBuit. I[loa-

CTaBiss  nosyyeHHoe Bblpaxenne A Z(p) B (12), Haxomum
E E E 1 a3)
—pz(p)_L2+R +lﬂL +R 2+ L_R)
prRTe \PTa) "\cTaLe
Ins oTbicKaHMA OpMrMHana i(¢) cieayeT paccMOTPETb TPH Ciydas

B 34BUCHMOCTH OT BHAA KODHEH KBaApaTHOro TpeX4wieHa B MpaBoi
yacTH Bbipaxenus (13).

1(p)

R?
[Myctp —>—, toraa no ¢opmyne 10 Tabnuusl H300paxkeHui
YT 7073 i dopmy p
HaXOIUM
E Lo [t R?
i(t)=——= e 2 sin [———1
1 R? LC 4L
LC 4L?
2
[Mycth —=——, TOraa BOCHOJIb3YEMCS MyJio 3 TOH e
L RV R it y dopmy
TabanUbBI:
R
E ——:
i(t)=—te 2L .
(=7
1 R? -
Haxownen, eciu R’<4_Z—2’ TO KOMOMHUPYS GopMynbl 8 U 3, HaxOoaUM:

T —

By R 1
e 2L Sh —2———1. (=
R? 1 4L* LC
L [ —
4L?

13.164. Haiitu Tok i(f) B RC-uemu (MOCNENOBATENIBHO BKJIIO-
4eHBl compoTBieHMe R ¥ emkocTh C) NpPH MOIKIIOYEHHH
NOCTOSHHOM 3. . C. e(t)=E, ecmu uc(0)=uo.
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13.165. Haiitu Tok i(r) B RL-nemn (MOCnEaOBAaTENbHO BKIIO-
YEeHbI CONPOTHBJICHHE R M MHAYKTHBHOCTh L) NpH IOIKJIOYEHHH
NOCTOSIHHOM 9. . €. e(t)=E.

13.166. Haiitu Tok i(r) B menu, u3oGpakeHHOH Ha puc. 101,
NpH MOAKJIOYEHHH MOCTOSHHON 3. I. C. e(t)=E, ecmu uc(0)=uo.

e
A o 1 { et
T

Puc. 102. Puc. 103.

e T
DTS TS S R

E 13

T T

Puc. 104. Puc. 105.

Jns m3o0paxenHsix Ha puc. 102— 105 snekTpuyeckux Lemnei
ONpEENMTh HANPSXKEHWE Ha YKA3aHHOM DJJIEMEHTE LENH TpH
MOKJIIOYEHAH TOCTOSIHHOM 3. 1. C. e(f)=E (TaM, rae Heob6Xxoqumo,
nosoXuTh e (0)=0):

13.167. Puc. 102. u, (1)=? 13.168. Puc. 103. u,(r)="?
13.169. Puc. 104. ug (1)=? 13.170. Puc. 105. uc(t

=

Tpu pacueTe deKTPUHECKUX LiENeH, KOraa BO3JEHCTBHE HA CXeMy Mpen-
cTaBsieT coboit (GyHKIMIO NMPOU3BOILHOTO BM/A, MOJIE3HO HCMOJb30BAaTh HH-
terpan Mroamens (cM. § 1, coiictBo 11 npeobpasosauns Jlarmaca). Cha-
yana oOMNpenesseTcs TEPEXOHas XapaKTEPUCTHKA LEMH— 3aKOH H3MEHEeHHst
HAMNpsOKEHUS] JIM TOKA MU T0Jja4€ HA BXOJL CXEMbI €IMHUYHOIO BO3JEHCTBHS
e(f)=n(¢). B aTom ciyuae, u3 cooTHOWEHUs (11) HAXOUM ONEPATOPHBIN TOK

1
l,(p):——z(—), rae Z(p)—onepaTtopHoe CONMPOTHBICHUE BCEH LETH.
pL\p
Eciv Temepb Ha BXOA CXeMbl IMOAAaeTCA MPOM3BOJIBHOE e(f), TO
onepaTtopHbii TOK [(p) mmeeT BHA:

l(p)=;_:[;‘;=l711 (P)U(p),
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1ue U(p)=e(t). Mpumenss popmyny JlroaMens, OKOHYATEIbHO HAXOMMM:

i{t)=e(0)i (t)+ie’(t)i1 (t—1)dr=

t
=e(0)i; (¢)+ e (r=)is (t)dr=e(0)i) (t)+e *iy. (14)
0
( MMpumep 13. Haiitu Tok B RL-uend npu NOAKJIOYEHHH 3. 1. C.
¢ I)=L"".
<1 CHa4ana omnpeneisicM MNEPEXONHYIO XapaKTEPHUCTHKY LEMH, B JaHHOM

cjlyyae TOK i,(t), BO3HHMKAIOIIMK B RL-uenu npud NOAKJIIOYEHHH 3. A. C.
¢(t)=m(t). Umeem (cM. oTeeT Kk 3agave 13.165)

iy (t)=%(l—egl>.

Jns onpeneneHus Toka i(t) Bocmosmbdyemcs Qopmysoii (14). Tpea-
BAPUTEILHO BBIYUCIMM BTOPOE CJlaraeMoe:

o ¥ iy =_5;€'(I—T)i| (t)dt=

t t

—Bt —t(u+£)
=%je"""’(l—e L )dtz%e"’j(e""—e L )drz

Tenepb OKOHYATECJIbHO HAXO0JAUM

R
ML
13.171. Haiitu TOok B RL-uenu 0OpH BKJIIOYEHUH CHHYCO-
WIaabHOU 9. 4. c. e(t)=Esinwt.
13.172. Haiitu Ttox B RC-uenu, B KOTOpPYHO MpH HYJIEBBIX

R R
1 -=1 RJL -7t
i(t)=e(0)iy(r)+e *i, =z l—e b +—/— (e“'—e L ) . B>

——t
HaYyaJbHBIX YCJOBUSX TOMKMOYEHA 3. 1. c. e(t)=Ete k.

13.173. K 37exTpuueckoMy KOHTYpYy, H300pax€eHHOMY Ha
—— 1 RZ
uc. 101, momkmoueHa 3. A.c. Buma e(t)=Et’e L |—>—)
P A A A () LC™ 4L?
HaiiTu TOok B KOHType (Ha4yaJbHble YCJIOBUS HYJIEBBIE).
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§ 4. Iuckpernoe mnpeoGpasoBanme Jlamiaca
H ero npHMeHeHHe

1. Z-npeoGpazoBanue H aHCKpeTHOe mpeoOpa3oBanne Jlannaca. Z-
npeobpa3zoéanuem HYHCIOBOH (NEHCTBHTEJILHOH WJIM KOMIUIEKCHOM) Gec-
KOHEe4HO!H nociaenoBaTeabHOCTH (a@,) Ha3biBaeTCd (QYHKLHSA KOMIUIEKCHOM

nepeMeHHo#t F(z), onpeaensemas npu |z| > R =”lin; «/|a,| paaom Jlopana

Fe)=3 M

¥ aHAJIMTHYECKH NPOAOJKEHHas B Kpyr |z| < R. Ecnu nocnenoBaTenbHOCTD
(a,) ynosnerBopser yciosuio |a,| < Me®" (M >0, o—NOCTOSHHbIE), TO
bynkuus F(z) Oyner aHanuTHueckoH B obmacth |z| >e® T.e. BHe
Kpyra C LEHTPOM B HYJIEBOH TOYKE MU paauycoM R=e".

®opmyna (1) naer pasnoxenue F(z) B paa JlopaHa B OKpeCTHOCTH
6ECKOHEYHO YNAJIEHHOM TOUYKH (ABJSOLLEHCS NMpaBWIbHOK Toukoi F(z)),
NMO3TOMY AJIA BOCCTAHOBJIEHHSl TIOC/IEJOBAaTEeNbHOCTH (a,) mo ee Z-
npeobpazoBannio Hano F(z) moOGbiM crnocoboM pasjokuTb B pAR
JlopaHa B OKpecTHOCTH O€CKOHEYHO YAalleHHOH TOYKHM; B HYACTHOCTH,
MOXHO BOCTOJIb30BaThcst (opMyJioil s onpeneiieHus ko3 HUHEHTOB
JToro pasnoxeHus (cM. dopmyny (2) § S rm. 12)

a"=; F(z)z" 'dz )
2
c
(C— KOHTYp, BHYTPH KOTOPOTO JieXaT Bce ocobble Toukn dynkuun F(z)"').
[MMpuMmep 1. BoccranoBute (a,) mno ee Z-npeodOpa3zoBaHHUIO
ANEDIED)
<1 Hmeem:

e ()

1 1 1 1 ia" b"
" (a—b)z LI b| a—b,5y z"*!
z z
an—l_bn—l
Takum obpa3zom, a,,=——5—— npu n>1, ¢,=0. >
a—

BBeaeM BMeCTO nOCNENOBAaTENbHOCTH (a,) peELICTHATYIO (QYHKLHIO
f(n), nonaras a,=f(n). Io-npexueMy f(n) yZOBNETBOPSET YCJIOBHIO
f (n)l <Me®, u npuMeM JAOMONHUTENbHO, 4TO f(n)=0 npu n<O0;
Takue peuleryarTbie QyHKUMHM OylIeM Ha3biBaTbh OUCKPEMHbLIM OPUSUHAAOM.
Juckpemnoe npeobpaszosanue Jlanaaca ¢byHkunu f(n) MBI TOJIY4HM, €CJTH
B Z-npeobpa3oBaHuUM MNOJIOXKUM z=e:

F*(g)= if(n)e‘"“. ®

Y®opmyna (2) ssaserca ¢akTuuecku Gopmyioit obpamenus Z-
npeobpa3oBaHHus.
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CBsi3b MeXIy IMCKPETHBIM OpPHMrHHANOM f(n) W ero usobpaxeHueM F*(q)
obo3HavaoT cuMBosioM f (n)—F*(q) (uHorma muwyt F*(q)=D [f(n)]).
Usobpaxenne F*(q)— dyHKIMSA KOMILUIEKCHOH MEPEMEHHOH C TNepHOIOM
2m, MpU 3TOM B OCHOBHOW mojioce —m<Img <7 OHa aHaNINUTHYHA TNIpH
Reg > a. Takum oOpa3oM, Bce ee ocoOble TOYKH JiexaT B ITOi moioce
cnepa oT mpsamoil Reg=a.

N3 o¢opmynasl (3) BeiTekaeT ciuenywouas ¢opMyna oOpalueHus
JIMCKpETHOro mnpeobOpa3oBanus Jlannaca:

y+ni

1
fo)=sr | Fla)eran @
y-ni
Npumep 2. f(n)=a", Haiitu F*(q).
i 1 et e?

< UmeeM F*(q)= ) a"e ™= =——; a noToMy a" ——~~——~.
"0 l—ae ™ e%—a el—
. e?
[Tonaras a=1, noayuyum 1"=n (n)= T o
el—

CBoiicTBa IUCKpeTHOro npeobpa3zopanus Jlamiaca (BCrogy HHxe
NIPEANOJIAraeTCs fi(n)=Fj(q)):
l. IunedHOCTS®.

ZCf(" ZCF‘(q)
2. dopMyna CMCIIEHHUS.

e f(n)=F(g—a).
3.dopmMynb 3ama3bIBAHUA U ONEPEXEHUT.
a) f(n—k)=e M F*(q),

k-1
6) f(n+k)-—‘e“"(F'(q)— Y f(r)e"">.
r=0
4 IndpdbepeHuunpoBaHue NO nmapamMeTpy.
6j(n x) ('JF‘(q, x)
0x

S.IIHQ)(bepeHuupOBaHue W MHTETpHUpPOBAaHUE HU3-
obOpaxeHHA.

a) n*f(n)= (—1)"  Fr(q),

6)f_(_’_f(rm —fO)ds  (n=1).

Ecmu f(n, x)=F*(q, x), TO

6. I/l'soﬁpa)xeﬂue KOHEYHBIX Pa3HOCTEH OpPHrHHaa.
k-1

A (n)=(et=1)"F*(q)—e? Y (e'—1)*"""1A"f(0).
r=0
7. U30o6paxeHHe KOHEYHBIX CyMM opurunana. Ecau
n-1 F* q
g(n)=Y f(k), To g(n).—'—q—(—).
k=0 e’—1
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8. YMHoxenue uszobpaxenuid. Ecau

f *fz

ZL

—r)

(3To— Tak Ha3blBaeMas «CBEPTKA» OPUTHHAJIOB), TO

fi(n)*fz(n)= F3(q).
Mpusenem Tabnuuy H306pd)I(CHHH OCHOBHBIX PELUETYATHIX
yHKLmit:
Ne f(n) F(q)
C, n=0,
1 = C
f(n) {0’ " 20
) (n)= 1, n=0, el
nn)= 0, n<0 el—1
3 " !
a4 el—a
4 an eq
¢ el—e®
5 ¢!
" (e'—1)?
el(e?+1)
2 —
6 n e =1y
7 i =) _ . et
2! 2 " (e1—1y
8 ﬂ=n(n—l).“(n—k+])=ck L
| ! n q__ 1yk+1
k! k! (e?=1)
e?sinf
9 i - >r
sinpn e?1—2¢%cosB+1
el(e?—cosP)
10 ————————
cospn —2e%cosB+1
eishf
11 h B T
shin e _Jeichpt1
el(ei—chf)
h RS LA
12 chpn —2etchpt1
(k1 qtka
13 n—e“":Cﬁe“" & eS|
k! (e?—e®)
13 E—a:C,,a m
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Mpumep 3. Haiitu usobpaxenue ¢yHxkuuu f(n)=e*"sinfn.
-1 [lpuMeHsieM TeopeMy CMeLLieHHsS (CBOWCTBO 2) M, HCHOJB3ys ¢opmyay

Y TaOJIHILBI U300paxeHui, Hax0[MM e*sinfn—=F(q—a)=
e "sinf e sinP B
= . B wacrtHocTH,
02470 _2p473cosB4 1 e29—2e9t*cosP+e2® actHoc
"oy nina ; . aeqSinB
a"sinfn=e""sinPn— Jacicospial’
HaliTn u300pakeHus CleOylOIIMX peleTyaThix (yHKIMI:
13.174. f(n)=e""cos Pn. 13.175. f(n)=a"cos pn.
13.176. f(n)=n%e". 13.177. f(n)=n’a
_ K
13.178*. f(n )_( ) =Ch-

13.179%, f(n)~("+m) = Chom 13.180%%, f(n=""0"

I1 pumep 4. Haiitu pewervyatyro pyHKumio f(n) o ee H300paxeHHIO
q
F*(g) = .
(q) (3_9)?
-3 TlepBbiit cnoco6. Paznoxum Ha mnpocreiiume apodu GyHKIMIO
F*(q) 1

el (€97
110JIOXKUB e?=z:

. 1 1 1 1 |>
2729 36 \@-3) (z+3)2) 108 \s—3 213/

Takum obpazom,

e 1 et N 3e? e? N et
(€*—9)2 108 \(e7—3)2 (e?+3)> e'—3 €143/

Ho no ¢dopmynam 3 u 13’ TaGJlHU,bl u306pa)l<e}mﬁ UMeeM:

el

=3" =(=3)",
e’-3 e+3’ (=3
3e? 3e?

_=nd", = —n(=3)"
(e"—3) (e"+3)
OTCI-OZla NOCJIC 3JICMEHTAPHBIX npeoﬁpa:mBaHuﬁ HAXOJUM:
et 3= (1-(—1)")
(e —9)?" 4 '

Bropoii cnocob6. Ilepexoaum k Z-npeoOpa3zoBaHuio (nojaras e?=z):
eq z
o 9)z=( g Ucnonblys dopMmyny obpaiieHus (2) 4 NpHUMEHSs
etl— 22—

TCOPEMY O BBIYETAX, NOJy4YacM

f('l)=L —z-z"_’dz=sbm __z"__ 3 |+ BbIu _z"_ -3
| 2ni ) (22-9)? (22-9)¥ (z2-9)” :
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Ho

BbiY [m 3]= lim ‘% (m)=l'~ms (éi;)lz“(zizgr):

_pzp)3

4
B.,m[( = 5 - ]_-( 1y 0= ')3" (n=1)3"7?

CyMMHpYst 3TH BbIYETHI, NPUXOAMM K NPEXKHEMY pe3yiabTaTy. >

AHAJIOTHYHO,

Haiitu pemteruatbie QyHKIMHM MO MX H300paXeHUSIM

q
13.181. F* (q)=(q—_l)—e(;z-q:;,—)'

el

e
13.183. F"(q)=m‘

n-1
Mpumep 5 Haiith cymmy S,= Y coskf.
k=0
<1 Hcnoabzyem cBoiictBo 7 auckpeTHoro mnpeobGpa3zoBaHus Jlamaaca:

elle?—cos
f(")-—'mfg%:“ ()
NO3TOMY

F*(q) e9(e?—cos B)

e1—1 (e9—1)(e?9—2e%cosB+1)

Paznaras na npocreiiuine MHOXMTENIH ApoOb

Sp=

e?—cosf
(e?—1)(e**—2e%cos B+ 1)
¥ 106aBNSs MHOXHTETb €9, HaXOmuM
ef(e?—cosf) _1( e _e"(e"—ZcosB~l))
(e?—1)(e?9—2e%cos B+1) 2\e"—1 e —2e%cosP+1)

q

e
Ho — n =n(n) (popmyna 2 rtabauusl usobpaxenuit). CiegoBatesbHO,
e —
e‘(e"—2cosp—1)  e9(e?—cosp) e?(1+cosP)
—2¢%cosP+1 e2—2ecosP+1 e29—2eTcosP+1
l1+cosP .
=cosPn— sin Bn.
nf
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lakum obpasoMm,

S I)(ll (n)—cosBn+-ctg gsin Bn)=

2n—1 -1
sinE+sin " B sin 2@cosn———ﬁ
2 2 2
= = (nz1). =
9 s . B
sin - sin -
2
HaiiTu cnenyiomue CyMMBI:
n—lk[r] n—1
|3.184. k=r7=h;rck.
n—1

13.185. ) 2*sinkB;
k=0
n—1

13.186%. Y k%(n—k)2.
k=1

Mpumep 6. Halitu cymmy crenensoro psaa

ol nx . nn 2,4 5.6

S()= ¥ | cos - +sin—- =14 204 12 =14 = 20515+ ...
n=0

i JaHHbi pax cxoauTes mpu |7|< 1, Tak Kkak lim 2 |a,|=1. 3ameHnss

/ Wi e, NPUXOMMM K MMCKPETHOMY M30OPaXEHHIO (yHKIUK fln)=

nm . nn
COs —+sin —:
4 4

F*(g)= Z <cos——+sm ?) e™™.

n o
el e?—cos— e?sin—
nm 4 . nm 4

COS— = ———————; SIn—— —

)

n T
—2e"cosz+l e24—2e%cos—+1

Ho

(cM. ¢dopmynst 9 u 10 Tabsmusl usoOpaxenuit). [MosTomy

et

nm nm 2 e
f(n)=cos—4—+sin—.—' =

4 e — /2e9+1 eM—/2e%+1
Orcioaa, BO3BPAIIAACh K APTYMEHTY !, HAXOMUM

-2 1

>
ﬁr“+1 1-1/2+12

10 CneunaibHble pasgesbl Mat. aHanu3a. Y. 2 289
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Haiitn CYMMbI CJICOYIOLIUX CTENECHHBIX PAJOB.

13.187. Y sin’ " 13.188. Y (cosm—sinT |,
n=0 6 n=0 3 3

2. Pewenne pa3HocTHbIX ypaBHenmii. [lycTb naHO ypaBHeHue

apx(n+k)+ayx(ntk—1)+..+ax(n)=o(n )
(a9, a,, ..., a,—TIOCTOSIHHBIE) C 3aJaHHbIMH (WJIH TIPOU3BOJILHBIMH)
HayanbHbIMHK ycioBusmu: x (0)=x,, x(1)=x,, ..., x(k—1)=x,_,. [IpaBas

yacte ypaBHeHHs (5)—peweryatas QyHkuus @ (1) —npeanosaraercs
OPHTHHAJIOM.

Monaras x(n)=X*(q) u npuMenss Gopmyny onepexeHus (CBOHCTBO
3, 6)), cocTaBiseM ONEPATOPHOE YpaBHEHHE (OHO JIMHEHHO OTHOCUTEJILHO
X*(¢q)) u onpenensieM u3 Hero X*(g). 3ateM oZHMM U3 cnocobos,
M3JI0KEHHLIX B M. |, MO H300paxeHHI0 HAWAEM HCKOMOE pelueHHe x (n).

Ecnu ucxoaHoe ypaBHEHHE ObLIO 3aaHO He Yepe3 MocjieaoBaTe/bHbIE
3HAYEHUs. HCH3BECTHOW (YHKLUHMH, a 4epe3 ee KOHEYHble Pa3HOCTH, T. €.
HMeEET BHU[

boA*x(n)+b,A* ' x(n)+ ...+ bx (n) =@ (n), 6)

TO BCJEACTBHE TPOMO3IAKOCTH (OPMYJ Ui OTBICKAHUA H300paxKeHui
KOHEYHBIX pa3HocTed peiueTyaThix GyHkimiA (1. 1, cBoicTtBo 6) ero
clefyeT mNpeABapHTeIbHO npeoOpa3oBaTh K BHAY (5) NpH NOMOLIM
M3BECTHBIX (OPMYJI, CBSA3BIBAIOLIMX KOHEYHbIE Pa3HOCTH (QYHKLUHHM C ee
NOC/IEAOBATENLHBIMH  3HAYCHUAMMU:
Ax(n)=x(n+r)—Clx(n+r—1)+Cix(n+r=2)+..+(=D"x(n). (7

AHAJIOrMYHO pELIAIOTCS W CHCTEMbl Pa3HOCTHBIX YpaBHEHHH.
Mpumep 7. Peluuth ypaBHEHUE X,43—X,+1+X,=0, xo=1, x;=2.
<1 TlonaraeM x,—X*(q). [lo bopmyne onepexeHus HAXOOUM:

Xps1=€1(X*(g)—xo0)=€1(X*(q)— 1) =X *(g)—e",
Xpt =02 (X*(q)—xo—x,e " 9)=e2(X*(q)— 1 —2e ") =e9X*(g)—e??—2e".

BHOCS 3TH BBIPAXECHHS B MCXOQHOC ypaBHEHHE, MIPUXOOHM K ONEPaTOPHOMY
yPaBHEHHIO

(e —e?+1) X*(q)=e?"+e"

Takum obpaszom,

e¥tet
X*(¢9)= .
@ e*—e+1
n o /3
Tak kak cosz=3, sing==-, T X*(g) 3anuwem B crenyiollem BHAIE:

1\ 3 .

ellel—=)+-e? el e?—cos— |+./3eIsin=

X*(g)= = .
e?1—2e% —+1 e?1—2e9cos -+ 1
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Otcroga no Qopmynam 10 u 11 Tabauusl H3oOpaxeHuit m. 1 Haxoaum

2n+1
.
6

nm . nn .
x,,=cos?+ 3sin ?=2sm

n—1
3aMeyanue 3anucatb OTBeT B ¢opMme x,= 2005—3—n HeJlb3l,

rak Kak B OTOM cCJlydae MNoay4yuM Xxo=0%#1 (10 ycJIOBHIO paBEHCTBA

HYJIO pEWIeTYaTOH (YHKUMH OT OTPHUATEN]ILHOTO apryMeHTa).
Mpumep 8 Peuuth ypaBHEHHE X,+;—4X,+1+4x,=3" npu npous-

BOJIbHBIX Ha4YaJIbHbIX YCJOBHSX Xg, X;.

< Monaras x,— X*(q) ¥ HCTIOJB3Ys TIPHUBEJEHHBIE MDY PELLIEHMH IIPUMEpa

| u3obpaxeHus

Xpe1 = €IX* (@)= X0€%, Xn42=€2X*(g)—x0e??—x,€7,

IIPAXOAMM K ONEPATOPHOMY YpaBHEHHIO

e‘l
(€7 —4e+4) X*(g)—xoe™ —(x; —4xo)e? =~ 3
el—
e‘l
nockoJbKy no ¢opmyse 3 tabmuusl m. 1 3"= p . Orcrona Haxoaum
el—
elq e el

X*(q9)= +(x1—4x0)

(e?—2)? +(e"—3)(e"—2)2'

Ha l'IpOCTCﬁLUHC, HMEEM

(er=2)*

Paznaras apo6n

v
= 3)(e"—2

e e? e e?
X*(q)=xo———=+(x;—4xo—1 - + .
@ Yo (e1—2)? (xi =% )(e"—Z)Z ei—2 3

Ho o o

=3 =2"
e?-3 el-2
2e? R 2e% nt1
(—eq—_w.—n‘z, (q 2)2 (Il+1)2

(nocneHee COOTHOLLIEHUE CIEAYET W3 Mpeablayllero no GopMyJsie onepexe-
uusi). Ilepexoas or X*(g) x OpUrMHan€y, HaxoauM:

+1 —4xo—1
x,,=x0n2 2"“+fi——5’5°—n~2"—2"+3"=
Xy —2x
=‘——2—°— 2" (xo—1)2"+3"=(C, +Con)2"+3".

[Tpumep 9. Pemntbh cucTeMy pPa3HOCTHBIX YpaBHEHHH

xn+2—yn=0a
,Vn+2+xn=0

NpU HayajbHbIX YCIOBHAX Xo=yo=1, x;=./2, y,=0.
< TonaraeM x,—=X"(q), y.—Y*(q) u no $OpMyTIe OmepexeHus uMeem:

Xpr 2= €2 (X" (g)—Xo—x1€ ) =2 X*(g)— e~ /2¢,
Yur2= e (Y (g)—yo—yre )= Y"(q)—e™.
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[MonyyaeM cHCTeMy ONEPaTOPHBIX YpaBHEHHIi
e X*(q)-Y'(g9)= 2"+\/§e"
eXMY*(q)+ X (g)=e™.

Tak kak e*+1=(e29+./2e%+1)(e**—/2¢%+1), To pewenne >Toil
CHCTEMBI 3alMIUETCS B BHE

X*(a) e*4 . [2e3 4% e

9= e*1+1 Ted_ [2.0941

Y*(a) et—e2— /et e¥— /2e"
= e*+1 oMo 2641

Ipumenss QopMyay onepexeHus, HUMeeM:

on
e?-elsin—
4 . n
f .—'\/Esm(n+l)z,
ﬁe"+l “—2e“c055+l
4
T .
2 el e?—cos— |—e%sin—
e*—./2e* 4 4 nm (n+l)1t
. = —cosi——sm —f
"—\/ie"+l ez"—Ze“cosE+l
4

CenoBaTesbHO,

xum/3sin (n+l)7t Yam /3 cos n+1

Pewinths cnenyromue JHHEHHbIE PA3HOCTHBIE YPABHEHHS:

13.189. x,,,—3x,,,—10x,=0; x,=3, x,=—1.

13.190. x,,,+x,,,+x,=0; xo=1, x;=—1.

» 1 3

BIL X5 /3%,00 45,20, Xo=3, X, =%.

13.192. x,+,—3x,+1+2x,=0; HayajabHbIE YCJIOBHUA IPOM3-
BOJIbHELIE.

13.193. x,+3—3x,42+3x0+1—X,=2" xo=x;=0, x,=1.

13.194. x,.,—5x,+;+6x,=2 4", HayaJbHbIE YCJIOBHUS NPOU3-
BOJIbHBIE.

PelinTh CHCTEMBI JIHHEHHBIX PA3HOCTHBIX YpaBHEHMIA:
13.195. x,+1— X, +y.=3",

Yar1+2x,==3" x0=3, yo=0,
13.196. 5x,4+;—12x,—y,=0,
SYn+1—06x,—13y,=0;

Ha4aJbHBIC YCJIOBHA IMPOHU3BOJIbHBIC.
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0

2
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8
8.36. 3n%a>. 8.37. —a*.
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840. 5/3. 841. [ do [ f(r)yrdr+ [ do [ f(r)rdr.
0

o] n/6 (o]
n/2 2asing
842. [ do [ f(rcoso, rsing)rdr.
n/4 acos¢
sin? ¢
sing
n/4 co

8.43. ja'(p j' f(rcose, rsing)rdr+

sing
L
3n/4 sing cos? 0]

+ [ do | f(rcoso, rsing)rdr+ j do | frcos<p rsing) rdr.

n/4 0 3Ix/4 0

n/6 ~6cosw n/2 3\/00520
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n/6

2 128 na’

T 4 3
8.45. —(¢" —1). 8.46. 20 gar. 2 gas T
4 9 3

6

2 2.2
8.50. %(37:—2). 8.51. I‘—S[a“.

a

1( (ula—v) w
852, — |dv | fl ——=, —|udu.
a a a

o o
8.53.% duJ‘f Q/u?v, 3/u
a3 6 u

1( u+v u—v
854, — |du | f , —— | dv.
2 2 2

1

q

b
8.55. % duf/'(fg, ﬁ)%

14 a

5
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64 1
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8.62.
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6a’b?
4
peMennbix: yZ=ux, y=ovx. 8.69. —a? 8.70. 8./2a% 8.71. 2./2np?
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2 3 8 5 6
n n? _ 141a ~ 8la
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105w
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1
9.69. y=sinx+Ccosx. 9.70. y=(x+C)(l+x2). 9.71. )'=Ce'2"+ge3"

C
9.72. y=xInx+—. 9.73. y=(x+1)*(e*+C).
x

1 dx x+
9.74. x=Cy+~-y3, y=0. @ 3anucaTh ypaBHEHME B BHIE — = y?
2 d dy y
x
OHO JIMHEHHO OTHOCHTENBHO X H o
y
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9.75. x=arctgy—1+Ce *®". 9.76. y=xsinx+Cx. 9.77. y=e*(C+

1+C
tin|x]). 9.78. y=x(Ce *—1). 9.79. x=Cy+In?y. 9.80. x= + ly, y=0,
y—-

y=1. 9.81. x=Cy+y3, y=0. 9.82 siny=Ce *+x—1. @ [Monoxuts

A . 1 1 1
siny=z. 9.83. y=sinx. 9.84. y=e2"—e"+5x+z. 9.85. x=ylny+-.
¥

—-x

1 2
9.86. y:e‘z"'(C+§x2) , y=0. 9.87. y=Ce y=0. 9.88. y=(cosx x

_-\"
x3/C—31gx)" !, y=0. 9.89. y=——° _ ,-0. 9.90. x?=Ce""—
JV2cosx+C

d -2 in2y
~2(siny+1). @ 3anucaTb ypaBHeHHE B  BHAE dx _XTcosy+sinZy
dy 2x
991, y?=x2—1+C/Ix2=1].  9.92. xy(C—In?y)=1.  9.93. x*(C—
—cosy)=y, y=0. 9.94. y3=¢*/(3—-2¢°%). 9.95. x2=1/(y+3p?).
9.96. x2+xy+y2=C. 997. 5x2y—8xy+x+3y=C. 9.98. x3+3x%y—
. s 2 3 x x*
-2xy*—y°=C. 9.99. xy——+-=C. 9.100. —+—-2y=C.
Xy y y

1
9.101. /x?—y24+xy——=C. 9.102. x*+ye *=C. 9.103. x*+ye*?=C.
y

9.104. x2cos?y+yi=C. 9.105. xsiny+ycosx+In|x/y|=C. 9.106. Bes
2n+1

naockocts Oxy. 9.107. y#x. 9.108. y# n. 9.109. x>y2 9.110. y=0.

9.1 y=1. 9112 y=—x. 9.113. y=x?/4. 9.114. x=2p+6p>+C,
y=p*+4p% y=0 (ocoboe pewenue). 9.115. x=2./p+1—In(1+
+/p2+1)+Inp+C,  y=p/l+p%  y=0  (ocoboe  pemweHue).

1
9.116. x=e?+C, y=(p—1)e”. 9.117. y=Cx+E(C2—x2), y=—x2 (ocoboe

3 2
pewenue). 9.118. x=p3*—p+2, y=2p“—%—+C. 9.119. x=pcosp,

y=p2cosp—psinp—cosp+C. 9.120. x=2p—Inp, y=p*—p+C.
1 1 1
9.121. x=Cy+C?, x=—-y? 6 . 9.122. y=-Cx24+—,
x=Cy x==2 (ocoboe peluenue) y=3Cx* 7
Cc 2 2C 3
y=1x (ocobbie pewmenus). 9.123. x=—-—, y=—-——. 9%124. x=
PP
1 C I Cp?
=—p—st——0, y=—=p*+——; y=0, y=x+1 (ocobbie perucHus).
Pt T T T T T ( p )

1 1
9.125. x=Cp—Inp-2, y=5Cp2—p. 9.126. y=Cx—E, y*= —4x (ocoboe

1
pemenue). 9.127. y=Cx+C+.,/C, y=—-——— (ocoboe pelecHue).
4(x+1)

9.128. y=Cx—e€, y=x(Inx—1) (ocoboe pewenne). 9.129. y=Cx+cosC,
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y=xarcsinx+./1—x2 (ocoboe pewenue). 9.130. Jluneitnoe; y=uv.
9.131. Ogsopoaroe; y=ux. 9.132. C pa3fensiolIUMHCA TEPEMEHHBIMA.
9.133. VYpasuenne bepuynnu; y=uwuv. 9.134. JIuHeliHOE OTHOCHTEIBHO X;
x=uv. 9.135. YpaBHenue B monHbix audoepenimanax. 9.136. OmHopoa-
Hoe; x=uy. 9.137. YpaBHenue bepHyJIM OTHOCHTEIBHO X; X=ub.
9.138. TpuBonsieecs kK ypaBHEHHIO C pPa3AeAIOLIMMUCH MEPEMEHHBIMH;
u=y—x. 9.139, JluneitHoe; y=uv. 9.140. YpaBHenue bepnymmu; y=uv.

2 -x2/2 X 1>
9.141. y=x°—2+Ce *72. 9.142. In|y|+—-=C, y=0. 9.143. Ex cos2y+
y

y=0.  9.145. y=3/C+3x—3x%

1
9.146. x=§y2+Cy3, y=0. 9.147. In|x|+e**=C, x=0. 9.148. 1 +y’=

x=C. 9.14. y=——"——,
= Y (x+C)cosx

=C(1-x2), x==1. 9.149. x*—x?y2+y*=C. 9.150. y=1/(1+Inx+Cx),

y=0 (x>0). 9.151. (3x+2y—1)(x—1)=C. 9.152. arctg> =In\/x>+y?+C.
X

9.153. 2ycosx+cos2x=C. 9.154. x*+xIny—cosy=C. 9.155. y=Cx—
—InC, y=1+Inx (ocoboe pemenue). 9.156. x=1/(Ce ™’ 12 +2—y2).
9.157. In|x|—cos(y/x)=C. 9.158. e’=x?InCx. @ [lonoxurs z=e "’

9.159. x=Cy2—y*(y+1)e ™’ y=0. 9.160. x/1+y*—siny=C. @ 3anu-

dx X __ SOV 9161 x+tarctg=C; x=0
CaTb ypaBHEHHE B BHIE — = . 9.161. x+arctg==C; x=0.
dy 1+y? /1+y2 X
C+In |sinx 2 x? x?
9.162. y=<———g—ctgx); y=0. 9.163. y=C2+Cx—T, y=—7
X

(ocoboe pewenne). 9.164. (x+y3)P?=C(y*—x); x=y°. @ INonoxurs
y=z1"3. 9.165. y=+In|x2—1|. 9.166. y’=4x u xy’=4. 9.167. y=

:i%' 9.168. (x+ C)*+y>=a®. 9.169. y>=+2a(x+C). 9.170. y=
o

—2chY. 9171 yP=x?/(x?+3). 9.172 y =6x+9. 9.173. yi=4(x—1)

2
)2 y? 2
¥ (—%)—4»’%:1. 9.174. y2=§(x—a)‘ 9.175. r=2e%° 9.176. x*+y*=2y.
1
9.177. x=y(3tIny). 9.178. y?=2x+1—e?*. 9.179. y=-—x>. 9.180. x=
x
1 T
=1—<;—y>. 9.181. y=x./5x*—1. 9.182. r=e+s. 9.183. 2x2+

+3y2=C2  9.184. x24+2y?=C2% 9.185. y=C/x2 9.186. x+y*=C.
9.187. T=a+(To—a)e ™. 9.188. Uepes 40 mun. 9.189. w=5-(3/5)'2°

do
(06/c¢); yepe3 6 MuH 18 c. @ YpaBHEHHE UMEET BU[ E= —k®. 9.190. Ye-

pe3 1575 ner.
9.191. 3a 6 Mun. 5c. @ Vpasuenue umeer BAm wv(h)dt=—S(h)dh,
rae w—IUloWan, OTBepCTHs, b(h)—CKOPOCTh HCTEYEHHA BOMBL, h—
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YPOBEHb XKXHIAKOCTH, S(h)—nnomaub NONEepEeYHOro CEYECHUA cocyaa,
[ — BpEMH.

9 192. 0,0878. @ Ypasueuue umeer Bug dQ= —kQdh. 9.193. x50 c;
d
x15M. 9.194. 10,0011 c. @ YpaBHeHHE HMeeT BUI m;l;= —kv?.

9.195. 0,5 xr. 9.196. a) 56,5 r; ©6) 7,84 4. 9.197. 0,06%. @ ¥YpaBHeHUE
umeer Bua (0,01x —0,0004) 1500dr= —10800-0,01dx, rae x—ob6beMHas
aonst (B %) YrnekucyioThl B BO3JAYXE B MOMEHT BPEMEHH !.

R
9.198. E=W(R sinof— L ocoswr+ L we "T').
2o

1 12)\3
9.199. y'<x%  9.200. y'>0. 9.207. y"=0. 9.208. (—+u—=R2.

"2
y
9.209. }”+) 0. 9.210. y"'=0. 9.211. v—((l+arctgx)x—1n~/l+x2+Cz
9.212.y=%—smx+C1x+C2 9.213. y—zlnivclﬂ»C,v( +Cox?+ Caxt
3 1
+C,. 9.214. y——-ixz]n|x|+§x3+C,x2+C2x+C3. 9.215. C3y=C\x—
2

| Cyx+11+Cs, y=%+C, y=C. 9216, y=C, tg(Cyx+C),

G

20, x4 Cy=1n | 2=
y+C,

’, y(C=x)=1, y=C. 9217. y=C;sinx+C,—x—

1
——Esin2x. 9.218. y=C,x2+Cy+e*(x—1). 9.219. 4C,y=4+(C,;x+ C,)%.
9.220. y=x+C,In|y|+C,, y=C. 9.221. y=C,arctg C x+C,,

1 -C 1
Al +C;, y=C——. 9222 Ciy=(Cix*+1)arctgC,x—
x

y=——1In
Y=, st a

| 1
—Cix+Cy, 2y=knx*+C (keZ). 9.223. y=FeC"‘“(x—E-)+CZ,
-1 1
ex?

) 1
,V=—§—+C. 9.224. y=—+C,In|x|+C,. 9.225. y=C1(x‘/x2—1——
X

—In|x- /x?=1])+x*+C,, y=C(x/1—x+arcsinx)+x?+C,. 9.226.
y=Cy(x—e *)+C;. 9.227. 2y=C,cos2x+(1+2C;) x>+ C;x+C5. 9.228.
2y=C1x2=2C}(x+C)In|x+Cy|+Cox+Cs. 9229, y=C3—(x+C;) x
xIn|x+Cy|+Cyx, y=Cyx+C;. 9230. x=2C,p—In|p|+C;, y=

2 —
=Cp’—p; y=Ce ™ y=C. 9.23L x=i-(ﬁ—2cl)\/\/;+C,+Cz.

9.232. /Cry?+1/Ci=Cytx. 9.233. Cly+1=+ch(C,x+Cy), Cly—1=
=sin(C;x+C,),  2y=(x+C)%, p=0. 9.234. lny=C,tg(C;x+C,),
Iny—C,

Iny+C,

=2C,x+C;, (C—x)lny=1, y=C. 9.235. ctgy=C,+Cx,

1 1

'=C. 9236 y=1+——, p=C. 9.237. p=—(x>+6x2)+CyxIn|x|+

) y cxic’ y l2( )+ Cyxln | x|
3

C
+Cyx+Cy. 9238 y2=%+C,x+C2. 9.239. y=C1x+—x2—. 9.240. y=
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=Cyxe%*—(C,/Cy) e 1"+ C3. 9.241. y=C,xe 1*. @ YpaBHenne omo-
(x2+C,)*?

POIHO OTHOCHTENBHO Y, y', y". 9242, y=Cre” 3 | y=0.9.243. y2=

=Cix*+C,, y=0. 9.244. y=C,/cos*(x+C,), y=0. 9.245. y=(x—2)e*+
16

y=2In|x+1|—-x+1. 9.249. y=—In|x—1|. 9.250. In

x , 3, 1 2,
+x+3. 9.246. y=——2-ln x+§x —2x+§. 9.247. y=§x 2x——. 9.248.
L
e 2 3
=2(x+1). 9.251. y=tgx, —n/2<x<m/2. 9.252. y=¢*'/2.

9.253. (3—x)y’=8(x+2). 9.254. y=1I-+sinx.

9.255. y=1—e*, y=—1+e " 9.256. y=1—x.

9257 x=CeP-2p-2, y=Ci(p—1)e?—p>+C,. 9.258. x=

RIUN r 3 , .,

5 41 +Cy, y =Z+373+C2' 9.259. x=(p+1)e?+C,, y=p2e?+C,.

9.260. x=3C,p*+In|p|+C,, y=2C,p3+p; y=C. 9.261. y= tIncosx.

1
9.262. a) y=C—ch(C1x+C2) nmpu  y">0; ©6)(x+C)*+y*=C}
1
npu y"<0;
C
9.263. a) 4(C,y—1)=C}(x+C;)* npu y">0; 6) x=71(1——sint)+Cz,

C
y=71(l_COSt) npu y”<0. .j ,C ~dy BbLIMHCIHTL C TIOMOLIbIO
1

ot
noacraHosku y=C, szf'

H
, rae a=—.

9.264. y=ach(Z). 9.265. ¢
a cosx/a
V JkF
9.266. v= i—pm ﬁ,), x:i]:'_lnch<_",>_
m

9.267. 1,89 c, 16,6 M/c. @ HUcnonb3oBath oTBETHI K 3agaue 9.266,
NOJIOXHB P=mg.

9.268. Bpems mnoavema T,= / arclg vo ( BbICOTA MOABEMA
m kvd mg
hmay==-In{ 1 +——); ckopoctb cnycka V ,=v, [———; Bpems crycka
2k mg mg+kvg

T 1\/Elnlm——g——"\/lzV‘"
- 2 kg \/;‘;—\/I;Van

9.269. 1,75 c; 16,3 m/c. @ WUcnonb3oBaTh OTBETHl K 3amaue 9.268.

P , ko, 2 (M
9.270. x=_[x3+——1% 927 x= [x3——1?, T=x} [~
mxg mxg k

04



t

000 ;. x=—5’—+“°((|—at)m(|-az)+w)

o) 2
0
x(10)=0.54 km, x(30)=5,65 kM, x(50)=18.44 km.

H H 2R\ nH
9.273. /ng(. /R(H—R)+—2—arcsm<l —7_1->+—4->

9.274. =116 u. ® Ucnmosnp3oBaTh oTBeT K 3amade 9.273. 9.275.

afl 1 [x\*** 1 [x\'* ka
~11,18 KM/C. 9.276. y=5 m ; —I_——k ; +T:;("2‘, rae

v
k=-<1.
u

027, pry=d(0 xS Ely. =219 o g
PR "6 %6 ) Tma= T 30g r=

12
9272 x= ’%J’“"J

12
. 5 (z— - ’( . e E— MoAayJib KOunra, I— moMeHT UHEPIUUH NMONEPEUYHOro

ceyeHUss OaNKM OTHOCHTENBLHO ocH OX.

Fl? ql’)x Fx3® gx* FI® gql*
2 6 )

9.278. Ely= <—+—

FI* qlI* qx?
z—-T—-T, [ I-,‘Iy”.—_—F‘——Z—, rare E—wmoayns IOwura, [I—
MOMCHT MHEPLIMM TIONEPEYHOro ceueHnss OajikM OTHOCHTENbHO ocu OX.
I—x)? F(l—x)?
9.279. F=%/,4l. ® EIy"=F(/—x)—1. 2“ E1y=—(—6‘)——

I—x)* Fi? /3 Fi3 T
~q—(~—)+<———z——)r~——+q— rne  E—wmoayns  HOwra,

24 2 6 /) 6 24°
I—MOMEHT MHEpLHUU TIOMEPEYHOro ceyeHus OANKH OTHOCHTENIbHO ocH OX.
9.281. y=C,e**+C,e™ 9.282. y=C,e**+C,e™™
cosx sin x 1 l +x
9.283. y=C, ——+C2————. 9.284. y=C,(5xln — —])+C2x.

c, C,
9.285. y=C,x +—+— 9.286. JluHeiiHo He3aBucuma. 9.287. Jluneitno

3aBUCHMA. 9.288. JluHeuHo He3zaBucuMa. 9.289. JluHelHO 3aBUCHMA.
9.290. JluneiiHo He3aBucumd. 9.291. JluneiliHo He3aBucuMa. 9.292. Jlu-
HelHO He3aBucuMa. 9.293. JluneitHo 3aBucuma. 9.294. JluHeitHO 3aBHCHMA.
9.295. JluneitHo HezaBucuma. 9.296. y”+y'=0. 9.297. y"—4y'+5y=0.

6 12
9.298. y'—- y + 3 V= =0. 9.299, y”’_y"=0. 9.300. ym+y,=0.

9.301. y""—y —0. 9.302. y'=8y'+15y=0. 9.303. y""—2y"+y'—2y=0.
9.304. < W3 paseHctBa W (x,)=0 creayer, 4TO OAHOPOAHAA CHCTEMA
JIMHEHHBIX A.1reOpauyecKuX YPaBHEHMH C HEM3BECTHBIMHM O, Oy, ..., O,
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oy (xo)+ oy a(xo)+ . 0,1 a(x0)=0,
a ¥ (Xo)+ %205 (Xo)+ -+, 0(x0) =0, (*)

oy (X0 )0y (xo)+ o+ y i P (x0)=0

UMEET Takoe pelleHue aj, A%, ..., Oy, YTO HE BCE O PpaBHbI HYJIIO.
Qynkuus  y(x)=ajy, (x)+a3y,(x)+...+0a,y,(x) sABISETCI pELICHHEM
JAHHOTO JIMHEHHOrOo OJHOPOJHOTO YPABHEHHA M, KAK ITO CleqyeT U3 pa-
BEHCTB (*), YIOBJICTBOPSACT HA4aJbHBIM YCIOBHAM y(X)=0, y'(x,)=0, ...

, Y™ (x0)=0. Ho Takum jke Ha4aJbHbIM YCJIOBHAM YIOBJIETBOPHET
u ¢yskuus y=0, TOoxe SBIAIOIIAACA DEIUCHHEM JIAHHOTO YpPABHEHUS
(bynkuuss y=0 ecTb peliCHHE JFOOOro JIMHEHHOTO OJHOPOIHOro aud-
¢bepeHumanbHoro ypaBHeHus). OTcioaa Ha ocHoBaHMM Teopembl Koiuu
O CYIIECTBOBAaHMH M  €JMWHCTBEHHOCTH DpELUCHUSA  3aKJIOYaeM, 4TO
aiy (x)+..+a,y,(x)=0 Ha (a, b), T.e. cucrema oOynkiMi y,(x), ...
s Vo(x) mumeriHO 3aBucuMa Ha (a@, b). Ho Torma spouckman W (x) otoit
CHCTEMBI PaBEH HYJIIO BCloAy Ha (a, b), 4To M TpebGoBanoOCh AOKa3aTh. =

yooyix) oya(x) o oyalx)
yooyilx) yalx) . ya(x)

=0. ® Bcakoe  pewre-

y@ o) yP(x) . pi(x)
HHE ) HUCKOMOro ypaBHeHMst BMecTe ¢ (yHkuusamu y,(x), y,(x),
s Ya(x) oOpa3yer nMHEHHO 3aBHCHMYIO CHCTEMY.
9.306. y=e*+2cosx+3sinx. 9.307. y=e*+2e2 4 3e3*

1
9.308. y=C1x3+C2x4+Ex. 9.309. y=C,e**+C,sinx+ Cycosx+e’™.

9.310. y=C,e*+C,x—x*—1. 9.311. y=C,cosx+C,XxCOSX—SINXCOSX.
9.312. y=C,e>*+C,e*+5x+6—e?%. 9.313. y=C;+C,sinx+
1

+C3cos_x+§e‘—sin2x. 9314, y=e**(1+(1—k)x). 9315. y"—y'—6y=0,
y=C e**+Cye %" 9316. y"—2y'+y=0, y=(C,+C,x)e*

9.317. y"—6y'+13y=0, y=(C,cos2x+C,sin2x)e3*

9.318. " —6y"+12y'=8y=0, y=(C,+C,x+Cyx?)e?~.

9.319. y"=8y"+16y'=0, y=C,+(C,+Cyx)e**.
9.321. y=C, eV VI 4 Ce Mt V3x 9322 y=e3%(C, cos2x+ C,sin2x).

9.323. y=e3*(C,+C,x). 9.324. y=C,e?*+C,e 4.

X .
9.325. y=e"<C,cosE+C25in %) 9.326. y=e¢ " *2(C,+C,x).

9.327. y=C,e*+e>*(C,cos3x+ Cysindx).

9.328. y=C,cosx+C,sinx+Cycos/3x+C,sin/3x.

9.329. y=C,+C,x+(C3+Cyx)e . 9330. y=C, +C,x+Cye*+
+C,e™™ 9.331. y=C,cosx+C,sinx+x(Cycosx+ C4sinx).

9.332. y=(C,+C,x)e**+(C3+Cyx)e = :
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9.333.
9.334.
9.335.
9.336.
9.338.

y=C;+C,yc052x+Cysin2x+x(C,cos2x+ Cssin2x).
y=C;+Cyx+C3x*+e3*(Cy+Cs x).
y=(C,+C,x)e*+(C3+Cyx)cosx+(Cs+ Cg x)sinx.
y=Ci+Cyx+C3x*+Cyx>+e *(Cs+Cgx). 9.337. y=e*.
y=(T-3x)e*"%. 9.339. y=2+e7* 9.340. y=shx. ® Hauams-

5 1
upie ycnosus: y(0)=0, y'(0)=1. 9.341. y=3 e"—ze:’".

9.342.
9.343.

9.344.

9.345.

9.346.
9.348.
9.350.
9.352.
9.353.

9.354.

9.356.

9.357.

9.358.

9.359.
9.360.
9.361.
9.362.
9.363.

9.364.
9.365.
9.366.

y=C e *+Cye **+(e *+e *)In(e*+1).
1
y=(C1—lnlsinxl)c052x+<C2—x—5 ctgx) sin2x.

x
y-——(Cl—i—sz+,/4—x2+xarcsin5) e*.
y=(C,+C x—!—llen)c-—gx2 e 2

) 4

(Ax*+ Bx?) e**. 9.347. x(Acosdx+ Bsindx).

Ax+ Bcos8x+ Csin8x. 9.349. (Ax+ B)sin2x+(Cx+ D)cos2x.
(Ax2+Bx)e**. 9.351. Ax3+ Bx?+Cx.
e*((Ax+B)cos2x+(Cx+D)sin2x).

xe?* ((Ax*+ Bx+C)cos3x+(Dx2+ Ex+ F)sin3x).

xshx

X
y=C,e"+(CZ—§>e"‘. 9.355. y=C,chx+C,shx+
X x 1

=Cie*+Cre ™ ——e ™| —+—)e™™
=T 5¢ (6 36
y=Cle“+C2e3"+g(5cos3x-—sin3x).
(m*—n?)sinnx+2mncosnx

(m*+n?)?

V=(Cy+Cyx) e™ 4

1
y=(C;+C,x)e™ + — cosmx.
2m
y=C,cosx+C,sinx+x(xsinx+cosx).
1
y=C,cos2x+C, sin2x+§ (I4+xsin2x).
y=C,e™*+Cre "2 —x3,

1
y=C,e'2"+Cze‘3"+§ e “+xe ?*

x
y=Cl+C293"+§e3"+2x+3x2.

y=C,4+Cyx+(C3+x)e *+x3—3x2
3
y= C1+C2x+C3x2+%—>e‘. 9.367. y=C,+Cyx+Cscosx+
2

X
+C‘4sinx+ﬁ(x2+2x— 12). 9.368. y=C,e*+ Cye  *+ C3co8x+ Cysinx+

x x . x* [x?
+§(x—3)e"—‘—‘smx. 9.369. y=Cy+Cyx+C3x?+Cox3+—+4|——

24 2
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—4x+(‘5)e", 9.370. y=e?* !'_2¢*te—1. 9371 y=e*—e *+x2

) 7
9.372. y= z‘ +cos2x+ e nsin2x. 9.373. y=2cosx—5sinx+2e*. 9.374.

y=2xe*. 9.375. y=cosx+2sinx+e *+3e*+2xe*. 9.376.
y=e*(2x—n—1)sinx—mcosx). 9.377. y=C,cosln|x|+C,sinln|x]|.
9.378. y=C,cos(2In|x|)+C,sin(2In|x|)+2x. 9.379. y=

c i

=Cox’+3=2Inx+y. 9380 y=Ci+Cox*+Cox®. 9381 y=Ci+
X

+Cyln|x|+Cyx% 9382, y=(2x+1)(C,+CyIn|2x+1]).  9.383,

shx cos X
y= ‘shx. 9.384. y=——. 9.385, y= ——— (eOMHCTBEHHOE pELUECHHE).
h2n sh1 sin 1
9.386. Het peiuennii. 9.387. (x—2)z+yz=5 9.388. y=1—sinx—cosx.
9.389. y= "el . 9.390. y———x 21 x2Inx.
e—

9.391. x=e "*(acos Bt+

smﬁt) rae oz=———, B=
2m \/

® YpaBHEHHE UMEET BHJ m +)» +kx 0.

dz
_ Vo A k
9.392. x=¢ ‘"(achBt+ shBt), rme a=—, PB= [a®+—.
2m m
d*x _dx
® VpaBHEHHE UMeET BHI mF+K— —kx=0.

9.393. a)r=achot, 06) r=—shmt. ® VpaBHEHHME HMEET  BH[

®
d*r
dr?

2

=r.
9.394.  r=ae " (cho/T+p’t+——sho/T+p’t).  9.395.
J1+p? )

3 d*s
T=—In(9+./80)~3 c. ® VpaBHeHue uMeeT BHA F_§s=§' rae s—
g
nyThb, NPOMICHHBIA 33 BpeMs ! KOHIIOM OMNYCKAIOIWEHCA 4YacTH LEMH.
2gsm30t——60 gsin\/gt
9.396. x 500 (cMm). ® Eciiu x OTCYHTBHIBATHL OT
g

Z
NOJIOKEHHsT  NOKOA  Ipy3a, TO 4:{—2—4g k(xo+x—y—1), rne
— PACCTOSHME TOYKM MOKOS TIpy3a OT HAayadbHOH TOYKH nom;eca

npy)xuuu |— AnMHA NPYXUHBI B COCTOSHUM MOKOSA, NO3TOMY Kk (xo—/)=4
2

d*x
H, CIIEOBATEJbHO, 4d =—k(x —y), rae k=4g, g=981 cm/c?.

R
9.397. i=e 2L E Lo )eos [ L_R2,
. — - — (D
f=e 1\, Co Lc aL?'”
Lo—— 1) +R
Co
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R(,, ] 1 TR, E
- — ) ————sin [t | —————— %
2\°"Ice) T &2 LC 4L? 1 T
1R ——Lo) +R
LC 4L? Co
Co
a’2 di 1 de

+R—4—i=—.
di l dt

E t
9.398. i=— tsin- .
i Y sin T
v 2
HOC ypaBHCHHME uemn: L—

"1
X ((— - Lm) cosw!+ Rsin wt). ® [InddepenunanpbHoe ypaBHeHHe LCMH:

de
<1 Umeem E:Emcoswt. Aunddepenimans-
pE: Ci=Eu)cosmt. O6b1uee pelieHHEe COOTBET-
) 1 .1
CTBYIOWIETO  OHOPOIHOTO  ypaBHeHus: o= C;cos——— 1+Cssin—— 1.
LC JVLC
YacTHoe pelieHHe JIMHEHHOrO HEOJHOPOIHOIO YPAaBHEHHS HMMEET BHJ

~ 1
i=t1(Acoswt+ Bsinwt). Torna E:t(—-Amsin o1+ Bocosor)+ Acos o+

27
. ! . .
+Bsmu)t,F:1(—Am2coswl——Bmzsmmt)+(-—2Awsmu)t+2Bu)cosmt).
t
~ d*i
MoncTaBnss B ypABHEHHC BBIPAXEHUS [ U S 1 yuWTHBad, uTO
t

1 v
Looz—E:O, NoJlyyuM  ToxacctBo  L(—2Awsin m1+2Bmc0su)t)§

E E
=Fwcosw!, orkyna A=0, B=ﬁ. CanemoBaTesbHO, |I=— tsm

N/ LC
C 1 E
t+ Cysin——t+— tsin t. Bui-

|
JIC JLC 2L ./LC ]'
E

dl Cl ] (2 ]

—=— e 1+ +
qyUcaaa d(l \/R‘ \/7(‘ N LC /LC t ZL\/L_E ICOS\/L__C 14
E

Obuee peuterue: i=C,cos

+——sin t ¥ UCNOJb3ys HayajbHble ycjaoBus, Haiimem C,=C,=0.
2L /LC
1
MckoMoe uacTHoe peuieHue: i=—- fsin—— 1 >
2L \/2,6'

9.399. i= E Y si I+Et (wt+y
399, i= —o— cosysinar+o— rcos(w )-

9.400. x> +yi=z2-2z(y—xy'), x+yy'=zz'—z'(y—xy’). 9.401. yy'+
, 2 2.2 dx dy dz du
+2z'=0, y*42xzz'=x%z'". 9.402. 7=, 5. 9.403.

dx_dy_du_dv_dw dx dy d= du do dw  dt
o L 9404 &

—=—=—=—. 9.404. =—=—=—=——=——=—- 9405,
I u v w y 1 v w t v+w wHt t+v
dx dy dz du dv dw dx dy dz dt
—=i=——= =—= . 9,406, ——}=—2——=——-=
Il v wu 2y—z w x+y—z 1 ¢t x*—uz z+4u



SET T a2 Cuxt=214Ch, pP=Ci(214Ch). 9413,

e ( ¢l ?
C|+C2- Cl C2+Y
x2=124C,, y*=t*+C,. 9414, y2= 2= .
ey 2 T C—x) 2(C,—x)
9.415. X=]n|C3(C1t+C2)| _lnIC3(C11+C2)I~C1, = ((:1+I)t+C2
9.416. x>+y’+z2=C,y, z=C,y. 9417. x=C,t, y=C,e' +C—‘. 9.418.
1
z=2y=C,, 2Jz—x—y+y=0C,. 9.419. x2=Cye?'+Cye %,
y2=Ciet'—Cye %' 9.420. y=x+C e~ C* =C,e*; y=x-—e",
1%2
_x , 3x? 3,
z=e . 9421 z=C,y, y =—2—C—,+C2, z=y, ¥ =§ X +1.

9.422. a) [la, 6) Her. ® Coomomcuue o(t, x, y)=C sausercs
NEPBBIM HHTErPajioM CUCTeMBI X,=/;(, X ) y,_fz(‘;, X, y) Torma

M TOJILKO TOrAa, Koraa —a—t-+f|(t, X, )’)T'*'fz(” X,y 7_(p= .
0xX oy

9.423. 2027’ =x?4(y—1)% 9.424. p +3p(x2—1)—10=0. 9.425.
y= x(l+ln,/|x|) 9.426. (y—x)2+x2=1.9.427. p=C,x'* VI Cx' V2,
7—sz YO (24/2)+x 2710, (2-/2). 9428, y=C, + Cox, 2=2C, +
C, C
. 9.429. x= C1t+—-, y——C.t+~ 9.430. x——, y=C,e —’—2‘
9.431. x= Cie'+Cre¥, y= C,e+2C2e 9.432. x=3C16’2‘+C204’,

y=Cie*+Cre*; x=3e¥, y=e*. 9433, x=e¢*(C,cos2t+C,sin 2t),
y=e*((C,—C,)sin 2t—(C,+C,)cos 2t), x=e> (cos2t—sin2t), y=2e>x

|
xsin2t. 9434. x=e~ % (C; cos 3t+ C, sin 31), y=ze ’2‘((4C1—3C2)cos31+

+(3C,+4C,)sin 3t). 9.435. x=(2C,1+2C,+Cy)e™", y=(Cyt+C;)e”

9.436. x=(C,t+Cy)e™ ™, < C.t+——(2)e tox=2e™¥, y=
3

=(1-2t)e™. 9.437. x=Cie'+e "*| C,cos Y 5 t+C,sm§t> y=

=C,e'+%e“"z<(C3ﬁ—CZ)cosét—(CZ\/5+C3)sin\/731>, z=
=Cye' +le"’2< 2/3-C )smit— (C3/3+Cy) cos£t> =y=

=z=¢e". 9438 x= C,e2'+C2e L y= C1e2'+C3e Lz=Cret—(Cy+ Cy) x
xe ™' x=eYte !, y=e¥te !, z=eM—-2¢ ' 9439. x=C,+3C,e%,
y——2C2e2‘+C3e 1 z=Ci+Ce?=2C5e7". 9.440. x=C,e'+Ce* +

+Cye¥, y=Cie'+2Cse™, z=2C '+ Cre¥ +2C e, 9.441. x=2C,e* +
2

t 1
Cre ¥ —=t——, yp=Cie¥*+3Ce ¥ ————. 9442, x=(C,cost+
+C,e 3 13 y 1€+ 2€ 2 12 X ( 12 :
t
+Cysint—1)e', y=(C,sint—C,cost)e'. 9.443. x= C1+C2r+3+5—

C 3
—3e’>e2‘, y=<C.-—Tz+C2H—?~2e'>eZ‘. 9444, x=C,cos t+C, sint—
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—tcost, y=(C;—C,)cost—(Cy+Cy)sinz+1(cosz+sinz). 9.445. x=
—Clcost+C2smt+tgt y=—Cysint+Cycos t+2. 9.446. x=3(C e*+
+Cye” %)+ Cycos 21+ Cy sin 2t, y=2(Cie*+Cre %)~ 2(C300s21+

+C4 sin2t). @ MckaTb pelueHne cucTembl B Buae x=Ae*, y=Be*.
9.447. x=a(1-27")/4, y=3a(1-27")/4. @ Cucrema nucbq)epeﬂuuanbﬂblx
k
ypaBHenuit: X=k; (a—x—y), y=k,(a—x—y). 9.448. x=a cosTt,
m
l/ / xZ kZ 2
2 sin —t —+—5=1. @ [dubdepeHunanpubie ypaBHeHUs
m ﬂ' muvg

JBHKEHUS: mi= —k2x, mj=—k2y. 9.449. Heyctoiiuuso. 9.450. Ycroii-
anBo. 9.451. Heyctoiunso. 9.452. AcMMNTOTHYECKH yCTOH4MBO. 9.453.

ACHMITOTHYECKH YCTOI4YKMBO, ecin o< — 1/2; ycroifunso, ecin a= —1/2,
W HeycToiuMBO mpH o> —1/2. 9.454. = —@;i+fi(t, 1+ @y (f), .o o+
+(p,.{t)) Fi(t. zyy e zp), i=1, 2, .0 @ l'IpeoGpa}osaTb cuctemy (1)
K HOBBIM MEPEMEHHBIM, NoJaras z;=x;— i=1, 2,..,n

9.455. Touka nokos x;=0 (i=1, 2, TCHCTCMH andpepeHIHaTbHBIX

ypaBHEHHH YCTONYMBA, ecnu ana noboro £>0 Haiizercs 8(e)>0 Takoe,
n

YTO M3 HEPaBEHCTBA Z 2(to)<8%(e) cmemyer Y x?(t)<e npm Bcex

i=1 i=1
n

t>1y,. Ecnn, kpoMe TOro, BbIMOJIHEHO COOTHOLIEHHE lim Z x,—Z(t)=0,
I+ -

TO TOYKA IOKOS CHCTEMbl ACHMOTOTHYECKH YycToiuuBa. Touka mnokos

HEYCTOMYMBA, ¢CiU HaiayTcs €>0 M HOMEp ! Takue, 4TO NpH JIO6OM

3>0 u3 HepaBeHCTBA |x;(lo)|<8 cieayer |x;(¢)|>& ans HekoTopo-

ro (>t.

9.456. Heycrtoiiuussiii ¢okyc. 9.457. Ceano. 9.458. Heycroiuusbiii
tdokyc. 9.459. Vcroituusbiii y3en. 9.460. VYcronuusbli y3den. 9.461.
Ycroituusbiit yszen. 9.462. Hu npu xakux o. 9.463. |o|>2.

9.464. 0. <0, |o|>|B|—cnyyait 6OABLLIOTO «OTPHUATEIBHOIO TPEHUS,
TOYKa MNOKO# -— HEeyCTOW4MBBIA y3en; a<0, |a|<|P|—cnyyalh «oTpuua-
TEJBHOrO TPEHHS», TOYKa NOKOs —HeycToiuuBbl ¢okyc; a=0, Touka
Nnokosi ycroHyuBa —ueHTp; >0, |a|<|P|, Touka mMOKOA —yCTOHYMBBIH
cboxyc a>0, |o|>|B|, conpoTuBieHHE Cpebl BEJIMKO, TOYKA MOKOSA —
YCTOMYMBLIA y3e/l. @ 3aMEHUTb YpPAaBHEHHE AKBUBAJICHTHOH HOpPMasbHOM
cucTeMoit x=y, y=—2ay—p3x.

9.465. @ Mcrnoab3oBaTh 3amuch  4acTHOTO peuieHHss OJIHOPOIHOR
CHCTEMbI NpH PA3.THUYHBIX 3HAYEHHSIX XAPAKTEPUCTHYECKOrO KOPHS.

9.466. HCyCTOM‘lHBa 9.467. Ycroitunsa.

9.468. V—\’Z+1 ycTo#uuBa. 9.469. V=x? +y HeyCToﬁquad

9.470. V=x +y yCTOH‘IHBd 9.471. V=x +y HeyCTowmsa

9.472. V=2x? -H yctoiuuBa. 9.473. V=y>-'/,x?, Heycroii-
aupa. 9.474. Vcroiiumpa. 9.475. Heycroitunsa. 9.476. Heycmﬁlmad
9.477. YCToﬁqusa 9.478. Ycroiuusa. 9.479. CTOHYHBA.
9.480. V'=3x2+4y?; acHMNTOTHYCCKM YCToHumBa. 9.481"). }a 1)=1,3280.
9.482. y;06 =4,4828. 9.483. \(0.’2 0,0451. 9.484. }(2)———08407 9.485.
v(1)=0,7899. 9.486. y(1)=0,3305. 9.487. »(1)=0,3635. 9.488. y(2)=

'YB oTBeTax k 3adauaM 9.481—9.499. a Takxe K 3adauam
9.506—9.511 npuBecHbI 3HAYCHHS MCKOMOIO DCLUCHHSA B KOHLE 3aJaHHO-
ro oTpes3ka.
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=3,4547. 9.489. y(1)=3,7190. 9.490. 72 2,3683. 9.491. (0,1)=0,1057.
9.492. (0,5)=0,0461. 9.493. y(2)=42489. 9.494. (0.4)=0.4647.
9.495. (0.1)=0,1098. 9.49%, ¥(0,5)=0,6842.  9.497. " y(1)=0,4388.
9.498. »(1)=0,3679. 9.499. v(2)=—0,7895.

9.500.
SUBROUTINE EULER(F,X0.Y0,H,N,Y)
DIMENSION Y(N)
H3=Hx*3
X=X0-H
U=Y0
K=0
3 X=X+H
FUNC=F(X,U)
YI-—U+H*FUNC
I Y2=U+(FUNC+F(X,Y,1))*H2.
lF(ABS(YZ YI)LT.H3) GO TO 2
YI=Y2
GO TO |
2 K=K+l
Y(K)=Y2
U=Y2
IF(K.LT.N) GO TO 3
RETURN
END

9.501.
SUBROUTINE RK(F,X0,Y0,H,N,Y,EPS)
DIMENSION Y(N)
M=1
KIND=0
DOl I=IN
Y(1)=0
2 X=X0
U=Y0
DO 4 J=IN
DO 3 K=1M
QI=F(X,U)*H
Q2=F(X+H/2.,U+Ql/2.)*H
Q3=F(X+H/2,U+Q2/2.*H
Q4=F(X+H,U+Q3)*H
DY =(Q1 +2+Q2 +2+Q3 + Q4)/6.
U=U+DY
3 X=X+H
A= ABS((U Y())/15.)
Y()=

IF(A. GT EPS) KIND=1
4 CONTINUE
IF(KIND.EQ.1) GO TO 5
RETURN
5 H=Hp].
M=M+2.
KIND=0
GO TO 2
END
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9.502.

SUBROUTINE MILN(F,X0,H,N.Y,EPS)
DIMENSION Y(N)

NI=N-4

EPS=0.

X=X0

FI=F(X+H,Y(2))

F2=F(X+2.+H,Y(3))
F3=F(X+3.#H,Y(4))

DO 1 K=INI

YW =Y(K)+(2.4F1 - F24 2.#F3)*4+H/3.
Y(K+4)=Y(K +2)+ (F2+4.5F3+ F(X + 4.#H,YW)*H/3.
A=ABS(YW — Y(K +4))/29.
EPS=AMAXI(A, EPS)

F1=F2

F2=F3

F3=Y(K+4)

X=X+H

RETURN

END

9.503. B 3apanne ans DBM BXOAMT TPH NPOrpaMMHBIX €IUHHLBL
a) noamporpamma

SUBROUTINE EULER(F,X0,YO,HNN,Y)

6) noanporpamma-pyHkuusa (x 3anave 9.492)
FUNCTION F(X,Y)

F=2X*Y +X*X

RETURN

END

B) OCHOBHAas Nporpamma

EXTERNAL F

DIMENSION Y(20),A(40)
CALL EULER(F,0.,0.,0.025,20,Y)
CALL EULER(F,0.,0.,0.0125,40,A)

B=0

DO 1 K=1,20
C=ABS(Y(K)—A(2*K - 1))/7.

B=AMAXI(B, C)

WRITE (3,2) A,B .

FORMAT (5(1H ,8F12.6),” MOTPEIIHOCTDb = ',F10.8)
STOP

END

9.504. 3apmanne ana OBM k 3amave 9.498:
a) noAmporpamMma

SUBROUTINE RK(F,X0,Y0,H,N,Y,EPS)
6) noanporpamma-pyHKUUA
FUNCTION F(X, Y)
F=Y*Y*EXP(X)—2.*Y

RETURN

END

B) OCHOBHAas Mporpamma
EXTERNAL F

DIMENSION Y(10)

CALL RK(F.,0.,1.0.1,10,Y,1E-4)
WRITE 3.,1) Y
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I FORMAT (1H, 5F15.6)
STOP
END

9.505. 3aganne nns OBM x 3amaue 9.499:
a) noanporpamma
SUBROUTINE MILN(F,X0,H,N,Y,EPS)
6) moxnporpamma-yHKuMs
FUNCTION F(X, Y)
F=1/(Y*Y-X)
RETURN
END
B) OCHOBHas TNporpamMma
EXTERNAL F
DIMENSION Y(21)
DATA Y(1)/0.63212/,Y(2)/0.652562/,Y(3)/0.677129/,Y(4)/0.705863/
CALL MILN(F,1.,0.05,21,Y,EPS)
WRITE (3,1) Y,EPS
1 FORMAT (3(I1H ,7F12.6), NOTPEIIHOCTb = 'F8.6)
STOP
END

9.506. y(2)=0,25, z(2)=0,375.

9.507. y(1)=1,261, z(1)=2,346.

9.508. (0,3)=1,505, z(0,3)=0,577.
9.509. 1(0,3)=0,638, z(0,3)=1.568.
9.510. y(1)=1,359. 9.511. y(2)=—1,833.

9.512.
SUBROUTINE RKD(F,FI,X0,Y0,Z0,H,N,Y,Z,EPS)
DIMENSION Y(N),Z(N)
KIND=0
M=1
DO 1 I=IN
Y(1)=0.
Z(1)=0.
2 X=X0
U=Y0
V=20
DO 4 J=IN
DO 3 K=1M
QIY=F(X,U,V)*H
QIZ=F1(X,U,V)*H
Q2Y=F(X+H/2,U+Q1Y/2,V+QlZ/2.)*H
Q2Z=FI(X+H/2,U+Q1Y/2. V+QIZ/2.)*H
Q3Y=F(X+H/2,U+Q2Y/2.,V+Q2Z/2.)*H
Q3Z=FI(X+H/2,U+Q2Y/2.,V+Q2Z/2.)*H
Q4Y=F(X+H,U+Q3Y,V+Q3Z)*H
Q4Z=FI(X+H,U+Q3Y,V+Q3Z)*H
DY =(Q1Y +2*Q2Y +2+Q3Y + Q4Y)/6.
DZ=(QIZ+2*Q2Z +2*Q3Z+Q4Z)/6.
U=U+DY
V=V+DZ
3 X=X+H
A=ABS((U-Y(J)/15.
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B=ABS((V—Z()))/15.)
Y()=U
Z0)=V
IF(A.GT.EPS.OR B.GT.EPS) KIND=1
4 CONTINUE
IF(KIND.EQ.1) GO TO 5
RETURN
S H=H)2
M=M#2
KIND=0
GO TO 2
END

9.513. 3ananne a1 DBM k 3amaue 9.509:
a) moamporpamma
SUBROUTINE RKD(F, F1,X0,Y0,20,H,N,Y,Z EPS)
6) moanporpamMma-¢QyHKIHs
FUNCTION F(X,Y,Z)
F=EXP(—1.%(Y**24Z#+2))+2.#X
RETURN
END
B) noanporpamma-GyHKuus
FUNCTION FI(X,Y,Z)
FI=2xY*$2+7Z
RETURN
END
T) OCHOBHaf mporpamma
EXTERNAL F,F]
DIMENSION Y(20),Z(20)
CALL RKD(F,F1,0.0.5,1.,0.1,20,Y,Z,1E—4)
WRITE (3,1) Y,Z

| FORMAT (IH, 10F10.4)
STOP
END

9.514. y,=2,953, y,=4375, y;=6359. 9.515. y,=1926, y,=2,593,
y3=3333, Ty, =4,148, y=5037. ye=6. 9.516. y,=0874, y,=0,743.
¥3=0611. "y, =0482,  y,=0362, yes=0253, y,=0,161, y,=0087
15=0,033. 95517, y,=2,019, y,=3.956, y,=5.720, y,=7,212, ys=8,316,
Yo =8908, y,=8855, y,=8044, y,=6413, y,,=3998. 9.518. y,=1,17,
Yo=131 py=142, y,=1,50, y,=164, ys=166, y,=163, ys=1,58,
vo=149. 9519, y =2, v, =2.273, y,=2,674, y,=3]185, y,=3,796.

9.520. 3apanue ans OBM k 3agave 9.518:
a) noamporpamMma
SUBROUTINE EXCLUS(A,B.N)
6) ocHOBHas nporpaMma
DIMENSION A(11,11),B(11)
READ (1,1) A,B
I FORMAT (9F8.4)
CALL EXCLUS(A,B,11)
WRITE (3,2) B
2 FORMAT (' '9F8.3)
STOP
END
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TJIABA 10

10.1. Jlunuu yposHs— napabonel y?=C—x. 10.2. Jluuuu ypoBHsI —
runep6oiel xy=C (npu C=0-—COBOKYIIHOCTb KOODAMHATHBIX OCEii).
10.3. JIunnn ypoBHs—mpsamble y=Cx, x#0. 10.4. TloBepxHocTH ypOB-
H$ — NapaJjuiesibHble TUIOCKOCTH x+y+z=C. 10.5. Hosepxnocm YPOBHA —
OJIHOMOJIOCTHEIE, M ABYNONOCTHEIE runep6onouasl x2+y?—z2=+C? (npu
C= O—KOHyc x +y —22=0). 10.6. [ToBepXHOCTH YPOBHS --- NapaboTOHIBI
ppamenus x2+y?’=z+C. 10.7. TunepnoBepXHOCTH YpOBHS — YeTLIpEX-
MCpHBIE TapajijiejibHbiec IUIOCKOCTH X, +X,+ X3+ x4—C. 10.8 I"ymep-
IIOBEPXHOCTH yposﬂﬂ——qubigexmepHme chepnl  xI+x 2+xipai=Cn
10.9. Oxpyxuoctn x>+ yp?= 10.10. Tunepdob x;—( (npu C=0—
COBOKYMHOCTh KOODJIMHATHBIX oceu) 10.11. Tlapabonabr y —2(A+C) 10.12.

X y z
MNpample —=-~=-. 10.14. Jlunun nepeceyeHns runepOOIHUECKUX HMIIMH-
m n

apoB y2—x2=C, ¢ TAKUMH Xe¢ HUIMHAPAMH I° = —Cz. 10.15. Oxpy-
XKHOCTH, SBISIOLUMECS JMHUAMH nepecederus chep x*+y*+2z2=C7? ¢ mioc-
kocTAMH x+y+2z=C,. 10.16. IIpsMble 4eTbIpEXMEPHOTO NPOCTPAHCTBA,
NEpHeHANKYNIApHbIE K ocH Ox; M €e TepeceKaloLlue: 'L':ﬁ:&; x3=C.
Lo, o,
. 1 11
10.17. x=cost, y=sint, z=bt. 10.18. ——~=I, —+-—=4
z X 2y
10.19. a) Kouuueckue nosepxuocm C BEPUIMHAMM B Havaljie Koop-
JMHAT, HANPaBJISIOLIMMH KOTODBIX CIYXAT 3a/1aHHBIE 3aMKHYTbIC KDHBBIE;
6) TopoumasibHbBIE TOBEPXHOCTH, OOPA30BAHHBIE OKPYXHOCTSAMH C IIEHT-
paMH Ha NPAMOH X=y=z, JeXalIUMU B MIOCKOCTAX x+y+:z=C,
CEYCHUAMM KOTOple ciyxar 3a11aHHb|e 3aMKHYTblE KpPMBBIE.

X cay
1024, =25 4025, - 10.26. a. 10.27. a(b, )+ b(a, r).

Il J/xr 2422 Ir I

10.28. 2|al’r—2(a, r)a. 10.31. 13/5. 10.32. 4/./5. 10.33. 14/3 10.34.
1/]r]?. 1035, 6//a*+b7+c?. 10.36. cosp=—4/,/41. 10.37. ——2\/

1 1
n=7(2i+j+k). 10.38. ——(2i+3j—2k). 10.39. P(3,3, —3). 10.45.
6 17
szcp

2__
xy=C. 10.46. {x _'2

z 3

y=C,x,

10.47.
{z =C,/x.

5+3 256
10.48. \/2+1. 1049. In izi- 1050. 0. 1051 “—a’. 10.52.

3 /10 9
10.54. “‘9/ . 1055 —Zkna'. 10.56.

ka\/_ Mmc

. 10.59. —Tra 10.60. ar?

4 3
10.61. —Br‘. 10.62. ./3/360. 10.63. 2./2n/3. 10.64. 4n. 10.65. L

10.66. > (ﬁ+1) 1067. - f 10.68. K7 (3\/——1> 10.69. —ku.

316

"—;[(1+4n2)” -1].

3 L
f
0.58.

2kma./2a. 10.57. kna’.




k

10.70. %aZﬁ(sﬁ-ln(l+ﬁ)). 10.71. —nab. 10.72. a) 2/3; 6) 0.7;

B 07 DL om) I 1073 2nR. 1074 91/60. 10.75. 2nlath.
2nR

10.76.

NG

. z=R-x—y, x*+y*+(R-x—y)=R}, um

R(1+¢
x*+xy+y?=R(x+y). Monoxum y=tx. Torga Hmeem: x=l-|(-t+tl’
R(t+1%) R Rt
y= 5=R— 3, 2= — 5. 3Hauenuro /=0 cooTseTCTBYET
14141 1+e14t 1+et+t

Touka A(R, 0,0), 3navenuam (=+oo—Touka B(0, R, 0), 3HaueHHIO
t=—1—rtouka C(0, 0, R). O6xoQy B NOJOXHTEILHOM HANpaBIeHHH
OTHOCHUTEJIbHO ocd Oz cooTBeTcTBYeT 06x0a BCAB, T.e. M3MEHECHHE
R(£*+21)

t or —oo uepes3 —1 u 0 mo +oo. Hanee, dx=-————-=dt,
P a (1+1+1%)?

_ R(2t+1) ___R(#-1)

= , dz=———=dt. TlonydsaeM zdx+xdy+ydz=
v (1+t+12)? (+t+12)? Y Y

+w
R (1+204+382 420 +1* R2dt dt
= ( + — + )df= 5, OTKyna §(a’ d"):RZ —
(+1+1%) 141+t b 3141
*rod t+1 -
RZJ. 2] 2R ot 2t+1|*® 2nR?
- TTNIT Sl —=— | == &
T %+<t+%> V3 Vil 3

7
10.77. 2ra®. 10.78. QZ 2—3 a®. 10.79. 4r*/3. 10.80. —4rn. 10.81.

—nr*/2. 10.82. —1. 10.83. a3/6. 10.84. 4na. 10.85. 4HR*/15. 10.86.
nR*/2. 10.87. nR*H/3. 10.88. nR>H/4. 10.89. nR?*H?*/3. 10.90. mR*/8.
1091. 0. 10.92. nR*. 10.93.‘—R2H/3. 10.94. 0.

10.95. x+y+z. 10.96. —2/(x+y+z)*3. 10.97. 14. 10.98. 8. 10.99.
0. 10.100. 0. 10.101. 0. 10.103. a°. 10.104. 4nR>.

10.105. —2nR>. @ 3aMKHYTb TMOBEPXHOCTb, A00ABMB OCHOBAHHE
napaboIMYecCKoro CerMeHTa, W BbIYECTh COOTBETCTBYIOLIYIO €My 4acTb
NOTOKa.

10.106. Ecnu a=a,i+a,j, TO NOTOK BEKTOpPa a 4epe3 Ayry AB

onpenenurcs dopmyinoit  [(a, n)ds= {a,dx —a,dy. Teopema I'aycca—
AB AB

Ocrporpaigckoro  ans  mwiockoro nons:  §(a, n)ds=§a, dy—a,dx=
L L

da, da,
= x4+ 22 ) dx dy.
H(dx+0y>dx g
¢ da, oa,

10.107. §a,dx+a,dy= ———)dx dy (bopmyna IpuHa). @
i ox 9y

Q
TMonoxute B npenbinymedt dopmyne (3amava 10.106) a,=a,, a,=—a,.
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RS 4
10.108. —. 10.109.
3 2
0 oP
+z(y*—x?)k. 10111, (20_Q_o— k. 10113, —2yi+2xj—2(3x+2y)k.
x Oy .
10.114. 0. 10.115. rot v=2w. @ Ckopoctb v Toukn P(r), Bpawaroiieics
C YIJOBO#l CKOPOCTBHIO @ BOKDYT OCH, TpOXOIsIUeil uepe3 Havajo
KoopauHat, pasHa [, r]. 10.118. a) «*. @ Ilepeiity k mapameTpu4ecKoil
¢dopwme, TOJIOKHMB y={X; TeTJie COOTBETCTBYET M3MEHEHHE 130T 0 no
3 b 4 3 R
+oc. 0) gna—z. 10.119. gnRs. 10.120. ETI:R“. 10.121. 3 10.122.
P
div(cu)=(c, grad u), div(au)=u diva+(a, gradu).
10.123. grad(a, ¢)=[c, rota]+(c, V)a, grad(a, b)=[b, rota]+
+[a, rotb]+(b, V)a+(a, V)b. < Haiinem npeasaputenvho [e, rota].
Umeem: [c, rota]=[c, tV, a]]=(a, ¢)V—(c, V)a=V(a, ¢)—(c, V)a. Or-

cioga V(a, ¢)=[c, rota]+(c. V)a, nanee, grad(a, b)=V(a, b)+V (b, a)
¥ HCHOJB3YEM MpeIBIAYLIMHA pe3yibTaT.

10.124. div[g, c]=(c, rota), div[a. b]=(b, rota)—(a, roth). 10.125.
rot(m{):[grad u, ¢], rot(au)=urota+[gradu, a], rot{a. b]=(b. V)a—
—(a, V)b+adivb—bdiva. e CMi peilieiue npumepa

. 0‘u  o‘u
10.126.  div grad u=V2u=W+W+5?.
o(di J(di J(di
= (d‘va)i+ (owa)j+ (owa)k, rot rota=[V, [V, a]]=V(V, a)—V?a=
x y z
=grad diva—V?2a, V2a=V3a,i+V*a,j+V3ak.

10.127. 6r=6(xi+yj+2k). 10.128. 0. 10.129. 4r=4(xi+yj+zk).

10.130. u div grad v+2(grad u, grad v)+v div grad u.

10.131. grad div (uc):%c V) grad u, grad div %ua):u grad diva+
+div a grad u+[gradu, rotal+{gradu, V)a+(a, V)grad u.

10.132. rot rot (uc)=(c, V) grad u—cV*u.

10133, Xy—xy’+C. 10134, 2 J/cos2xsin2y+sin 2x cos 2y + C.
X%y yz )z X
10.135. xyz—T}-i—“ > +C. 10.136. 1+—-f-—+ C. @ 3a HavyaJbHYXO TOYKY
X y z
A npuHath Touky (1. 1,1) unu aobyro ApYryro TOUKy, He JeXallylo
yz Xz Xy

Ha ocsax koopauHat. 10.137. z+—2——2+C. o Cm. ykasaHue K npenpbl-
xt oyt oz

10.110.  x(z2—y?)i+y(x*—z%)j+

grad diva=V(V, a)=

ayuieit 3ajgade.

10.138. <« Ecnu Obl BO BCIOAYy HENPEPLIBHOM MOTEHLUHUAIBHOM MOJIE
MOIJIH CYIIECTBOBATb 3aMKHYTble BEKTODHBIC JIMHUM, TO UMPKYJISLMS IO
TAaKOW JMHUU He Moryia Obl OBITH PABHON HYJO, TaK KaK NMPOHU3BEIEHHE
a, d? BAOJIb BCCH JIMHUM COXPaHsUIO Obl NMOCTOSHHBIH 3HAK, U MOITOMY

(a, r);éO. =

10.139. Ocobas Touka O(0, 0), uMkaMYecKas TOCTOSHHAS paBHA 2.
10.140. @ B3aTb [Ba MPOW3BOJBHBIX 3aMKHYTBIX KOHTYpa, OOXOASIIMX
NaHHyto ocobyto Touky: AMA u BNB. Coeanuntb Toukn M u N oTpe3koM
npsMOi HW K CIOXHOMY KOHTYpY AMNBNMA npumenuts Gopmyny
I'puna. 10.141. @ Mcrnonb3oBaTh NMpH ONpeAESEHHM MNOTEHIMANAa MNyTH,
0OXOIfIINE 1O HECKOJIBKY pa3 M B Pa3JIMYHBIX HANpPABICHUAX 0OCOObIe
touku. 10.147. @ Ilpumennts  TeopeMy ["aycca — OcTporpaackoro
¥ y4ecTb, 4To Ha 60KOBO# nosepxHocTn Tpy6kH (a, n)=0. 10.149. @ IMpu-
MEeHUTb TeopeMy [‘aycca —OcTporpajickoro M yuecTb, 4TO JUIsi rap-
Monmueckux Oynkumi VZu=0. 10.150. Her. 10.151. Her. 10.152. [Ja.
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10.153. Toavko npu A+C=0. 10.154. Toavko eciu A+ C=B+D=0.
10.155. a. 10.156. Tonbko npH a;;+a,;+a33=0. 10.157. Tosnbko eciu
ay11+a122+a133=0a112+ 222+ a233=0a113+a223+a333=0.

0
. JIMHUH

X )—, zZ—2Z X—X ) Z—2Z
10.158. Tuwan x: 7= Y=Yo_2" %, °=}T

0 0 ; JIKHWH Y. o

LXTXo_Y=Vo_Z

0 0 1

10.159. Jluauu r: o=@, z=2z, (Jy4H, HCXOASALIME H3 TOYEK OCH
Oz, nexauide B TOPU3OHTANbHBIX IUIOCKOCTSX); JHHHM @©: r=r,, zZ=2,
(OKPYXHOCTH C HEHTpaMHu Ha ocH Oz paaMyca ry, JIEXKAlUHEe B MIOCKOCTAX
z=2,); JIMHUU Z: r=r,, @=@, (OpsMble, napajulejibible ocd Oz).

10.160. Jlunuu r: 0=0, @=¢, (1y4d, HCXOAALIME M3 Hayaia
KoopAMHAT), JmHUM O: r=ry,, @=@, (MONYyOKPYXHOCTH pajauyca r,
C LUEHTPOM B Hayaje KOODIAMHAT, JIeXKALIHE B MNOJYIUIOCKOCTAX @ =@,
npoxomsimux 4epes ocb Oz, T.e. MepuaMaHbl). JIuHum @:r=r, 6=0,
(OKpYXHOCTH paguyca ro,sinf, c wueHTpoM Ha ocH Oz, nexauiue
B TFOPH30OHTAIBbHBIX MJOCKOCTSX, T. €. napamlenu)

10.161. L,=L,=L,=1. 10.162. L,=L,=1, =r. 10.163. L, =1,
Ly=r, Lo—-rsme 10.164. ds,=dx, ds -dy Js =dz; do, —dy dz
do,=dx dz, do,=dx dy; dv= dx dy dz. 10. 16vS ds, =dr, ds,=rdg. ds =dz;
d0' =rde d‘. dc =dr dz, do,=r dr d(p, dv=r dr do d:. “10.166. ds =dr,
dse—rd() ds, Zrsind do; do,=r?sin0 df do, dog=rsin0 drd(p

ou 1 ou ou
do,=r dr db; dv=r*sin0 dr do do. 10.167. —e+-—e,+
or r o

—e,.
oz *©

) ou
[Pt
1 or) 10*u 0% 1{o(ra,) 0a, Oa,
+-—+ 10.169. —{——+—2+r—).
r

10.168. - r—J.
r or rog? = 0z? or 00 0z

10a, oa, da, Oa, 1(/0(ra,) oa,
10.170. - e,+| —— e, +—| ——————e,. 10.171.
r()(p 0z oz or) * r\ or 0
0

ou +ldu N 1 u 10.172 '9() zdu + in0 u +
—e,+-—eg+————e,. 10.172. in0—|(r*—|+— —
o’ rgo"" rsin6og 2sino\" T or\” o) T oe\" " o8

B

| ou 10.173 in0 - (ra,)+ in@ | +r2
— ) .173. sin@ —(r r—| aysin r—2).
sin 0 092 2sin® or AT g\ % 9
10.174 1 0 (a, sin 6) oa, +l 1 0a, 0 (ra,) )es +
.174. — (a,sin 0)—— | ——==—(ra,) e
rsinB\00 0Q 7 \sine op or o) )
1[0
+- —(rae)——a . 10.176. a) dive,=~, rote,=0; 6) dive,=0, rote, _e_
r\or 00 r
g0
B) dive,=0, rote,=0. 10.177. a) dive,=-, rote,=0; 6) dive,=—-,
r r
e . ctg0

1
rote,=—2; B) dive,=0, rote,=——e,——¢, 10.178. a) u=C,Inr+C;
r r r
c
6) u=C,¢+C,; B) u=Cz+C,. 10179, a) u=—+Cy;
r

0
6) u=C,1nlg§+C2; B) u=C,0+C, 10.180. u=r*sin2¢ cos20,

2 20

grad u=2r| sin 2¢ cos 20e, — sin 2¢ sin 2eeo+c_:0_s_£‘)os_e")’ Viu=
sin

=2sin2¢ (1 -2ctg20). 10.181. u=rzsin2¢ +rcos 29, gradu=
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=(zsin2¢+cos2¢)e,+2(zcos 2¢ —sin 2¢) e, +rsin 2¢e,, Viu='—=.

1

10.182. a=sinfe,, diva=0, rota=—(2cos€)e,—sin9e, R
r

10.183. a=rz(e,—e,), diva=2z—r, rota=(r+z)e, 10.184. gradu=

(r

=f'(r)e,=f'(r)f Vau=/"()+=2 10185, gradu=f’(r)e,=f’(r);,

OF 1 ()F
Viu=f"(r)- rf() 10.186. gradu—-(o et e
0*F ZOF 1 0°F ctg0 oF oF oF
v Rk A (R € 1A du="e,+ e,
o Tror TR T 8 gracu ()re'+()zez
- ol F 1OF OF
U=-—= +—.
r2 ror 0z?
T'JIABA 11

11.1. BHYyTpeHHOCTb Kpyra € HEHTPOM B TO4YKe zo paadyca R;
o/iHoCBsA3HA. 11.2. BHYTpeHHOCTb KOJIblla MEXIY OKPYXHOCTAMHU DA/IMyCOB
I u 2 ¢ ueHTpoM B TOuKe Zo=i; ABycBsidHa. 11.3. BuewHocTh kpyra
paauyca 2 ¢ UEHTPOM B TOYKE Zo=1I C BBIKOJIOTOH OECKOHEYHO yHajieHHON
TO4koi; aBycBsa3Ha. 11.4. BHYTpEeHHOCTb rOpPM3OHTANBLHONH MOJIOCHI, 3a-
KJTIOYEHHOW MeXay npaMbiMH y= —1/2 u y=0; oaHocsa3Ha. 11.5. Bueur-
HOCTh Kpyra pajauyca R ¢ LEHTPOM B TOYKE Zo; OAHOCBSI3HA. BeckoHeyHO
yOAJCHHAS TOYKA Z=00 SBJAETCA BHYTPEHHEH TOYKOW 3TOM obnacTu.
11.6. BHyTpeHHOCTb Kpyra ¢ BBIKOJIOTbIM LEHTPOM zZo= —i paauyca 2;
nsycssizHa. 11.7. OTkpbiTas noaymiockoCThb, onpeaensieMasi npsamMoin x= 1
M cojepxkaiuas Havyano koopiauHat. 11.8. BHyTpeHHOCTH Kpyra pdﬂuyca

2 ¢ upeHTpom B Toyke (2, 0); omHOCBSI3HA. 11 9. AMas
z+1 (z+1)(E+1) (b l)?
x—y+1=0. @ 3anucats - B e 3
=i (z=i)(z+)) |z—i]
X
11.10. BHyTpeHHOCTb JsJMMnica Y +%—= 1. 11.11. OxpyxHocTb |z|= —
kpoMe Toukd z=—2i. 11.12, YacTp mNIOCKOCTH, Jexaluas cnpaBa OT
NeBoil  BeTBM  rumepOoJib! AT =1. 11.13. [TIlpsamas, npoxoaswas

Yepe3 TOYKH 2, M Z,, C BBIPE3AHHBIM OTPC3KOM, COCAMHAIOIIMM JTH
Touku. 11.14. BHyTpeHHOCTb OTpe3Ka, COENHHSIOLIEro TOUkH —i U i. @ Bo-
CToJIb30BaThCs paBeHCTBOM arg(—z)=mn-+ argz. 11.15. Rez>0, Imz>0.
11.16. Rez<0. 11.17. |Rez|<3. 11.18. |z—(l+1)|+|z—(3+1)l<6
11.19. 3n/8 <arg(z—z,)< 5n/8. 11.20. u=2x2—2y? +y. v=4xy+x.

xt=(1+y)?
1121 u=—2xy—x, v=2-y+x’—y* 1122, u=-— 3 U=
x2+ (1+y)
2x(1+y
S T Y e S . S
x4+ (14y) x24y? x 4y
1
1124, u=x*—y? v=2xp—1. 11.25. u= —— (2xp+y+x?—p?+x+1),

2(x—y) |
— (2xy+y—x*+y*—x-1). 1127 22+2iz—1. 11.28. 7=
11.29. 4z/(z2—2z%). 11.31. Jliobas obnacrs, Jexawias BHYTPM yria
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C BEpUIMHOM B Ha4yajJe KOOPAMHAT M pacTBopa He Oosee m/n. 11.32. Jlrobas

obnactb, Jiexawias B TOJIoce, TApa/UIcTbHOH JeHCTBHTCIBHOH OCH

W wHpHHOH He Gostec 2m. 11.33. Jliobas obsacTb, nexawas B MoJioce,

napaJuie/IbHON MHHUMOM ocH M IMpHHOH He Gonee 2m/3. 11.34. Jlrobas

obnactb, nexaias JuOO BHYTPH CHMHUYHOro kpyra (|z|<1), nnbo BHe
1

ero (|z|>1). @ PascHcTBO 2z; + — —zz+— NPU Z; #Z; BO3MOXHO TOJIBKO
i Z3
1
B cay4ae, Koraa Zy=—. 11.35. 3i. 11.36. —if2.
2 1, 513!
11.37. _§+§" 11.38. IE ——~l§1 11.39. Ocb Ox oToDpaxaeTcs
B okpyxnocTb u’+v’=1. Ocs Oy orobpaxaercs Ha och Qu. Ilpu
TOM TOYKd 2=/ MEPEXOAUT B TOYKYy W=00, a TOYKA z=00—B
TOYKy w=1.
11.40. npﬂMdﬂ x=C oTobpaxaercs B mapabony v>=4C?*(C*—u);
OKPYXHOCTb |z|=R--B OKPYXHOCTb |w|=R? TNpOXOAUMYIO JBAXJIbL

Jyd argz=o—B Jyd argw=2a; noaykpyr |z|<r, Im z>0—sB xpyr
|w|<r? ¢ pa3pe3oM No OTPE3Ky MNOJIOXKMTENbHOW EHCTBUTENLHON OCH.
11.41. < Touku, Jnexawmuce Ha npsaMoit x=C, 3aNUCLIBAOTCA B BUAE

1 C y

c=C+iy, a WOTOMy W= ——=-———i—"— . Oicioma
C+iy C+y Co+y
C ¥ 2, 1 u c 6
=, v= - L ul o= - = —. CresoBaTebHO, 06-
Ciyy? C24y? C+y? ’

u
pazoMm npamoit x=C ABASETCH OKPYXHOCTb u’+p?— r =0. Ob6pa3om

1
OKPYXHOCTH |z|=R sBIS€TCA OKPYXHOCTb lez»k. Jlyu argz=a, T.e.

ayd (0, oo-e®) orobpasurcs B uaywwmii u3 Geckonewnoctu nyu (0,
oc e~ ™). Moaykpyr |z|<r, Imz>0, 0TOGPA3UTCA B HWXKHIOK IOJYILIO-

1
CKOCTh C BBIPE3aHHbIM TOAYKpYrom |w|<-, Imw<0. >
r

11.42. w(,:l?(l~ﬁ+i). w,=~\§/%(-l-—\/5+i),

\‘

|+i

/
2
“'22—}—/2“(1+\/§+i)~ w;—VT(I—\/Mz) 11.43. w0=

2
nvlz(]—)—/—_—)(]—i). 11.44. wy= /_<cos—~ + isin %—
¢ .. P
wy= — 2+ﬁ<005-2—+tsm—2->, @1 =n—arctg(/2—1

wy= Z—ﬁ <cos¥+isin$), Wa=—/2— 2(cos~-—+zsm-—>

(pz—arctg 5/5 11.45. wy =0, wy= 1+i, wy= —(1 +i). 11.46. 2(@+kmn),

\_/

keZ. 1(p+21\1t keZ.
. rsin @
11.48. —(\|1+2n(n+3k)), n=0, 1, 2, keZ, siny=—————,
3 V1+ri+2rcose
1+rcos@ ]
cosYy=————————  1149. —+n(n+2k), n=0,1,  keZ,
J1+ri+2rcoso 2
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rsin @ rcos@—38

siny= s cosy= . 11.50.
JV64+r2—16rcos @ 1/64+r2—l6rCOS(£>
Yinme2k),  n=0,1,  kez,  sinpo—— 020
2 V16+r*—8r2cos2¢
rlcos2¢—4 v .
cos{ = . 11.51. —+n(n+2k), n=0, 1, keZ, siny=
J16+r*—8r2cos2¢ 2
3rsing r’—2—rcos

= , €O

J9r¥sin? @ +(r?—2—rcos 9)? \/9r sinZ@+(ri—2—rcos@)?
11.53. Rew=e!~ *cosy, Im w=—e' *siny. 11.54. Rew=e*" """ x
xcos2(1—y), Imw=e* -"sin2x(1—y). 11.55. Rew= smxchil—

3

Imw= —cosxsh(l—y). 11.56. Rew=shxcos(y+2), Imw=ch xsin(y+2).
sin2(1+x) sh2y
11.57. Rew=_——— Imw=————.
ch2y+cos2(1+x)’ ch2y+cos2(1+x)
X X
11.58. Rew=3x2+yzcosz—y—, Imw=—3x"+»" sin ———.
x*+y? x*4y
11.62. chlcosl—ishlsinl. 11.63. cosl. 11.64. —sh2cosl+ich2sinl.
1
1.65. (2k+1)mi, keZ  1166. gi. 167, (2k+ |
keZ. 11.68. icthm. 11.69. 0. 11.70. Arcsinz=
=—iLn(iz+,/1-z2%), Arcsmt—-an—rln(\/_—l) keZ
i 1+iz
1171 Arctgz—-—iLn] ! Arctgg—-kn+ In2, kez.
_IA
11.72. Arshz=Ln(z+./z2+1), Arshi=(2k+§)m‘, keZ.

11.73. Archz=Ln(z+./z%—1), Arch(—1)=(2k+ )i, keZz.
1 1+z 1 [
11.74. Arthz——z- Ln Arlh(l —i)= ln 5+é~ arctg2+(k+i->1ri, keZ.

4 3n
11.75. |w|=§, argw="—-. 11.76. |w|=mn2, argw=0.
1 e?—1
11.77. |w|=§(3+cosln4), argw=0. 11.78. |w|=th]=—2—+—]—, argw=0.
e

11.79. (cosln2+isinIn2)e ™ 2"", neZ. 11.80. ¢Z**'" keZ.

2"“)" In2 In2 .
11.81. e( 4 (c057+isin i'—), keZ. 11.82. V2@k+ 1 pez

arctg—+2kn 4 4
11.83. Se 3 <cos<ln5—arctg§>+isin<ln5—arctg— ), keZ. 11.84.
arclg;+(2k+l)n<

—5e cos| In5— arctgg +isin(ln5—arctg§> , keZ. 11.85.

——(l+8k) —(l+12k) \/_
e , keZ. 11.86. ¢ 3 , keZ. 11.87. z=i —+2k1: N

keZ. 11.88. x=0. 11.89. z=1+i 11.90. z=n+2kn, keZ. 1191 f(2)
HenpepbiBHa B D, eciau Ve>0 VzeD 315=35(g, 22>0 ( |Az|<8Az+AzEe
D)=|f(z+Az)—f(z)l<e). 11.92. —2i 1193, . 11.94. oo. 11.95. 0.
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11.100. f(0)=0. 11.101. f(0)=0. 11.102. f(0)=0. 11.103. limf(z) ue
z—0 J—

A
cywecrByeT. 11.105. He nuddepenupyema Hu B oqHOH Touke. @ lim A_z
0 AZ

He cyuwectByeT. 11.106. He nuddepeHurpyema HA B OAHOH TOuUKe. AO (])'Ipn

x
A UM lim ———=1i S
y=kAx umeeM zr_nm Axtidy Alx-—+0 1T ik T. €. MpeNesl HE CYLECTBYET.
11.107. Ilud)(bepeﬂuupyeMa Tonbko B Touke z=0. 11.108. duddepen-
MpyemMa TOJIbKO B Touke z=0.

11.109. He muddepeHunpyemMa HH B OAHOH TOouke. <1 B TOU-

|+Az|—|z| [Azl
ke z=0 lm ——— = lim -—He cymectByer. Ecam ke
Az —0 Az az—0 Az
. +Az|—|z
z#0, TO, oObOO3Hawas |z|=r, Az=Ape'®, umeem I—Z——A—u=
V4
2A Ap\?
r<\/l+—7p(xcostp+ysin(p)+(——e> —l)
r r
= - . Orcrona HalaeMm
Ape'™®
A Ap\?
r( 1+2—§x+<—p>—1)
X r r X
lim =- MpH ¢=0 n
Ap—0 Ap r
A Ap\?
r< 1+2—3y+(~3> —1> ,
. r r iy T
lim - =—— npu @=—. Takum obpasom,
iAp—0 iAp r 2
. |z+Az]—|z|
lim ————— He cyulecTByeT. >
Az—0 Az

11.110. uddepeniupyeMa TOObKO B Touke z=1.
11.111. ® HUcnonb3oBaTe npaBuna muddepeHIMPOBAHUS CIOXHON

bydkunn JIBYX NepeMEHHBIX u(x, y)=u(rcos®, rsin @),
. 614 ou Ox 0u dy
v(x, y)=v(rcos, rsin @) 7] yCJIOBUS (1): P 6x 6r+5 5—;-—
v ov v ov v ou 1 ov
=5}—/cos<p—;—sm(p u E—p-——a—;rsmw ké—};rcosq), T. €. PR 6—(p Ana-

JIOTHYHO TNPOBEPACTCA BTOPOEC M3 PABCHCTB (2) }1}15] TNOJIy4Y€HHUS PaBECHCTB

u ov
(4) cnemyer BBIpa3’uTh Ew " Ew yepe3 TPOU3BOAHBIE MO r H @,
x x
or (7r 5(0 (3(]) \/2—_+—2-
NpoOU3BOAHBIE —, —, —, — TOJYYUTb M3 PABEHCTB r=./x*+y*,
P ox dy 0x dy y p )

y .
@=arctg— ¥ MOACTAaBUTb HalleHHble BbipaxeHus B (3).
x

11.112. (e3*)'=3e%*. 11.113. (shz)'=chz 11.114. (z")'=nz""! (xpome
Toukn z=0 npu otpuuarenbHsix n). 11.115. (cosz)'= —sinz. 11.116.
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z\ 1
(In(z%))' =2/z. 11.117. <sin 5) =§cos§. 11.118. ® Bocnoab3oBaTbes ycio-

Buamu Kourn — Pumana. 11.121. Bes nnockocTs, kpoMe Todek z=<k+§)n,

keZ; (tgz)'= 11.122. Bes nnockocts; f'(z)=e” (1 —z). 11.123. Bes

o (1—z%cosz—z (1 +z?%)sinz
IJIOCKOCTb, KpPOME TOYeK z, ,=+i; f'(z)=

cos?z’

(1+2%)?
11.124. Bcs TJIOCKOCTD, Kpome TOYEK z,=2mnvi,
veZ, f'(2)= —(—F—l)z-. 11.125. Bcs  miocKocTb, KpOME  TOHeK
e'_
T
zv=§v, VEZ; f'(z)=cos2z. 11.126. Bcs nuockocTb, kpoMe ToukH z=0;
e*(z—1) .
f'(@@)= >— - 11.127. Bes niockocTh, KpoMe Todek z,=mki, keZ;
z
1 1
f’(z)=—F—. 11.128. Bcs miockocTb, KpOME TOYEK zj, = k+z ,
sh? z
e 1) 1 11130 A 0'u 1du 1 0%u
€Z; )=—. .130. U=t~ — s —.
1 —sin 2z o ror r?og?

1L131.  Au=0, v(x,y)=3x2y—y>+C, f(@)=(x+iy)’+Ci=z*+Ci
11.132. Av=0, u(x, y)=2e*cosy+C, f(z)=2e¢*(cosy+isiny)+C=

=2e*+C. 11.133. Au=0, v(x, y)=_x2+y2+c’
f(2)=—i(x*—y?+2ixy)+3+Ci= —iz? +3+Ci. 11.134. Av=0,
1 1
u(x, )’)=§|n(xz+y2)+C. f(z)=Eln(x2+y2)+iarctgz+C=
X
=Infz|+iargz+ C=Inz+C.  1L135.  Au=0, o(x, )= ——>—+
X“+y

—1y 1

42X+ €, f(@) = 2y +2ix+ Ci==+2iz+Ci. 11136,  Au=0,
x2+y z

1 2 2 ~ 2 i 2 . 2—i 2 .

v(x, y)=—§(x —y)+2xy+C, f(@)==: —52 +Ll=—~5~z + Ci.

1 1
11.137. Av=0, u(x, y)=;(.\'2—y2)+C. f(z)=Ezz+C.

11.138. k=4, o=n/4. 11.139. k=2, o=n/2. 11.140. k=6; ¢=mn/2.
11.141. k=3, ¢=0. 11.142. k=1, ¢=0. 11.143. k=2, o=n/2. 11.144.
Cxumaercs obsactby |z|>1, a pactaruBaerca obnacte |z|<1. 11.145,
CxuMaeTcss noJymiockocTb Rez<1, a pacTaruBaercs MOJYILUIOCKOCTh
Rez> 1. 11.146. Cxumaercs obnactp |z- | > |, a pacTaruBaercs obaacTb
jz+1|<1. 11.147. Cxumaercs BHYTPEHHOCTb Kpyra |z+1|<1/2, a pac-
TATHBACTCA BHEIIHOCTh 3TOro kpyra. 11.148. |z—1|=1/2. 11.149.

’z—%‘=l/2. 1L150.  |z+il=y/2. 1LISL.  [z|=1//3. 1L152.
{zIIm(1—i)z=0}, T.e. mpamas y=x. 11.153. {z|Im(l+i)(i+z)=0},
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—i _31:
3 (i+2)* 2
—2arg(i+z)=0 u coOTHOLIEHUE ——4—=arg(—l—i). 11.154. Jlyy

T. e. npaMas x+y+1=0. ® Hcnonp3oBaTh paBeHCTBO arg

O<x<+ow, y=—1/2. 1L155. Jlys I<x<+o0, y=0. 11.156. OT06-

paxeHue  koHdopmuo.  11.157. OrobpaxeHue He  KOHGOPMHO.

11.158. Otobpaxenue konpopmHo. 11.159. OtobpaxeHue KOH(POPMHO.

11.160. Otobpaxenne He koHdpopmuo. 11.162. zo=—1 a=0, k=2.
1

n T
163, zo=2(1+1i), a==, k= =——— =—. k=1.
11 o=2(1+1), a 3 1. 11.164. z,= 3 2ctg8 2 k=1

b

11.165. Ipu a#1 Zo=7T a=arga, k=|a|. 11.166. Ilpsmas v=—3.
—a

11.167. Tpsmas u—2v=0. 11.168. Oxpyxuocts u?+v?—u—v=0.

11.169.  OkpyxHocts  u?+v?+2u+2v+1=0. 11171 w=iZ

z—1
(i+1)z~i (5-3i)z—4
1.172. 11173 =07
4z—5-3i
d+ d1+4b
1L174, 2, ;=" (a Sz, npu (a—d)?+dbo=

2¢
BeckoHeuHO ynaneHHas ToOYka SABASAETCA HENOABHXHOM TOJILKO MpH

1
¢=0, T. e. aAng nuHerHon ¢ynkuuu. 11.175. a) E(I +1i); 6) 4+i. ® Touka

1+42i
1 +i v ueHTp Kkpyra i jexar Ha npamoit y=1. 11.176. a) w|, __, ;= 5 ;

81—2i ]
L. a=3, 0= ILIT8. a=0, e:-%.

6) wl,oi-0i=
3n . . 3n
11.179. a=z,, 9=-2—. 11.181. a=i, 6=0. 11.182. a=2i, 0=—2—. 11.183.

a=2zy, 0=m. 11.184. E={w||w|<1, Imw<0} (HUXHAS MOJYOKPYKHOCTB).

(2) (w)

B \B,s” o /////A

Puc. 106.
1o 2

11.185. E={w w—(5-5i> >\/T_, Imw<0} (puc. 106). ® Jlyu

0<x<+00 mpeobpasyeTcs BO BHEWHOCTh oOTpe3ka O<u<1, npuuem
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TOYKM BEpPXHEH TOJYIUIOCKOCTH (z) OTOGpaaroTcs B TOYKM HUXKHEH
nonymiockoct (w). Ilpsamas y—x=0 oTobpaxaeTcs B OKPYXHOCTb

140 - (P12
272

wW—T w+-2— w=0, T. &. B OKPYXHOCTb =-"— C LICHTPOM
1 T
§<|W—||<‘. —z<arg(w—l)<0 . ® OKpYyXHOCTb

2
11

B TOUKE Wo=5—_i.

11.186. E={w

|z]=1 oTobpaxaercs B OKpPyXHOCTb |w—1|=1, OKpyXHOCTb |z|=2—B
1 3
OKDPYXHOCTB |w—1 |=5, oTpe3ok 1 <x<2--B OTpe30kK E<u<2, a npsMas

y=x—2s8 npamywo u+v=1 (puc. 107).

) (w)

“ \\7

N|g,,

Puc. 107.
1
11.187. E={w|Imw>0, Rew>0}. 11.188. E={w W—E <5,
31 1 n n
w—=|>->. 11.189. E=<w|——-<argw<-,.
4| 4 4 4
"Z
{z] Z+“l—-rz <1-—r2} npu r<l1,
11.190. D=+ {z|Rez<1/2} npu r=1,
I‘2 r
z| z_r_z—_l >r2—l npu r>1.

< Iockonsky |w|<r, TO u3 cooTHouweHus w(l—z)=z nonyyaem
|z]|<r|l —z|. Bo3Boas 06e yacTH 3TOro HEpPaBEHCTBA B KBAApAT, 3amnuilieM
noJlyueHHOE HepaBeHCTBO B Buae zZ<r2(l1—z)(1—Z), oTkyna mnojydyaem

(r2=1)zz—r?(z+2)+r*>0. (%)
Ecmu r<1, To m3 (*) uMeeM
’.2 ’.2
zz+l_rz(z+z)<l_r2. (*%)
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2 r2 r2 r4
Ho zz+ z+z)=|z+ zZ+ — . Jlanmee, Tak kak
l—rz( ) 1-r2 1-r?) (1-r?? A
r4 r 2 2 2 r 2
+ = , TO M3 (**) nojaydaem |z+ < ,
(I=r)2 1= (1=r? ) mony - (1—#)
2
T.e. D=<z| z+] <752 (BHYTPEHHOCTb ~ Kpyra). AHaJOTHY-
—r —r
2
. _ . r
HO B crnyyae r>1 Haiiaem 22—— l(z+z)>— Py
ré— ri—
r2 2 r4 r2 r2 C
T. €. z— > - = . J1e10BATEIBHO,
ri—1 r*—=D? r’—1 (@?=1)?2
2
D:{zi z-—rz_] >r2—l} (BHemrHOCTh kpyra). Haxkoweu, eciu r=1, to

u3 (*) moayyaem z+:<l1, T.e. D= {z] Re z<§} (IIOJIyNJI0CKOCTH). >

-~ )3 ni
(2=2) ! —\@ 13 11.192. w 2%,

11.191. w=~(z_22)3, :,=§—1 5 22=E+i-2—. w=e3-z
+1\? z+1)\? 4+16\?
1193, w=(—") . 1.19%4 w=-— R TRUCI Cahah I
z—1 z— z%—16
2 43/8V -
11.19. w= -<i—~¥ . 11.197. W CARVERL
2233 /4 z—\/g—i
2z4+/3+1)\? 2z 344)\3
11.198. w:—(—“) . 11.199. w=(—————l) ,
2 3+i 2=—/3+i
224 /3+i\? z+i z—1-
11.200. w=—<i’>. 11201, w= |——. 11202 w= |— .
2‘__\/5_,- i—z 242i—z
z+ R 3
11.203. w=_[- 11.204. w=./z*+h* 11.205. Kax BHYTpEHHOCTb
kpyra |z|< R npu R<1, Tak ¥ BHEIWHOCTb Kpyra |z|> R npu R>1 otobpa-
2 2
3TCS Ha BHELWIHOCTb 3JUIMNCA 1 “ ] 2+) z 0 >=1. 11.206. [Tnoc-
“(R+=) =(R-—=
4 R 4 R
KOCTb C pa3pe3oM mo otpe3ky [—1, 5/4]. 11.207. ITnockocTh ¢ pa3pe3om

no nysam (—oo, —5/4], [1, + ).

11.208. O 3 +I l-i- 3 +1 Y 1
.208. OaMH W3 OTBETOB: w=-— -]—- —z+-)—-) —
A 8 z z) 4 8 z) 4

(nmpuyeM BbIOMpacTCs Ta BeTBb, KOoTopas TOuky z=0 mnepeBOOUT BO
1 1 3w, —1 3
BHYTPEHHOCTb Xpyra |w|<l1). @ w,=-2— z+—, w,= 7 w3=2w2,

p4

Vo= .2 — W W oW
Wa=W3+/Wi—1, w=wgwiow,ow,.
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1 R? z
11.209. w=2—R<z+—). @® [Ipoussectu npeobpazoBanue MogOOHA w1=E
z

1 1
H U OToOpaxeHus w2 =3 w,+— | npocneauTs 3a mpcobpa3zoBaHMEM
Wy
rpaHuubl 06Js1acTH.

1
b(z+ /ZZ_CZ)‘ rae c=./a*—b%: @ IlpousBoas npe-

11.210. w=
a+

1 1\ a
W onpeaensis R u3 ycnosuit —| R+— |=—,
2 R/ ¢

'\.IN

obpa3oBaHue noaoous w,

1 1 b — 1
—(R-E)=~, HaxoouM w,=w,+./wi—1 u Wy=pW2.
a

2
1211, E={w|lmw<0}. 11212. E={w|Rew>0}.  11.213.

E={w|lwl>1Lwé¢[l, +c0)}. 11.214. E={w||w|>], O<argw<g}.

11.215. E={w|l<|w|<e, Imw>0}. 11.216. Ecntu w=pe™®, To npsamas
x=C oTobpaxaeTcds B OKPYXHOCTb p=e€, npoxoaumyro GeckoHeuHOE
yncno pas, a npsmas y=C-—B ayy y=C. 11.217. E={w|0<Imw<mn}.
11.218. E={w|Rew<0, O<Imw<n}. 11.219. E={w|Rew<0.
O<Imw<2r}. 11.220. E={w|0<Imw<2n, w#u+in mia u>0}.

1 . .
11.221. E={w|Imw<0}. < IlpencraButsb cosz=—(e"+e"') B BHIE KOM-

NO3UUMH OTOOpaxeHuit w, =iz, w,=e™, wi=3 wz l (pnc 108). o
% | (1,)
(wy)
Il), W
P
-7 9 7

(w)

_
Puc. 108.
2 vz
11.222. IIpamele x=C npeo6pa3ylo'rcu B 3JUIHICHI +l—73=l, rae

=—(e +e7€)2%=(ch C)z bz——( —e €)2=(shC)?, a npameie y=C—B

2 v?
runep6oJs o’ C smIC C
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11.223. Tak kak ob6nactb D COAEPKUT TOYKH C CHMMETPHUUHBIMH
MHMMBIMH 4aCTAMM, TO oOnacTb 3HaueHuii E umeer ABa npoobpa3za:

Kaxabii u3  mpaMoyroabHukoB D, ={z|—-n<Rez<n, —h<Imz<0}
uD,={z|-n<Rez<m, 0<Imz<h} oTOOpa3UTCA HA HHUXKHIOK TOJOBUHY
2 2
u v
BHYTPCHHOCTH JJUIMIICA + =1, v<0.

1
Z(eh_’_é.,Ah)Z Z(eh_e—h)l

13
1224, —1+2i 11.225. —VT(2+3,'). 11.229. ® OueHuTb MHTErpAb-
Hyrwo cymmy (1) u, yuutbiBas, uto |Az,|<As,, mepedTH Kk npedeny npu
2 8 (8
max As, »0. 11.230. —4+irn. 11.231. §+2i. 11.232. §—<§+4n>i.

L
11.233. %—é 11.23¢. -2 11.235. (2sinl—e¢)+i(1—2cos ).

4000 iJ/3

11236, —i(l+e). 11237 ——=. 11238 S=(l+sh1).
123, <! (m2—4)—4mi).  11.240 101(-1)'"5—25“ 24 2mi)
.239. n—4)—4ni). 240, ——F——(1—m ni).
2+4 20(n2+1)

51 2304 1+i 3.3
11241, -2 11242, ———. 11244, N2 (—./3+i).
4 35 3 a (—V/3+D
i 2ni
11.245. /2(1—/2+i). 11.246. < 11247, —2n 11248, (—l)"“—ﬁ.

n-

1 1 9 3
11.249. e(ecos8—cos 1)+ie(esin8—sin 1). 11.250. (cos4ch——cos4ch2)

9 3 11
+i(sinzsh5—sinzsh§>. 11.251. (2cos1—sinl)+i(3sh1—2chl).
11.252. —In./sh?1+cos | +iarctg(tg!-thl).
0 npu n#-—1,
11.283. ¢ (z—zp)"dz={_ . ® [IpoussecTd 3ameHy
J2—201= R ‘ 2ni mpy n=—1.
nepeMeHHO# z—zy=Re®.
11254, [ (z—zo)dz=

12-2,1=R
O<arg(z- zp)<x

i npu n=-—1,
_ 40 npu n=2k+1, keZ, k#—1.
- 2R21§|

T npu n=2k,

3 In 3n 1
11.255. (2———1fsh )—i(eT—l). 11.256. g(l+4k), keZ. ® B xauectse

|
NyTH WMHTErPUPOBAaHHS B3ATb 4YacTb OKPYXHOCTH z=§+§e"’ mbo npu

329



0<ep<n/2, nu6o npu —3n/2<@<0 u gobaButp moboe uHCIO
o6opotos. 11.257. a) 0; 6) —8mi. 11.258. a) 2mi; 6) 0. 11.259. a) 0,
6) n; B) —=. 11.260. a) ni; 6) 2mi. 11.261. 0. 11.262. 0. 11.263. =.

3mi
11.264. 0. 11.265. ) ; 6) —l; B) 0. 11.266. —mnshl. 11.267. 2mi.

11.268. —én(n+2)ﬁ. 11.269. 7shl. 11.270. n%i. 11.271. 0. 11.273.

1
® PaccMoTpeTh (yHKLHIO (p(:):f(_')‘
TJIABA 12
12.1. 1/4. 12.2. 23/45. 12.3. 1/2. 12.4. 11/12. 12.5.
3 6e—e?—1 . . e "te"

———— . @ HUcnonwzoBats dopmyny Oiepa cosin=
2 (3e—1)(3—e) 2
12.6. 1+i 12.19. Pacxomurcs. 12.20. Cxomutca. 12.21.  Cxonures.
12.22. Cxomutcs. 12.23. Pacxoautcsa. 12.24. Pacxoautcs. 12.25. Cxoaut-
cs1. 12.26. Cxoautcs. 12.27. Pacxoautcs. 12.28. Cxoautcs. 12.29. Cxoaut-
cs. 12.30. Cxonurcs. 12.31. Cxoaurtca. 12.32. Pacxoaurtcs. 12.33. Cxonut-
ca. 12.34. Cxoautcs. 12.35. Pacxomutcs. 12.36. Cxomurtcs. 12.37. Cxoaut-
cs. 12.38. Cxomurcs abcomotHo. 12.39. Cxomurcs abcosroTHo. 12.40.
Cxoautcs. 12.41. Pacxoautcs. 12.42. Pacxoaurtca. 12.43. Cxoautcs. 12.44.
Cxoautca. 12.45. Cxonutca. 12.46. Cxoaurtcs. 12.47. Cxoautcs abcomtor-
Ho. 12.48. Cxoautcs a6cosoTHo. 12.49. Cxoautcs. 12.50. Pacxoaurcs.
12.51. Pacxoautca. 12.52. Cxoantcsa. 12.53. Cxoautcs. 12.54. Cxoaurcs.
12.55. Cxonutca. 12.56. Cxoautcsa. 12.57. Pacxoautcs. 12.58. Cxonurcs.
12.59. Cxoaurca. 12.60. Cxoautcs. 12.61. Cxoaurtcs. 12.62. Cxoaurcs.
12.63. Cxonutcs. 12.64. Cxoautcs. 12.65. Cxoautcs. 12.66. Pacxopurcs.
12.67. Cxoautcs. 12.68. Cxoautcs. 12.69. Cxomutcsa. 12.70. Pacxoaurcs.
12.71. Pacxomutcs. 12.72. Pacxonutca. @ u,,,/u,>1. 12.73. Cxoautcs.
12.74. Cxoautcsa. 12.75. Pacxoautcs. 12.76. Cxoautca. 12.77. Pacxoaurcs.
12.78. Pacxogutcs. 12.79. Cxonutcsa. 12.80. Cxoaurcs. 12.81. Cxomurcsi.
12.82. Pacxoautcs. 12.83. Pacxoautca. 12.84. Cxoautcs abcostoTHO.
12.85. Pacxomurcs. 12.86. Cxoanrcs abCoNOTHO.

12.87. Eciu p>1, TO paA CXOOMTCA TNpPH BCEX O, a €CJIH
p<l, 10 pacxoautcs. Ecau p=1, 1O paa cxomutcs npu o> 1
M pacxomurcs mpu a<|l.

12.88. Eciu p>1, 1O pan cxoamrtcs npu Jao6bix o v P, a ecau
p<1, 10 pacxonutcs. Ecanm p=1, 1o pan cxoaurcs npu o>1 H 106bIX
B u pacxoautcs mpu o<l. Ecau xe p=a=1, To pag CXOOMTCH npu
B>1 u pacxogurcs mpu B<I.

12.90. Cxonurca ycnoBHo. 12.91. Cxoautcs abcoqtoTHo. 12.92.
Pacxoautca. 12.93. Cxoautcs abcomoTHo. 12.94. Pacxoautcs. 12.95.
Cxomutcs  ycnoBHo.  12.96. Cxoautcs abcomoTtHo. 12.97. Cxonurtcs
abcomorHo. 12.98. Cxoautcs abcomoTHo npu o>1, yClIOBHO —NpH
O<a<l u pacxomurcs npu o<0. 12.99. AGCOMOTHO CXOAMTCH.
12.100. YcinosHo cxoautcs. 12.101. AOCOMIOTHO CXOAUTCA NpH  BCEX
a€eR. 12.102. Pacxoautcs. 12.103. Cxoautcs ycioBHo. 12.104. Cxoautcs
a6CoJIFOTHO.

12.105. Cxoaurcs yciioBHo. @ PaccMOTpeTh YacTHYHbIE CYMMBI C HO-
MepamMu 8n, B KOTODbIX CIpYANHpPOBaTb 4jeHbl € HoMmepamu 8k + 1
u 8k+5, 8k+2 u 8k+6, 8k+3 u 8k+7. YOeauTbcs B CyLUECTBOBAHHH
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npeaena lim Sg,. danee, kak U npH Qoka3aTenbcTBEe NMpu3Haka Jlei6Gunua,
n— o

1 nn
BOCIOJIb30BaThCA COOTHOINEHHEM lim —sm:= .
n—w N

12.106. Cxoautcs ycnoBuo. 12.107. Pacxoautcs. 12.108. A6conrotHO
cxonautes. 12.109. Pacxoautca. 12.110. Pacxoautcs. @ PaccMoTpers ua-
CTHYHbIE CYMMBI C 4YeTHbIMH Homepamu. 12.111. CxoauTcsi YCJIOBHO.
12.112. Cxoautcs abcomorHo. 12.113. Pacxoautcs. 12.114. @ Bocmnosb-

30BaThCSl HEPABEHCTBOM Ia'blsé(lalz—l—lblz).
12.115. Cxoaurcs. <« Onennm c,. Mimeem
[E] 1 1

Cn—zkz - k+1+ Z k—ifT?m<

k=1 [2] 1 [ ]
n 2 n
( 26 ]Z —+ ! Y 2“>=f7‘+%.

Sk ()k*[]+1 22

nOIIy‘lCHHb[C C.IldI'dCMblC ABJAKOTCA YJICHAMH CXOAALLHUXCA psaoB

2n+l

NS

1 >
" 1\/— n (__l)n—k+l

12.116. Cxonutcs. s e = —_— C 30-
b o s ouesku c, kglkz(n—k+l) BOCIIOJ1b30

BaTbCA Ppa3jIoXeHHEM npobu Ha npocTeiLe

1 1 1 1 1
= + -+ a3aTb, 0 YHCHa
Kn—k+D) (it Dk (n+1)’-<k ni—k) o ORBATER AT

=(— 1)""1 Z kz MOHOTOHHO YOBIBAIOT 110 abCOJIFOTHOH BEJIMYMHE.
12.117. Pacxonm‘cﬂ ® Bocrnonbs3oBaThCcst passiokeHHEM Jpodu U3
1 21

2

n+1,2

npenbmyl.ucﬁ 3aJa4H Ha HpOCTCﬁLUMC H OLECHUTDL 4YJICHBI dn=

" 1 1
cuu3y. 12.118. Pacxomutcs. @ c¢,= Zm>r—' npu n=2.
k=1 -

12.124. (0, + o©0); abcomoTHO cxomutcs npu xe(l, +o00). 12.125.
R; cxoauMocTb Bcroly abcomrotHas. 12.126. PacxoauTcs BO Bcex Toukax.
12.127. R\{—3}; cxoaumoctb Bcrogy abcomorHas. 12.128. (—oo, —1);
CXOOMMOCTb Bcrony abcomtornas. 12.129. (—1: —1/2]J(1/2, 1); cxoautcs
abcomotHo mpu xe(—1, —1/2)J(1/2, 1). 12.130. [0, + o) |J{kn|k=
=—1, —2,..}; cxomumocTb Bcloay abcomorHas. 12.131. (-2, 2); cxo-
aMMocTh Bcroay abcomotHas. 12.132. (0, +00); cxoAMMOCTb BCIOAY
abcomotHas. 12.133. [l/e, e); cxomutcs abconrotHo npu xe(l/e, e).
12.134. |z—2|>1. 12.135. |z+1|>1. 12.136. [z—3i|>\/5. 12.137. Ilo-
aymiockocts Rez>0. 12.138. {z|—n/4<argz<m/4 n 3n/d<argz<S5m/4}.
12.139. Rez<0. 12.140. Rez>1. @ CpaBHuTb BbIpaxeume |(—1)"n"*|
c uneHoM n~? paga [upuxne. 12.141. Imz>0. e Bocnoaw3oBaTecs

WZ—2
TeM, 4TO APOGHO-NMHelHAs QyHKUUs w=e® ——2 0TOGpakaeT BEPXHIO
z—2Z

0
MOJNYIUIOCKOCTL BO BHYTPEHHOCTb €OUHMUYHOro kpyra. 12.142. |z|>1.
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e Mpu |a|>1 dpynxuns w=e® Iz f oToOpaxcaeT BHELIHOCTh €AHHUYHOIO
—az

kpyra ([z|>1) Ha BHyTpeHHocTb (|w|<l1). 12.143. |z/(1-z)|<]1, T.e.
Rez<1/2. @ Cm. 3amayy 11.190. 12.144. Cxomutrca mpu x€(0, + c0),
PaBHOMEPHO CXORHMTCS NIpH X€ [a, +00) mis moboro a>0. 12.145. Cxo-
jqutcs npu xe(—oo, —3)J [—1, +00), paBHOMEPHO CXOIUTCH NPH XE€E
e(—o0, —3-8]U[—1, +©) ars mobGoro 8>0. 12.146. PaBHOMepHO
cxoautcst Ha Bceil ocH. 12.147. CxomuTcs Ha Bced OCH, KpOME TOHYEK
x=—1, —2, ... CXOAHTCS PAaBHOMEDHO Ha MHOXECTBE, MOJIy4aroleMCs
H3 ocu mnocie ynanewus uHrepBanoB (—O6,—k, —k+3;), keN, roe §,
n 3} ckoJib yromgHo Maisl. 12.148. Rez<0; cxoauMocTh BCIOJYy pPaBHOMEp-
Has. 12.149. |z—1|<I; cxogumocTs Bclony paBHoMepHas. 12.150. Cxoaut-
cs npu Rez> 1, paBHOMepHO cxomutcs npu Rez>a>1. 12.151. Cxoaurcs
BHEe Kpyra |z+2|>1, paBHOMEpHO cxoauTcs BHe Jwoboro kpyra

[z4+2{za>1. )
X X
12.152. e Bbmumcauts R, (x)= Z ————— M 10Ka3aTb, 4YTO

, e (T x D
hrr}) R,(x)=1#R,(0)=0.
2=

12.155. Paa cxomutcas B 00JIaCTH, COCTOSILIEH M3 BHYTPEHHOCTH
eAUHUYHOro xpyra |z|<1, ToukH z=1 W BHEUIHOCTH €AUHHYHOrO Kpyra
|z|>1; pax paBHOMEpHO CXOAMTCS B OOBENMHEHUM 3aMKHYTOrO Kpyra
|z|<1—7y M 3aMKHYTOH BHEIIHOCTH Kpyra |z|=1+3 ans mobbix v,

1/2 npu |z|>1,
6>0. Cymma paga S(z)=< —1/2 nmpun |z|<l],
npu z=1.
12.159. @ Bocnonb3oBaTbcs yTBEpXkaeHHEM 3aaaud 12.158.

12.162. Ecnu crencuHoi psa (1) cxomuTcss B TOYKe z=2z, #2z,, TO OH
abCcoIOTHO CXOOMTCA B Kpyre |z—zo|<|z;—zy| U paBHOMEPHO CXOAUTCS
B 1060M 3aMKHYTOM Kpyre |z—z,|<r<|z,—z,| Ecam paa (1) pacxogut-
¢ B TOYKE z=2z,, TO OH PpAacXOAMTCA M BHE Kpyra |z—z,|>|z,—z,|.

12.163. @ [ns [noka3zaTeabcTBa YTBEPXKIEHHH a) H 0) BOCHOJIb-
30BaThCc Teopemoit AOens u Teopemoit Bedepurtpacca, a ans no-
K434TeJbCTBA YTBEPXICHUSA B)—TeopeMol AGens, yTBepXIEHUEM 3ada4yu

C’l

12.158 u y4ecTb, 4TO lim
n+1

n— o

= lim %/|c,|.

12.164. @ Bocnonb3oBaThCcs  yTBepxkaeHuemM 6) 3apaud  12.163.
12.165. Cxoautrcs abconoTHO M paBHOMEpPHO B objactu |z—1]<2.
12.166. Cxoaurcsa aOCOJIIOTHO W paBHOMEPHO B oOsactd |z+1|<2.

12.167. AbcostoTHO cxomuTcs, €ciaM |z+2|<1; paBHOMEPDHO CXOAHT-
cs, ecnd |z+2|<r<l. B Toukax x=-—3 M x=—1 CXOAMTCH YCJIOBHO.
Ha otpeske —3<x< —1 cXoQuTCs DPaBHOMEPHO.

12.168. AbcomoTHo cxomutcs B obaactu |z—4|<1/2; paBHOMEpHO
cxoauTcs B obsnactu |z—4|<r<1/2. B Touke x=9/2 cXxOmUTCH YCJIOBHO,
B Touke 7/2 pacxoautca. Ha mobom otpeske 7/2<r<x<9/2 cxomurca

PaBHOMEPHO.
12.169. Cxoautcs abcosoTHO B obnactu |z—2|<1 /\/5; PaBHOMEPHO

1
cxoauTcss B obnacty |z—2|<r< l/\/f. B Toukax 2+——= pacxomurcs.

/2

12.170. Cxoantcs abconroTHO B 00acTH |z—3l<\/§; aBHOMEPHO

cxoauTcs B obnactu lz—3|<r<\/§. B Toukax x=3+./3 cxomutcs
YCJIOBHO, M Ha OTpe3ke 3—\/§S.¥S3+\/§——-paBHOM€pHO.
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12.171. Cxoautcs abCcoJioTHO B 00J1acTH |z | <3, paABHOMEPHO CXOIHT-
ca B obyact |z|<r<3, B Touke x= —3 CXOAMTCA YCJIOBHO, a B TOYKE
x=3 pacxogurcs.

12.172. Cxoautcs abcostoTHO B 06acTH |z| <1, cXoOuTCcs paBHOMeEp-
HO B obnactu |z|<r<l1, B Toukax x=+1 pacxomurcs.

12.173. Cxoaurca abconotHO B obsactH |z+1 I<\/5/3, CXOIMTCS

paBHOMEpHO B obJjacTu }z+l|<r<\/§/3, CXO[lHTC\)I/jCJ‘lOBHO B TOYKE
2

2
x=—1+—3— H pacxoguTcs B TOYKE x=——l+T.

12.174. Cxoautcs abcomoTHO B 06stacTH | z|<4, cXOOuTCs paBHOMEp-
HO B oOgactu |z|<r<4, B Toukax x=+4 pacxoaurcs.

12.175. Cxoautcs abcomoTHO B ob6nactu |z|< 1. CxoauTtcs paBHO-
MepHO B obnactu |z|<r<1; pacxoauTcs Ha OKpPYyXHOCTH |z|=1.

12.176. Cxooutcs abcosiroTHO B obstactH | z| < 1; cxoautcs paBHOMep-
HO B obnactu |z|<r<1; pacXoauTCs Ha OKpYXHOCTH |z|=1.

12.177. Cxoaurcs abCoaOTHO BO BCEH IJIOCKOCTH, PABHOMEDHO —B
moboil orpaHuyeHHO# obnacTu.

12.178. Cxonutcs abcontoTHo B obnactu |z—1|<8; cxoautcs paB-
HOMepHO B obslactu |z—1|<r<8; B Toukax x=—7 u x=9 pacxoaurcs.

12.179. PacxonuTcs BO BCEX TOYKaX, KpOME€ TOYKH zo=i.

12.180. Cxoaurcs abGconmoTHO B obnactu |z—3|<./3, cxomurcs
PaBHOMEPHO B 00s1aCcTH |z—3|<r<\/§, B ToYkax x=3+./3 pacxoaurcs.

12.181. Cxonurtca abCONMOTHO BO BCEil MJIOCKOCTH, PABHOMEPHO — B
moboit orpaHuyeHHOH ob6nacTu.

12.182. Cxoautca abcomoTHo B obnactu |z—1|<1; cxomutcs pas-
HOMepHO B obaacth |z—1|<r<1; Ha okpyxHocTH |z—1|=1 pacxomurcs.

12.183. Cxoautcsa abcomoTHo B obsactu |z—3|<4; cxomurcs pas-
HOMEpHO B oOnactH [z—3|<r<4; B TOo4Yke x=7 CXOLUTCH YCJIOBHO,
B Toyke x= —| pacxoautrcs. Ha nobom orpeske — 1 </<x<7 cxoaurcs
pPaBHOMEPHO.

12.184. Cxoautcss abCoJIFOTHO BO BCEH IJIOCKOCTH, PaBHOMEPHO
cxoauTCcs B 110060H OrpaHu4eHHo#t 006sacTH.

12.185. Cxomutcs abconmoTHo B obnactu |z|<2; cXxomutcs pas-
HOMEpHO B oOyacTH |z|<r<2. B Touke x= —2 pacXxomuTCH, B TOYKE
x=2 cxoautcs ycioBuo. Ha aob6oM oTpeske —2</<x<2 cxoaurcs
PaBHOMEPHO.

12 186. Cxonurcs abCOMIOTHO M paBHOMEpPHO B obnactu |z|<2.
12.187. Cxoautcs abcooTHO B 00JaCTH |z —2i| <2, CXOAUTCA paBHOMEp-
HO B obmactu [z—2i|<r<2. 12.188. Cxoaurcs aGCOMIOTHO BO BCeil
TUIOCKOCTH, paBHOMEPHO —B .To60ii orpanudeHHoi ob6nactu. 12.189. Cxo-

1
IUTCs abCOJIIOTHO M paBHOMEPHO B obstactu |z+i|<—. 12.190. Cxoaut-
2

cs aGCOIIOTHO BO BCEH MJIOCKOCTH, PABHOMEPHO — B JIt000ii OorpaHHYeHHOR
obnactu. 12.191. Cxoaurcs abcostoTHO B obnactu |[z—1|<9/4; cxonutcs
paBHOMepHO B obsactH |z—1|<r<9/4; B Toukax x=-—5/4 u x=13/4
pacxoautcs. 12.192. Cxoautcs abcontoTHO B 0b6sacTH |z|<e; cxomuTcs
paBHOMepHO B obnact |z|<r<e; B TOYkax x=te pPacXOAUTCA.
12.193. Cxoautca abGCcoNIOTHO M paBHOMEPHO B 00JacTi |:—3|<l/\/§.
12.194. Cxoautcs abCOMIOTHO M paBHOMEpHO B obsact |z+3|<1.
12.195. Cxoautcs abGCONIOTHO W PAaBHOMEPHO B 00JacTH |z—3|s\/§.
12.196. Cxonutcs abconoTHo B 06sacTH |z+ 3| < 1, cxoaurTcs paBHOMEPHO
B obOsactu |[z+3|<r<I; B TOoukax x=—2 U x=—4 pacxoauTcs.
12.197. Cxonutcs abcomoTHo B obsactu |z|<1; cxoauTCs paBHOMEPHO
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B obsacTH | z|<r<1; pacxoauTcs Ha OKpyxHoctH |z|=1. 12.198. Cxomut-
cs Toibko B Touke z=35. 12.199. Cxoaurcs abCONOTHO M PaBHOMEPHO
B obnactu |z|<1. 12.200. Cxomurca abcomoTHOo B obnactu |z|<1/2;
CXOIUTCS paBHOMEpHO B obuiacTH | z|<r<1/2; pacxoauTcs Ha OKPYXHOCTH
|z|=1/2. 12.201. CxoauTcs abCOMIOTHO H PpaBHOMEpPHO B objacTu
|z—2]<1. 12.202. Cxo;mTcu abCoIIOTHO W DAaBHOMEPHO B 00sacTH

1 22 ety 2"
lz+1|<1. 12.207. Z (zln2)" |z|< +oc. 12.208. TZ(_I —

9
=on n=0 )1!

l (2z)%" 2
< +o00. 12.209. 14— —-1)" s <+4o00. 12210, z+—z3+
! ,z.( oy st 3
16 n
gz St |zl<§. @ Pamuyc cxoguMocTH 3TOro psaa onpenensercs

1
nyTeM TpUMEHEHHsS CIeICTBHS M3 Teopemsl Teinopa. 12.211. l+522+

5 n 2, 16, n
FZt e l2l<g 2212 s- 2t 25 12218 14z

4! 2 BT s!
20 3 12214, 1-2245 1"22"
——3—'2 —-4—!2 + .., |zl<+oo. 214, -z +—2~—...+(— ) Py + .
© +1(22)2n ZZn+1
|z]< + 00. 12.215. —Z( n" onl’ , |z]< + 0. 12.216. Z (—I)"4"+, R
n 1 n
v 4n n+1 3
lz]<2. 12.217. Zo(—l)" T z|<Z. 12.218.
2 22-5-8..3n-4) I 22
3y ——— 7" |z]<27. 12.219. 1-—+
271 5 n! 34n-1 3 18
LA O VR Lol . JE S |z]<3 12.220
7 1822 ETD z . .220.
L Tn+ 3z+ 1Y d
Yyl z<2 e z—2=—(3 +(— ). 121 ¥+
o 2" A, SE T
" +
H=r2)zn i<y 222 Y- T < + .
n—O n‘
2n 2n+1
12223, 3 S |zl< 4. 12228, (= 1) Qn+ D)~ |2]< +c0.
n=o(2n n)t’ n=0 @n+
12.225 Z( 1" 2 Wz <+ 12.226. Z(_l)”lz" Lo
. . - z , |2z . —Z,
@n+1)! n
1 1
|z]< 5; npH X =5 CXOaUTCH YCJIOBHO. 12.227. In2+
+ Z( )"+’(l+2'")z— |z|<1; npu x=1 cxoautca ycnosuo. 12.228. z+
l)" 22n+1
+ Z( l)" T al il |z]<1; npu x=+1 abCONIOTHO CXOOUTCS.
2n+1
12.229. Z(—l)" , |z|<1, npu x=+1 cxoaurcs yciosno. 12.230.
@y i I; I a6 12.231
+"§l o 1 ., lz]<1; mpu x=+1 abcomoTHo cxoaurca. 12.231.
zln+l 4n+2
Y (=D"————, |zl<+o0. 12.232. Z (-nN—
web 2"n!(2n+1)’ 2(2n+1)'(2n+])
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© 2n- zZn—l

n+1
|z|< +o0. 12.233. ,.g 1) ————(2n+1)',2 z |z]< +00.
zcosz—sinz (sinz\ n—1)z*"~
—_—=—]. 12.234. e .
2 . "21( ) ) lzl<+ o0
inz—l+cosz [1— ’
ZomEn T =< °°sz>. 12235, —78+59(z+4)—14(z+4)2+
z z
; e 2 (=3)"
+(z+4)% 12.236. Y (—1)""'(z=2)", |z—2|<1. 12.237. 2(1—3—)—m,
n=0 n=0 !

3 2k
|z=3i|<|1=3i]=/10. 12.238. —‘;0(24“), s |z—3|<2.
i 1
12239. Y 27" '=37""Y(z+4)",  |z+4]<2.  12.240. l+—3-(z—1)+

n=0
it 2-5...(3n—-4
+Z(—l)"”————37(—?—o~)(z~l)", lz—1|<1.
= o« Wl ( )n 1 l ' ’
© _2 2n @© 1
Z ) |z|< 4+00. 12.243. eZ(—l)"—((z—l)z"+(z—l)z"“)
' n 0
z R 12.244. D" ———— an g 2)4n*2
lz|< 40 Z( )< (2),(+) (2+l)'(+)
g 3"E=n"
lz]< +00. 12.245. 31n2+2( Dttt ——, lz—1]<-.
i n-8" 25
5 it +3)*"
° ln(52+3)=ln8+ln<l+§(z-—l)). 12.246. In3+ ) (—l)"“%,
n=1 n:
z+
|z+3|<2. 12.247. |z|<]; m 12.248. |z+1|<1; et 12.249.
In(4—z)
|z—=3|<1; — 3 npu z#3, 0 npu z=3. 12.250. |z|<]|a|;
7—
—. 12.251. |z|<1l; ——=.
a’+z? lz1< (1+z%)?

12.253. @ IlpeacraBus f(z) B BHAE pAla MO CTENEHAM (z—a), T. €.

B Buae f(z)= ) c¢,(z—a)", M3 HempepbIBHOCTH f(z) B TOuke z=a
n=0
ybeauThes B TOM, 4TO ¢o=0. Ao O3HA4aer, 4TO
el
f@)=(z—-a)Y c,(z—a)" '=(z—a) f1(z), rae f,(z)—ananuThdyeckas

B Kpyre lz—"¢=1i<R dynxkmus u f) (z,)=0, k=1, 2, ... OTcrona BbIBECTH
3aKitoueHue, 4to ¢, =0 u T. I
12.254. Het. 12.255. f(z)=z/(z+2). 12256. f(z)=z%. 12.257.

g(z)=f(z)=1/(2—z) B oOwei yactu kpyroB |[z|<2 H |z—i|<\/§.
12.258. g(z)=f(z)=In(1+z) B oOwei yactu kpyroB |z|<lI
noz—1-2i]<2./2.

12.259. 10000 npu x=1 wnu 10 npu x= —0,5. 12.260. [Ia uieHa,
) =0,0000386 <0,0001.

n
npeaesibHas abCoOJIOTHAA NMOTrPELIHOCTD e<§ m
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12.261. 0,0002. 12.262. |x|<0,9067. 12.263. 0,002. 12.264. 1,6487. 12.265.
0,3679. 12.266. 0,5878. 12.267. 0,2094. 12.268. 0,5403.

12.269.  0,8269.

® YuutbiBag, YTO

1000=318-3,1415926 +

+1,5707963 —0,5971963. npuBoaum aprymMeHT k BeauuuHe 0,5971963 €

€ [0, /4] ]
=¢0s0,5971963.

HAXO0OHM

sin 1000 =sin (1,15707963 —0,5971963) =

1 1/3
12.270. 8.0411. @ “\/520=(5I2+8)”3=8<I+a) . 12.271. 3,8730.

1 1/2
® /IS \/16—1-— ( ——6) . 12.272. 5,1437. e 3/700=

1/
—_ 1/4 _
=(625+75) _5<|+25

X © \.2n+l

I+
HUC ln-l— 2y

020+ 1

12.276. 1,1752. 12277 1,1276.

12.278.
FUNCTION S(Y,EPS)
PI=3.141593
P12=1.570796
X=Y
FACT=1.

SX=1.

IF(X.LT.0) SX=—1.

X=ABS(X)

IF (X.LE.PI) GO TO |
=X/PI

N=XI

N1=Nj2

M=N—Nlx2

IF (M.NE.0) FACT = —

XI11=N

npu  x=

. 12.273. 0,6931. @ MHcnonb3oBaTh pa3noxe-

12.274. 0,5236. 12.275. 0,9385.

X=X \II*PI
IF(X.GT.P12) X=PI-X
S=0

=X

——]

=<

—-i-)m

T+
2.T

A=(A+2)x(A+3.)

S= S+SM

SM =SMs(— 1.)+(X+ X)/A

IF (ABS (SM).GT.EPS) GO TO 2
S=(S+SM)*SX+FACT
RETURN

END

>
II

® Tak kax sinx=sign(x) sin|x|, TO MOXHO cyuTaThb, 4TO0 Xx=0. IlycTn

X=nn+x;, rae n=|[x/nt] u

x;€[0. ], Torma sinx=sin(mn+x;)=

=cosmnsinx;=(—1)"sinx,. [pu arom, ecau x,€(n/2, n), TO nonaraem

sinx=(—1)"sin(n—x;)=(—1)"sin x,,

12.279.
FUNCTION C(X.EPS)
P12=6.283185
Y =ABS(X)
IF(Y.LE.P12) GO TO |
N=Y/P12
A=N

12.280.
FUNCTION E(Y.EPS)
REALs8 E1/2.7182818284590

«/,E2/0.3678794411714/,E3,E4
X=Y
IX=X
X1=IX
X=X-XI
Ed=1.
E=I.
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rae x,e(0, n/2).

Y=Y-Pl2xA

1 Y=Y+1.570796
C=S(Y,EPS)
RETURN
END

B=ABS(X)
JX=IABS (IX)
IFJX.LT.I) GO TO 3
E3=EI
IF(IX.LT.0) E3=E2
DO 11=1,JX

| E4=E4«E3.

3 EM=1.

T=0.



2T=T+l EM=EM4

EM=EM:X/T E=E+«+EM
E=E+EM RETURN
EPS1=ABS(EM)+«B/T END
IF (EPS1.GT.EPS) GO TO 2
® Ouenka ocraTka:
lx ln+ 1
| Ra(x)] < e

UYucio e*=el:e*1, |x,|<1, tae eM=e-e..e npu [x]20, ™=

e-e..e
X a3
[x]p: [x] pas
npu x<0.
12.281. .
FUNCTION BINOM BINOM =BINOM + B
+(X,ALFA EPS) IF(B.GT.)GOTO |
IF (ABS(X).GT.1) GO TO 2 EPS1=ABS(B)/(1-ABS(A)+ABS (X)/T)
BINOM =1 IF (EPS1.GT.EPS) GO TO 1
B=1. RETURN
T=0. 2 WRITE (3,3)
1 A=ALFA-T 3 FORMAT (' PAJ PACXOAUTCHA ')
T=T+1. RETURN
B=B+A+X/T END
a 1
e Ouenka ocratka: |R,(x)] < ( )x" B e —
n lo—n+1]|
l— —— | x|
n
12.282.
FUNCTION ALN (X, EPS) A=(-1)sXxA
T=0. ALN=ALN+A/T
ALN=0. IF(ABS(A/T).GT.EPS) GO TO 1
A=-1 RETURN
| T=T+1 END
12.283.
FUNCTION ALNI (X,EPS) B=A/(T2+1)
IF(ABS(X).GE.1) GO TO 2 ALN1=ALNI+B
T=0. EPS1=ABS(B)/(1.—X2)
ALN1=X IF (EPS1.GT.EPS) GO TO 1
A=X RETURN
1 T=T+1. 2 WRITE (3.3)
X2=X#x2 3 FORMAT (" ABS(X).GT.1 ')
A=A«X2 RETURN
T2=Ts2. END
o OueHka ocrarka:
I X ' 2n+1
x}| € —m .
IR < G =9
337
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2291 Y (—1)

12.284.
FUNCTION ARCTG (X,EPS)
IF(ABS(X).GT.1) GO TO 2
T=0.
ARCTG=X
A=X
T=T+1.
X2=(—1)+Xsx2
A=AxX2
T2=Tx2.

12.285.
FUNCTION B0(Y,EPS)
X=Y/2
BO=1.
A=1.
T=0.
T=T+l

12.286. OnHa M3 1BYX MOANPOrpamm:

FUNCTION SH (X, EPS)
SH=(E(X,EPS)—E((—1.)+X, EPS))/2.
RETURN

END

FUNCTION SH (X, EPS)
T=0

SH=0

A=X

T=T+1.

T2=Ts2.
FA=(Xx2)/T2%(T2+1.)

12.287.
FUNCTION CH (X, EPS)
CH =(E(X,EPS)+E((— 1.)+X, EPS))/2.
RETURN
END

12.288. 3aganue ans OBM
K 3amaye 12.268:

a) noanporpaMma
FUNCTION C(X,EPS)

6) ocHoBHas mnporpamma
R=C(1.,0.0001)
R1=COS(1.)

WRITE (3,1) R,R1
FORMAT (" COS1’, 2F8.4)
STOP

END

@ “ x2n
12.289. Y (1)t —.
ngl( ) 2n2
x4n+l

(@n)! (dnt 1)’

n=0

338

%]

ARCTG=ARCTG+A/(T2+1.)
EPS1=ABS (Ax+X2/(T2+3.)
IF (EPS1.GT.EPS) GO TO 1
RETURN
WRITE (3,3)
FORMAT ('
RETURN
END

ABS(X).GT.1 ')

A=Ax(=1)«(X+X)/Txx2
B0=B0+A
IF(ABS(A).GT.EPS) GO TO |
RETURN

END

SH=SH+A

A=A«FA

IF(FA.GT.1) GO TO 1
EPS1=A/(1-FA)

IF (EPS1.GT.EPS) GO TO |
RETURN

END

K 3amase 12.272:
a) moanporpamma

FUNCTION BINOM (X,ALFA,EPS)
6) ocHoBHas mporpamma

R =BINOM (0.12,0.25,0.0001)

R=5+R

R1=SQRT(700.)

R1=SQRT(RI)

WRITE (3.1)R,R1

FORMAT (' 700++(1/4)= '2F8.4)

STOP
END
© xln +1
12290, Y (—1)" (

2n+1)! (dn+3)
(2n+ 1)1 x3+!
2" n!(3n+1)

n=0

12292. Y (=1)"
n=0



12.293. i(-l)*——xﬁ”—f 12.294. i(~l)“L—.
25T (k1 1) k! (2t Dm+ 1)1

12.295. 0.2800. 12296 0,1991.  12.297. 0:4802. 12.298. 0,6225
12,299, 07714, 12.300. 0,9461.

12.301.
FUNCTION SI(X,EPS) SM=SM«(—1)+X2/(T2+
SI=X +2.)+(T2+3.)
X2=Xs+X A=SM/(T2+3.)
SM=X SI=SI+A
T=0. IF (ABS(A).GT.EPS) GO TO 1
1 T=T+1. RETURN
T2=Ts2. END
12.302.
FUNCTION ERF (X, EPS) AM =AM« (—1.)+X2/T
ERF=X A=AM/(T2-1)
X2=X+X ERF=ERF+A
AM=X IF(ABS(A).GT.EPS) GO TO 1
T=1. ERF=1.128379«ERF
1 T=T+1. RETURN
T2=Ts2. END
12.303.
FUNCTION BINT (X,S, B=Bs«C
+ALFA,EPS) A=C/TS
XS=X#*S BINT=BINT+B/TS
BINT=X IF (ABS(A).GT.1) GO TO 1
B=X A=B/(1.-A)
T=0 EPS1=ABS(A)
I T=T+1. IF (EPS1.GT.EPS) GO TO |
TS=T«S+1. RETURN
C= XS*(ALFA+I -T)/T END
12.304
FUNCTION ATG (X,EPS) A=A+«X2
X2=(-1)+X+X B=A/T2
A=X ATG=ATG+B.
ATG=X IF (ABS (B).GT.EPS) GO TO 1
T=0. RETURN
1 T=T+1. END
T2=(Ts2.+1.)%+2
12.305.
FUNCTION ALIN (X,EPS) A=A+«Xs(-1.)
A=-1 B=A/T2
ALIN=0. ALIN=ALIN+B
T=0. IF (ABS (B).GT.EPS) GO TO 1
1 T=T+1. RETURN
T2=Ts+T END
12.306.
3aganue a1s OBM «k 3ajase 12.297: 3ananue s OBM k 3amaue 12.298:
a) OCHOBHAas MNporpaMma a) OCHOBHas mNporpamma
R =0.886227 ERF (0.5,0.0001) R=BINT (0.6,2.,0.333333,0.0001)
WRITE (3.1) R WRITE (3,1) R
1 FORMAT (' "[F8.4) | FORMAT (" UHTEI'PAJ1="F8.4)
STOP STOP
END END
6) noanporpaMMa-(yHkuus 6) noanporpamma-QpyHKuus
FUNCTION ERF (X,EPS) FUNCTION BINT (X,S,ALFA,EPS)
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1 1 1
12.308. ° (a+k)(a+k+1)(a+k+2)=§((a+k)(a+k+l)_
1

. 12.309. @ Cm. 3anmauy 12.308. 12.310. @ Pa3io-

(a+k+l)(cz+k+ 2)
KeHUE B cTeneHHoM psia dyukuuu In(1+x) npu x=1. 12.311. @ Pa3znoxe-
HHE B CTemeHHOW psa ¢yHxuuu arctgx npu x=1. 12.312. In2. 12.313.

1 3
Ir(2). 12.314. e—1. 12.315. Eln 2. 12.316. sinl. 12.317. cos \/T‘ 12.318.

e 12.319. 1,0767. @ Z l 7 =L@ L@ +L(6)~ C(8)+Z

n=1 8( +I)
R 1t2 1 n*
12.320. 4,3226. o Z sin ——nZC(Z)——~—(;(4)+Z sin? - —— +--— |
n=1 = n n* 3n
1
12.321. 0,5071. o 2 3 =00 2g(6)+4}: 6( ) 12322 0093,

T PR AR O

XW)_ES_Z(-I)MW 12.323. 0,1249. @ Z( i

n=1 n=1
=%ln2—§(l—-—)§(2)+ i(l—-)c(a)——(l——)CMH
1

16 2

+H"§l(_”m n*(3n+2)°

12.324. Ilporpamma k 3anave 12.322 (PlCﬂOHb-

1 b? b 2 1
gl——)wn (1——) L@-— Z(—l)"“ Aty ™9
b=3):

||M3

30BaTh PaBE€HCTBO

A=S. SM=1./(Tasde(AsT+B))
B=3. C=C+DeSM
EPS=0.0002 IF (SM.GT.EPS) GO TO |
S=0.822467/A — B+0.901543 S=S+Bss3sClAxs3
o/A% 24 Bax240.947033/Axs3 WRITE (3.2) S
D=1. 2 FORMAT (CYMMA PSIJIA="F8.4)
$=0. STOP
T=0. END
I T=T+l
D=Ds(~1)
1:2-5-6...(4n+1)(4n+2
12.325. y(x) = Z( (dnt 1)(dn+2)
n=0 (4")
2:3:6-7...
36 (4n+2)(4n+3)x4nﬂ ‘eR.
(4n+1)! o (147 (34 1))
4- n+
12.326. 2 AT ) (3p44)x¥*2, xeR.
y(x)= "ZO Gt ) (3n+4)x x€
12377, y(x) = 1420 2030
g XX 3T
yix 273 4
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x3 x* x¢© x?
12.328. =l+x——= — 12.329. =14+—
2328. y(x)=1l+x T e Tt 2.329. y(x) ot
x3 x5 5x¢ (=" .
—+§ F’F 12.330. y(x)=m§lwx =
x 2" Hm—1)!
—1—p—x22 — o N T L 2m+
=l—e ™2 xeR. 12.33L y(x)—mzzll @mt1)! x¥m*l xeR.
e
12.332. = xm*t R.
y(x)= x+ P2 (2m+|)" e
cosx
12.333. y(x)=C, +C, . @ OGuiee pelieHne JOJIXKHO conep-

KaTb /1BE np0H3BOJleble nocrommue, MO3TOMY H3 paBeHCTB r(r+1)a,=0
u (r+1)(r+2)a,;=0 BoibupaeM r=—1, torma ao#0 u a,#0.

[2
12.334. y(x)=C,cos/x+Cysiny/x. 12.337.  I;5(x)=_ [——sinx,
nXx

2 3
I_1(x)=_[—cosx. e Hcnonb3osats PABEHCTBO F<n+§)=
X
2n+1
_( ’2'"“) T 12338, y(x)=Cy 1, (0x)+ Col_,(ax), ecntu v—ue nenoe
aucio #  y(x)=Cil(ax)+C,N,(ax), ecnn v=n—uenoe uuciO.
12.339. y(X)=C110(2x)+ CzNo(z.x). 12.340. 'V(x)=C111,3(2X)+

+Col- 3 (2%). 12341 p(x) = CiLy(x/3)+ C2N5 (x/3).
12.342. y(x) = Cy1ys(3x)+ Cal_ 15 (3).
-2
12343, |z-2|>1; 2—5 12344, |z+4i]>2 ——  12.345.
z— —i
0<|z|<+o0; zl!z 12.346. l<|z-i|<+ao; 1/z2. 12.347. 1/3<|z+
+i|<\/§. 12.348. 2<|z—2i|<3. 12349 izl>1/e. 12.350.|z+1|>1/4.

12351, 1/2<|z|< /3. 12.352. Z (=1)"z=1)" 0<|z—1]|<1;
Z— n=0

oa 1 0 ]

Z(~|)"+'(—]—)m, I<|z—1|<+c. 12353. ¥ —, |z|>1. e Mpo-
z— w22

M3BECTH  3aMeHy z=1/n Pa3noxUTh :IO CTENMEHAM .

12354, L ¥ (~ )k( 2) 0<lz=2]<5; 3 (—1)—n

. . - ) <|z2—2|<); -

5(2" ) 25,6 k=0 (z— )“2
|z—2|>5 12.355 ! ' Z 2+3)° 0<|z+3|<5;
: ' o 5(z+3) 25,‘ AUA z X
o« k 1
Eom,uups. 12.356. —Z e |>2. 12357 ——
—2Z(z—1* 0<lz=ll<l  —+2 Z 1)**2’ lz—1]|>1.

+23 ( (2—2)2"+(z—-2)““), 0<|z—2|<1; =
k=0
« 1 1 k
+2 - , z=2|>1. 12.359. z2
Eo((z—zv* ) =21 : kzlz
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I<|z|<+ . @ [locne 3amMeHbl z=1/ BOCHOJI30BATLCS PaBEHCTBOM
l ’

)= 12360 ~1. 12361, z—
<l—n o 1230 e ol 123 el

( )k+l iy =iy
+Z I<lzl<+oo. 12362 2(2_,) 4:‘:( )

o _ k © (] k

0<|z—i]<2; Iz ,‘)”, lz—i|>2.  12.363. > (2k+)l’
k=0( ) k=0%
i 12 ki*(z—i)*! .

- 7 0<|z—i|<2;

z> 1. 12.364. ———
! ' 4(z—i)? 8,5 2

z (k2 (=) — o 2<)zmi)< + z L}
—= ke z—1i 0. =—= .
(v it ® vy 2\Fn
[lmi BToporo pa3J'l0>KCHPUl BOCIOJIb30BaThC 3aMeHOH z—i=1/n,
1A

i 1
12365 5 ¥ (-l . - .
Z =)= <lpl<too @y 2 22+I>
2"—3 Zn‘3

12.366. {‘:(—1) @ 0<|z|<+oo. 12.367. ZO(_l R

R 1
l) (2n+l)' z_g)z:n-l’

0<

<|z|]<+oo. 12.368. Y ( 0<|z—=2|<+o00.

12.369. 2 5 0<|nz:|0<+oo. 230, ¥ . 0<lzl< e
12.371. n)j:O(—l) (::; ((ZCOSZ;M (::'i:)(z_;)%”), 0<jz—2<
< +o0. 12372 kg“o(—l)"(z—l)"(l—zkl—ﬂ), lz—1]<1; éo(_—lg:(f,—")Jr
+.§.((—zi—):)“l’ I<]z—1]<2; éoz—(_%l%(uzk), lz—1]>2.
12.373. %:0<(—(:8£)3;12i)‘(2i+)?+1)‘2 i), |z—i]</5;
(o £ BL o § IS, Si<lz—il<
<V £ T (2= (1) =2

1
lz—i|>/17. 12.374. 3hgﬂ(—1)“22"*‘(1—4—“—,), lz]<1;

1 @ _lk L3 ___1k22k+l 1 = _lk
—<Z (2k+)l— Z ( ) )a 1<|z|<2; ‘Z(—z,‘—;)T(l—4k), |z]|>2.
3\i=o 2 k=0 3,502

4k +1
342



1 @ 1 1 X 1 ) @ ZZk
12.375. 3 Z 22‘((1—ZT+—1>’ lz]<1; —§<hzo zz(k—m-l-kgo Zm), I<]|z|<

k=0
12 41 1 1t S1
<2; -5 g TESIE |-|>2 12.376. —;-}-2‘2"—82—54'..., 1<|Z|<+OO.
! f(n)
12.377. @ PaccmoTpeTs uHTErpan ————7dn ¥ BOCIOJIb-
In—z,l=p (n—2z0)

30BaThCA OFPAHMYEHHOCTBIO f(2), BHITEKAIOLIEH M3 CYLECTBOBAHMS Tpeied

lim f(z).

Z—Z

12.378. e Hcnoan3oBath cieayrluee YTBEPXKICHHUE: Sy
g(2)=(2—20)"@(2), m=1, ©(29)#0 u @(z)—ananuTnyeckas OGyHKUHS
B OKPECTHOCTH TOYKH Z(, TO B HEKOTOPOH OKPECTHOCTH TOYKH Zo ClIpaBen-

=b0+b1(2—'20)+..., rae b0= #0
) ¢ (z0)

12.379. @ IlpoBecTH noka3aTenbCTBO OT TPOTHUBHOro, T.e€.
NpeANONOXUTb, 4YTO f(z) OrpaHH4eHa B OKPECTHOCTH TOYKH Zg
M BBbIBECTH H3 ITOr0 MNPEANOJIONKEHHA, 4YTO Z,— yCTpaHuMas ocobas
TOYKa.

1

12.380. @ PaccMoTperh ¢dyHKuUMIO (p(z):f()—A; J10Ka3aTb, 4TO
2)—

Zo—CyLIECTBEHHO ocobasi Toyka A @(z), ¥ BOCNOJb30BAaTbCA YTBEP-

xaeHueM 3amaun 12.379.
N el

12.381. ) c¢,z" cxoauTcA BO BCeil IUIOCKOCTH, @ psd ). Cuz"—

ni/4 3Ini/4

n=1 n= - o
BHe kpyra |z|>R. 12.382. Touku z,=e" nz,=e — NoJiroChl 3-r0
nopsaaka. 12.383. Touku z,=0 wu zz——l—nomocu 1-ro nopsnaka,
a Touka zz=Il-—nomoc 3-ro mnopsnaka. 12.384. Touku z,=km, ke
eZ—nomocol l-ro nopsaka. 12.385. zo=—1-—nomoc 1-ro nopsaxa,
zy=2—mnomoc 3-ro nopsaka, z,= —i—nmoaoc 5-ro nopsaaka. 12.386.
zM=0—mnomoc 2-ro nopsaaka, z;=1+kn, ke Z,—nomocel 1-ro nopsaxa.
12.387. z'V'= — | —nomoc 3-ro nopsaxa, z,=2kni, keZ,—nonmoce 1-ro
nopsaaka. 12.388. zo=0 u z,=n— ycTpaHuMble ocobble TOYKH, z,=Tk/2,
k=+1, +2, +3, +4, ..,—nomocbl l-ro nopsaka. 12.389. z,=mn/4—
ycTpaHumas ocobas Touka, z=mn(4k+1)/4, k=+1, +2, ...,— noaockl
l-ro nopsaka. 12.390. Touku z,=n(2k+1)/2, keZ—nomocsl 2-ro
nopsiaka. 12.391. Touka z,=3i—cyiuecrBeHHo ocobas. 12.392. Touka

z9= —2i—cymecrBeHHo ocobas. 12.393. Touku z;=1+—-——,
n(2k+1)
€Z,—noJitockl 1-ro mopska, a Touka z=|-—npeaenbHas 18 MOJIOCOB.
12.394. B T1ouke z=1 ycTpaHumas OCOOEHHOCTb, a B TOYKax
n(2k+|)
=1+ 5 , keZ—mnomocbl 1-ro mopsaka. 12.395. B Touke zo=0

ycTpaHumas ocobeHHocTb. 12.396. B Touke zo=0—mnomoc 4-ro mo-
psaaka. 12.397. B Toukax z,=In3+2kni, keZ—nmnomocst l-ro no-
panka. 12.398. [IlpaBuabHas Touka. 12.399. [Tosroc 3-ro mopsmaka.
12.400. T[lpaBuabHas Touka (Hyab 3-ro nopsaka). 12.401. Tlomaroc
2-ro nopsaxa. 12.402. CyuectBeHHo ocobas Touka. 12.403. Cyiue-
CTBEHHO ocobas Touka. 12.404. Tlomoc 2-ro nopsaka. 12.405. Ipa-
BUJIbHas Touka. 12.406. IlpaBuibHas Touka. 12.407. CyuiecTBeHHO OCO-
Gas Touka.
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12.408 ZHl o)os 124 z? =L
.408. BbIY ;2 ]=5. 409, BblY | ———; i|=—-i
z—2 Z+1)? 4!

2 ] 2 ] 2n(2n—1). (n+2)
BbIY [m, —l]—4l. 12.410. BbIY [(z—l)"’ l]- n=1)

1 1 1 . 1

12.411. Buq[ zz+4 3 }: ———2; BbIY [;W, i2z]=6—4. 12.412.
1 1

Bbl‘i[ ] [ 22) , k=41, +2, ..

T 2kmi -
2
(=) Zhkn |=(-1) =, kez 12414

12.413. BbIY 5 R
1 6
sinz—— \/5
2
B sin 2z T 4 sin2z 0 4sin2
BbY | ——————; = |=———=, BB ; = .
n 2( 1) 2 n—2 n 2( I (r—2)?
z—= ) (z— z—— ] (z—
2 2 2
sin 2z 4cos2 e’ 1
12415, BoM | ——; 1= — . —_
) [(z-H)‘ . l] 7 12.416. BbIY [22(22+9), 0] 5
e 3 ie* o* je~ 3
BbY | —————; 3i |=—, 3= .
| 22(22+9) 54 BbIY [zz(zz+9)' 3::' T 12.417. BbIu [tgz,
1
<k+5)1t:|= —1, keZ. 12418. BBy [ctg2 z; kn]=0, keZ. 12419
[ cos? 3 -1 22421
BbIY w; 0|=—=. 12.420. BbY 0|=0, BbM -2—2——-;
| 2 2( By Ze0)
o 0 1 e 1
I|=1. 12.421. BBIY z_(l-—?_)’ =1, BB (=77 =-3
[ 1 1 1 1
BbIY s )'—I =—§. 12.422. BbIY 22_25; 0|=0, BbIY 22—25;

-1+ |+l 1 1 1
\/_ \/— Bbl‘l[ 3 s I]:——, Bbl‘l[ 3 3
z%—z 3 24—z

2 6\[ s
—1-iy3 1-i/3 cos4z 128
v ] = 6 . 12.423. BBIY I:———— ZJ = — I—S-Sil'l 8. 12.424. 1.

2 -2
1
[2425. 0. 12426. 1. 12427. —1. 12428. 0. 12.429. —7sh3. @ Boc-

MOJIb30BaTbCA BTOPOH TEOPEMOW O BBIYETAX. 12 430. O 12.431. =2

m’ﬁ 2ni
12.432. —1. 12.433. 3 . 12.434. 2ni. 12.435. — 5 . 12.436. —sh3 ® Bo-
CTONIb30BaThCA BTOPOH TEOpPeMOi O BbIYETAX U peay.nbraTOM 331444

+1)..(2n—2)  2ni
12.429. 12437, (=1 " ( ()" ) B ’;’2 .. 12.438. 0. @ Bocrioms-
n— a
30BaThCSi BTOPOH TEOPEMON O BBIYETAX M COOTHOILICHHEM BbIY V(z&
©]=0. 12.439. 2mi. 12.440, 0. 12.441. —dmi. 12.442. 2ni, n=

n+1
n=0, 2, 3,.. 12.443. — 12444. 2(1—e Y)mi. 12.445. 2mi.

. (n+ 1)1
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12.446. (cos | +sin I +i(sin 1 —cos 1)) 12.447. 0. 12.448. 0. 12.449. wi.

2 1
12451, 2™ jp4s, Pl

2n
: : . 12452 = 12453, 0.
Jai—1 (@*=b?)? l—a

2 _
12.454. b—f(a—\/a’l—bz). 12.455. mi. 12456 n/2. 12457, —— x

* 22m=2

Nlﬂ

12.450.

1)..(2n—2
) 2n=2) g T ase. . 12460, -
(n—1)! 2ab(a+b) 4a 27
4 n -
12.461. 3‘ . l2.462. ig;ﬁ[;gl—z . 12.463. S )

T 1 1 n
12.464. —c¢ V¥2( /3 sin— — cos—). 12.465. —e . 12.466. me” 2cos2.
NG 2 2 2

2e—1
12¢%
12. 471 2 kopHA. @ p(it) npU U3MEHEHHHU f OT + 00 IO — 0O MpUpalLe-
HUSL HE TOJIyudeT.
12.472. 2 xopus. 12.473. 3 xopHa. 12.474. @ Bocnosb3oBaTbes TeM,

o(2)

4TO arg fg=argf+argg u arg (I + f_('7> npu o0xolle TOYKOH z KOHTypa

12.467. E(e"+e") 12.468. m(e” 2 +¢73). 12.469. ge*‘ 12470 15—

L npupaiieHus He mnosyuaet, 6o <1. 12.475. @ PaccmorpeTn

S e,
bynkunn  f(2)=aoz" n @ (z)=a,2" " '+..+a, Ha okpykHOCTH |z|=R
q0CcTaToyHo Oosbuioro paauyca R. 12.476. a) B kpyre |z|<l oaun

Hyab; 6) B koabue 1<|z|<2 wuetvipe Hyns. @ Momoxuts f(z)=8z
B clyyae a) H f(Z)=z5 B ciy4ac 0). 12.477. a) B kpyre |z|<] omuH
Hysb; 0) B kosblie | <|z|<2 Hyne#l HeT; B) B kosble 2<|z|<3 ABa Hyns.

2 2mkx
12.479. [das verHoii: B, =0, oz,‘-— jj(r)c s—dx a JIS HEYeTHOM:
0
12

1 2
%,=0, yf(x)sm xdx (k=0.1,..). 12480. f(x)=5+— x
sin(2m— 1)x sinkx T\ T
— .S =3 109). 12.481. —, Sl =)=
: 2 ot 5= 3 (o 109 St = Z k (2) 4
m=1 o k=1
1 4 cosm(2m—1)x
. 110). 12.482. f(x)=— — — —_—, S(1)=1 1)
(puc. 110) f(x) Sy~ 2 @m—1)? (=1 (puc. 111)
=1
( k+1 n? - (_I)k

12.483. - Z T cos2kx. 12.484. —3—+4z e cos kx.

. k=1 ©
12.485 4 1 g (2k+ 1) nx 12.486 2 4 cos 2kx
.485. - in . .486. —— e
n 2k+1 T T on 4k*—1

k=0 k=1
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8y (z) =5 (%)
s f(z)
Sp(z)
k N\ .
-7 0 n =z
S3(z)
Puc. 109.
g\
¥ 1
2
S, @
a 7 T
7(x)
S>(%)
2 R
Puc. 110.
gh
Sy (@)
S, (2)=8, (@)
L 1
-7 7

Puc. 111.



gy, 2\ sinenx 12,488 LAY l)ks’"—?
P .488. = P
k=1
2sin an k sin kx .
12.489. ( - X —— 3, €CIH a—He uejoe; sinax, eciu

z 1249 2sma1c 1 + ( 1)" acoskx
eZ. .490. — —1)*——— ), ecnu a—mnue uenoe;
¢ n 2a a’—k? 4 "

k=1_

Z. 12401, 2shan ( 1y | ksinkx 12492, 2shan/ 1 +
cosax, ecjid a€ 2+k2' 492, — %

© ©

, acoskx 1 2(=1)*—1 kmx
F ) ()P 12493 @) o4 2in2 ) e cos T
n

a’+k? In22 4 k?n? In2
k=1 © k=1 o
(=1 -1k . knx 12 cos(4k+1)x
6) 2 ———— —. 12.494. —+ — _—
) RE n2+kn? o In2 2 2t 4k +1
k=1 © k=0
4k +3 4 1 k 1 4
_coslhEx) o AN R ke 12495, @) -t
4k +3 n k 4 2 n?
el k=1 a0
1 8 (—1)* (2k+ )mx
Pra— 2k—1)nx. 6) — i . 12.496.
xz e cos ( Jnx. 6) Z L sin 5 a)
k=lw k=0 ©
(1) 1 n 16 k
142 P cos kx— 5cosx 6) sin x — (4k2 7 sin 2kx. 12.497.

k=2 k=1
w

- 1\ 1)kt 1k —
a) %+% z( klz) cos tkx. 0) %Z (( IL +2« kls)nz U) sin wkx.

k=1 0

k=1 ©
4 1 1-3(=1)*
12.498. a) n-— z Wcos(Zk—l)x. 6) z +)sinkx.

© k=0
12.499. a) z k- ) 5 cos (2k —1)x. 6)2 —sin2kx. 12.500. a)
» k=1
21 1 . knx 14l 1 (2k—1)mx
— —D)**! —sin—. 6) = — — . 12.501.
T z( ) ks’" 93 nzz Q=12
:;:21 k=1
a) —; ® Paccmotpeth paa B Touke xo=1/4. 12.502. n2/12.
8 32f

12.503. ©2/6. 12.504. @ YMmHoxuB 4 pa3nenus 9,(x) Ha 2sm3 NoJyYHM
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2si x . 2k+1
sin —sin X
1 2 2 1
Falx) = = x
x x
2(n+l)sin-2~ oo 2sin? 4(n+1)sin
n H 1
1—cos(n+1)x sin”*
xZ(coskx—cos(k+l)x) = = T
x n
= 4(n+l)sin2~i— 2sin? 3
. 2n+1
” : sm——-
12505, o 12506, — f(x+t)—-———— J(f(x+t)+f(x—t))
Zsm
2
. 2n+1 . 2n+l
sin t 5 sin“——t¢
2 1 2
X — = dr. 12.507. —— f( fx+0)+f(x—1) —— ar.
2sin m(n+1) 2sin?~
2 ° 2
n+1
* sin? —2—1
12.508. < VYuureiBag, 4TO dt=1, MoxeM
n(n+1) .yt
o 2sin®-
3anucaTh
n+1
1 A sin? —1
U x)—f(x)= t —1)=2 —dt=
ol A== s [ G602/ 0) —
sin? =
° 2
1
s sinzf;—t
= t —1)-2 —— dtA
g | Ve 0 2) —
° 2sin®~
2
,n+1
sin? —2—t
n( ) '[(f(x+t)+f(x—t) A(x) —— ; di=I,+1,
2sin? 3

Mo 3ananHoMy £>0 BwiGepeM & crTojib ManeiM, 4TOOb s 0<t<3
BLITIOJIHAIOCh HepaBeHCTBO: |f(x+¢)+/f(x—1)—2f(x)| <e. Toraa
n+ n
5 in 5 G2

sin t
2 € 2 € 2 2 €
PO I— dt=-- f dr<—.
1) J2 t 2 1 t 2

mlnt )0 25in2-2- m(nt )0 2sin2§
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Manee, B cuny HempepbIBHOCTH f(x) HMeeT mecTo HepaBeHCTBO |f(x)|<M
npy xe€[—mn, n]. INosaromy

i< | am 1 dt_2M1t dt< 2Mn?
(1)) (2 1)2 T+l 2 (n4+1)87
5 2\ =3 5
n 2
2Mn? 1 €
Beibupas n cronb GoNbLIMM, YTOOKI ——87—-——_{_—]<§, HaxoauM | [, |<¢g/2,
n
T. e |o,(f, x)—f(x)l<e. &
> sinm: sin * sinmxsin
12509, f(xy) =n?—2n ¥ ——_2n y_ LCHWEL S _L"L__ﬂ’
m=1 n=1 mn=1
_ =" - (= )
12510. f(x, y)= ~—~+ Z sinmx 4~ Y sinny+
4 2. n mel
-] (_1)m+n ) . 4 =® (_])n+l . mny
+ sinmxs . 12.511. s =— ———sin—
m_..z=1 - mx sin ny f(x, y) 31["; » in—=+
16 =2 —1 m+n+1
+;‘—m,:£'=1( nizn cosnmxsin%z. 12.512. f(x, y) =
n ® —1 m+1 2 ® —1 m+n+1
=-3—m§l ( ”)I sin nmx+;m'§:l ( rr)mz sin Tmx cos ny.

2sinnv(b—a)

12.513. & [sign(r—a) —sign(1—b)]= e mviath)
Y
12514.5 [f]=h 5% “V“.
2viq
4nv | 4m?v
a—anvi o g M
12515. § [f1=< =« a
- npu v=—,
a 2n

2sin’nv 1 J2r 1
12.516. = . 12.517. 5= =" =
sU1 v & [a2+tz] 2 ¢ a’+1?

+ o

=- J e “coswtdn. @ s BbrMUCIEHHA i§c|: ] HCNOJIb30BaTh

a a’+1?

0
COOTHOIEHHE (*) W3 mpuMepa 3 Ha cC. 24§.
n

t T t
12.518. 36[;2—;3]:\/;(‘“, a—2—+—t;= I e *sinwtdo. @ Hcnosb-

o
t d 1
30BaTh COOTHOWeEHHe | —5——|=—— - rae MHTerpaln
sI:az+t2] do Ec[azﬁ-tz:l’ P

&[:;2—4—7] BbIYMCJIEH B 3ajmaue 12.517.
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+x

»? »?
L 2 2
12.519. &, [10'"]:i e 4, te"zz\/: £ T sinotdo.
2/2 n

2 2/2
o
2 af(o?+B*+w?)
12.520. Fele " cos Bt =\/: .
[ 12J7 G5 ro)) @+ (5-0))
+
2a o’ + B2+ o?
“eltlcos Br=— cos ! dw.
eost=2 | e e
0
2i . k 2 .
12.522. S(vh)=—;t7ksmz1tv,‘T, V=g p(vk)=n Vk|51n27tva.
0 mpu k=dn,
o(v) = neN (puc. 112). 12.523. S(vi) =
— npu k#4n,
sin 2rv, —i( 1 —cos 2mv k 2| sin 7v, |
_ — i k)’ Ve==, p(vk)zi“’ ®(vi) =
vy 3 Vi |
nv, npu k=1, 2,
={0" ngn oy O(ue)=0(w)  re 113 12524 S(v)=
sin 2mav |sin 2nav | 0, ectu S(v) =0,
syl gy
nv | v| —n, ecmm S(v) <0
(puc. 114).
15.525 S(v) = 2cos v )ﬂ2 cos v
. v Cm(1-4v?)’ Py Cwfl—av?|

0, ecim S(v) =0,
o(v) = (puc. 115). @ Ilpu BbIUMCIEHMH HHTEr-

—n, ecim S(v)<0
1/2

pana cosmte " *™'dt dyukumio cosmt TNpeacTaBUTL mo (opmyne
-12
Diinepa.
sin? v sin? v
12526. SV=—s—,  pM=—s—, ®W=0  (puc. 116).
n2y n2v
indnv+i(cosdnv—1 2
12.527. S(vy=Sndnvticosdnv—1) p (V)= —— | sin 2nv,
nv n|v|
®(v)= —arg S(v) = 0, ecin v=0 u v=1/2, ® v+l —oW)
—2nv, ecn O0<v<1/2, 2
(puc. 117).
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zL
2
0 v, v, v v, * V:
Puc. 112.
/0
2a
Pl
3L
[ 4
33
2
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0127 Iy '
12 A R T
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12.528.

1000 1 0 O O 1000 1 O 0 0
1000—-1 0 O O 0100 0 ¢2 0 O
0100 0 1 0 O 1000-1 O 0 0
W. = 0100 0-1 0 O W.— 0100 0-¢> 0 O
t—10010 0 O 1 0} 2710010 O O 1 0 |
0010 0 0-1 O 0001 0 O 0 q2
0001 O O O 1 0010 0 0 -1 O
0001 0 O O0-—1 0001 0 O 0 —gq?
(1000 1 0 0 0
0100 0 ¢ O 0
0010 0 0 -¢4%> O
W.e 0001 0 0 0 ¢°
3711000—-1 0 O 0 |-
0100 0—¢q O 0
0010 0 0—¢% ©
L0001 0 0 0 —g¢°
Xo+ X4 (xo+x4)+ 2(.\‘2+x6)
Xo—Xq (Xo—X4)+q° (x;—x¢)
X, +xg Exo+v4; (v2+x6§
m_ | X1—Xs @) | Xo—X,4 q° —Xe
12.529. z™'= X+ Xe | %= (x,+x5)+ (x3+x7)
X2—Xe («‘1“5)‘“] (x3—x7)
X3+ Xx, (xg+x5)— (v3+x7)
LX3— X7 (xy—X5)—¢q (’%“‘7)
(Xxo+x4+ X+ x6)+( x,+ X5+ x3+ x7)
(o= Xa+q7x;—q%x6)+( 9%s +q° S ‘72X7)
(xo+x,+ X2 Y6)+(¢I V +‘13x5 q*x3—q*x;)
zo_ | (Xo—X4—¢ 2x,4+4%x6) +(g° \'1 g Xs— gx3+ gxq)
(xo+x4+ v2+ x6)—( X+ x5+ '(3+ X7)
(xo— x4+q X2—q xo) ( gxl ({x5+q X3— ‘12V7)
(xo+x4— zxz 5] Xe)— (q}x,-&-q xs—q*x;—q"x,)
(xo—X4—q°x;+q47X6)—(q°X, —q X5 — gx3+ gx;)
12.530.
SUBROUTINE FASTFT BO =B(NI)
*(N,L,KIND,A,B,AA,BB) AA(J)=A(I)+ AO+CO + BO=SI
DIMENSION A(L),B(L), BB(J)=B(I)- AO#*SI+BO+CO
+AA(L),BB(L) AA(JM)=A(1)-AO*CO—-BO=SI
INTEGER V BB(JM)=B(I) + AO«SI - BO+CO
M=1 V=V+1
1 K=0 IF(V-2++(M 1)) 34,4
2V=0 4 K=K+1
3 J= (2+«M)sK +V +1 IF(K —2+x(N-M)) 2,5,5
=(2«*(M—1)xK+V+1 SM=M+1
C=3.l41593tFLOAT(V) DO 13 I=I1,L
*/(2sx(M 1)) A(l)=AA(D)
IF(KIND) 7,7,8 13 B(I)=BB(l)
7 SI=SIN(C) IF(M=N) 1,1,6
GO TOY 6 IF(KIND) 10,10,12
8 SI=—-SIN(C) 10 DO 11 I=1,L
9 CO=COS(C) AA(I)=AA(I)/L
NI=2+x(N-1)+1 11 BB(I)=BB(l)/L
IM=J4+2x+(M=1) 12 RETURN
AO=A(NI) END
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12.531. 12.532

SUBROUTINE F730(A,B) SUBROUTINE F731(A,B)
DIMENSION A(128),B(128) DIMENSION A(128),B(128)
DO 1 I=1,128 DO I =132
A(l)=25. A(l)=0.
1 B(I)=0. A(I+96)=0.
RETURN 1 B()=0
END DO 2 1=3396
A(l)=20.
2 B(1)=0.
RETURN
END
12.533. 12.534.
SUBROUTINE F732(A,B) SUBROUTINE F733(A,B)
DIMENSION A(128),B(128) DIMENSION A(128),B(128)
DO | I=1,128 DO | I=1,64
T=1 T=I
A(l)=T+(128.—T)/32. A()=T
1 B(I)=0. A(1+64)=64.—T
RETURN B(1)=0.
END I B(I+64)=0.
RETURN
END
12.535.
SUBROUTINE F734(A,B)
DIMENSION
DO 1 I=1,128
Al)=1
1 B(I)=0.
RETURN
END
12.536.
DIMENSION A(128),B(128), AT(64—1)=0.
+AT(128),BT(128),A1(128), BT(64—1)=0.
«B1(128),A2(128),82(128) AT(64+1)=0.
CALL F734(A,B) 6 BT(64+1)=0.
WRITE (3,10) DO 4 1=1,128
10 FORMAT (30H0 MCXOAHAS Al(1)=AT(I)
+[TIOCNEJOBATEJIBLHOCTh ) 4 BI(1)=BT(l)
WRITE (3,1) A,B CALL FASTFT (7,
I FORMAT (', 16F7.2) «128,1 A1,BI,A2,B2)
DO 2 1=1,128 WRITE (3,12) M
Al()=A(l) 12 FORMAT (M= ',16)
2 B1(1)=B(I) DO 7 1=1,128
CALL FASTFT(7, Al()=A(l)—A2(I)
+128,0,A1,B1,AT,BT) 7 BI(I)=B(I)— BX(I)
WRITE (3,11) WRITE (3,1) Al,BI
FORMAT (6H0 AMN® ) M=M+8
11 WRITE (3,1) AT,BT IF(M —40) 5.5.8
M=24 8 STOP
5 CONTINUE END
DO 6 I=1M
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T'JIABA 13
13.1. [a; 3. 13.2. Her. 13.3. [a; 0. 134. Ha; 0. 13.5. Ha; 0.
1
13.6. Mda; 0. 13.7. MHa; 0. 13.8. Her. 139. —(14¢ 3P _2¢72p),

1 1 I
13.10. —(2—2pe 2P=3¢" 2P +e7%). 13.11. e " (1—-1)+—(1—e 7).
2p p P

2 ) 1 I
1302, S(p—T1+e 2 (p+1). 13.13. (1—e P—e P 4e ).
P P
2e"2P
2

13.14. (1—e™").

1 = e
l—e 2Py — o7 2P(] —®py__
(1—e )+p(p2+])e (1+e™™) -
1+p?

13.15. @ Bocnonw3oBatbcs TeopeMoit nogobus. 13.17. 3

pi+l

4—ap+p? 1 3 2 —4p3 4+ 8p2—dp+2

4
1308 — " 1319, —+——+—. 13.20 :
,20°(1=p) p+1 p+2 p? (P*+1)@p?+1)

2
B2 222 —(——2—(p0052a-25in2a.
2\p p°+4

T p(pP+a) . 13
+2 -1
13.23. T i 2 ovt yol ]74—. . 13.25. —T-Se——z————)—-i .
B =GI-9T UT e . (PP+13)=36p
P 4
—. 1327. ———. 1328, —(—. 29, ——.
(p2_4)2 (p2+1)2 p4+4 ) (p+2)3

6
1330, ——— . 1331 -l 13320 - o
(2p_2 +12) P _4p§5 +1) P+ 2422i+1)5)
L(:;—:; . 13-34. % B 13-35. Zp—i .
(p*—9 (p*+2p+2) r(p+2)
t

13.26.

13.33.
P (-
1336, -—=——. @ [e 2 Vtdr=e"Zxr. 1337. 5—5—.
P2p+1) 0 p(p +4
1 1 1
13.38. -5 13.39. ——ln(]—»;). ° Bocnob-
pip*=2p+2) 2p p
30BaTbC TEOPEMOH MHTErpUpOBaHMs H300paxkeHHA, a 3aTeM TeopeMoi
1 +
MHTErpHpoBaHust opuruHana. 13.40. -In{1+-) 1341. —lnp—. 13.42.
p p 2p p-1
1 p*+a? .
—In—5——. @ Bocmonb3oBaThcsl TEOPEMOW MHTErPHUPOBaHMA MO MapaMeT-
p p°+P
1. p—a
pYy, a 3aTeM TeOpeMOW HMHTerpupoBaHus opuruHasia. 13.43. —In——. 13.44.
p

5
(p“+4p3+2p2—3p)X(p)—’—’. 13.45. (pP+6p2+p—2) X(p)—1.

e P e-lp
. 1348, ————.
p—1 2p(p*+1)

o ni—Dte'=en(t=1)((t—1)e' '+e'""). 13.50.

2

1346. (p*+5p—7X(p)+-—ap—a. 13.47.
P

—(p—1

B4, X
(p=1)

\/E ot p+1 T\ . n \/5 . I n
Te 4"1’—2:—]. ° n(t—z)smt=n(I—Z>T(s1n<t—z)+cos<t—z>>.
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1 1
1351 —~(1—e 7). 13.52. —(1—e ")e 7T,
I P

(1—eT)(1—pe~?).

h
1353, —(1—e F—e 2 4e73). 1354,
w»

, 241
1 -r 1 2p%e ™
1355, h( -————). 1356, —+2—.
p p(p+) pi+1l pt—l
13.57. < Tosioxum fo (1)={{)‘(')’ 0,2?5” Torna

So@)=f(@)=m(@=1)f(t—1) (nockoabky f(t)=f(t—!) nmpu =] B cuny
nepuoauyHocTd).  Ilepexoms  « uaoﬁpzlulceﬂum, OTCIO4a  HAXOJMM

Fo(p)=F(p)—e™™F(p), rae Fo(p)=[e ™ f(t)dt. CnenosarensHo,
0

i

1
F(p)=|—e""=T_—-—e_—"'J.e-"f(t)dL o>

o
l—e 7 B pn
1358, — < 1359, —~—cth2".
N i M
13.60. te 1361 ~th? 1362 LT
p 2
PR

T (pPHh(—e"Ty’

h +Be 3 th
1363, % 3ot —PPER 365 SROT
P (p*+B7)(1—¢ 20) Pt
1 1 T'(u+1)
13.66. ——— . 13.67 —In(p—o) ).
(F(u+1) (p ))

(p—o)** T (p—ort!
— NoCTOsiHHast Ditniepa).

y+in(p—a)
———
LB (Bt 1 (B = (p— i)
2 (PR 2 (PpT
Yp+gln(p’+ﬁz)+ﬁamtg; parct I—)—Bv—iln(p’wz)
BN - P . 1372 e

1
13.73. ﬁe“‘". 13.74. te'. 13.75. Z(e”—ew'). 13.76. p~*sht.
p

13.68.

13.69.

3
13.77. 1—e7'—te”'. 13.78. t—sint.  13.79. g(l——e“z’cost—-4sinl).

1 1 1 3
13.80. g(ch 2t—cost). 13.81. 2 tsind:r.  13.82. —<e vz (cos \/T— 1+

3
1 1
+7Sin—?l>~e”) 13.83. Eshtsinl. 13.84. nE—2)(t-2).
3
1
13.85. 57](1—2)(1—2)28'“"2'. 13.86. e2'+n(r—])+n(t—-4)sin3(t—4).
=) 2n
13.87. cos2t—2n(t—1)ch2(t—1). 13.88. - —.
n ( 2D Gy
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13.89 i wL 13.90 i—L— BT e
. ,,=0(— (2n+1)!(2n)" T Se@n ety

T
V]
[ 2n
1391. Y ——. 1392 e’Io(Z\/;). o Ilpumennts  Teopemy
nmon!(2n)!
CMELLICHHS K OpPMIrHHajy, MOJyYeHHOMY B npumepe 4 us § 2.

13.93. ¢ %(cost—2sint). 13.94. 1e"—le"—lc052t--—1sin21.
6 15 10 5

ki t 3
13.95. ) en'. 13.96. §(cht—cost)—§(sht—sint).
k=1
1 7 1 1
13.97. 1o tcos ’_§6$in t+% sh 2z. 13.98. gt(sh t—sint).
1 2 ¢ t/3 1 3 1
13.99. —3—cht+5ch5cos%_. 13.100. gtzcost+§tsin t. 13.101. E(e“—e‘).
1
13.102. ¢t—2sht+tche. 13.103. 5(ch2t-—cht).

1 1
13.104. E(Cht+cost)~§chtcost.

t
13.105. x(r)=C,cos3t+C,sin 3t+8sin 3t.

2\, AT
13.106. x(1)=( C, +Cyt+ Je ™. 13007, x(1)=C, +( Co=—— e ™™

t
13.108. x(t)=<C,+-3—>e'+Cze'z‘. 13.109.  x(1)=C,+Cye '+

1 tf 1 3 ty/3
+~e "(cost—sint). 13.110. x(t)=e2 —sini—cosi +e™ "
2 \/5 2 2
t? 2 !
13.111. x(t)=(l+t+—3—)e"‘. 13.112. x(t)=§(e‘3‘—l)—§e'3‘.

13.113. x(t)-—:g(l—e')costJr—S—(l+6e’)sint.
7 t
13.114. x(1)=c052t—§sin2t—zc0521.
25 1
13.115. x(l)=2—45h3t—ch3r—§sht. 13.116. x(1)=3+1t+(t—2)e".

4

t 1 t
13.117. x(l)=zcht—zsinr. 13.118. x(t)=ﬁe"'. 13.119. x(t)=1—e""—
t 1
—n(-2)(1—e"“"2). 13.120. x(t)=5sint+§n(t—1t)(t—n)sin(t—1t).
1 t
13.121. x(t)=cht—1—-n(@—1(ch(z-1)—1). 13.122. x(t)=2<sin2§—
e
t—1 t—2
—2n(t—l)sin2—2—+n(t-—2)sinzT).
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13.123. < Vpasuenuro xP+a, x" "+ . +a,_,x'+a,x=1 npu ny-
NIEBBIX HAYajibHbIX YC/IOBHSIX COOTBETCTBYET ONEPATOPHOE YypAaBHEHHE

1
L(p)Xl(P)=;~ rne Xi(p)=x,(1), a L(p)=p"+a,;p" '+ ..
... +@a,_;p+a,—XxapakTepucTH4YeCKUil MHOroueH ypaBHeHus. OTcioaa
L(p)= . Vpasuenuto x™+a,x" Y+ . +a, x'+a,x=f(t) npu

pX,(p)

HYJIEBbIX HAYaJIbHBIX YCJIOBMUAIX COOTBETCTBYET OMNEPATOPHOE YpaBHEHHE
L(pX(p)=F(p), rae X(p)=x(t), a F(p)=f(@). Orcrona

X(p):i—i%:pX,(p)F(p). C nomousto unterpana dioamens (cm. § 1,

CBOICTBO 1) noJjiy4aem x(t)=x, (0)f(t)+_;'x’, O ft—1)dt=
o

=[x1(®)ft—vdt (tak kak x,;(0)=0), nm x()=f(0)x,(*)+

(4]

+ff(Ox,(t—D)dr. >

O13124 =t emn—t et en 2 13025, x()= oo
124, x( —13(e~ —9e+9e n 125, x ( —2(6"' -

—te')+shtin !

el

13.126. x(t)=e'—1—(t+In2)(e"+ 1)+ (e'+ 1) In(e' + 1).
t

t -
. 4 gZ 2+cost
13.127. x(t)=sint t-7arctg —— ) |+costin 3
3

NG
t
13.128. x(1)=] e "’ sintdt (3TOT MHTErpan He BBIPaXaeTcs Yepes
3JIEMEHTapHbIE Q)y(:ncuun).z 13.129. x(t)=C,+C,;sint+ Cscost+t, y,=
t
=C4+Cgsint—Czcost+?. 13.130. x=C,+Cysht+Cscht, y=C,—

—Cysht—Cycht+cht+cost. 13.131. x(t)=e', y(t)= —e" 13.132. x(t)=
=tcost, y(t)=—tsint. 13.133. x(¢)=sint—cost, y(t)=si2nt+cost.

t
13.134. x(t)=sint+sht, y(t)=cost+cht. 13.]35.x(t)=l+~2-‘ y()=
=1-—¢' 13.136. x(t)= —sint, y(t)= —cost, z(t)=sint.
13.137. x(t)=(1+t—sint—cost)—2n x—g t—g ~sin<t—g>)+

+n(—n)(=1+(t—n)+cos(t—n)—sin(t—m)), y(t)=(1—t+sint—cost)—
—-2n t—%) l—cos(t—g +n(t—n)(1+(t—n)—sin (t—n)—cos (1 —m)).

13.138. x(t)=§(cht+cost-2)—n(t—1t)(ch(t—n)+cos(l—n)—2)+
+%n(r—21t)(ch(t—21t)+cos(t—21t)—2), y(l)=%(cht—cost)—n(1—1t)><
x (ch (t—m)—cos (t—n))+% N (¢—2n)(ch (t—2n)—cos (t—2m)).
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1
13.139. 2sint. 13.140. ch 21—5 sh2t. 13.141. ¢". 13.142. cht.

i F(l—q) 81
13.143. —.  13.144

.144. . 13.145. z(x, y)=ycos x+ x sin x.
\ﬂ r{+p)r@+p)

13.146. z (x, y)=£ [sha(x—t)f(t)dt.

0

13.147. u(x, t)=q(t—x J/LC)=Esino(t—x./LC), i(x, t)=\/%x

C
xq(t—x/LC)=E Zsinm(t—x,/LC), t>x./LC. < Ilpeanonaras,

410 wu(x,?) M i(x,!) M MX TNPOU3BOAHbIE KaK (YHKLHUH TEPEMEHHOMN
t ABJISIIOTCA OpUrHHasNaMu, U obo3navas U(x, p)=u(x, t), I(x, p)=i(x, t),

oU(x, p)
NOJy4HM onepaTopHbIE YpaBHEHHUS o =—Lpl(x, p),
ol(x, p) .
3 =—CpU(x,p) c rpaHnuHbiMH ycsoBusamu ¢q(1)=U(0, p)=
x
=Q(p)= . Hckmouas /(x, p) U3 nepBoro ypaBHEHHS H CYMTas

pi+o?
d*U(x, p) 5
p NapaMeTpoM, HAXOAUM 73—=LCp U(x, p). Orcroga U(x, p)=
x

=A(p)e?VICx1 B(p)e "VICx W3 ¢u3amueckux coobpakenuii cremyer,
4TO MpH X — + 00 peuleHue U(x, p) orpaHuyeHo, a motoMy npu Rep>0
k03pULHEHT TNpH NEpBOM CJlaracMoM JIOJKeH OBbIThb paBeH HYJIO,

T.¢. A(p)=0. [Hanee, u3 ycnoBua U(0, p)= cienyer, 4TO

p2+w2
E e 1 0U(x, p)
U., — —vaCx' 0 1., _- —
(x, p) p2+u)2e a TOrja (x, p) Iy ox
C E
:\/i 5 @ Ze“"‘/ﬁ". IMpumenss Teopemy 3ana3jblBaHHUSA, HaXOAHM
Lp‘+o
OTCIO[la MCKOMOE peLleHHe. >
13.148. u(x, t)=Ee "Vx(q(t—x/LC)—n (t—x/LC—1));
C —
i(x,t):\/; Ee VX (n(t=x/LC)—n(t—x/LC—1)).
4y 1 [T'(u+1
3ago. P T gagse. L (DD o) o Menom.
a a I'(p+1)

n 1 [n
30BaTh  pCUICHHE  3a0a4d 13.67. 13.151. 3 e . 13.152. 3 £

13.153. \/azﬁ /B—V). 13.154. /2n(/a—/B).

13.155. \/E(\/ﬁ—ﬁ). @ B 3amaHHOM uHTerpase npeaBapHTEJbHO IO-
JIOKUTb x2=u.
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1
13.156. 2. <« Hmeem ——-’L]——z.:‘tsh 5; k=1. Tlostomy no ¢opmy-
2.._
()
+ o + o0
e”! t 1 _t _t Lok
ne (9) S= | ;o= ishgdi=5 | teTidi=—(1e 7T+ 2e D" =2 &
% ° I I sine
si
13.157. Zn. <1 arctg F:arctg n—_]——arctg m Ho arctg ;,——i%—.
sint

1 sint
arctg ——=¢ ' —, arctg ——=e' — (0 Teopeme cmeiueHus). Cre-
p+1 t p—1 t
ef—e™" |
JloBaTeNbHO, arctg ?,:f ()= sint; k=1. IMostomy no d¢opmy-
t t
e™! e'—e™ | l+e™" | I+e™"
ne (9) S= 125 sintdt= ; sintdt. Ho t—smr,:
—e

0 o

1 1 3
=arctg —+arctg ——=F(p), F(0)=arctg(+ o)+arctgl=- n. Cnenosa-
P p+1 4

+a
l1+e™' 3

TesnbHO, Mo Gopmyiae (6) —;— sinldt:zn. [

! 2p+1 | !
13.158. . @ ———- = 13189, I
2 PP+ D)(p°+2p+2) p*+1 p*+2p+2 2

3 1 1

@ arctg m:arctg ;—arctg "——+—3; cM. peuleHne 3agaun  13.157.

13.160. arctg x. @ ITonoxute ®(t, x)=l+r i 13.161. arcsin x. @ Iloso-
X

x
Xutb P (1, X)=—r—.
J1=x2t
T—Xx
13.162. 5 <1 HUcnozbiyem npousBoasuiyto ¢yvkuuo P (1, x)=

0

=) 1"sinnx. Umeem

tsinx
T 1-2tcosx+1?

e 'sinx
D! x)=

1-2¢"'cosx+e 2"

1
-=n()=f(¢), n@)=1 npu ¢>0. Haxoaum no ¢opmyre (10):
14

+ o
T(x) e "'sinxdt “tdt
x)= =sinx - =
1—2¢ 'cosxte 2 (e ‘—cosx)?+sin?x
o
e '—cosx|*® l—cosx
= —arctg ——————— = —arctg (—ctg x)+arctg ————,
sinx |, sin x
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n
U, TaK Kak —arctg(-—ctgx)=arc(g(c(gx)=5_x,

1 —cosx x\ x
aretg ——— =arcig| tg 5 )=5.

2
T(x)=s—x+2=r
TO X)=——X4+—=—. >
2 22
X
13.163. —In (2 cosz ) @ Hcnosb3oBath paioxeHue
I +tcosx x
T L (= D)itcosnax,
I14+2tcosx+t* =,
I +tcosx
nojoxus O (1, x)=l ——-——.
1+2tcosx+r

1 R
E— e E -t
13164, —— 22 R 13165. = (1—¢ L)
R R

E—u, —ﬁ-l . 1 R? 1 R?
13.166. —————¢ 2L gin | ——— nph L
1 R? LC 4L LC™ 4L
. LC 4L? .
E—uy -—5:71¢ 1 R? E—uq R, RT 1
te XL npu ;5 2L gp -
Lc 4L RT 1 aL* LC
4L IC
| R?
LC 4L? ‘
YT I P 1
13.167. Ee 2RL: (cos— e »
L\ L, 4R e [
L, 4R?

L, 4R?
! 2+RR
EL ———'ﬁ-f: J4+RER}

13.168. e RLAO)' 13.169. E 2R, o YAERIRZ

L+C 2CR,
RiR,—2)J4+RERS | /4+RIR} 1o2L\ -
(R, R yzlsz l 0. N

4C*R3 2CR, RC ™ 3C

/1
2L “(“* ) L*+4C? L+4C? | JLT+4C?
+22 e R2CTL c\/ t‘/ Y a
2LRC 4LCR? 2LRC
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R 1

E -7t E ——i
13171, —5——— (Lwe L +Rsinor—Locoswr). 13.172. —e R x
R°+L°w R R
OV a2 [L_R
x| r——1) 13.173. e —1P————sin [———
2 1 R? 1 R? LC 4cC?
C 4L C 4L

L4 LU [1 R? .
—sin®* = [———— 1t}
1 R? 2\ LC 4L?

LC 4L?
9(e?—e°cos e?(c?—acos
13174, CemeTeosp) 13175, o macosh)
e?9—2e"*cosB+e" e?"—2aeicosP+a
(el 4 e el+a 1
13076, ) 3401, ac’le’*4) 13178, - @ To caoil-
o) @—ap =)
(m+1)q e(m+l}q m—1 .
3,a). 13.179. ——— <k, ————— Clem 4
cTBy 3, a) EEEE npu m e '; e pu

m=k. @ IMo CBOHCTBY 3, 0).
sin
13.180. arctg—

B : .
B <1 lpumensem GopmMysly HHTCTPHPOBAHUS
0s

u3obpaxeHus (CBOHCTBO , 0)):

sinfn T elsin Bdg ]‘? e?sin B dg
q q

—2e9cosB+1 4 g(e?—cosp) +stB=
) e!—cosP|” ) sin
=arctg——| =arctg————
g inf3 |a 4 g(’"—Cosﬁ
. e'—cosP|® = . ef—cos P . sin
— | === =ar . >
TaK Kax arcg snp |« 2 arctg Snp che"—cosB
1 1 2" 3 @4+(=1) ) =173
13.181. =—-1"4+- 2 + 2)"= .
fln)=-3 5(=2) ;
n+1 3n+1
13.182. f(n)=sin£2§cosTn. 13.183. f(n)=( /—)"”cos AL e Uc-

nonb3oBaTh GopMyasl s H306paxeHus QyHkUMi a”sin Bn[ ul]u"cos Bn
r+

(npumep 3 u 3a/1a4d 13.175). 13.184. (W=C;+'.
2
13.185. ———(sinf—2""!si +2"sin(n—1 >1.
p—. B(sm B sinnB+2"sin(n—1)B) npu n
n(n*—1) .
13.186. ———— . @ Wcnoab3oBaTh GHopMysly yMHOXeHHs H300paxeHuit.
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)

I ¢ 2 -
13087 - — 13188 —— _ 13.189. x,=—(5""'+
2 ’2_1 3+] l'—t+t 7

=2, 2 2n+1 1
+ +1)"
13.190. x,,:——sin—(—n—é—)-n. 13,191, x,=sin" : )
3

13.192. x,=(2xo—x) 1"+ (x;—x0)2"=C, +C;,-2". 13.193. x,=2"—(n+1).
13.194. x,,=(x|—2x0—2)3"+(|—x|+3x0)2"+4"=C|'3"+C2’2"+4".

13.195. x,=(—1)"+2"+3", ya=2(=1)"=2"—3". 13.196. x,=
3x9— 2x0+ 2yo—6x
_ Xo ,Vo_2"+ X0 y°~3”=C,‘2"+C2‘3", yn=_y°___9,2n+
5 5 5
3yo+6.
+ yO x0.3n=_Cl,2n+l+C2,3n#l.
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Mpunoxenne

TUINEPBOJIMMECKUE ®YHKILIHHU

Obo3naueHus
e " shz 1
shz=e ¢ , thz=—, sechz=—o,
2 chz chz
b ‘+e * th chz h 1
chz= , cthz=— c¢schz=—.
z 2 shz shz

CoomHuowenua mexncdy zunepbouveckumu @yHKyuamu

. ch?z—sh?z=1.

ch?z+sh?z=ch2z.

. sh2z=2shzch:.

th2z=1—sech?z.

cth?z=1+csch?z.
z shz

2 chz+1’

. (shz+chz)'=shnz+chnz.

chz+shz=e*.

chz—shz=e™%

. sh(u+v)=shuchv+chushv.

. ch(utv)=chuchv+shushv.
thuttho

1+thulhv
utv
. shu+sh 2h— ch —.
shu+shv=2s 2 5
u—v
14. chu+chv= 2ch— hT.
15. chu—chy= 2sh51L—" h“—z—".

16. sh?u+ch?v= chzu+sh2 v.

—=0®XN A LAWN—

—

—
N

. th(utv)=

—
w

Coomnowenuna Mexcoy 2unepboauyeckumu u mpuzoHOMempudecKumu
dyHuxyuamu

. shiz=isinz.

. chiz=cosz.

. thiz=itgz.

. sh(utiv)=shucosv+ichusinv.
. ch(utiv)=chucosv+ishusinv.

wnhWN -
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Buvipaxcenus 0an obpamubix 2unepboauueckux u o6pamublx mpuzo
1omempuueckux @ynxyuit

1. Arshz=Arch \/1+z2=Arth

2. Archz= +Ln(z+./z2—-l).

1+z
3. Athz=—L _—
g 2 nl—z

1
4. Arcth: 7—5 Ln z—t—l
S. Arcsinz= —iLn(iz+./1+22).

6. Arccosz=+iLn(z+./z2—1).

i 1+iz
7. Arctgz=—— Ln —
—iz
z+i

z—1i

=Ln(z+/z2+1).

z
Jzi+1

8. Arcctgz=
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