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NPEJIMCIIOBUE K TPETBEMY W3JAHUIO

B macrosmem TpeTheM H3JIaHHH TNEpBOil YacTH COOpHHKA
HCIPABJICHBl 3aMEYeHHble ONEeYAaTKH, YTOYHEHH (OPMYIHpOBKH
U OTBeTH psiza 3ajmay, nobasneHo npunoxenne «Kpatkoe
onucanue s3pka POPTPAH-IV».

ABTOpBI MCKPEHHE TIDH3HATEJILHBI BCEM Jmu,ﬂM, apucIaBLIMM
CBOM , a TaKke
KypcoB BeiCHIeli MatemaTHkn MOU, nose3Hbie yKa3aHHA KOTOPbIX
6BbUIH YYTEHBI IPH penaxT 0
M3JaHus.

M3 MPEJUCJIOBUA KO BTOPOMY M3JAHMIO

Bropoe winasue «CGopHMKa 3a/ay» HECYUICCTBEHHO OTJIHYA-
ercs o1 nepsoro. H pasaenst
PpaCIIMpensl 33 ceT BRTIONEHMUS WHIIOB HOBBIX 33124, s
OTBETHI HA BCC 3aja4u
! B KOHIlE a 3ajay, B OTIHYHE
OT TEpBOTO HMINaHus, Ak TO TMaBaM, TaK 4TO HOMEp KAXJOf
3a1a4YM COCTOMT H3 HOMEpa [JlaBbl M MOPSJIKOBOIO HOMepa
3ajaY4 B JTOH TIJaBe.

Vkazanwas pabota 6buia Bbl "leHaMu
xomtektiuBa E¢umoBsiM A. B., Kapaxymuuemm A. D, Kora-
wom C. M.  Tocrenot A. C.

M3 MNPEAMUCIOBUA K TIEPBOMY M3/IAHUIO

Hpes cosmamns «COOpHHKAa 3aja4 1O MaTeMaTHKE [UIK
BTY30B», COJIEPXKAIIEro 3ajlayil MO BCeM pasjieNiaM Kypca Ma-
TeMATHKH MHKEHEPHO-TEXHHYCCKHX CAELHMANLHOCTER By30B, MpH-
wapnexut Bb. I1. J1 y. OjtHaKo mpex CMepTh
npoeccopa B. Il. [lemMHzoBHYa ROMeMIana €My OCYLIECTBHTH
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oty pabory. Hacrosmmii «COopHHK 3ajau», NOArOTOBIEHHBI
ABTOPCKMM KONIEKTHBOM, WMCIOUMM GOJBINOI nejarormieckuii
ombIT paboThl BO BTY3aX,~— BOIUIOWECHHE B Jku3Hb e b. IL
JemunoBuya.

O6wasn C‘l‘p)’l('l’ypa «COopHuKa 3aau» MPEUTONKEHA pejIaK-

TOpoM A. ¥ oTpaxaeT TIPOrPaMMBL
MO MaTeMaTuKe st ocTeit
BY308B, paocmrannoﬁ Ha 510 ¥acoB M yTBEPKAEHHOH YueOHO-

no Munsysa

CCCP 14 Mdi{ 1979 r. Ilpu cocrabnennn «COGOpHMKA 3aau»
Halen OTPAXKCHWE W ONBIT INPCNOjABAHMS Kypca MaTeMaTUKH
B Mockosckom HHCTUTYTE SIIEKI'pDHHOﬁ TEXHUKH, PACCYUTAHHOTO
Ha 600700 wacos.

B CGDpHMK BKJIIOYEHBI 3a/1a4% ¥ OPUMEPLI IO BCEM pasjiesiaM
BTY30BCKOTO Kypca MateMaTuku. C LENbIO 3aKPEIICHNsl MaTepu-
ana WIKOJLHOH NMPOrpamMMBl B HEM, KPOME TOTO, NPHBEMEH PSI
3aad, Gonee yrary TIOBTOPUTH
PA3JICNbl AHATM3A W BEKTOPHOIf anreGper, myqaeMuL B LIKOJC.

Onwoii M3 OCHOBHBIX
SBJISIETCS BKJIOVEHHE B GOJBIIMHCTBO TIJIaB um(.na PpacueTHBIX
3ajay, peleHne Tpebyer IBM.

INpennaracmas repsast 4yacrb cOopuuka «Jluneiinas anrebpa
M OCHOBBI MATEMATHYECKOIO AdaHaM3a» BKJIKOYAET T¢ pasfiesnbl
MaTeMATHKW, KOTOPHIC, KAK NPABMIO, W3YHAIOTCH HA [MEPBOM
kypce. Crola OTHOCATCS BEKTOpHast anrebpa ¢ EMEHTaMM
QHMHIHWCCKDH TEOMETPHH, J‘HI!BHH&B anmﬁpa a TaKxe ﬂldd)—

il omHON M HECKONBKMX
NCPEMCHHBIX W nnurpa.llulve WCYHCNCHNE d)yl‘“(l.l"" ontHOI
ﬂt."peMLHHOl/l.

Kaiii pasnen cbopuuka 3anay cHabkeH KpaTKMM Bgefie-
HHEM, COuepXallHM Kak HCDGX[),LH(ML]C TEOPCTHHECKUE CBCLACHUA
(or (DopMyIIBL,  Te ), TaK H GOJBIIOE HHCIO
NofIPO6HO PazobPaHHbIX npuMepon Havano perienus npuMepoB
W 33544 OTMEYCHO 3HAKOM <1, A KOHEL— 3HAKOM >, Vkazauus
K PelICHHAM BBIICISOTCHS  3HAKOM @ K 3ajavam, HoOMepa
KOTOPBIX MOMEYCHEI COOTBETCTBEHHO OMIHOM MM JBYMS 3BE3JIOY-
KAMH, YKA3aHUsi WM DelleHHs JaioTess B paspene «OrBersiy.




Fnaspal

BBEJAEHME B AHAJIN3

§t i uHena. Jloruyeckas
CHMBOJIHKR

1. TlNonsTwe jieiicTeuTenbHOr0 uncna. V3 Kypca MaTemMaTWKH CpeaHei
mmnu M3BECTHO, YTO BCAKOE HEOTPHUATETLHOC OelicmBumenshoe Hucao
npobsio

[x)xx

e [x] wanbosbilee 1eoe -mcno' HE TIPEBOCXO/ISILEE X U HA3BIBAEMOC
yeaoti uacmsio wwcna x, x,€{0, 1 L9} ans moboro neN

Mpu atom npobu, y m-ropux =9 nns Beex n=ng (no— HEKOTOpOE
HaTYpaTbHOE YHCIIO), OBBIYHO oKiiouaiorea w3 PacCMOTpEHHS B CHITY
CTIC/IyIOMMX  PaBEHCTE:

m

[¥.999..=[x]+1,

L]0 g 1999

XX (-1 +1) (0> 1, et #9).

“Heno X T. e B BUIE
m

OTHOWCHUSE —, M,n€Z, B TOM M TONLKO B TOM Ciydae, KOra Apodb
n

(U} TEPHOJUHECKas. B TIDOTHBHOM CIydae SHCIIO X UPPAyuOHAAbHO.

nm Modyaem uHCTa X Ha-
IBIBACTCH HEOTPHIATENBHOE WHCIIO

x, ecm x>0,
Ix|=
—x, com x<0
[Ipesmonaraercs, 4TO NpARWNA CPABHEHMS [CHCTBTCILHEIX SHCEI,

a TaKke apudMETHYECKHWE ONCPALM HAl HHMM W3BECTHB M3 Kypea
MATeMAaTHKK CpenHell IIKOJbL

1.1. [loxa3aTe, 4TO HUCHO

0,1010010001...10...01...
——

HPPAaIMOHANEHO. BbMUCATL MO TPU TEPBBIX WiEHAa M3 TOCHENO-
9



Bar npobeti,
9TO YMCNO € HENOCTATKOM H C H3OBITKOM.

2. C. umcna B BUIE
PALMOHATLHLIX Apobei

a) 1,(2); 6) 3,00(3) B) 0,110(25).

1.3. Jlokasats, uto umcno Ig 5 uppaumonanbHO.

< 1 aro 1g5— HCTO, T. €.

lgs=" z
=—; m,neZ
s n
Toraa: .
107=5, 10m=5", 2m-5"=5".
Ho mocsie/iiee PaBeHCTBO HEBO3MOXHO: YHCJIO 2 BXOAMT B PA3JIOKCHHE
JICBOM ACTH WA MPOCTHC MHOXMTENH, HO HC BXOMHT B AHATOTMAHOC

PawIOKCHUC JIS TPABOH HACTH, STO NPOTHBOPCMT CAMHCTRCHHOCTH
PasNIORCHHS UC/BIX HMCE HA MPOCTHIC MHOXHTE/M. [losTomy mexommoe

HCBCPHO, M, HO, wMcno g S wmppaumo-
H/bHO.

Jlokasats, uro qucna

14. 3. 15, \'ﬁ, p—npocToe uucno, n>1.

16 2+/3. 17. /2+./3.

1.8. log; p, p—mpoctoe wuuciIO.
1.9. g+nn, neZ, ccmM M3BECTHO, YTO T HPPALMOHANBHO.

B 3ajpavax 1.10—1.13 cpaBruT: yKa3aHHbE YHCIA.
L. /2-/5 u /3-2.

<1 470 BepHo

V2-5</3-2 @

V2+2<5+/3,
6+4./2<8+2,/15,
2,/2<1+/15,
8<16+2./15.

Tax Kak TNOCNE/HEC HCPABCHCTBO BCPHO, TO B CHy OGPaTHMOCTH
BBINOJIHCHHBIX NMPeOOpa3oBakuii BCPHO M MCXOJHOC HepameHCTBO (2). o

. \
1 e 1\
LI logm% W log,y 5 L2 (g) " (7) ‘

L13. |ogm'5 u L

Torpa:



He JloKa3aTh
HEPABEHCTBA:

L14. log,10+41g3>4. L15. 4 !

log 7 iogon
1.16. log,26>loge17.
1.17. JlokasaTh, 4TO MOAYJIb AEHCTBMTENBHOro WHCIa 06-
JIafaeT CNEAYIOUMMH CBOHCTBAMM:
a) |x|=max{x, —x};

x|_1x1
6) [x-pl=Ixl-lyl m |=[=—5
B) |x+yl<|x|+|y| u |X*J’|>||X|—|J’||
(nepasencmea  mpey2onviiuka),

1) /x=xl

Pemute  ypaBHeHus:
L18. [3x—4|=1/2. 119, {/x +x’ 0.
1.20. |—x?+2x—3|=1. 1.2L

1.22. /fx—2P=—x+2.
PemnTh HepaBeHCTBA:
23, |x—2|>1. 1.24. Ix‘—7x+12|>x2—7x+12

125, x2+2./(x+37-10<0. 1.26. —”<4 x.
127, fx+ 1P —x-1.

2. MuoxecTsa H onepaunn najx wami. 101 MHodcecmeom nonumaeTcs
obas 0bBeKTOB,
3anuch a€A 03HaydcT, 4TO OGBEKT @ ECTh INEMEHT MHOKECTBA
) B cnyvae munyT ag A.
MHOXeCTBO, HE COAePXallee HH OJHOTO JIEMEHTA, HA3BIBACTCH Mycmbis
u obosnauaercs cumponom (. 3anuck AcB (A conepxutcs B B)
O3MauACT, 4TO KAXbIA 51EMEHT MHOKCCTBA A SBISETCH 2JCMCHTOM
MHOXeCTBA B; B 5TOM CilyHac 4
MHOXecTBa B. Mmuokectsa A4 u B maswiBaioT pasweimu (A= B), ecnm
AcB u Bc
Cymccmynm /B4 OCHOBHBIX Crocoba 3amanus (onucallun) MHOXKECTB.
A

Beex caonx EMEHTOB Gy, Gy .o @, T. C. 3ANHCHBACTCS B BuC

A={ay, a5, ., a,).

6) A KaK TeX M TOALKO
Tex 3 7, xoTopbie
oBaanator obuwM cBOACTROM o. B 9TOM ciydae  MCnosie3yeres  060-
IHavcHue

A={xeTla(x)},
rie 3anuch ofXx) O3HAuAeT, 4TO WIEMEHT X OGNajAeT CROWCTBOM o
"



Mpumep 1. Omncate mep memenToR
A={xeZ|(\=I)(x=1)=0 u ¥=0}.

< A cems BCEX TEIBIX HbIX KOpHCH
lx—."a).(:’~l)=0 Crenoparensho, A={1, 3}. =
AmnB

AUB={x]xed wm xeB}.

Hepeceuenuen muowectn A M B HaswiBacTCsi MHOKCCTEO
ANB={x|xed u veB).

Pasnocmsio MuokecTs A M B HAIBIBACTCS MHOKCCTBO
A\B={x|xeA w x¢B}.

Ecm, B A HUBEPCATBHOTO
mHONecTBA T, TO PA3HOCTB T\A 06o3HauaeTCs cuMBon()M A w nasbiBa-
etes A4 (mo 7).

1.28. VcraHOBHTb, Kakas W3 [IBYX 3amuceil BepHa:
) {1,2}e{1,2,{1,2,3}} mwm {1,2}={1,2{1,23}};

6) {1, 2}eil,2, {1, 2}} mwm {I,2}<{l1,2 {1, 2}}.

B 3agauax 1.29-—1.34 ykazaHHble MHOXECTBA 3a/1aTh NEPEYHC-
JIEHUEM BCEX CBOMX 3JIEMEHTOB.

1.29. A={xeR|x*—3x*+2x=0}.

1.30. ={xeR|x+£<2 u x>0}

131, A={xeN|x?—3x—4<0}.

1.32. A:{erl%SZ"<S)4

133, A={xeN|log”21<Z).

1.34. A={xeR|cos?*2x=1 u U<x<2n)

W306pasuth Ha THO# MHO-
KeCTBa:

1.35. {(x, y)eR?*|x+y—2=0}.

1.36. {(x, y eR’Ix2 >0}.
1.37. {{x, y)eR?|(x*—~1)(y+2)=0}.
138 {(x, y)eR?|y> /241 u 24120},
1.39. {(x, y)eR?|)?>2x+1}.
140. {(x, y)eR*[2*" =) +4 u 2°7'<y}.
141 {{x, y)e R*|cos 2x=cos2y}.

L2 {fr)eR| 1oL x40, 520}

1.43. OmucaTh TEpEYMCIIEHHEM BCEX INIEMEHTOB MHOXKECTBA
AUB, A(\B, A\B u B\A, ecmn

A={xeR|x?+x-20=0}, B={xeR|x?—x+12=0}.

12



3amuce min, roe m, n€Z, o3HAaYaeT, 4YTO YHCIO M €CTh
AenuTe/lb YHCaa n. Onucatb CHEeAYIOLHE MHOXECTBA:
144, {xeN|x|8 u x#1}. 145. {xeZ|8|x}.
146, {xeN|x|12}(\{xeN|x|8}.
- 147. {xeN[12]x}\{xeN]|8|x}.

1.48. [loka3aTh, 4TO:

a) paBeHcTBO A(YB=B BepHO B TOM H TOJNBKO B TOM
cnyvae, korna Bc A

6) paeencrBo A\JB=B BepHO B TOM H TOJBKO B TOM
cnyyae, korna AcB.

149. Tycrs A=(—1,2] u B=[1,4). Haiitu muoxectsa
AUB, AN\B, A\B, B\A u w306pa3uTh HX Ha YHCIOBOW OCH.

Tpunsis otpesok T=[0, 1] 3 yﬂuaepcaubuoe MHOKECTBO,
HalWTH U uzoﬁpam'rb Ha
MHOXECTB:

1.50. §o 1). 151 (1/4,1/2). 152 (0, 1/2].

1.53. {1/4}U[3/4, 1).

1.54. JlokasaTh, 9TO ONepanys B3sATHS AONONHEHHs obnaaer
CBOWCTBOM  pedbaekcuerocmu:

@=4,

4 TAKKe CB3aHa C OTHOLUCHHEM BKIIOYCHHS < M ONepaUusMi

Uun

ectn AcB, 10 ADB;
AUB=ANEB u 4NB=4|)B.
1.55. Jlokasate, 4o omepauuu |) ¥ () CBS3aHBI 3aKOHAMU
OucmpubymusHocmu:
(AUBNC=(4NOU(BNC),
(ANBUC=(4UC)N(BUO).
Hcnonp3ys pesyaptathl 3amad 1.54 u 1.55, mokasath cre-
NyIOLlMe PABEHCTBA:
1.56. A\BN(AUB)=4.

< Tak xak A|JB=A()B, T0 nepas 4acTb JIOKA36IBAEMOTO PAaBEHCTBA
NPUHMMACT BHIL

(ABNANB=(A\BUUNB)=4. =
157. A\B=ANB. 158. A\B=4UB.
1.59. AN\(A\B)=ANB.
Onepaunu |J u ) o6pazom Ha Cayuai
0)

( i

13



Tlycts, sanano 4,, neN. O

MHOKECTR 3TOFO CemelicTha U 4, w onp

nen
CTCA KAK MHOKCCTBO BCCK TeX ONICMCHTOB, KHXhii M3  KOTOPBIX
TIPHHAIUICKHT N0 MCHBLICH Mepe OIHOMY W3 MHOXecTB A,. Ilepeceuenue

N4, xax Boex

nen
KaXJIOMy W3 MHOKECTB A,.
Jina 3ajpaHEbIX cemelicTB MHOXecTB 4,, neN, Haiith | A4,
neN
¥ )4,
neN

1.60. A,={xeZ|-n<x<n}
161 A,={3n—2, 3n—1}.
1

L.62. A,,={l !

A o

1.63. IlycTh A —MHOXECTBO BCEX TOYEK IUIOCKOCTH, 06pa3y-
JOLUX CTOPOHKL HEKOTOOIO TPEYrOTBIIKA, BIHCAHHOTO B 54aH-
HYIO b. Onucath M Tep
HHE BCEX TAKHX MHOXECTB, CCIH:

a) TPeyrONBHUKH NPOM3BOJILHBIE;

6) TpeyroNbHUKH MpaBHIbHBIE;

B) TPEYrONBHUKH MPAMOYIOJBHBIE.

MuoxectBo X HazwiBactcs e, ecm woxer 6BbiTh yCTAHOBICHO
B3AHMHO Mexay 3TOTO0 MHOXeCT-
Bd M HIEMCHTAMH MHOKECTBA N BCEX HATYDATbHBIX HHCEIL.

pumep 2. [ToKasaTh, 4TO MHOKECTBO Z BCEX NEJIBIX YHCEI CYETHO.
B3aUMHO Mexay
amCRaMH, yiop;

aroro M Har
MHOXeCTBO Z CrenyrommM obpasom:
1, —1,2,-2,3, -3,
A 34TEM BCAKOMY HEJOMY UKCHy NOCTABMB B COOTBCTCTBHE €10 MOPS-
KOBBIHi HOMEp B ITO TOCTCHOBATENBHOCTH, >
JlokasaTh, 9TO CEIyIOUIHe MHOKECTBA CHETHBL:
1.64. {ne

1.67. JlokazaTk, YTO €cliH MHOXECTBO X CHeTHO H A< X —ero
6eCKOHEUHOE TMOIMHOXKECTBO, TO MHOXKCCTBO A Takke CYeTHO.
Vcnonbays 3TOT pe3ysbTaT, JOKa3aTh, YTO MHOKECTBO

{neZ|n=k*—k+1, keN}
CYETHO.

1.68. IMycts Xy, X3, ..., X,, ...—cCueTHble MHOXecTBa. JloKa-

3aTh, 4TO WX obbesuHenue () X,— CueTHOE MHOXKECTBO.

14



o Ilyers X,

(Xn.1s Xn.25 wos Xnts - . TOTHA  9AEMEHTH  MHOXECTBA
U X, MOXHO 3amicaTe B BHIe Cyieayiowei TaGmmubi:

neN

X1 X125 en Xl

X200 X225, e X2ds o

Xn1s Xn2s e

Jlns Toro uTOGbI KOKA3ATh CHETHOCTH MHOKECTBA U X,, NOCTATOMHO
Tenephb 3aHyMepoBaTh KakuM-uGo obpazom bee mmenrm 970# Tabmm.

Vcrionb3ys pesynbTat 3amayu 1.68, nokasars, ¥To cleayioume
MHOXKECTBA CHCTHBI:

1.69. Q= st]x:E JUIA HEKOTOPBIX »1, n#0 u3 Z}*Mno-
n

JKECTBO BCEX PALMOHANBHBIX YHCEI.

1.70. MHOXECTBO BCEX TOYEK IUIOCKOCTH € PalMOHATBHBIMA
KOOp/IMHATAMH.

1.71. MHOXECTBO BCEX MHOIrOWJIEHOB C PAlHOHANBHBIMH KO-
apduumentamu.

3. Bepxuwe n wwinme rpamn. [lycts X——npommmme Henycroe

MHOXECTBO neﬁc’murenmmx uucen. UYmeno M =m: HA3bIBAETCH
( X, cciu MeX
# a8 nomworo xe X memomsercs epapcrcoo x<M. Awatonio
nonsTHe onementa m=min X
MHOKeCTBa X,

caepxy, ecam cymecTayer
RCHCTRNTENBNOC WHEIO a TAKoC, WTO x<a i heen xeX. Beskoe
wmcno, E s gepxneil 2pansio

. s Xy
X MHOXCCTBO BCEX €O BEpXHHX rpancu nveer mmmmun onewen,
xomphm HA3BIBACTCH MOUHOL GepXHell 2Panblo MHOXKECT ua-

A CHMBOJIOM sup X. Ouesnno, sup X=max X torna u 10"(»!(0 ror‘u,
korna sup Xe X.

Ananoruano cnusy MHOXeCT-
BA, HUNCHET Zpaiu W Mmool uu.xmeﬁ zpanu MHOXeCTBA X; nociemHss
obosnayaeress cumposom inf X.

MHOXECTBO X, OFpaHMYCHHOE CBEPXy M CHW3y, HA3HIBACTCS 02pa-
HusenHbiM.

pumep 3. HaifTh TOUHBIC BEPXHIOK H HWKHIOK FPAHH MHOKCCTBA

[0, 1).
<1 DTO MHOXKECTBO HC HMECT HauGONBLICIO J1CMCHTA, TaK KaK Juis
peskoro  xe [0, 1) wadinercs ) e [0, 1) Takoe, wro y>x. MHOXecTBO
BepXHHMX Tpaeii s nomynitepsana [0, 1)—aT0 Mroxectso (1, +cc)
C HaMMCHBLIMM JeMeHTOM, pabHbivM 1. TH0aTOMy

sup [0, D=1,

nprem 1¢(0, 1).



C npyroii cTOpONBI, INEMEHT LIS
0, 1) w pasen 0. HIKHUX Tpaneii —
310 (=, 0] ¢ PaBHEM  HyJTiO,
KOTOpBIA 1 SBJISETCA TOWHOW HIDKHeii Tpambio mosyimTepsana [0, 1).
Taxum oGpasom, min [0, I)=1nf [0, 1)=0.

1.72. oka3athk, 4TO NPHBEAEHHOE BBILLE ONMpejeTieHHe TOYHOH
BEpXHeHl IpaHH SKBHBAJEHTHO CIICAYIOLIEMY:

Yucno M ecTe TOYHas BEpXHss IpaHb MHOXECTBA X B TOM
H TONBKO B TOM Cly¥ae, €CIH:

1) x<M ns Beex x€X;

2) s Beskoro €>0 HaiizieTcs JneMeHT x€X Takoil, 4To
x>M—g.

173 Tyers x={1,4,1, .1

3. Myers X=41,5, 3,

a) VkasaThb HaWMEHbIUMI ¥ HanOOJBLIUMI 37eMEeHTHI 3TOro
MHOKCCTBA, €C/IH OHH CYIIECTBYIOT.

6) KakoBel MHOXeCTBA BEPXHHX H HHKHHX TpaHeil ,uis
mHoxectBa X? Haiitu sup X m infX.

Jlns crenyiowmx MHOXeCTB HaiiTh max X, minX, supX
¥ infX, ecnu OHM CYIIECTBYIOT:
1
174, X=] xeR|x= 7, neNp. 175, X=[-1, 1]
176. X={xeZ| -5<x<0}. L77. X={xeR|x<0}.
m
1.78. X=<{xeR|x=—;m,neN n m<n;.
n
1.79. TlycTh X -~MHOXECTBO BCEX PALMOHAJIBHBIX 4HCEN,
YAOBJETBOPSIOLMX ycioHio r?<2. Tloka3aTh, 4TO MHOXKECTBO
X e umeer Hanbosbiuero snementa. Haiitum sup X.
1.80. IMycts X <R --NpOHM3BOJILHOE OrpaHHYEHHOE MHOKCCT-
Bo. JlokasaTh, 4TO MHOXecTBO — X={x|—x€X} Takxe orpa-
HHYEHO M CrpaBejUMBbl PABEHCTBA

sup(—X)=—infX, inf(—X)=—supX.

1.81. Iycts X, Y<R-—npou3BOJbHbIE OrPAHHYEHHBIE CBEPXY
MHOXeCTBA. Jl0Ka3aTh, 4TO MHOKECTBO

X+Y={zeR|z=x+y, xeX, yeY}
OFPAaHMYEHO CBEPXY H
sup(X+ Y)=sup X+sup Y.
1.82. Ilycts X<R— orpanuyesHoe cpepxy u YcR-—orpa-
HHYUEHHOE CHM3Y MHOXecTBa. Jl0KasaTh, 4TO MHOKECTBO
X—Y={zeR|z=x—y, xeX, yeY}
16



OFpAaHMYEHO CBEPXY H
sup(X—Y)=sup X—inf Y.

4. Jlorwieckas Tpu 3anucy pacey

Hi 3HO 1D
B JOTMKE. Ml ykakem 3aeck JMmb HecKOJIBKO Hanbosice MpoCThIX
W YNOTPCGHTENLHBIX CHMBOJIOB.

Tycrs o, B, .. p

..
KaXJI0ro M3 KOTOPBIX

MOKIHO CKaJaTh HCTHHHO OHO LI JIOKHO.
MUCh & O3HAYACT HC O, T.C. OMPUYANUE YTBCPRICHHS .
3amuch o=>B O3MANACT: (3 YTBCDKICHMS o CICAYCT YTBEKICHHe

. T.e. u3 o crenyetr B u u3 B c.1enycr a (e ~cuMso1 IKEUBANECH-
mHocr).

JanHce AP OauacT « W Py (A —cumeon Komsonyu).
anuch av B osmataet « WM B» (V —cussos ouzmonkyu).
anucy

VxeX a(x)

03HAYAET: LIS BCAKOTO 3/CMEHTA X€X HCTHHHO yTeepxienue o(xp
(v xeanmop eceobuymocru).
3anucn

IxeX afx)

O3HAYACT! «cymecrxyer :meMem‘ x€eX TakoH, YTO Ul HETO MCTHHHO
y

Ecn MCH’I xeX, ans Ko'mporo vlmHHO ymprxnenue afx),
He TONLKO CYIECTBYET, HO H EIMHCTBEH, TO
IxeX afx).
Mpumep 4. Uctonszys ;lonl'lecxylo CHMBOM nxy, 3anucaTh ymep—
5 Bepxi: HO:

a) VxeX| x<M£, (. IpanL MHOXCCTRA X);

6) VAeR(Vxe x<A)=.A>M) (e, Mo waneneiuin s meprex
TpaHell MHOXeCTBa

VsoBHe 6) MOXCT GiTh 3AMHCAHO TAXKE B CCAYIOUICH IKBHBAICHT-
Hoit dpopme (cM. 3amavy 1.72):

Ve>0 IxeX (x>M—g).

Mpumep 5. Torsecxyio
NPHHIHN MATEMATHYECKOH HHIKIH!
<2 Tlycre o— HeKOTOpOe ymepmmme‘ umeroltiee cmbica juts Beex neN.
Boesem  MHOXECTBO
A={neNJa(n)},
T e. MHOXKECTBO BCCX TeX HATYDANBHBIX YHCCII, JUIS KOTOPBIX YTBCPHRCHH
0. TOrza MPHNIDIN MTEMATHNCCKON MMAYKINIH MOXIO cq)op
My'mponx'l‘b crenytolunm  oBpasor
(1e 4)n 1erAo(n+I)EA))=A:N. )
17



Tak kak 3anuch o(n) O3HAYaCT, WTO YTBCDX/CHWE O HCTHHHO A%
uucia neN, TO yTeepkieHHe (3) MOXHO 3alMCaTh W HHavye:
() A (a(n)=>a(n+1))=VneNa(n). =

Mpumep 6. 3anucaTs OTpHIAHKS BbicKazbBanH: V¥ xe X o(x) u Ixe
eXa(x).
< Orpunanue puickassanns Vxe X o(x) umeer s 3xe Xa(x) (cymeer-
BYeT 3jeMeHT X€X TakO, /I KOTOPOrO yTBepxiehue ofx) JO¥HO)
Wnave roeops, mns srobOro yTBEpXieHHs o MCTHHHO CIEAyioluee
BHICKA3IBANHE:

VxeXa(x)}=dxeX a(x).
AHaJIOrHyHO
IxeXa(x)oVxeX ay).

Mpumep 7. Mcnoibsys JOTHiecKHE CHMBOIB, 3AIHCATh YTBEpR-
nenve: «dynkims f: X—R, XCR, HenpepbiBna B Touke a€X», a Takxe
€ro_orpunanue.
<1 Wcxomnoe yTBepkIaeHHe:

Ve>038>0 Vxe X(|x—al <8=|f(x)—f(a)l <€)
(uist moboro £>0 Haiinercs §>0 Takoe, yTO ans joboro umcna xeX,
ynonnemo SIOLLIETO YCTIOBHIO | Xx—a| <, BHIMOMHSETCH HEPABEHCTBO U'(x)-
{a)l <e). OtpHnanue 3TOro yTBepXIEHHS:
3e>0 V8>0 3xe X(Ix—al <8 A f(x)—f(a)l >¢)
(cymecrbyer £€>0 Takoe, 4To anst soboro §>0 Haiigercs umcno xeX.
yRoBfeTBOpsIOliee yenobuaM |x—al <8 u |f(x)—f(a)l>¢). &

Ipoynrath HMXKe BBICKA’ , BBISICHMTH MX
CMBIC/T M YCTAHOBHTH, HMCTHHHBI OHH WJIH JIOXHBI (le)ﬂam
X, ¥, z, a, b, ¢ Bcroay, roe 3TO cneuuanwo HE OroBapHBaeTCs,
0603HaYeHBI NeHCTBHTENIbHbBIE ‘mcna

1.83. a) Vx3y(x+y=3); 6) IpVx(x+y=3);

B) 3x, y(x+y=3); 1) Vx, p(x+y=3).

.84, 3x, y(x>y>0Ax+y=0).

1.85. Vx, y x<y)-=-az(x<z<))

1.86. Vx, y(x?#2y2).

187, Vx(x*>xex>1vx<0).

1.88. Vx(x>2/\x>3a2<x<3)

1.89. 3x(/x?<x).

1.90. a) Va, b, c(ix(ax +bx+c=0)=b*—4ac>0);

6) Va, b, c(Vx(ax +bx+c>0)e>b*—4ac<0ra>0)

191. a) Vbian(x +ax+b>0);

6) IbVadx(x2+ax+b=0);

B) aVbIx(x®+ax+b=0).

'VCTaHOBUTH TOYHBIH CMBICI TPHUBEACHHBIX HWKE BBICKa3biBa-
HAM M 3aNHCaTh MX C MCMOJB30BAHMEM JIOTHYECKOi CHMBOJTHKH,
cpOopMyTHPOBAaTh M 3AIHCATH HX OTPHIAHMA.
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1.92. a) Yucno Xo ecThb pemenne ypasuenms f(x)=0.

6) Uucio Xo eCTh eIMHCTBEHROE pemenne ypabHenns f(x)=0.

B) Vpasuenue f(x)=0 HMeeT eIMHCTBEHHOE JEHCTBHTETbHOE
penenHe.

1.93. a) MuoxecTBO XY <R OrpaHHYeHO CBEpXY.

6) Ynucno m ecTb HaMMEHbBILHIT IEMEHT MHOXCCTBA X.

B M BO X HMeeT INEMEHT.

1.94. a) Yncno meZ spasercs NeNUTeNeM 4HHCNA neZ, WIH
B KpaTkoii samuch: m|n.

6) Ecm wacno neZ pesmdtcs Ba 2 H Ha 3, TO OHO
nenmTes Ha 6.

B) Yncno peN mpocroe.

§ 2. Oynx

1. TlonsTne ¢ynkwnm. TlycTs D—NpOH3BOJBHOE MHOXCCTBO JeHCT-
BUTETBHBIX HCeN ECIH KakIOMy YHCTY X€ D NOCTABICHO B COOTBETCTBHE
HEKOTOpOE BIIOJIHE ONpPENENEHHOE NEHCTBUTENLHOE MHCIIO f ( TO FOBODSIT,
Mo 1 Mowcorne D onperesena uucaosad dymen f. MHOXeCTBO

a

E={yeRly=/(x). xeD}

—— sooKcecmBon Inauenuii wMCTOBOH GyHKimn f. CHMBOIHYCCKH (byHKIMS
sanuceBaercs 8 wune f: D—E wwm y=f(x).

SBISETCS cnocob sana-

HUS DYHKUMH. 614 COCTOMT B TOM, 4TO € NOMOLUBIO (HOPMYITHL KOl 0

3HavcHuil QyHKIHM i s

KaXk0r0 W3 maqelmu apeymenma x. B 31om ciyyae 0bJacTh onpesesieHus

GyHKiH OOLIMHO He YKa3biBAIOT, NOHMMAs MO HEIO TO MHOXECTBO

3HAYEHHH apryMema !r. s xomporo nannas opmyna MMeeT CMEICT

TMpumep 1. Haﬁ'm 00NAaCTh ONpENENCHUsT M MHOXECTBO 3HAYCHHH
e £(x)=1//1-x7.

# QYHKIMH SIBJISETCS MHO-
Eec'{no D= (x[lx]<l) (-1,1), a HOKECTOM. SHAMCHIT - MHOKCCTHO

s>

ym bynKuus / DoE raxosa, wro mm mobux X1, x26D
W3 YCTIOBUS Xy# X cnenycT S(x1)#f(x2). B arom ciyuae Besiwomy
ancty yeE  Moxer
BIOJTHE ~ OTpefieieHHOe -mc.no XeD Taxoe, uTO S(x)=y; Tem campim
onpenerniena Hobas QyHKIMS 7% E—D, nasviBaemas obpamuoii K 3a-
nauHOW  PyHKuMH

Tycts Janamsl tj)yﬂxmm f: X>Y u g YoZ VX xomnonuyueit
(wm caomcnoit gy
dysxuuit f v g) mmaaen:n dynkuns h=g-of: X—Z, onpepeasemas
PaBeHCTBOM

h(x)=g(f(x). xeX

1.95. Haiiti QyHKIMOHANIBHYIO 3aBHCHMOCTB pamuyca R IH-
JMHApa OT ero BHICOTBI H mnpu navHOM obseme V=1I.



1.96. Hamicate  BBIpaeHume s obpema P KoHyca
kak (QyHKIMM ero GOKOBOii NOBEPXHOCTH S NpPH  JAHHOH
obpasyrorueit /=2.

1.97. Hamicats Jutst S p:

Tpanelu¥ C OCHOBaHMSMH a=2 M b=l Kak @yﬂkumi yrna
@ Opu OCHOBAHHH a.
1.98. C MOMEHTa NOKOS o TENO OBWKCICH C MOCTOSHHBIM
M a. Haittn b CKOPOCTH M i 0
myTH OT Bpemenu jpuwkenns. Kak cpasamsl mexay coGoit
TPOMJICHHBIA MyTh M CKOPOCT B MOMEHT BpEMCHH 17
1.99. B pasroGespentoii Tpameuun ABCD (puc. 1) ¢ oc-
HOBaHMAMM @ M b W BhICOTOH
8 N ¢ h nposezicHa npsmas MN, nep-
OCHOBAHHAM
M OTCTOSIUAS OT BCPIIMHH A Ha
pacctosune |AM|=x. Beipasuts
wiowans S ¢urypst ABNM xak
GyHKUMIO NepeMERHOM X.
A V4 1.100. B map  pammyca
Prc. 1 R mmmcan wwmnap. Hamucars
B (GYHKIHOHANBLHYIO  3aBUCHMOCTD
obbeMa Vo umnuEapa ot ero Beicotel H. Haitth  obnacts
ONpeAENCHNs 3TOH (pyHKIMH.

1.101. B wap pagmyca R BOmCaH npsamoif Kpyrosod KOHYC.
Hamucath  (QyHKLUMOHANBLHYIO 33BHCHMOCTbL TUIOIIATH GOKOBOI
TIOBCPXHOCTH S KOHyca:

a) or ero obpasyrowel /;

6) OT yIa o npu BepLIMHE KOHYCa B €MO OCCBOM CEHCHWH;

B) OT yria P mpH OCHOBaHMM KOHYCA.

Haiitn o6nacti ONPE/ICNICHHSA KaX/IO0H 3 TOJYHCHHBIX q:yﬂkunﬁ

1.102. Haiitu f}—l S(—0,001), f(100), ecm f(x)=Igx>.

1.103. Haiita f(— }—I) £, £(1), £(2). ecm

1+x, —o<x<0,

1) {2". O<x<+oco.

1.104. l;la.mn S, fla), fla+1), fla=1), 2/(2a), ecmn
x3—1.

Slx
1.105. Haiiru £(0), f(—x), f(x+1), £(6)+1, /()‘-‘)

1= T

Haiitn ectecTBeHHyro o6nacTh onpenencuus D 1 MHOXECTBO
3HaucHuil E Kakaoil M3 CleayrommX GyHKumi:

1.106. y=In(x+3). 1107. y=./5-2x.

1
]—()‘—',eam
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1108 y=./sin /x. 1.109. y=arccos
L110. y=In(1—2cosx). LML y=/1—|x].
L112. y=Ilg(5x—x*—6). 1113, y=arcsin
1114, y=2%ccosi=x, L1I5. y=e* "2

1-2x
s

Haiitn MHOXeCTBO G, HAa KOTOpoe JaHHas (yHKuus 0TOG-
paxaer MHo)kecTBo F:

1.116. , F=[-1,2].

L7 |, F={x|1<|x|<2}.

L118.

1119,
1.120.

Jx—x2, F=(0, 1).
Iog;x, F=(3,27).
1121, tfsmf F=10, 1/2).

Haiitu mmoxcecmeo nyaeii Do={x| f(x)=0}, obaacmo noao-

cumensrocmu Dy ={x]| f(x)>0) U obaachy OMpuyamensHocmu
D_={x|f(: 8<0 JUIS KaXIOM M3 3aJaHHBIX (byHKIM:

L122. f(x)=1+x 1123. f(x)= 2+\—\1

1124, f(x)—sm;, 1125, f(x):l—e -

Toxasats, uro Qymkums y=f(x) ynonue‘nmpﬁe'r cooTBeT-
cTByOEMy (GyHKIHOHANBHOMY ypPaBH

L126. /(x+2)—2f(x+1)+/(x)=0, fx) kx+b.

L127. f(x)+/(x+1)=/(x(x+1)), f(x ~loga

1128, f(x;)f (x2)=S(x1+x2), [(x)=a>

L129. f(x.)+f(xz)=/( aluk

T4x1x;

14+x

 S(x)= g -

B samavax 1.130—1.133 onpeneruts ¢ymxmmo y=f(x),
/IOBJET
1130 f(x+1)=x2— w2,
< Iyers x+1=t. Torma x=t—1 u x*—3x+2=12—5¢+6. Iostomy
F(O)=f(x+1)=x=3x+2=12—5+6. >

3L f{ x+ 1)=xz+ L xz0.
x X

L132 /) l)=x+\/l+x2, x>0
x



1.133. f(x; +x2)=sin x; CO8 X, +COS X; Sin X3 .
Oynxuns f(x) uasspacics vemmoi (evemmo
HO TOHKH

((=x)==1(x).

Kakue w3 ykasamEbix B 3amavax 1.134—1.139  ymxmmit
YCTHBIE, KAKHE , 4 KaKne He HH 4CTHBIMH,
HH HEYCTHHIMH?

L134. f(x)=x*+5x%  L135. f(x)=x>+x.

1136, f(x)= Z,X_l L137. f(x)=

ecmm ce obnacTn
u f(=x)=f(x)

. I+a
1.138. f(x)=sinx—cosx. 1.139. f{x) lg—
1.140. [loka3aTh, 4TO MPOM3BECACHMC ABYX HETHHIX HJIM JBYX
HEYCTHBIX () i ecte Oy 4eTHAs, a
YETHOH M HEYCTHOW — HEYETHAS lbylmuml

Dyin f(x) v
XHTENBHOE UHCO T (NEPHOA (YHKIMH) TAKOR, HTO v,\emj(nT) f(,\))
BBISCHHTB, KAKHE W3 3aJaHHBIX QYHKUME SBISIOTCS TNCPH-
, W Thb MX it mepuon T:
1141, f(x)=5cos7x. 1142 f(x)=cos?2x.
L143. f(x)=xsinx. L144. f(x)= cosx+sm(\/5r)

LI45. f(x)=sinx2  LI46. f(x)= tgf—Zlgf

VCTaHOBHTB, KAKHE M3 YKA3aHHBIX HIDKC QYHKUMI WMCIOT
0OBpaTHBIC, HAHTH COOTBETCTBYIOME OOpaTHEIC (DYHKUHH M HX
obnacTn onpenencHus:

1.147. y=ax+b. 1.148. y=(x—1)*. 1.149. y=cos2x.

x -

L150. y=In2x. LI5L. y=2% LIS2 y=; A

1153, y=x2+1. A
< Jins Qymkumu y=x2+1 ccTeCTBCHHAS OONACTH ONPENICNCHHA €CTb
m UMCROBAR NpsMas D=(—c0, +c0), & MHOKCCTBO IHANCHHG — 7y

=[l, + ). Tak kak 7% moGoro aeE ypasicnwe x2+1=a umcer
IBA PA3IHMHBIX peticHus Xy (a)= a—1 u Xz(a)=
Qynxumus He umeer oOpaTHON. OJHAKO Kaxias w3

yi=x*+1, Dy=[0, + ). # y,=x?+1, D,

MMeCT 0BpATHYIO, PABHYIO COOTBCTCTBCHHO
xM=Vr=T w0 x0)=-Jr=1
Haittu  o6paThyio ¢ym<umo u obnacTb ee  ONpeNeNCHHs,
TKE:

: a)xe(—-oc' —l/2) 6))(6[]/2 +0);
nx: a) xe[—n/2, n/2]; 6) xe[n/2, 3n/2].



[ x xe(=ex,0]
1156. )_{ 2x, x€(0, +0).
1.157. p=cos’x:
a) xe[0; n/2]; 6) xe [n/2; n]; B) x€ [ 3m/2].
HaiiTi KOMNO3HUMH fog M gof crienylommx (QyHKIHH:
1158, f(x)=x2, g(x)=4/x.
< Hmeem:
(o= EEN=16/D=(/x)=x
(&2)X)=2(fCN=8 () =/x*=Ix]. &
1159, f(x)=1-x, g(x)=x2
1.160. f(x)=e*, g(x)=Inx.
L161. f(x)=sinx, xe[—m, n], g(x)=arcsinx.
0, xe(—w,0], w={* xe(—c0, 0],
x, xe(0, +°0), )= —x%, x€(0, +).

1.162. f(x)={

1.163. Ham fofef, ecam

2. Dnementapubie yukuun W wx rpadmen. Creayroume dyHKuuM

. Cmenennas dynxums: a€R.

2. Hokasamensvan dywams: y=a*, a>0, a#l.

3. Jlozapugmuveckasn Gymxums: y=log,x, a>0, a#l.

4. Tpuzonomempuueckue  GyHKIMM: y=sinx, p=cosx, y=tgx,
y=cigx,

5. O6pammsie Mpu2oHoMempuuecKkue ysxapm: y=arcsin x,
y=Arccosx, y=arclgx, y=arcctgx.

Dnemenmapnoii wasbiBaeTcsi BCsiKas QyHKIMs, KOTOpast MOXeT ObiTh
NOJIyYeHA M3 KOHEYHOTO WYMC/IA OCHOBHBIX 3JEMEHTAPHEIX  ymHKimi
C NOMOUIBIO APH(MMETHYECKMX OMNEpalii W ONepalMM KOMIO3MIHH.

Tpaguxom Gynkin y=f(X) Ha3bBAETCH MHOKECTBO

I'={(x, y)eR*|xeD, y=f(x)},
rae R’ MI|0)KCCT!0 BCCX TOMCK ILIOCKOCTH.

cn-
cremon KOOp/JMHAT Oxy rpacbux ¢ymcuuu npenmsnmcn MHOXECTBOM
Touek M (x, y), A BIX

y=f(x) (rpay

Ipu  nocrpocHud rpadMKOB HacTO WCTIONB3YIOTCH  CIEAYIOLHE
npo(:(n.lc rcouchchcxue paccykaenus. Ecom T rpadux  dymxumu
=f(x

) ¢ux Gywxuun  yy=—f(x) ccTh 3epkanbioe  OTOGpAXCHHE
I' oTHocuTensHo ocu Ox;

2) rpadux dyyﬂnmu )z f(—x) - 3epkanbroe orobpaxense I' or-
HOCHTEJIBHO OCH

3) rpadmk ¢ymﬂu«u y3=f(x—a)—cvewenme T iom ocs Ox wa
BeMUMHY G
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4) rpadux  gymkmn  yo=b-+f (x)—cvemenme T proms oo
)y ®a BeHuMHY

5) rpadux dymKium ys=f(ax), a>0, a#l,—ckatue B a pas (apu
a>1) win pactsxesue 5 1/a pas (npu a<l) T Baons ocu Ox;

6) rpadux ysxim y6=bf(x), b>0, b#1,—pactsokentc B b pas
(mpu_b>1) wm oxatie » 1/b pas (npu b<1) T Baoan ocu Oy.

B HCKOTOpHIX Cilyuasix npu noc'rpocl-mu rpacbuxa dysKumH ueneco-
obpaso pasbHTh cc obnacTh

umxes npoMc)KyTxoB W mocresosa-
y TE/BHO CTPOWTH rpadMKk Ha Kakom
M3 HEX.
Tpumep 2. Tocrpouts  rpaduk
ymiamm y=[x|+]x*—1].
< PackpulBas MOJYTH, MOXeM 3ami-
catb:

et

x2—x—1, xe(—w, —1],
—x?—x+1, xe(—1,0],
—x24x+1, xe(O, 1],
x24x—1,  xe(l, +ou).

r=

H 7 Tpaduk 3anansoll GyHkupH ecTb 06B-
eiHcRKe  rpadHKkoB (napaGon), npen-

Prc. 2 CTaBnsOLIMX 3Ty GYHKIMIO Ha KaXIOM
g W3 HCTBIDEX TIPOMEXYTKOB (pHC. 2). ©

C. ¢, 3amMCcaTh B BHAE KOM-
TIO3HIMH OCHOBHBIX :memeﬂ-rapﬂux (’)yHKl_[l/l"'

1164, f(x)=]x|. 1.165. £ (x)=sin(cos/x).
L166. f(x)=2"*".  1167. f (x)=arcsin (¥
1168, f(x)=sin(2*"). 1.169. f(x)=1/3/1glogsx.

Jnst kaknoit M3 cremyrolx (GyHKIm# Haiith ce rpaduk:

1170, y=./Insinx.

< EcrecTnennas o6nacTh ONpCIENCHWS 3a/IaHHON (YHKIMH CCTh MHO-

*eCTRO
©
D={x|smx= ”={E+2"k kez}

r={(§+2nk. o) kez}. =

1171, y= x+~/l—|cosccx 1172, y= ,/—|x’ 1+2.

1.173. y=./cosx— +7

Tosromy

L174. y=1+./sinx+./—sinx.



TMocrpouts rpaduky creayiOlMX JIEMEHTAPHBIX (YHKIMI:
1.175. y=kx+b, ecnm:
a) k=2, b=0; 6) k=0, b=—2: B) k=—1, b=—1/3.

1.176. y: )o+va(\' xo)’ ecnu:
1

k=1/3, a=n/4;

1/2, k=2, a=3n/2.
y=parcsin(x+g¢), ecnm:

a) p=4' g=—1; 6) p=-2/3, q—llZ

118] y parctg(x+gq), ecnu:

a=5/2 6),,=2/5, g=—6.

l Al

a) a— k——l b=1; 6)a=1/2, k=2, b=—-2.
1183 y—log,,(kx+b) ecnu

0, k=10, b=—1; 6) a=1/10, k=1/2, b=2.
1184, y=[2—x|+[2+x|. LI85. y=x2+4x—|x|.
1186, y=x2—6|x|+9.  L187. y=|6x2+x|—1.

1188, y=(x2 +2x)"“” 1189, y=x—1— /(1)

) =1
1.190. y= \ — L9 y=
1, x>0,

1192, y=sgnx={ 0, x=0,

-1, x<0.
L193. y=[x], rue [x]—uenas wacrn x.
1.194. y {x?. rae {x}=x—[x]—napoGuas 4acte x.
1195, p=2M_1. 1.196. y=(1/3)** 142,
1197, y=logyz|x—3]. 1.198. y=[log, (x+1)].

1.199. y=arcsin (sin (x+2)>

1.200. y =arccos (cos 3x).
1.201. p=cosx+|sinx|. 1.202. y=larctg(x—1)|.

25



1.203. y=xsgn(cosx). 1.204. y=

c.g(x+f)|_

1205, y=sin® 7. 1.206. y—sm(arcsm —;'3)

Ha miockoctn Oxy u3006pasuTh MHOXECTBA 1o'ie|<, KOOp-

IHHATH kOTopblx
1.207. xy= 1.208. [y|=|x2—2|x{-3|.
1.209. |x|+|y 1.210. |x+y{+|x—y|=1.
L1211, ||x]—]yl .

4
1.212. [2y—1]+[2y+ 1 +-— [x]=4.
12y 12y Iﬁl

§ 3. Tpenen "ncen

1. TNonstne Ioc, neficTan-
TENBHBIX 4MCEN Ha3LBAETCs YHKIMS f2 N — R, ONpe/ieientas Ha MHOXECT-
Ie Doen WTYDRLL ucer Yucno f(n) i
pMyTa x,=f (n)
Ha3bIBACTCS ﬁopuyaou OBiitez0 sneho TOCIGROBATEIEHOCT Chyden

Hanucats TEPBBLIE MATH WIEHOB MNOCHEN0BATENLHOCTH:
1213, x,,=l+(»l)”'1‘. 1214, x,=n(1~(—1)").

1.215. x,,~3—i; 1.216. x,=(~1)"arcsin 4'{»1"1,

Hamicats ¢opmysty obluero wiena MoOCIEAOBATEILHOCTH:

11 1

1.217. Yy TPy 1.218.0, 2, 0, 2, ...
4 6 8

L219. 2, Ty o

1.220. 1, 0, -3, 0, 5, 0, ~7, 0,

B 3amauvax 1.223—1.228 TpeGyercs mHaitrm HanbGOmbLIHHE
() 4JIEH Orp: cBepxy (CHM3Y) moOCHEmOBa-
TEMLHOCTH (X Jnen-
1.223. x,=6n—n?-5. 1.224. x,=¢10" "' "24

1225, %= 1.226. x,,=3n2-10n—l4,
9+n

1227, x,=2n422. 1228, x,= -1
2 " 2



2. fpenes  mocae; Yueno a npedenom
TIOCHIEAOBATENLHOCTH (X, ), . T.e. lim x,=a, e ams moboro e>0

CywiecTBYeT HoMep N (€) takoif, w0 mpn n1> N (€) BHTOIHSETCH HepaBeH-
ctBo |X,—al<e. TIPH 7om cama mOCHEAOBATEBHOCTb HAHIBAETCS
cvoosuetics.

Kputepnit Kown 11,4 mozo umobsr nocaedosameshocms (Xpmen
usena npedei, 1eobxoduyy y docmamouno, umobsi Ons ai0Gozo €>0
cywjecmeosar Homep NG) maxoi, wmo npu n>N(E) eemomsemes
Hepagercieo [Xn+p=Xal <t 0p3 mobozo peN.

B (Xnnen Manod, ecns
im x,=0.

1T Xndnen boavwoii (cxo-
nseiics K w), 410 o B BUje

lim x,=c0, ecmu % MoGoro wicra E>0 cymectsyer womep N(E)

TaKol, 410 Mpu n>N(E) pymommsercs nepasesctso |x,|> E. Ecau npu
ITOM, HAUHHAA C HEKOTOporo pomepa, BCe WieHbl IOCIENOBATENHLHOCTH
TIOTOXMTENBHE! (OTPHLATLKL), TO HCHONb3yeM 3amiCh

Jm x= oo (1im x,=—c0).

Hucno a ped mouroii e
ecan s Juo6oro £>0 yajinetcs GecKOMeHOE WYHCAO WICHOB TR
yenoBHio |x,—al<e.
Mpunuun Bonelayeo — BeiiepmTpacca Beaxas ozpanuuentas
HOCACA0BAME HOCHS WhCm xomn Gor 0Oy nMpedenbityI0 MOUKY.
Hawubonbiuas (HaHMelpiag) W3 NPEEBHEIX TOYEK TNIOCHEAOBATENb-
HOCTH (X,)pen HA3BIBACTCH gepXmum (HuoKHUM) WPEAESOM ITOR MOCIE-

JIOBATENBHOCTH U 0003HayaeTes cimportom fim x,  ( lim x,).

1.229. Vcronusyst normveckyto CHMBOHKY, 3aTHCATH CTEy-
HOIME BBICKA3LIBAHUS, a TAaKXe MX OTpHLABMS:

a) mocnenoBaTeNbHOCTy, OrpaHMYeHa;

6)

L p
B) WHCIO 4 €CThb Npesiest nOCTENOBATENLHOCTH;
) CTb (X )nen G
J) YACNO a €CTL Iy TOYKA

1.230. Haittn a= liy X, ¥ onpeaenuTs Homep N(£) Takoif,
910 |x,—al<& upH Beex n>N(g), ecmm:

/n?+1
a) x,=0,33..3, e=0,001; 6) x,=X" 1 £=0,005;
n ) X,

n

mn Sn2+1
2 e= . -
2 0,001; 1) x, 3

1.
B) Xo= sin £=0,005.
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BLIMHCITHTL  TIpesens:
et s
1.231. "ll_m‘16 S 1.232. "an; o
2 _
1233 tim CE 1234, lim Elil/AaY
s W TS n?
(n+2)°—(n 2
L35, lim e on

. 2n—1 142n
1236 ,I_mt(snw Z+5n)

Vs
1237, lim V"T’f;’il 1238, lim (/n+2—/n).

S
1239, lim ¥ (/3 41— /n=2). 1240. Lim %
am A,
1241 lim (12
A\
1.242. llm
1244, fim (gl L
e \127 237 T T e )

s - ,__
1.245. fim_ rgﬁx L+ (=1)

1.246. [lokasate, 4TO €M nocnenonammnoc—rb (Xn)nen Oec-
KOHeyHO Masasi M VneN(x,#0), To nocnenoBatebHOCTE (1/Xn)nen
Geckoneuno Gombiuas.

b, KaKME€ H3 3a/i B~
JIAFOTCH  GECKOHEMHO GONMBIMMA:
1.247. x,=2"". 1.248. x,=n"""",

1.249. x,=nsin "?" 1.250. x,=lg(lgn), n>2.

Haiitu Bce TOYKH H

1251, 5, =M 1252 5 mc0s

1.253. x,=arcsin (-L

1.254. Jlokasats:

a) lim x,+ lim y,< li
nme " ama

X+ Tim y, < lim (x,+y,)< m x,+ Hm y,
T IS, P

(Xatyu) < lim x,+ Tim
=

6) |




Jins Kakioi m3 (Xn)nen
paiima inf{x,}, sup{x,}, IL_mx. u Eﬁx.:

1.255. xn=1+; 1256, x,="+! cos? .

1257, x,=(-1)"(2n+1).

1.258. x.—izsin ™22 1259, x,=tCD" 1
273 2 ”

1.260. Jloka3ath, HTO pPaBEHCTBO .E.ll x,='EuT3Lx" SIBIISETCS

HEOOXOMMBIM M JOCTATOYHBIM YCJIOBHEM CYILECTBOBAHHS Mpe/ena
TOCNENOBATENLHOCTH  (XpJnen-

§ 4. Ilpenen ¢ynxunn. HenpepbisHocTs

1. Tlpenen dymaum. Tlyct, Gywxuns y=/(x) onpeesiena ua MHO-
sectBe D. UWCIO @ BA3wBAIOT npedenos gynkyuu y=f(x) 6 mouxe
xo ¥ mumyt lim f(x)=a, ecau mns moboro £>0 CyECTBYET HYHCIIO
8()>0 Takoe, 4To wis moboro xeD s yonosus 0<|x—xol<8(e)
crleflyeT HepaBeHCTBO | f(x)—al<e.

Kputepuii Kourw. [an mozo umobtn dywkyun y=f(x) umesa
npeom 6 mouke Xo, HCOGXO0UMO u OOCMAMOuNO, wmobhi 048 06020
£>0 cywecmeosaro §(e)>0 mm«w. umo | f(x')=f(x")<g, kak mossko
Ix’ -—x,,.|< (€) u |x"—xol <8(e).

ToBOpsT, 4TO wMCIO a €CTb npedea Gywxyuu y=f(x) npu X,
cmpemsyemes Kk Geckonewnocmu, W muwyt  lim f(x)=a, ccnn ans
moGoro £>0 cymectsyer uucio A(g)>0 Takoe, uto |f(x)—al<te, Kak
TomKo |x|>A(e).

1. JamesaTenbHbe
npejens
sinx
lim ===1, m
' Ty "
lim (14} = lim (1+x)"=¢, @
A\ TR

e e=2,71828..— OCHOBAMHE HATYDATBHEIX JIOTADH(bMOB.

ULy C BECIICHHBIM BHILIC TIOHSTHEM NPC/CNIA (hYHKIIMH HCTOTHIYIOT
TAIOKE CIIE/LIONIee TIOHATHE 0OHOCMOPOKKe20 TIPEsieNa. UNCIIO a Ha3HBAIOT
npedenom dywcyuu y=f(x) 6 mouke xo cnpasa (cieea) M THWYT
. lnmm](x) a ( hm of(x)‘u), ecom s moboro £>0 cymecTsyer
wHesio 3(e)>0 Taxoc. 4TO M3 yerioBHst 0<x—xo<8(x) (—8(e)<x—xo<0)
crenyer | f(x)—al<e. AHAaIOrHYHO BBOJMTCH TOHSTHE OJHOCTOPOHHErO

pejena wa Geckonewnocru ( lim f(x) u lim f(x)).
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B samawax 1.261—1.263,

mpenena (yHKIMHM, HOKa3aTb, 4YTO
creyrolyo  Tabuuiy:

TOJLKO

lim f(x)=a wn 3anommrh
x—xp

0,01

0,001

x,
1.263. f(x)=Igx, xo=l a=0.

Hcnonb3yst  NOTHYECKYIO CHMBOJIMKY, 3aliMcaTh CIEAYFOLUAE

YTBEPXKIEHHS:
1.264. lim f(x)=co. 1265, lim f(x)=—oo.
i Py
1266. lim f(x)=0.  1.267. =+o0.
s .

1.268. Lin:of(x)=0. 1.269.

+
f(x)=2.

1270, lim f(x)=—c0. 1270 lim f(x)=co
LT, Lo
BoIMHCTMTH MPEAEE! CHEAYIONNMX PALMOHALHBIX BHIPAKEHHI:
x—2 +3
L i 3
1274, fim -~ L1255, lim Sl
RSy P T R TN
2_
1276. G (- 3} 127, gim XEH
x—2:0\2—x 8—. x—1  x’—x
m__ 3
1278, fim 2L moneN. 1279 tim SERI2X
AT b
. ~ .
1280, fim e 1281, jim @t Uxta
X sxt e x—a
5 e x4=5x
1282, dim (5 —-F ) 1283 fim 20X
A \ =1 e 1 s e
i s
1.284. (x+l) +(x+2) . +(x+n) . neN.
X x5 +n
x+2 <-4
1.285. l"“n(x Tsard 3R —3x+2))
(a2 Qe DGR xtD)
1.286. fim (TH'“’—*‘w )
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1.287. Jloka3ath, 410 ecnu P,(x)=aox"+ ... +4a,,

On(x)=box™+ ... +by, TO

Pox) {0 upH n<m,
im

aofbo mpn n=m,
e On(x) npu n>m.

7108,

Tpw Hble Bhpaxe-
HES, YACTO MCTIONB3YIOTCH CIEAYIOUME TNpHEMEL: a) BBCICHHE HOBOH
s o

3-¢x

Mpumep 1. Buwenms fim

g /&

< Myers 1=4x. Torma

Mpumep 2. Bovmwennts lim (/x2+7—/x*— 7).

< lim (/T D)=

lim WX+ T/ =Dx*+ T+ /x*=T)

X2+ T4+/x2=7

BbIMHCTHTL TpEebt:
1288, lim L 1280 gim VX713

x—10 x—10

x= Sxtfx

1.290. lim M_l
. lim —

1291, lim YETATVX

h—0 h

1.294. lim
x

14

® x4 T+ /x2=T

1295, 1im 7L 1296, i Y= ’I; m; neN.

y ) nepeson
HPPALMONANLHOCTH M3 3HAMEHATeNn B WHCIMTENL WM Ha0GOPOT.

=0. &
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Vot S
1297, tim Y2472y g0g fy YEEXTV2oX
x=0 /x7+9-3 =032 x~32—x
1299, lim Wr—a—/x).
B

1300, lim (Vaxtvxdx— ).
e

1301 fim (/4x2—7x+4—2x).

1302 lim x¥2(/x3+2—/x7-2).
o

Hcnoms3yst 3amedatenbubtit npegen (1), BBIYHCTHTE:

1303, tim S 1304, fim SO
o0 x smen tg3x

1.305. lin})xctgxx. 1.306. ].imn hﬂ)—c.

1.307. lim

x—0

. 1.308. lim

x—0

5 a#B.

1—cos2x cosox—cos Bx
x? x?
- 1 . o x—o
1.309. lim { ——ctgx]. 1.310. lim tg — sin —.
x—o(sinx £x T
J2-2cosx
n—4.

1311, lim . 1312, lim (f-x)ngx.
Xl x—m2 \ 2
1.313. lim , n,meZ.
. sin2a—tg2o
1.314. Jll'l’)o —
cesa)?
1315, fim 47950 356, gim 1F085Y
a—0 tg’a—sin’o x—n 1 —cosdx

ﬂokma"l: crenyromme COOTHOLLUCHHS
- 1
1317+, lim QU0 o
x—0 X

1318% fim © " =tna 1319% fim CHI_
x—0 x x—0 x

Tpu Boramcrienn npenenios suna  fim u(x)*™, e lim u(x)=
=3, Xz
lim v(x)=oc, MCTIONBL3yeTCs 3aMedaTenbHbiii mpenmen (2).
x—xg

T 3. Bormoymte lim | —)
pusn . Bomenms 1, (1)

<1 Vimeem

x —2\* —2\2 (25
— =] e =| — ) -2 \2+.
(Z+x) (H2+x) (H2+x) ( : )



Tax xak

2\ 1
lim (14—} -2= i 1+10) =
im ( 2+x) im  (1+1)° =

o
"
,lijn,c 2— 3x=—6,
T 2x
x
—em6
x—"!=(2+x) ¢
(3necy dynx-
). o

Hcronb3ys 3aMedaresbHBLE npesien (2), a Takke pe3yJbTaThl
safau 1.317—1.319, BbMHCIMTE Tpeaebl
2041

. x . x245\
1320, lim ;—2) . 1321 lim (F:s) .
1.322. lim (cos x)'/*. 1.323. Jipo(1+:g1\/f)1IX_
1324, lim x(in(2+x)—lnx). 1.325.
1326, lim x(a"*—1). 1.327. lim &
R Jim
1328, lim X1 1.329.
e x—a
1.330. lim (cosx)!/*m>. 1.331. 3
) w0 x
N
1332, lim (cosx-+sinx)'™ 1333, lim ﬂ)x snx
o

1.334. ﬂokasan, °ro hm f (X)=a B TOM U TOJBKO B TOM

cnyyae, Korjga Juist moéou nocmnoudrcnmoc‘m apryMcHTOB
X )news
(f nMnen ImavcHmit ¢yﬂkuuu cXoMTCA K 4.

Wcnonb3ys pesynsrar 3ajaun 1.334, nokasatb, uyto s
cneaytoux Qynkumii He cymecrsyer lim f(x):
X xg

1.335. f(x)=cosx, xo=c0. 1.336. f(x)=sinl/x, xo=0.
1.337. f(x)=x—[x], xo=©
2 Tlon pen. A. B. Edumosa, . TI. Jemusonnua, w. 1 33



HaiiTH OOHOCTOPOHHHME MpPENENb:

x~3 2+x
LR Wt
1340, lm Q+x)% 1341 lim 7%
iy .
1.342. lim arctgx. 1.343. lim [l/x].
Jm Jm
- .
1344, fim BT gas gim X
n k3 x— 2840 cOSX~—1
S

1.346. Jioxasatb, 4ro mpenen ¢yHxuun y=f(x) Bo BHyTpeH-
HeM TOWKE X OGNAacTM ee ONpEAENeHHs CyWecTByeT TOrAa
M TONBKO TOIHA, KOrJa B JTOM TOYKE CYUIECTBYIOT JIeBbii
Hu npanuﬁ npenensl ¥ OHM COBINANAIOT.

2. Becxoneuno mansie u Geckonewno Gonbume. QyHKumst o (x) HaspiBa-

eTcs becxomewno Maioil MU X = X, ecm  lim o (x)=

o
Beckoneuno Majbie o(x) ¥ B(x) HA3LBAIOTCH CPABHUMBLMU, €CTH

(x. ax)
A e M e

Flycrs @(x) u P(x)— CpapHRMbic GeCKOHCHHO MATBle BDH X — Xo,

CYHIECTBYeT XOTS OBl OJMH M3 TpeleNoB

o
M TyeTh, IR OMPENENEWHOCTH, CymecTBYeT lhm B—"=c. Torna:
ok B

a) Ecm C#0, 10 a(x) # P(X) Ha3HBaloT BGECKOHEWHO MashiMH
00Ho20 nopsdKa. MACTHOCTH. TIPY Oeckokeuno Manbe a(x)
B B(x) HaImLIBAIOT JKeUGQACHMHBIAMY M OMIIYT O~

6) Ecim  C=0, To a(x) HasuBaioT GeckomewHo Majioii Bosice
6bicokoz0  noproka, dem P(x), w mumyt o=o(). Ecim npu stom

a(x)

lim ——— 50,

x5 (B(x)")

TO a(x) HAIBIBAIOT GECKOHEWHO Masoll Nopadka r OTHOCHTENBHO B(x).
OyHKUHR 0(X) HA3BIBAETCH OecKoHeuHo 60abtoll TPH X —> X, €CIH

cylecTByeT JeHcTBHTENbHOC WHClo r>0 Takoe, uTO

Iim a(x)=co. Tlonobio ToMy Kax 3TO CHCNAHO BHE [UIA GECKOHEHO

MasbiX, BBOIMTCS TNOHATHE CPABHHMBIX GECKOHEYHO OGOMBIIMX W HX

KraccupuKanms.

l\m ;—:%—C#O TO Haiizercs

Takoe wACHO 8>(0 M KOHCTaHTHI Cl u C;, 4TO

1.347. [okasath, YTo €CNH

Ix—xo| <8 = C:B(x)<a(x) < C2 B (x).

1.348. [lokasatb, 4TO O~ B TOM M TONBKO B TOM Clyuae,
korza o—P=o() mm a—P=o(p).
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OnpejesuTh NOpSIoK MAloCTH o (X) OTHOCHTEBHO Bx)=x,

npu x—0:
1349, o (x)=> ‘F 1350. a(x)=3/x7— /5.
1.351. a(x)=%“". 1.352. o (x)=tgx—sinx.

1353, a(x)=sin(y/x+2—-,/2).

1.354. a(x)=3sin’x—x*,

1.355. a(x)=1+3/x-1.

1.356. a(x)=\/T+2x—1—/x.

1.357. a(x)=3"*—1. 1.358. a(x)=2"—cosx.

1.359. oxkasath, uto o(x)—P(x) mMeer 2-if MOpAOOK Ma-
JIOCTH OTHOCHTENLHO X mpu X — 0, ecomu:

a) a(x)=1/(1+x), B(x)=1-x;

1

6) a(x)=y/a*+x, ﬁ(X)=a+Ex (a#0);

B) a(x)=(1+x)", B(x)=1+nx (neN).

TIpUBIIOKEHHO BLMHCTHTB _CIIE/IOUIME BIDAKEHHS:

1.360. 1/1,03.  1.361. ,/25,3.

1.362. (1,03)°. 1.363. (0,97)%.

1.364. [loxasats, uro ecnu ofx)~o;(x) u B(x)~P;(x) npn
X—Xg, TO

oy (x)

tim 20— jim
xeuxy ﬁ(Xi o Br(x)

Vcnonesys pesynbrar 3anauu 1.364, BHIMHCIHTH Npefesbl:
x

aresin
1.365. lim——~ "
x=0  In{1—x)

< Tak kak arcsin

I" -~ = # In(1—x)~(~x) mpu x~0, 10
NN

arcsin
. 1—x?
lim—— >~ —lim 1. &
0 In{l-x) xo0  —X
L1 . COS X—COS 2x
1.366. lim-—~. 1.367. lim——————
vl IBx w0 1—cosx
. 4x%— . tgx?
1.368. [im 1.369. lim— 28X
x-atparesin(1— 2*) 220

. L x’
arcsin 3x-sin



1.370. hmlz“;s‘“
o2sin®x+xtgTx
3
1.371. Lim Lw'
P T—sm2x
Onpenenuth nopsnok pocra Geckomesno Gombmoi A (x)
oTHocuTenbHO B(X)=x npu Xx—»c0:

1372, A(x)=x*+150x+10.
1373, A(x)=\/+3x+5+|x].
1374, A(x)= \/x+ [x. 1375, A(x)= ,/x 7x+\/;

. TS . A(x)=—5—
1376 A(x) =3y 1377 A(x)= s
3. Hmpewnm bynkusn B TOUKE. anc-)lmamn TONEK pa3puiBa.
Dynxwna y=f(x) ¢ it
B TOMKC Xo, CTHM BBIIOJHEHH CICAYIOUE Tpla yenosns:
a) Gyskuas y=f(x) onpenenena B Touke X, T.e€. Xo€D;
CywecTByeT Inm f(";)c

®) lim £(x) f(Xo)

Echn Yciobue a) BHNOMHCHO, TO YCIOBUA 6) W B) OKBUBATCHTHSI
ciieayrolemy:

im_ Af(xo, Ax)=0,
Ax—=0

e
Af(x0, Ax)=f(x0+Ax)—f(x0)

— npupanyene fyniyu y=f(x) B TOUKE Xq. COOTBETCTRYIONICE NpUPaUfe-
W0 apeymenma Ax=x-x

ECOH B TOWKE X, WADYUICHO XOTA Gk OZHO W3 ycnomwii a) —
70 X0 mawmacics Towok paspua gy R "
PAAMNAOT CAC/IYIOIME CITy4al

@) lim f(xj SylcToyer, Ho Gywkui e ompenenena B Towke
Xo W ‘wapyuiewo ycrome lim [(x) =f(x0). B orom cnyuae

Xo Hamnae-rcn moukoit yrmpm:uwoeo paspuiga yHxumm.
6) hm f(x) we cywecrByer. Ecom mpu atom cyv.umnym oba
onHOCTOpORMHX mpenena  him S0 lim f(x) (ovemano. e
Vo +0) o
PpaBHbie npyr JPYTY), TO Xo HA3BIBACTCH mv-awu paspeisa 1-20 poda.
B) B OCTaNBHEIX Clyuasx Xo Ha3bBACTCH MOYKOR paspeiea 2-20 poda.

1.378. W JIOTHYECKYIO 3anucaTh HAa S3bl-
KE «E-O» CIIE/yIOUIMC YTBEPXKICHUS:

a) ¢ynkum| y=f(x) ¢ obnacreio onpenenenns D HempepLiBHa
B TOYKE Xo€

6) ¢ynxuym y=f(x) He SBNSETCA HempephIBHOi B TOUKE
xp€D.
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Jlokasath, 41O [ B KaX10#
Touke HX ECTECTBEHHOH objactu ompesenenus:
1.379. f(x)=x", neN.
— Hcnomsays dopmyny Gwnoma Hetoroma, momysaem
Af (X0 Ax)=(Xo+Ax)"—xF = Chx§™ ' Ax+ Chxy ? (Ax)+ ... +({Ax)".

Orciona im_Af(xe, Ax)=0.
Ax0

1.380. f(x)=a, acR.
1.381. f(x)=log,x; a>0, a#1.
1.382. f(x)=sinx. 1.383. f(x)=arcsinx.

3amana Qyskums f(x). Tlpu kakom BHGOpe mnapamerpos,
BXOISIIMX B € ompesienienue, f(x) GyNeT HempepHBHOH?

X2 4x—2
. x#L
1.384. f(x)z{ x—1
A, x=1
x—1, x<l,
1.385. /(x)= {ax’—Z x>1.
ax+1, x<mf2,
1.386. f(x)_{sinx+b, X>7/2.

Haiitu TOYKM pasppiBa QyHKIHMH, MCCIENOBATh MX Xapakrep,
B Cllyjae YCTPaHMMOIO pa3pblBa JOONPENEHTH (GYHKIMIO «o
HENpPEPLIBHOCTIN:

1.387. f(x):#_w 1388, f(x)="22
1389, /() =L nen. 1390, /(x)="sinx.
1.391. f(x)=l—xsin£. 1392, f(x)=30.
L393. f(x)=(x+1)arctg . 1354, /(x)zm'%xﬁz).
1395, f(x)=2=1. 1.396. f(x)=lmi*_*.
34 o
o
1397, /()" 1398, /(x)=1"52%
=1 x
2, —lex<l,
1399, f(x):{x—l, 1<x<d
» x=1.



1400 f(x)=—r—.

254
2./x,  0<x<l,

1401 f(x)={4%2%, 1<x<25,
2x—17, 2,5<x<4.
cosx, —m2<x<m/4,

1402 f(x)=] x=n/d,
x2—=—, njd<x<m

16
1.403. [lokasaTh, 4TO BCE TOWYKM pa3phiBa OrPAHMYECHHOK
MOHOTOHHOH (YHKIMH SBISIOTCS TOYKAMH paspeiBa l-ro poma.

4. ua Oy
aws y=/(x) na D, econ oHa
HeTpephIBHA B KXok Touke xeD. Oa Ha3bIBAcTCH  pagHOMEpHo
HenpepbieHoi Ha mHoxcecmee D, ecnm s moSoro £>0 cyuecTsyer
ancio 8(g)>0 Takoe, uTO A JoBMX X', x”"€D W3 HepapeHCTBa
= ,< |a) creyer |f(x')A/(x”)|<s

copem Ecau "gymeyun y=[(x) Henpepuiana v
t)mpe.fke e 5], mo onia pacnonepno nenpepwaiia 1a o ompen

1.404. [Toxasats, uto ecmi y=f(x)—menpepsisuas na [a, b]
dynkums, TO oma:

a) orpanmyena wa [a, b];

6) nocruracr Ha [a, b] cBOMX BepXHell M HWKHeH rpanei
(reopema BefiepmTpacca);

B) TpuHnMaeT Ha mobom wunteppane (d, b)< [a, b] Bce
npomexyTouHble 3navenus mexay f(d) m f(b) (reopema
Kourn).

1.405. [Toxasatb, 4ro ecnu (ymkuus y=/(x) uenpepbibua
ua [a, +c0) M CymIeCTBYeT KOHEHHBIH llm S (x) TO 3Ta QyHKUMA

orpanuvena Ha [a, +00).
1.406. Iokaszarb, 4To QyHKIUS

)= {smi x#0,

0, x=0,

opunuMaer Ha Jobom orpeske [0, a] BCe MPOMEXYTOUHBIE
suavennst Mexay f(0) u f(a), onnako He SBNFETCA HENPEPBIBHOI
na [0, a].
1.407. Jloka3aTbh, MTO BCAKMN MHOIOWIEH HEYETHOH CTENeHH
MMeeT DO MeHblleHi Mepe OfMH NEHCTBUTENbHBIA KOpPEHb.
1.408. Ha si3pike «e-8» chopmynuposats yreepxicHue: dyH-
Kuus y=f(x) nenpepbiBua Ha MuOXectBe D, HO HE SBJISETCH
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paBHOMEPHO HCTIDEHIBHOH WA 3ToM MHOXecTse. B xauectse
ppuMepa  PacCMOTPETh CIleiyromue Gysxumn:

a) f(x)=1/x, D=(0, 1];

6) f{x)=lgx, D=(0, 10};

8 f(x)=sin%, D=(0, 1]

1.409. [okasatk, wro eciw ¢yHkmus y=f(x) HempephiBHa
ua [a, +00) M cymiecTByeT KOHeuHbil lim f(x), To 31a yHKuHA
xota
PABHOMEPHO HEMpEPLIBHA HA [a, +c0).
1.410. Tokasatk, wr0 Heorpammvennas Qynkuusa f(x)=
=x+SiN X PABHOMEPHO HETpephIBHA Ha BCeil OCH — 00 <X < +00.

Ci ¢ b Ha yio Hempe-
WBHOCTL Ha 33aJaHHBLIX MHOXECTBax: -
1411 f(x)=4v—jx1, D=[-1,1].
1412, f(x)=Inx, D=(0, I].
sinx

1413, f(x)==7, D=(0, 7}

1414, f(x):e"cos;, D=, 1].
1415. f(x)=arctgx, D=R.

1416. f(x)=\/x, D=0, + oo
1417. f(x)=xsinx, D=[0. +c0).

§ 5. Kommutexcanie umcia

1. Asrefpanyeckne OnEpauMH HAJ KOMIVICKCHBIME wHCiaMi. Kosn-
ACKCHBIMU  uuCAGMU - ynop: naph
z=(x, y) HefiCTBMTENBHBIX wHCEN, JUA KOTOPHIX CredyloumM oGpazom
ONperEicHbl OMEpAIHH CITOKCHHS M YMHOXCHHS:

(x0 31+ (%20 y2)=(x0+ X2 i t32)s 0]
(x0, 1) (%22 y2)=(x1X2=p 132 Xey2+2x201)- @
BCEX wmcen C.

i it 1 Meru0f

HACMAMU KOMILTIEKCHOTO “HCHAa z=(X, y) M 0GO3Ha4aIOTCA CHMBONAMH
Rez u Imz cootsercrsenHo.

Jlba KoMmeKcHLIX mena "z =(x1, 1) M Z2=(x2, y2) HasHBaIOTCH
Pasusimu TONBKO B TOM Clydac, KOTHA X;=X; M yy=Jp.

Vi3 onpenenenuii (1) u (2) crieayer, 4TO0 BCAKOS KOMILIEKCHOE HHCHO
(%, ») Moxer GuiTh 3ammcaHo CreylOLEM 0OPa3oM:

(x3)=(x. 0)+(0, 1)( 0). (€]
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EC/M Temeph KOMIUIEKCHHIC 9uCTa BUJIA (x.0 oToXIECTBUTS') C Aeii-
CTBHTCABHBIMA WHCHaMH X, a uHCio (0, 1) oboswawnTh CHMBONOM i
TO PaBeHCTBO (3) mpuHMMaeT BHA

=xtiy

" pa i dopmoii o uncna

x, )

1.418. Jlokasath, 4TO "
KOMIUTEKCHBIX $HCET 00Manaror CIeAyIoUMMK CBOHCTBAMH:

a) zy+z3=2,+2; (KOMMYMamuenocmo CAOMHCeHUsn);

6) (z1+23)+z3=2,+(z,+23) (accauuamuenormb caoncenus);

B) 7,2,=23z; (Ko.

1) (2122)23=21(2223) (accoyuamusnocmy ymuoncenusn,

) 2y (z22+23)=2122+ 2123 (3aK0n ducmpubymuenocmu).

1.419. [{okasatb, uTO:

a) Vzy, 22 #0 3z(z22=12,)

(-mcno Z Ha3bIBAETCS uacmHbIM  OT JIeNeHMs z; Ha 23

Z

U 0GO3HAYACTCH CHMBOJIOM

2
6) ecnu zy=x,+iy, B z;=x3+iy;, TO

B samavax 1.420--1.429 Th

T B a. dopme.
1.420. (1-2i)(2-+i)*+5i.
< 3aja¥a COCTOMT B TOM, 4YTODBI 3a]aHHOC KOMIUIEKCHOE HHCIO
npeAcTaBuTs B opme

(1-2i)(241)*+ Si=x+iy.
JU18 210T0 MOXHO bos ® [0)
M (2), O/HAKO ITOT XKC PE3ysbIAT MOKHO MOJYYHTH TPOLIE CHEAYIOUHM
obpazom. Kak noka3piBaioT CBOFICTBA ONCPALMH, NEPCYUCIICHHBIC B 3a/1a4c
1.418, npu i umce,
B amﬁpammn GOpME, C HIMH MOXHO OBPALIATECA Xak ¢ BGHHOMAMH
BiAa a+ib, yauTeBas jponomuTenbho, wto i=(0, 1) (0, 1)=(—1,0)=
=~—1. IosTomy

(2+i)?=4+4i+2=3+4i,
(1=2i)(2+4i)2=(1-2i) (3 +4i) =3 —2i - 87 = 11-2i,

') To cers (x, 0)
MEXILY MHOXCCTBaMM { (x, 0)|xeR) w R M3 () u (2) cneayer, 4o
at0

(x1, 0)4(x2, 0)=(x1+x3, O)sxy +xz,
(%1, 0)(x2, 0)=(x1.x2, Ofoxy x5
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oTKYIA OKOWSTENLHO TIOnyHaCM
(1=2i)(24i)2+5i=11-2i+5i=1143i. &
1421 (2430)(3—0). L1422 (1+420)%
1.423. (1-i)*—(1+i)°. 1.424. (2i—i*)2+(1-3i)%

2—
1.425. 5

< Pe3ynbTaT Moxer GHITH monyuen HenocpeiCTsenso no Gopmysne w3
Sanaun 1.419. 3ameTim, onmako, ato (1-+i)(1—i)=2 ects neficTaurenbioe
o, TIOITOMY, YMHOXAS GHCTMTENh M 3HAMEHATENb JANAHHON JPOGH
Ba 1—i, HaxomM:

(2-i)(1—-i)

2
T+i (1+1)(1-i)

1
1.426. m+ e

(1+)(3+i) (1-i
1.428. 3—1 1)
HaiiT neficTBUTENbHEbIE pellleHHs CIEAYIONMX YpaBHEHHH:
1.430. (1+4i)x+(—2+5i)y=—4+17i.
431 12((2x+0)(1+i)+(x+y)(3—2i))=17+6i.
Peumth CHCTEMBL i y
1432, (3—i)z, +(4+42i)z,=1+3i.
4+2i)z—(2+43i)z2=T.
1433, (2+i)z,+(2—-i)z,
(3+2i)z1+(3-2i)z;
1434, iz, +2,=i.
(i+ 1)z, +(1—i)za=1+i
EC/M Ha TIOCKOCTH BBEJCHA JeKAPTOBA MpAMOYTONbHAS CHCTEMa
Koop/mHaT OXxy, TO BCAKOMY KOMILICKCHOMY 4HCNY 2z=X+iy MOXCT
[ B Touka M(x, y) ¢ abeumccoit
X M _OpAMHATOi y.
Tlpi ToM roBopsT, w10 Towka M (, y) usofpascaem xommAcKcHoe
HHCHIO z=x+iy. T Ha KOTOpOi
umcna, ok Ox— et i
ocbi, A 0Ch Oy — muumoit ocero.

Yucno r=,/x2+y? MOy nem agcna
Z=x+iy u obGo3Hawaetcs cumBosom |z|. Monyme wuHMcia z pasen
xu M, ii 9T0 WHCNO, OT HAYATA KOOP/HHAT.

Tow
Besikoe peuieHme ¢p CHCTCMBI Y paBHeHHii

cos@=x/\/x? 4%, sin@=y/\/x?+y? @)

HAIBIBACTCS  apzymenmom KOMIUICKCHOrO “mcna z=x-+iy#0. Bee ap-

TYMCHTBI WMCSIa Z Pa3M4AOTCs HA LEABIC KPATHbIE 21 M 0DO3HAYAKOTCH

ClmHbIM - cumBonom  Argz. Kakoe 3HAYUCHHE aprymeHTa CoBRajact
© BeNHWMHON ¢ HEKOTOPOTO YIna, Ha KOTOPbIi ClefyeT TOBEPHYTH OCh
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Ox 1o coBnajienus ¢ paauyc-pekTopoM OM ToukH M (mpH 3ToM @ >0,
€CIIH TOBOPOT COBEPWIAETCH NMPOTHB HACOBOH CTPENKM, H @ <0 B MPOTHB-
HOM Cilyuae). 3Hauenwe Argz, ynoBjeTBopsiolee yciopuio 0<Argz <2,
HA3LIBAETCR 2AGBHbIM 3FNGuEHUEM APTYMEHTa M ODO3HAYAETCH CHMBOJIOM
argz.

B HEKOTODBIX CAyuasix [NABHLIM 3HAUCHHEM APIYMEHTA HAIHBACTCH
3HaueHHe Argz, yNOBNETBOPAIOLICE YCIOBHIO —TM<Argz<m.

W3 cootnoulenmii (4) crenyer, WTO IS BCAKOTO KOMILIEKCHOTO
HHCIA Z CTPaBELIHBO PABEHCTBO

z=|z|(cos o+isin @),
HA3LIBAEMOE MpUOHOMEMpUNECKOR Popsoil “HCTa 2.

Tipnwmep L. T7 8 1p i dopme KoM~
exchoe wHCTo z=—2+42iy/3.
< Hwveem

z1=/(—2)+(2/3)?=4, cosp=—1/2, sing=,/3/2,
TI09TOMY TJIaBHOE 3HAYEHHE APTYMEHTa paBHo argz=2m/3 W, CleNloBaTeNb-
2 )
Ho, z=4{ cos—+isin—). >
o, 3 Hising
Crieniyiomse KOMIJIEKCHbIE YMCIIa TIPEACTABHTD B TPUTOHOMET-

pudeckoii  opme M u306pasMTh TOYKAMHM HAa KOMIUICKCHOM
IUIOCKOCTH:
NG

2

L35, i 1436 1-ir/3. 1437, —14i
1438, 1= 1.439%. —cosT+isin®.
1+i 7 7

3

KoMriexcioe smcro x—iy
uHCy Z=Xx+iy M 06O3HAYAETCS CHMBONOM Z.

JlokasaTh ClEflylOlHe PaBEHCTBA:

442 z4z=2Rez u z—z=2ilmz.

1443, (5)=z. 1444, | . LA445. T, Fz;=5 4%,

1.440. sinhim%. 1.441. 1+cos§+isin;

1.446. z,z;=%,'Z;,
1.448. BrrucimuTs:
2 \2
a) z¢Z; U (4 , ecn zy
2]

i3, m=3+i

2
6) 2,2, u i—', ecK zy=3+2i, z;=2+2i.
2

1.447. zz=|z|

1.449. Tlycte p(z)—NpOM3BOJIBHEI MHOrOWIEH C geficT-
BUTENbHBIME KO3(duimenTamu. JlokasaTe, uTo ais moboro zeC
BEPHO PABEHCTBO p(z)=p(2).
a2



PeruuTh CIEMYIOUME YDABHEHHS:

1.450. |z|—z=1+2i. 1451 |z|+z=2+i

1.452. Jloxa3aTb paBeHCTBA M BBLISCHHTH HX T€OMETPHUECKHiX
CMBICIT

ki

2

Ial.
Iz’

1l+1z2l,

a) laizal=

6) Argz, +Argz; =Arg(z,2;), Argz;—Argz;=Arg (i—'
2

(papencTBa 6) MOHHMAIOTCS B CMBICIIE PABEHCTBA MHOXECTB— CM.
c 1.

BBIACHATH FeOMETP] H CMBICT p -
HMii KOMILIEKCHOH ILTOCKOCTH:
1453, z—>z—2. 1.454. z—z+(3—i). 1.455. z>iz.

1.456. z—»‘/Tzv(l—i)z. 1457, 2 —z. 1.458. 72z

z

1459. z>-—. 1.460. z >z

i

1.461. [lokasaTb, 4TO:

a) BeJMYMHA |Zy—Z;| paBHA PACCTOSHMIO Ha KOMILIEKCHOM
MIOCKOCTH MeXIy TouKamH My H M,, u306paXarommMiH KOM-
TNEeKCHble YHCIA Z; W Z3;

6) |z1+2l<|zil+|z2| B |z21—z2| > 22l ~|z2] |
(HepaBeHCTBa TpeyronbHHKa). KakoB reoMeTpHuecKuit
CMBICJT 3THX HepaBEeHCTB?

1.462. [lokasaTh TOXJeCTBa:

a) |z1+ 221> +lz1 — 221> =2 (|21 > +]2:1%)

(xaxoB ero reoM:rTwlmuﬁ cmpicn?);

z1+2, z1+zz
6)* |zil+|z)=| 5= P Van

2

B 3amavax 1.463—1.473 path reoMeTpHuecKoe OMNHCAHHe
MHOXECTB BCEX TOYEK KOMIUIEKCHOM ILIOCKOCTH, YIOBJIETBODS-
IOLEX  CIE/TIOUIAM  YCIIOBHSM:

1.463. Rez>0. 1.464. 0<Imz<l. 1.465. |Imz|<2.

1.466. |z|]<1. 1467. |z+i|=2.

1.468. 1<|z+2|<2. 1469. |z|>1—Rez.

1.470. |z—i|=|z+2|. 1.471. O<argz<mn/4.

1.472. |n—argz|<m/4. 1.473. z=Z.

+212,

L474. Tycrs z#—1. Jlokasats, 410 Re:—:=0o|z|=1,

Tlycts @ — POIBONBHOC ACHCTBHTEbHOE “HCTO. CHMBOTOM €™®
OB03MataeTeR KOMICKCHOE TMCTO COS@-+ising. C MOMOWBbIO 3TOro

43



06o3HateHus BCSKOE KOMILIEKCHOE HMCIIO z=|z| (Cos @+isin@) moxker
6uTh 3amACaHO B MoKasamesioii gopie
z=|z|e*.
TpesncTaBuTh B MOKa3aTenbHOW OpMe CIEylomHe KOMII-
TeKCHBIE HHCTIa:
T+241 . .
1.475. 5 1.476. 5—12i. 1.477. —3—4i.
1.478. —2+i. 1.479. sino—icoso.
1.480. sino+7 (1 —cosa).
1.481. Jloka3aTe, 4TO CHMBOJ e'® OGJNafaeT CleNyIOmMAMH
CBO¥CTBaMU:
a) ¢¥™=1 (VneZ), 6) =
B) %o =i @te) fl_e-tv. ~on),
o'
1.482. Jlannbic 4uCNa z; W Zz; TPeNCTABHTL B NOKA3aTEJbHOM
$opMe n BHINOJNHHMTH YKa3aHHble NEACTBHS Hall HUMH:

2
a) 7,23, ? ecnu z,=2\/§—2i, z;=3~3ﬁi;
2
6) z3z,, % eom zy=— 2+iﬁ, z,:ﬁ—iﬁ.
7

1.483. [lokasate dopmyast Jiiaepa

e
cosp=-—y—, singp=

3
21

1.484. Jlokasate @opmysy Myaspa: ecnu z=re'®, 1o
s
WM, B TPMrOHOMeTpHYeckoii (opMe,
Z"=r"(cosn@+isinng).
HUcnonesyst Qopmysy Myappa, BBIMHCIHTH ClEIYIOUIHE BbI-
PaXEeHUs:

Lass. (1+i)'°. rags. ()

=
1.487. (‘*"/—i)ZDA 1488, (1+1)* (1-i/3)"C.

1.489. [lokasaTh paBeHCTBa:

a) (1+i)"= 2"“(cos +nm7)

6) (ﬁ—i)":z" (cos ?—isin _6>



1.490. Ucnone3ys Qopmysnsl Diinepa; BbIpa3HTh 4Yepe3 KO-
cumycsl H CHH)’CH KPAaTHBIX Jyr GyHKIHH:

a) cos>@; 6) sin®¢@.

Wcnonb3ys Gopmyny Myaspa, BeIDa3sHTh Yepe3 COSQ H sinQ
cnenyrorume  GyRKimn:

1.491. cos3p. 1.492. sin3@.

1.493. cosdo. 1.494. sindo.

Mycts a=re', a#0,—duxcupoBanHoe KoMIUieKcHoe ‘ucno. Torna

ypapucne z"=a, neN, HMECT B TOYHOCTH N PasiMYMBIX pelCHHI
20, Zt» s Za-1o OPHICM OTH PCUICHHS IRIOTCA HOPMYIION

e G = (ocs Q2K iin LGk),
n n

k=0,1,..,n—1

(anech  \/r— pclicTBUTCTIHOE  MONOWMTENBHOC  wcTO).  UMCTA  Zi,
k=0, 1, .2, n—1, WalblbaloTCRH KOpHsMu -l Cmenenu W3 KOMILIEKCHOTO
qucia @ M 0BO3HAYAIOTCS CHMBONOM {/a.

Mpumep 2. Haifti Bee kopun 3-if cTencim u3 wcna a= —2+21./3.

= 2n Zn
< Tak kak a=de'3 =4 cos?{»lsm 3) ™

Wa)=yfae G50 \/4(:05 (Z + —k)
+lsm(29+ ?"k)) e k=0,1,2.
Npu k=0: (¥/a io—\ﬂ(cos—ﬂsm —)
Woreta(a ),

ldn
Npn k=2 (3a),=3/4 (cas7+.sm L;—) =

Mpu k=

1.495. Haiitn ¥ wu306pa3uTh Ha KOMILIEKCHOM ILIOCKOCTH
BCe KODHH 2-M, 3-M ¥ 4-W CTemeHM W3 eQMHMIBL

Haiitu Bce 3HayeHns KopwHeir:

1.496. \/i. 1.497. 3/—1. 1.498. /9.

1499, /=1+i 3. 1800, /2 /342
1501 3/~ 1-i
1502. &/1+i./3. 1503 3/@-20)°.
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1.504. Joka3ats, 4TO KOPHH 13 KOM]
uucna MoryT ObiTe HaiiieHsl 1O (opMyne

\/—=1/x+i_v=:t( [lz‘;x+isgny 'Ile—x)

WOl popMBI uicen Bo
MHOTHX CIy4asX 3HAMMTENLHO YNPOMIACT BHIMMCIICHHS.
Mpumep 3. Tlpusect K BHAY, yAoGHOMY A% JOrapUMUPOBAHKS:

S(g)=sin@+sn2p+ ... +sinng, @#2nm, meZ

W

< Tak kax sin@=Ime'®, 70, nenoms3ys GopMyITy CyMMbI TeOMETPHYEC-
KOM NpOrpeccH, MojyvaeM:

S(@)=Ime +Ime™ 4 . 4 Ime™ =m0 . 4e")=

P A

v v s
e2emri—e'?)

) _one o ontl
sin - ey SDSSIN——0
T me Tt~ o
.
sn sin
2 "2
Mpusectd K BUAY, Ans JIor

1.505. cos ¢+cos2¢+cos 3@+ ... +-cosngp.

1.506. cos ¢+cos 3¢ +cos 5¢ + ... +-cos(2n—1) @.

1.507. sin (p+sin 3@ +sin 5@+ ... +sin(2n—1) .

2. My (noau-
HoMOM WY yeaoil puyuammbuau fyrKyuei) n-ii CTCOCHH Ha3BIBACTCH
Gyuxuus Buga

Po(2)=0n2"+ @y 12"+ ... +arz+ a0, )
rae zeC, ap, u,,. ,1 xoa(puIHeHTH (BOOGLIE rOBOPS, KOMIUIEKCHBIE),
apuiem @, #0, n Vpanuumc

2"+ Apy 2" M @iz a0=0,  a,#0, (©)

n-i crememm. MYucio  zo,
JUIA KOTOPOrO py(z0)=0, HASHIBAETCA Kopnes Morownewa (S) Wam
ypasuenus (6).

Teopema Taycca (ochoBHas Teopema anreGpbi). Besxuil Mio-
20unen HewyAeBoit cmenenu umeem no Kpaieii mepe ooun Kopewy (BOOBUIC
TOBOPS, KOMILICKCHEAH).

HCHO Zo MBJSCTCA KODHEM MHOTOWICHA p,(z) B TOM M TOJNBKO
B TOM Ciyyae, KOrfa p,(z) menutcs Ges octatka Ha GHMHOM z—2Zo, T €.

Pul2)=(z—20) 4n-1(2),
e gy (z)— mworounen (1111 creneu, Ecnn‘e,,(z) nesmTes 6e3

octatka Ha (z—2zo)¥, k> 1, HO He nenuTes Ha (z—20)* 1, To zo HasbiBaeTCH
KopHem KpamHocmu k MHOTOUSEHa P,(2); NpH 3TOM

Pa(2)=(z—20)" gu-x(2),

e Ga-x(20) #0.
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Teopema Taycca MokeT ObITh yTO4WHCHA CICAYIOIMM 06pasom:
H0204IEH Nl Crenewu umeem posno N KOpHell, ecuu KawmOwil Kopewt
Chumanmy CMOALKO pas, Kakoea €20 KpamHocmb.

Ecmm KOXbQUUHCHTEl  MHOTOUNEHa  (5)— NCHCTBHTENbHbIE SHCIA
= Xo+i¥o—€r0 KOMIICKCHBIH KODEHb, TO COMDMKCHHOE HHCTIO
Fo=Xo—iYo—TAKKE KODEHb 3TOFO MHOTOHJCHA, TPMYEM  KODHU
Zo W Zo HMEIOT OJMHAKORYIO KpATHOCTH (oM. 3anaty 1.449).

TlycTh MHOTOWICH p, () HMeeT KODHH Z,, Z3, 'm (M< 1) KpaTHOCTEH
cooTBETCTBEHHO Ky, Ky, .oy kp (ky+kz+ ... +kn=n). Torma ero moxuo
pASIOKHTS HA MMHCHEE Te

prle)=a,(z=2 )" (=)

—z )

Ecim mpH 310M MHor — HBIE HHC-
na, TO. CKOGKH,
KOPHAM, MOXHO 3TOT B TIHCHHBIX

" par < MH.
Tpumep 4. Hailtu xopun MHorownewa z°+2z3+1 W pasnoxuts
ero Ha MHOXHMTENH

< Tak kak 2z942z°+1=(z+1)2, TO KOPHSMH O3TOTO MHOTOWIEHA
SBISIOTCH KOPHH 3-H crememnm w3 — 1t

z=—1;
noon 1 /3
2;=008 —+isin —=-+1-—;
SR 372772
T o.om 1
zz=cos ——isin T=-—
N 3 32
[pu 3TOM Ka¥/abli KOpeHh HMEET KPaTHOCTh k=2. Pasjioxenue 3TOro
MHOIOWICHA Ha JIHHCHHBIC MHOXHTEIH WMEET BHI

284223+ 1=(z+1)? (zA(%ﬂ ‘/77))2( —(%—1 4))1

OGbenmusisi MOCHE[HHE JBe CKOGKH B OIMH COMHOXHTENDb, TONYYHM
Ha c

i

%4228+ 1=(z+1)2 (22 -z +1)% &
PenmuTe KBAZpaTHBIE YpABHEHMS:
1.508. z2+2z+5=0. 1.509. 4z2—2z+1=0.
1.510. z24+(5—2i)z+5(1—i)=0,
1511, z2+(2i—3)z+5—i=0,
PemuTes [By4JIEHHbE ypaBHEHHS:
1512, z3—1=0. L513. z*+1=0.
1514, (z+1)*—16=0. 1.515. (z+1)*+16=0.
Penuth GHKBAJpaTHble YPABHEHMS:
1516, z%+182%4+-81=0. 1.517. z*+4z2+3=0.
1.518. z*+922420=0.
L1519, z*—(1+i)z2+2(1+i)=0.
PernTh TpeXWJIeHHBIE ypaBHEHHS:
1.520. z6+4z3+3=0. 1.521. z*+15z4~16=0.
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1.522*. Tloka3aTh, 4TO BCe KODHH ypaBHEHNS
1+ix\"_(1+ia)
(l—ix) (i) @<®)

DefiCTBUTENBHBl W Pa3/IHIHbL.

CriefyolliHe MHOTOU/IEHB! Pa3JOXHTb Ha JIHHEHHBIE W KBaj-
paluYHble MHOXHTENH C JefcTBHTENbHAIME KO3(dHuMenTaMU:

1.523. z*—1. 1.524. z*+1. 1.525. z%+z2+1.

1526 z*4+4z3+ 112+ 142+ 10; wu3BecTeH OIMH KOPEHb
zy=—1+

1527 2%+2*+2%~z2—z—1; U3BCCTeH NBYKPAaTHBIi KODEHb

N

Zy=23= *—-H
1.528. z%4623+9224100; u3BecTen KopeHb zy=1+2i.
3. Ipesien NOCNEOBATELAOCTH KOMILIEKCHBIX “HCe/L YHCIIO a Hasbl-
BAIOT Npeden0M TIOCICNIOBATEILHOCTH KOMIUICKCHBIX YHCET (2,),  n M TMIIYT
Jim z,=a, ccn prs moBoro ¢>0 cymecrayer womep N(@) TaKod, 410

mpu 1> N(e) sumomimerca epspcrrvo l2a—aj<e._

u nmuyr Jim z,=cc, e e miobore E0 cymecteyer Homep N (E)
TaKoi, ¥To Mpu n>N(E) BBHTOMHAETCH HEPABEHCTBO |z,|> E.
1.529. Mycts x,=Rez, u y,=Imz, Joxa3zate, uro lim z,=
=a#c0 TOrJAa W TONbKO ToOrAa, korga  lim x,=Rea
n—w
u lim y,=Ima.
o
1.530. [ycre lim z,=a#o0 1 lim w,=b+# co. [lokasats, 4TO:
n—eo n—co
a) lim (z,+wy)=a+b; 6) lim z,w,=ab.
n—e o
1.531. Mycry lim z,=a# o0 1 lim w,=b#0. Jloka3ats, 4TO
I n— n—c
n—cW, b

BBIMMCITHTB TIPE/IEBI:

1532, 1im (z-i+1(1+i)). 1533, fim 12",

A n n—e 1+in"

" Snin? (n+2i) (3+7in)
1534 i s e S T :
153. lim <H—;). 1.537.

1.538. lim (2i)". 1.539. llm (2”+I<IA£)).



AU 1
1.540. ,.h_"; (S_i_E+"' +(5—'~

n

1.541. lim

Jim, 25

. S 1" N
1.542. lim [nsin—+i| 1+-) ).
n—w n n

1.543. lim

A X
1544, lim (1+ﬂ>,
Jim 1+

JHoka3ate, 4TO TeJIBHOCTH OTD:
HO PACXOMSTCS:

1.545. z,

L2
. 1.546. z"=(~1)~+.?:.
1 Pl 1
1547, :,,=(l+;)e'2. LS8, 2, =2 ("+(=1)").

Tloka3aTh, 4TO CleMyIOUHE NOCIENOBATELHOCTH HEOTPAHH-
YeHbl, HO HE CXONSTCH K BeCKOHETHOCTH:

1549, z,=n(1+i"). 1550 z,=(¢'T—i)lnn.

1.551. Hycte r,=|z,| ¥ @,=argz, Jloka3aTe, 4TO .li_n; Z,=a
(O<l|al<ow) Torma ™ TONBKO TOrHA, Korja ..li'.“m r.=la|
u n]ﬂq;"zarga (pu HajUtexaieM BBIGOpEe OONACTH TIaBHBIX

3HAYeHUit apryMeHTOB).

Peaynptar sapawi 1551 4acTO WCMOMMyeToR TIH  BbMCTCHWN
TIPE/ENIOB  KOMILIIEKCHBIX TIOCJIE/I0BATEThHOCTEH.

Tpumep 5. Hycts ¢—JeficRTensioe wmcno (9#0). [okasats,
4TO

ip\" .
lim (I+1) =Cos @+ isin @=e'.
e n
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BLIMHCINM HX  OPCAEITHE:

2\ 2 sz hm &
Im r,=lim ((H“’—Z)?) " ey,
=l A (14,

@
gL
arctg

=0.

- . 4 -
Y, o= vt <o J,

Ortciona nosyyaem
L in g)=
l'.?'w(”,,) =1-(cos@+ising)=e". &
1.552. Tlycrs z=x+iy. JlokasaTb (cM. mpumep 5), 4TO
. 2\ . i N xbip_ oz
Hx‘;(l+n) =e*(cosy+isiny)=e*¥=e*
Jlokasare b
M HallTH MX OpeleNbl:

1.553. z,=z" |z|<1. 1.554. z,=nz" |z|<1.
1.555. z,=1+z+..+z" |z|<].

1556, 2=z 1> 1

1 "
1.557. BurauciuTh 11m —+—z'+—ﬁ’
nvwo 142+ 425

1.558. Mycrs ,l.'f'l zp=a#c. [lokasats, 4TO

ecna |zy)<1 1 |zp)<l.

lim

n—

Zitzat . +2Za
n




[nasa 2

BEKTOPHASL AJITEBPA M AHAJIMTUMECKAS
TEOMETPUSL

§ 1. BexTopnas asreGpa

1. Jluneiinbie onepaumn najx
sexmopant) @ Beex oTpe3Kos,
WUMEIOIMX OJIMHAKOBYIO JUIMHY M Hampasnesue. O BCAKOM oTpeske AB
43 JTOrO MHOXECTBA [OBOPAT, 4TO OH NPC/CTABJACT BEKTOP @ (MONyueH
TPUTIOKEHHEM BEKTOpa @ K Touke A). Jlmmma otpeska AB wmasbiBactcs
Ommoii (Modyren) BekTopa @ W oGoIHAtACTCR cmsonow \aj=|4B).
BeKTOp HYJIEBOM JUTHHBI Hy te6bint
CUMBOTIOM

xTopi @ b massmaioten pasiivic (@=B), ecnu MHOXeCTBA

B psne 3a;m-| HacTo 6unam ynoﬁuo He pa;nu-mn BEKTOP
L Wmenno
B 3TOM CMbICTTe, c:lcnycr «noc'lpomb
BeKTOp».

Tycrs. it orpesok AB Top a. Tlpu-
JOXHB K Touke B 3ajawmbiil BekTOp b, Monydum HCKOTOPNM Hanpas-
JeHHbIR 0Tpe3ok BC BekTop, MpecTapniseMblif HANPABJICHHBIM OTPE3KOM

Tpoussedenuem eexmopa a wa Oeiicmeu-

mefbroe wuCAO )\ WAIIBACTCS BEKTOP, 06O-
SHataeNib Ad, TaKod, WTO:
1) (hal=|\l"{al; A ar

) BoKTOph @ W Aa  conanpancubi

npu A>0 M TPOTHBOTONIOKHO HATIPABJIEHB!
npu A<0. Pue. 3
2.1. Jlokazate, 4TO BEKTOPOB
ClIefyIOLMMH  CBOHCTBAMH:
a) a+0=a;

6) a,+a,=a;+a, (Kommymamuenocmy);

B) a,+(a,+az)= a,+az)+a3 (accoyuamuenocm);

1) Va3t b(a+b=0
(BexTOp b BEKTOPOM, BEKTOPY
4, u obo3nayaeTcsi CHMBONOM —a);

n) Va,,a;3las (a|+a:=az)

BEKTOp @ na3 a ¥ a w
0603Ha4aeTCH CHMBONOM @3 —ay).




2.2. JlokasaTh paBeHCTBa:

W “a=(-1)a;

6) a;—a;=a+(—ay);

B) a=|a|ag, Toe aq—o0pm BEKTOP2 a, T. €. BEKTOP €IMHUYHOMN
IUMHBI, COHANpaBNieHHEH C BekTOpoM a(a+0).

23. B napautenenunene ABCDA'B'C'D’ BekTOopel m, n,
p npericrapiensl pebpavu AB, AD, AA’ cootBetcTBeHHO. TlocTpo-
MTb BEKTODEI

@) mn+p; 6) ‘am+';n—p; B)—m—n+'[2p.

2.4. [laubi BeKTOPHl a; H ;. IlOCTPOMTH BEKTOpHI 3ay,
242, @y +2as, 'f20—az.

5. Jloka3aTb, 4TO:

a) onepaiys YMHOXEHHs BeKTOpa Ha 4ucio obmajaer cre-

JYIOUIMMH  CBOWCTBAMH:

0a=20=0, (h,A)a=h, (r.a)

6) BEKTOPOB M HMX Ha YHCTa
CBSI3aHBI CJIEAYIOLIMMY JIBYMsi CBOWCTBaMH Oucmpubymusnochu:

May+ag)=ra;+hay u (h+2)a=ha+hza.

2.6. JlokasaTh paBeHCTBa:
a) a+ /zﬁb a)= '/1%a+b}

6) a—"'/2(a+b)="/>
KakoB HX reoMeTpHYecKHii cMbici?

2.7. E BE u CF— e/anbl TpeyrojibHnka ABC. Jlokasath
PaBeHCTBO AIJ+BE+CF-0

28. AK w BM —Me/anbl Tpeyronbinka ABC. Bripasuts
4epes p= AK n g=BM Bextopnl AB, BC u ca.

2.9. B mapamenorpamme ABCD obosnavens:: AB=a, A AD b.
Beipasuth 4epes @ W b BekTOpBI MA MB MC u MD e
M—TouKa TepeceyeHus AMATOHANeH Mapajieliorpamma.

2.10. B tpeyronsnuxe ABC AM~mAB u CN=BCM. Tona-
ran AB=a u AC=b, BBIPA3UTH AN wu BN Yepe3 BEKTOphbI @ u b.
__211. ABCDEF— npasunbHblii  LICCTHYTONLHUK, — NpHieM
AB=p, BC=g. Boupasute 4epes p ¥ g  BEKTOPH
CD, DE, EF, FA, AC, AD u AE.

2.12. M—TOYKa nepeceveHusi MeJmaH Tpeyrombuuka ABC,
O—npou3BonbHas Touka NpocTpancTsa. JlokasaTh paBeHCTBO
OM="/,(04+0B+0C).

2.13. B npocTpaHCTBe 3a1aHbl TpeyroibHukn ABC u A'B'C':
M u M’ —TOuKH TiepeceyeHHsi MX MeJ(aH. Boipasute BekKTOP
MM’ uepes pextopsl AA', BB’ u CC'.
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2.14. Toukn E wu F—cepemmni cropon [AD] mu [BC]
geTHpexyronbiuka  ABCD. Jlokasath, wto EF='/,(AB+DC).
BpiBECTH OTCIOZIA TEOPEMY O CPEAHEH JIMHHM TpameuwH.

2.15. B Tpameumn ABCD OTHOLICHWC JUIMHBI OCHOBAHHS
[4D] x nmme ocnopamus [BC] pasro M. Tlonmaras AC=a
u BD=b, Bripa3uth ucpes a u b Bektopui AB, BC, CD w DA.

2.16. B Tpeyronsimke ABC AM=aAB n AN=BAC.

a) [IpM KAaKOM COOTHOLUEHHH MeXIy o M [ BEKTOpbI MN
w BC KOJUTMHEAPHBL

6) Tlycts o ® B TaKoBbl, 4TO BEKTOPBL MN w BC
nexosuTMHeapubl. Tonaras BC=p u MN =g, BbIPa3sHTh BEKTOPBI
AB u AC yepes p M gq.

CHcTema BCKTOPOB @y,...,@, HA3BIBACTCH JUHEIHO 3QBUCUMOLL, €CTH
CYICCTBYIOT MHCIa Ay, -, A, TAKHE, 4TO XOTS Obl OJHO H3 HHX OTJHYHO

OT HYNH 1t Ay +...+ hnt,—0. B NPOTHBHOM CTydae CHCTEMA HASLIBACTCH
NUHEUHO HE3ABUCUMOIL.

2.17. [loxasath TeOMeTp PUTCPHH JTHHEH-
HOIf 3aBUCMMOCTH:

a) cucteMa {a;, @y} JMHEHO 3aBHCHMa B TOM M TOJBKO
B TOM Clydac, KOIJa BCKTOPbl @ W @, Ko/AUHEADHb, T. €. WX
HaNpaBJICHUS COBNANAIOT MIIM [POTHBOMOJNIOXHbI;,

6) cuctema {a,, @;, @3} JMHCHHO 3aBHCHMA B TOM M TOJBLKO
B TOM cCiyyac, KOrja BCKTODPHI @,, @, M @3 KOMNAGHAPHW, T. €.
napajie/bHbl HEKOTOPOH ILI0CKOCTH;

B) BCAIKAsi CHCTEMAa M3 n>4 BCKTOPOB JIMHCHHO 3aBHCHMA.

2.18. Ha cmponeED] napastenorpamma ABCD otnoxer
vekrop AK powmbi |AK|='/s|AD|, a wa mmarowamn [AC]—
vekTop AL mmmmbt |AL|="/¢|AC|. dokasate, uto BeKTOphl KL
u LB xommMHeapHbl M HaiiTu A Takoe, 4rto KL=MA-LB.

2.19. Pa3noxuth BeKTOp s=a+b+c no TpeM HeKOMILTaHap-
HBIM BekTOpam: p=a+b—2c¢, g=a—b, r=2b+3c.

2.20. Haiitn i b MEXKIY He-
TBIPbMSI ~ HCKOMIUTAHApDHBIMM ~ BCKTOpamH: p=a+b, g=b—c,
r=a—b+c, s=b+'[zc.

2.21. Jlaubt ueThipe BekTOpa @, b, ¢, d. BbrvcauTh MX
CYMMy, €cili M3BECTHO, 4TO @+ b+c=ad, b+c+d=[pa u BeKTOpbI
4, b, ¢ HekoMIIaHapHbI.

2.22. [lokasath, 4TO sl JIHOOBIX 3aJaHHBIX BEKTOPOB @,
b u ¢ sextopyt a+b, b+c u c—a KOMILIaHapHbl.

2.23. Jlaupl TpM HCKOMILTAHADHBIX BexTopa @, b M c.
Hokasath, uto BeKTOpHl @+2b—¢, 3a—b+c, —a+5h—3c KoM-
IaHapHBI.
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2.24. [laubl TpHM HEKOMIUTAaHADHBIX BeKTOopa @, b W ¢
Boruucnurh 3HaYeHus A, OpH  KOTOPHIX BEKTOphl A4+b+c,
a+Ab+e, a+b+he KOMIIAHADHBL.

2.25. Jlauel TpM HEKOMILUTAaHADHBIX BeKTOpa a, b u ¢
BuMUCIMTL 3HAuCHMS A ¥ |, NPH KOTOPBIX BEKTOPHI A&+ pb+c
B a+)b+pc KOMIHHEADHDL

2. Bac u BexTopa. VY TPOWKA HEKOMI-
NAHAPHBIX BCKTOPOB €, €, €3 HAILBACTCSH { 6Ga3ucom B MHOXCCTBE BCEX
TEOMETPHHICCKHX BEKTOPOB. Besikmit nompuqccknﬁ BEKTOP @ MOXeT
ObiTh obpazom

a=Xey+Xaer+ Xres; [0))

wncna Xy, Xa, Xi Haslbaiorcs Koopdunamamu BekTopa a B Gasuce
B=(e,, e, ). Jamuch (1) HaWIBAIOT TAKKC PAAIOKCHACM BEKTOPA
a no 6asucy
Amaoruuso, napa e, e, BEKTOpOB
HashBaeTCR GasHCoM B (€1, €2) B MHOXECTBC T€OMETPHYECKHX BEKTOPOB,

Haxoren, BCSKHit HcHyJIeBOn BekTop e ofpasyer Gasuc B=(e)
Beex BCKTOPOB,

_Hmlpanm.‘umo
TOp @ €CTh AuneliHas KOMOUHayus BEKTOPOB 4, ..
c kmdxj)m(m‘nnmh Myors oy T. €0

Y has,
[t

TO KaXnas KoOpaMHata X;(a) BeKTOpa @ paBHa CymMe TpOW3BEACHHI
bl BEKTOPOB

a

ay, ..., a,:

X,(@)= ¥ MXilar) .23
[
Basic B=(e;, e, €3) HAILIBACTCA MPAMOY20AbHBIM, €CIH BEKTODBI
€, €, ¥ €3 TONAPHO u uMeloT yIO ATHHY.
B 9TOM cniydac TPHHSTH 0GO3HAYCHHS

@

Tpoexyueil BEKTOPA @ Ha BEKTOP € HAILIBACTCS YHCIO np,a=|a)cosq;,
rae (p =(a, e)— yron mexny sextopamu @ M e (0<@<
Koopmunarel X, Y, Z Bektopa a B npmoyrommoM Gaauce
COBNANAIOT C MPOCKUWSMH BEKTOpa @ Ha GasucHbic OpTHI i, j, k cooT-
BCTCTBCHHO, & JTHHA BCKTOPa @ paBHa

lal=/XT+ VI Z2 &)}

Yncna

cosa=cos(a i)= SR
(e VXY + 22
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Y

Ve ze

cosB=cos(a,j)=

/} <
cosy=cosfe ’Jm

BeKTOp2 4.
Hanpasnsiomue KOCHHYChl BEKTOpAa COBHAJal0T ¢ KOODAMEATAMH

(MPOSKLIAME) €0 OpTA @o=—a.

la|

_2.26. 3anan Tetpasnp OABC. B basuce u3 pebep 04, 0B
u OC naitru KOOpIHMHATEL:

a) Bekropa DE, rne D u E—cepemunsl peGep 04 n BG;

6) BekTOpa OF rae F—rTouka mnepeceyeHus MeOMaH OC-
Hopamus ABC.

2.27. B terpasnpe OABC mempana [AL] rpamm ABC nenntes
TOUKOH M B OTHOIICHHH ]AM]IML|—3 7. Haiitn KoOpaMBATHI
BEKTOpaA OM ® 6asuce u3 pebep OA, OB oc.

2.28. Bre miockocTd napaienorpamMva ABCD B3sta T0YKa
O. B 6asuce u3_pektopo OA, OB u OC HaliTH KOODAMHATHL

a) BekTopa OM, rne M-—TouKa mepeceyeHMs NMaroHaiecH
TapauesorpamMma;

6) extopa OK, rne K—cepenuna cropomst [AD].

2.29. B_tpanemun ABCD u3BeCTHO OTHOMICHHE [UIMH OC-
uosanuit: |AB|/|CD|=A. HallTn koOp/MHATE! BeKTOpa CB » 6a-
3UCE M3 BEKTOPOB A8 u ab.

230. B tpeyromsmuke ABC ~ AM=oAB, AN= [MC
(0, B#0, ;0f#1), O—touxa_nepecescrms (CM) u (BN). B
Gasuce M3 BEKTOPOB OM u ON maiitn KOOD/IMHATDL

a)** pekropa_AO;

6) BexTOpOB AB BC u CA

2.31. B tpeyronbuuke ABC AK= uAB BM= IBBC CF= yc‘A
Hycts P, Q m R—Toukn mepeceuchus npsMbix (BF) u (CK),
(Cl(] u {AM) (A}l{) n (BF) cootserctaenno. B Gajuce w3
BEKTOPOB AB u AC waittu KOOP/IMHATLI BEKTOPOB AP BQ u CR.

2.32. Jlan npaBwibHbl nsTHyronsEuk ABCDE. B Ga3uce
M3 BEKTOPOB AB u AE waiitn KOOpAHHATHL:

a) BEKTOPOB E H_E, o

6) BextopoB BC, CD u DE.
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2.33. [lan Tpeyromsuuk ABC, AM=2%[3AB, AN=%,AC.
Mpsvas (MN) nepecexaer (BC) B touke K.
___a) Haiftn koopmumathl Bektopa AK B Gasuce u3 BekTOpOB
4B u AC. o o

6) Mokasath, ut0 BEKTOPHl p=AB+KN, q=BC+NM
ur=CA+MK u T T Y B pa-
BCHCTBC p=17g.

234. B 're'rpa:mpe ABCD [DM)]—memmana rpanu  BCD
¥_Q—mnentp Macc dToli rpamn. HaiiTH KOOPAMHATEI BEKTOPOB
DM wn AQ B Gasuce AB, AC n AD.

B naneweiiiem, ecim  He oxonapunaenn TIPOTHBHOE,  BEKTOPhI

oMK TPAMOYTONEHOM

Gasuce. 3ammck a(X, Y, Z) oswauact, 4TO KOOpAMNATE BEkIODE @ PaBHE
X, Y u Z e a=Xi+Yj+Zk

2.35. 3al:lam>x sektopel a,(—1,2,0), ay(3,1,1), a3(2,0,1)
u a=a,—2a,+"/3a;. BbluuciuTe:
a) |a;| W KOOpOMHATH OpPT4 @;,0 BCKTOpa &;;

~
6) cos(ay, j)
B) KoopauBaty X BEKTOpa &;
r) np,a.
2.36. 3amamnt sekToph e(—1,1,'/;) u a(2, =2, —1). Voe-
JWTHCS, 9TO OHH H HalTH BCKTOP&

a no Gasucy B=(e).

2.37. Ha wiockoctu 3amanbl Bektophl e, (—1,2), e(2, 1)
n a(0, —2). Y6emurses, 4to B=(e,, €;)--Ga3uc B MHOKCCTBE
BCCX BEKTOPOB Ha u. TMoctpouts BEKTOPHI
M HafiTH pa3NokeHue BekTopa @ To Gasucy B.

2.38. IokasaTh, 4TO TpOiKa BEKTOPOB :.(I 0,0), ex(1,1,0)
n el 1, I) oépa:ycr 6a3Mc B MHOXCCTBE BCEX BEKTOPOB

™ W BekTOpa a=—2i—k

B Gasmce %—(e,, €3, €3) M HAIHCATh COOTBETCTBYIONIEE PA3JIONKE-
Hue no Gasucy.

2.39. 3anansi BekTophl a=2i+3j, b= —3—2k, c=i+j—k.
Haiitu:

a) KOOpAMHATHI OpTa ao;

6) KOoOpAMHATHL BekTOpa a—'[3h+c;

B) pasniokenvc Bektopa a+b—2¢ no Gasucy B=(i,j, k);

1) up,(a—b).

2.40. Haiitu koopmmHath opTa o, ecnu a(6, 7, —6).

2.41. Halitu Z(a), eccmn X(a)=3, Y(a)=—9 u |a|]=12

2.42. HaliTn JuMHY M HanpaBisEOIIME  KOCHHY(
p=3a—5b+c, ecnu a=4i+7j+3k, b=i+2j+k, c¢=2
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2.43. Haiitn BCKTOP X, KOJUIMHCAPHBIH BEKTOPY @=i-
06pa3yIoLLHi C OPTOM j OCTPBIH yroN W MMelowTHil THEy |x|=15.

2.44. Haiitu BexTOp X, OOpasyrolmmi €O BCEMHM Tpems
GasMCHBIMM OpPTaMH PaBHBIC OCTpBIC YIJIBI, ecnu |x|= Z\/i

2.45. Haiitu Bextop x, obpasyroumii ¢ optoM j yron 60,
¢ oprom k—yron 120°, ecnmu |x|=5ﬁ.

2.46. Tlpu Kaxux 3HAYCHMSX o M P BEKTOpH @= —2i+3j+ok

=Pi—6j+2k KonMHCAPHBI?
2.47*. Haiiti BEKTOp X, HaNpaB/CHHLI MO GHCCEKTpHCE yriia
Mexay BekTopamu a=Ti—4j—4k w b= —2i—j+2k, ecim
IxI=5,/6.

2.48. 3ajnamnt sektopst a(l, S, 3), b(6, —4,-2), ¢(0, —5,7)
u d(—20, 27, —35). Tpebyeresi nonobpath wmkcna o, B u y Tak,
4TOOH BeKTOpbI Od, Pb, y¢ M d OGpa3OBHIBANM 3aMKHYTYIO
JIOMAHYIO JIMHHIO, CCIIH KaXxz10ro 0 BEK-
TOpa COBMECTHTb C «KOHIIOM» MPE/BIIYIICTO.

2.49. B terpaspe OABC 1wIoCKHE YIIbl TPEXIPAHHOTO yria
¢ sepumpoii O-—mnpsvbie. Touka H-—OCHOBaHME TEPNCHMKY-

Jsipa, ny 0 u3 O xnm rpann_ABC.
HaliTi KOOpAMHATLI BEKTOPA OH B Gasuce u3 BekTopos 04, 0B
w OC, ecw |OA|=a, |0B|=b, |OC|=c.

3. TOUKH. il 3a-
naumM anaauTHYeckol reoveTpun. ['oBOpST, -no B TPEXMEPHOM npocrpan-
CTBC BBENCHA P- mema 0, B).

€C/IM 3aMIAHBL.

1) HekoTopas TouKka O, HA3HIBACMAS HAY@IOM KOOOWNGM

2) HeKoTOphii NpAMOYrobHLI Gasnc B=(i, j, k) B MHOXeCTBE BeeX
TEOMCTPHUCCKMX BEKTOPOB.

Ocu Ox, Oy u Oz, npovencunme 4epes Touxy O B HanpabieHuy
Ga3uCHLIX OPTOB i, j M k, Ha3biBAIOTCH KOOPOUHAMMHBIMU OCAMU CHCTEMbI
koopmnar <O, BY=0xyz.

icnm M £ TOYKA TO
otpesok OM TouKH M.
mouku M B cucteme <O, %) HA3LBAIOTCH KOOPZMHATHI €¢  paauyc-
BekTopa OM Kak T€OMCTpHYECKOTO BeKTOpa B Gasiice B, T.c.

*(M)=X(0M), +(M)=¥(OM). =()=7(OM)

Ec My (xy, Y1, 21) ® Mo (xa, y2, 22)——J2iBE_TIPOMIBOTHHBIC TONKH
B MPOCTPAHCTBE, TO KOOPAMHATH BCKTOpa MM, pasHbl

X=x=x1, Y=yo—y1, Z=n-7. @

Orciona Ha ocHOBaHMH (3) PACCTOSHME MEKJY TOYKAMM BBIPAKACTCH
bopmyoit

i p(My. Ma)=I M Mol =[xz =1+ 02—

) +(e2—z,)



ot CHHKM 32589
MAKCHMaLHO PlC“OJleOBaTb METOIB!  BEKTOPHOM anreﬁp

Tipumcp 1. 3amama sepummit A(1,0, —1), B(2,2,1) n Touxa
E(—1,2,1) nepeceqeum Mezman Tpeyronbiika ABC HaifTi koopauHaTh!
Bepumiel C.
<0 Tak Kak KOODAMHATHI BEPIMHBI A 3aJaHbI, TO JUIS BbIMHCIECHHS
KOOpAMHAT BepluHRL C LOCTATOMHO HAWTH KOOPAMHATHI BekTopa AC
Mycrs BF— Mennana, TpoBejeHHas w3 Bepumnsl B. Torma

_ 3
AC:ZAF=Z(BA+BF):Z(AB+EBE) ®
(3mech Mcnonb3oBan TOT Gaxt, w4ro Touxa E jenut Memwany BF
B oTHOwenuu 2:1). [lasiee, u3 ycnoBHii 3ajayn C NOMoUbIO GopMysTs!
(4) Bortmensenm koopyuHaTH: BekTopos AB(1, 2, 2) i BE(—3, 0, 0), otxyna

Ha ocropanmn (5) nonyaeM AC(—7, 4, 4) W, HAKOHEIl, BHOBb HCTIONB3yR
Qopmyny (4), HaxomsM KOOpAMHATEL TOUKH C:
X(C)=x(A)+X(A0)=—6;
y(O=y(A+Y(4C)=4
2(C)=2(4)+Z(4C)=3. >

TMycTs wa npsmoit [ 3agansl ToukKn My, M, w M, npudem M, #M,
PaccmoTpum Bextophl MM u MM,. Tak xak OHM XQJUIMHEAPHBI, TO
HaleTCs TaKoe MCHCTBHTENBHOE YHCAO A, 4TO M M=k -MM,. Yucno
). Ha3LIBACTCR OMHOWeHUEM, B KOTOPOM TOKA M JICTHT HATIpABCHHBI
OTpe3ok M, M,, npuiem OHO TOJNIOKHTEABHO, €CM TOYKa M HaxomuTes
BHYTPH_OTpeska M, M,, orpuuatensHo (u A# —1), ecnn M wHaxoymres
BHe MiM,, u pasro O, ecin M=M,.

MpuMep 2. Hast KOOPIWMHATE Touex M, (x..yn, z,) w0 My (xz, yao z,)
H_OTHOUICHHE ), B KOTOPOM TOUKa M JENHT HANPABJCHHBI OTPE3OK
M,M,, HallTH KOOpJMHATBL TOYKH M
< Mycr, O -mawano koopmuwar. OGoswawum: OM;=ry, OMy=rs,
OM=r. Tax xax

MM=r—r, MMy=r,—r,
To
r—r=A(r;—r),
orkyna (rak Kak A#—1)
_rthn
T
TMonysennas GOpMyTa W aeT pelicHWe 3a7a4n B BeKTOPHOH (opme
Iepexons B 310 QOPMyTe K KOODRHHATAM, TOMYHHM
X1 +Axy y1tdys 2 +Az;
Sathe s nith, o athh ©
T o T ©
2.50. Touka M (1, —5, 5) 3ajaHa CBOMMH KOOpAMHATAMH B
nckap'mnoﬁ NpSIMOYTONbHON  ccteMe  koopamuat {0,
x, ], k)> Haiiti koopaunathl 310l TOukH B cucteme {O’, B
i’ ] k/)>, eCIM:
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B) 00'=j n i =L(i+j'), J Jj), k'=
NA
(npeaBapuTenbHo yoemuThes, 4T B’ —NpAMOYrosbHbIH Gasuc).

251 Jlanst  Tpu  mepummnl  A(3, —4,7), B(-5,3, -2)
# C(1, 2, —3) napannenorpamma ABCD. Haiitn ero seTseptyto
pepuBy D, mpotusononoxsyio B.

2.52. JlaBel [Be CMEXHbIE BEpUIMHBl NApaUIeNorpamMma
A(—2,6), B(2, 8) u Touxa nepecevenns cro mmaromanei M (2, 2).
HaifTd [BE OpYTHE BEPIUIMHBIL.

2.53. O T Bl BEp! HUKA, eCIH
W3BECTHLI Cepe/MHLL CTO CTOPOH: K(Z A4) M(6 1), N(=2,3).

2.54. ocu abcumcc Halitm TOYKy M, paccTosHHE OT
KOTOpOii 10 TOukH A(3, —3) pasmO 5.

2.55. Ha ocu OpauHAT HaHTH TOYKY M, paBHOYIAJICHHYIO
oT TO‘ICK A(l, —4,7) u B(5,6, —5).

2.56. Jlanbi Beplunnbl Tpeyronshuka A(3, —1, 5), B(4, 2, —5)
n C(— 4 0,3). Haiitu fHHy MeauaHel, NDOBCICHHON W3
BCPUIMHEBL A,

2.57. Otpesok ¢ xoHunamu B Toukax A(3, —2) m B(6, 4)
paslieNicH Ha TpH paBHbie 4acTH. HaiiTm KoOpaMHATHI TOuEK
JieTenus.,

2.58. Onpene/mTh KOOPAHHATHl KOHIOB OTpe3Ka, KOTOPBIH
Toukamu C(2, 0, 2) 1 D (S, —2, 0) pa3fesics Ha TPH paBHbIC YaCTH.

2.59% 3amamnl Toukm A(1,2,3), B(2. -21), C(3,0,3)

u D(16, 10, 18) E—To4Ka mepeceucHus miockoctu OAB (0—

HAaYano KOOPAHHAT) C TpPAMOH, NPOBENCHHON uEpe3 TOUKY

D mapamiensio upsmoii (OC). Haittn koopiusatel TOukH E.

2.60*. 3anamnt Toukm A(2,5,2) u B(14,5,4); C—rtouxa

THOM u OXy C NpsIMOH, NPOBEJICH-

Hoit uepes TOWKY B mapajiensHO npsmol (OA). Haiitn koop-
JHHATHL TO‘le’l

2.61. [lanni  BepmmEBl  Tpeyrombhmka  A(l, —1, —3),
B(2, 1, -—2) u C(—5,2, —6). BpMHCINTL JUTMHY OHCCEKTPHCE!
€ro BHYTPEHHEIO YIJia TpH BepumHe A.

< Haiiznem pa3noXenue BEKTOpa . AE 70 Ga3ucy u3 BeKTOPOB AB u AC.

Tlycts e, = AB/| AB| u e = AC/| AC| —opri Bextopos AB u AC. Tor-
Ha sektop AE coHanpaesen C BEKTOpOM e=e,+e, (cp. ¢ 3ajaued
247), T. e. cymectsyer wucio A>0 Takoe, €TO

m
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C npyroit cTopoHsl,
AE=AC+CE=AC+uCB=AC+n(4B~AC)=
=pAB+(1—p)4AC, p>0. ®)
Dop! @) u (8) coboit niBa BeKTOpa

AE mo Gasucy w3 BextopoB AB um AC. B cwty €QMHCTBEHHOCTH
Pa3jioxeHnst BekTopa mo 6asucy Hmeem

Bo—=l-p ©)

Pewas cucremy (9), Haxouim

TVIAC|+1, ABI |AB)+14AC)
7ak uro dopmyna (7) mpuHHMaeT BHA
o VACy VAR
[ABI+IAC|  |4B|+[4C|
M3 ycrosuit 3aaui Haxoma:
AB(1,2,1) u |AB|=\/6, AC(~6,3, —3) u |AC|=3,/6,

¥ Ha ocwopanun (10) nonyuacm

(10)

oTKyna
AE(—** ) " |TE|=%ﬁo, =

2.62. TpeyronbHUK 3ajiaH  KOOPIAMHATAMM CBOMX  BCPLIMH
A3, —-2,1), B(3,1,5), C(4,03). BeMuCIHTb pPACCTOSHHE OT
Havasa KOOpAMHAT JI0 TOYKH [MEPECCHCHHMsl MeauaHn J3Toro Tpe-
YroJibHUKa.

2.63. [auer Bepumubl Tpeyronbuuka A(1,0,2), B(l,2,2)
u C(5, 4, 6). Touka L nenut oTpesok AC B OTHOWICHMM A=1/3,
[CE|— menmasa, nposesiessass u3 pepumpbt C. Hadimu koop-
IMBaTBLl TOuKM M mepeceueHnss npsmbix (BL) u (CE).

4. Cxanmpnoe Bextopo. C)
HCHY/ICBLIX BEKTOPOB @, M @ HA3BIBACTCH HHCNO

(a1, a2)=las[as} cos (ai, az).

Jnsi ckanspHoro Hapsgy © (a,,a;) wc-
TOMb3yeTCs Takke OOO3HAYCHHE a;a;.

reomcrpuqecmc CBOFICTBA CKAJISPHOTO MPOM3BENCHKS:

1) ay L. =0 (yeroue

2) ccnn g=(a,, @), 1O

0<@<n2¢a,a,>0 1 w2<@<nera;a,<0



A pa) CBOMCTBA

1) a,a;=aza;;

2) (ha)a;=)(a;a;);

3) (b, +by)=ab, +ab,.

Ecnu seKTop a,(x,, Yi. Z) 1 ay(Xy, y,, z,) npeNCTaBeHbl CBO-
a3 Tpomns-

BAJJE"HC pasHO
00, =X, X+ Y, Y, 47, Z,.

W3 oroii GOpMyNBI, B YACTHOCTH, CCAYET (GOPMYNa Ui ONPENENeHHs
KOCHHYCA YIJla MEX[y BEKTOpaMH

aa, X Xo+ YV, Yo+ 2,2,
lallaal  /XF+Yi+ZE\/X5+Yi+ 23

I~ N

2.64. JlokasaTh CIpaBe/UIMBOCTH areGpaHyeckuX CBOMCTB cKa-
JIPHOTO  NIPOM3BEACHHSL.

2.65. |a;|=3, |az|=4, (a,. @)=27/3. BbMHCIHTE:

a) af=aay;

6) (3a1—2az)(a: +2a2);

B) (a1+az)”

2.66. |a;|=3, |a:]=5. Onpenequth, NpH KakoM 3HAYCHHH
o BCKTOPb @;+0@; M @ —a; GyIyT NCpUCHIMKYJISPHEL

2.67. BbiMcIMTL AMHY AMAroHasielf mapasiesiorpaMma, mo-
CTPOEHHOTO Ha BeKTOpax a=p—3¢q, b=>5p+2¢, ecnu u3sectHo,
wto |pl=2/2, 1g1=3 u (5, 9)=7/4.

. OnpenenuTe  Yronm Mexkiay BekTopamMu @ u b, ecom
ussectHo, uTo (@—b)?+(a+26)>=20 u |a|=1, |b|=2.

2.69. B Tpeyromsauke ABC AB=3e,—4e2,
Berapcymth  qumHy ero  Boicothl CH, ecimM  M3BECTHO, 4TO
€ M e;—B3aMMHO TEPICHMKY/ISPHbIE OPTHL

2.70. Beramcruth  Npays(2a—b), ecnm  lal=|b|=1 m
@h)=120"

2.71. Uspectno, u4to AB=2¢1—6e; u AC=3e;+e2, rHE
€1 ¥ ey~ B3aUMHO ynspHBIE OpThi. O) Th YIIh
Tpeyronbhuka ABC.

2.72. Hajitu yros, 0Gpa3oBaHHbIl eIMHMYHBIME BEKTOPAMHU
e; M ez, CCIIM M3BECTHO, YTO BEKTOPhI a=e;+2e; u b=5e—4es
TEPICHMKY IAPHBI.

2.73. HaliTu yrojl o 0OpH BEpUIMHE PABHOGEAPEHHOIO Tpe-
YrONbHHEKA, 3Hasi, YTO MCIMAHEI, NPOBCICHHEIC M3 KOHIIOB OC-
HOBAHHSI ITOrO TPEYTONLHHKA, B3AHMHO [CPICH/IMKYIAPHEL

2.74. K pepuive Kyba NpHJIONKEHBI TPHM CHJIBI, pPaBHbBIE 1O

yune 1, 2, 3 W HampaBieHHBIC IO [JMATOHANSM rpaHei
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Ky6a, yepes 3Ty Haiitn y
paBHOJEHCTBYIOMEH ITHX Tpex CHIL

2.75. 3ajgan npsmoyronsHuk ABCD W BHE €ro npoM3BOJBHAS
Toua M. [okasatn pﬁﬂcrmﬁ~M MB-MD. Bsisect
orcropa, uto |MA|*+|MC|*=|MB|*+|MD|*

2.76*. ABCD—pa AB
AD=b—Goxosast CTOpOHA, Yrojl Mexay AB u AD paBeH 7/3.
Buipasuth uepes @ u b sextops DC, CB, AC u DB.

2.77. 3uas, uto |a{=3, |b|=1, [c|]=4 u a+b+c=0, Borumc-
swth ab+-be+ca.

2.78. Jlanb! BeKTOpH a1 (4, —2, —4) u a3(6, —3, 2). Bemumc-
JHTB:

a) @z 6) (2a1—3az)(a1+202); B) (@—az)%;

1) |2a1—a:|; 1) NP, @ €) Npa,ai;

) BampapJIsIONIHe KOCHHYCHI_BEKTOpA @3

3) MPa, +a,(@1—2a2); 1) cos(a, a2).

2.79. Hlarbt touxn A(2,2) m B(S, —2). Ha ocu aGemuee
HaHTH TaKyl TOYKY M, wro6sl AMB=m/2.

2.80. HaiiTi ATHHB! CTOPOH H BEJMYHHBI YTJIOB TPEYrOJNBLHUKA
c sepumsamu A(—1,-2,4), B(~4, -2,0) u C(3, -2, 1).

281 [lnsi 3afaHHBIX BEKTOPOB @, b M ¢ BLIYHCIHTH
np, (2a—3b):

i+2j+k, b=3i+j+k, c=4i+3j,
—2j+3k, b= —3i+2j—k, ¢=6i+2j+3k.

2.82. Jloka3aTh, HTO HYCTHIPEXYIOJLHMK C  BEPIIMHAMM
A(-3,5,6), B(l,-57), C@B, -3, —1) u D@4, 7,—2)—ksa-
npat.

2.83. Haiitn KkocuHyc yrma ¢ Mexay muarosamsiMu (AC)
u (BD) napaunenorpamMma, €Cid 3aJaHbl TPH €ro BEPLUHHBL
A2, 1,3), B(5,2, ~1) u C(-3,3, =3).

2.84. Brrumcoute paGoty cwml F=i42j+k npu mepemenie-
HHHM MATEpHAJILHOH TOYKH u3 nosoxenus A(—1, 2, 0) B nonoxe-
ne B(2, 1, 3).

2.85. Jlannt Bextopsi a(l,1) u b(1, —1). Haiitu kocunyc
YIiaa Meky BEKTODaMH X M ¥, YHOBICTBODSEOIIMMH CHCTEMC
ypasuenuii 2x+y=a, x+2y=>h.

2.86. BekTopsl @, b B ¢ HMCIOT paBHBIC JUIMHBI M OOpasyroT
TOnapEo paBubic Yribl HafiTw KoOpmuHATEl BeKTOpa €, €CiM
a=i+j, b=j+k.

< Bomi c=Xi+ Yj+Zk, To W3 YCTOBS 3alaui CIEAYeT, 9T BEKTOP
€ YJIOBAETBOPHET CHCTEME YPABHEHHI

ca=X+Y=ab=1,
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cb=Y+Z=ab=1,
lel?=X?+ Y2422 =|al?=|b|>=

pewas oTy cucTemy, HaxomuM Xy=—1/3, Y,=4/3, Z,=—1/3 mm
x,_l Y,=0, Z,=1 ©

2.87. Jlyuu [OA), [OB) u [OC) o6pa3syroT NOMapHO PaBHbIE
yrosl BenmumHb 7t/3. HalfTH yron mexay GHMCCEKTpHCAMH YITOB
L AOB u [ BOC.

2.88. Haittu Thl BEKTOPA X, KOJL 0 BEKTOPY
a(2,1, —1) ¥ yIOBNETBOPAIOILErO YCIOBMIO ax=3.

2.89. BekTOp x INEpNEHMKYNspeH BekTopaM ay (2,3, —1)
u a(l, —2,3) u ynosnerBopser ycnosuio x(2i—j+k)=—6.
HalTH KOOpAMHATHI X.

Eco 3aan BEKTOp €, TO
NPOM3BONLHOTO BEKTOPA @ 60046 6€KMOpPA € HAIBIBACTCA TAKOH BEKTOP
a, xmopuﬁ KOJUIHHEAPEH e, MPUYEM Pa3sHOCTh @—a, NEPUCHANKYNAPHA
BEKTOPY

AHanoruwHo opmneoumwau «0cmasasioujeii BEKTOPA a 6 naockocmu
P, npuyeM pasHOCTH

o~y eproRmRyRADHS STOR MROMOETH.

2.90. Jlns Bektopa a(—1,2, 1) HaiiTu OpPTOrOHANBHYIO CO-
BIONB 0 OpTa j ¥ OpTOTOHAILHYIO
COCTABJISIONIYIO B TJIOCKOCTH BeKTOpOB i u k.

291. 3ajmane Bektopel e (1,1, 1) u a(—1, 2, 1). Haiitu:

4) OPTOTOHAJNBHYIO COCTABJISIOIIYIO BEKTOPA @ BJONH BEK-
Topa_e;

6) OpPTOrOHAJIBHYIO COCTABIISIOLLYIO BEKTOpa @ B [JIOCKO-
icm P, mepneHIMKyNApHOH BEKTOpY e.

292, 3amapel  BepuiMHBL  Tpeyrodphuka  A(—1, —2,4),
'B( 4, -1,2)u C(— 5 6 —4), [BD]—ero BEICOTa, IIpOBEJIEHHAs
Hepes Tl TOUKH D.

2.93* 3anaﬂu sexmpu e(l,-2,0, e, 1,1) u
a(—2,0,1). HailTu OpTOrOHAIBHYIO COCTABMSIOWYIO @, e,
BEKTOPA B ILIOCKOCTH BEKTOPOB €1 H €3.

Ecmm Gasuc B=(e,, e,, £,) — NPAMOYTONIbHBIH, TO KOOP/MHATHI TPO-
LCBOTMHOTO BeKTOpa = K0 Xogs § Xocy B 3O Gamice MOTYT Girtn
BRLINHCIICHR! 11O dopmyne

X,=ae, i=1,2,3 an

B uactrocTH, opmyna (11) MO3BOMSET SICTKO HANTH CBA3H MOKIY
KOOP/IHHATAMH OJIHOTO ¥ TOTO XC BCKTOPA B PA3THYHEIX NPSMOYFOhHBIX
Gasmcax.

Tipumep 3 Tlycrs Gasuc B'=(i", j) nomyuen w3 Gasica B=(i, j)
NOBOPOTOM TIOCTENIHEro BOKDYT TOMKH O Ha yrom >0 (Mbr cautacm,
4T0 (>0, CcM NOBOPOT MPOW3RC/ICH MOTHB acoBOH CTCIKH, H <0
B UPOTHBHOM Cilywae) (puc 4) VCTJHOBIATB CBA3L MEX/1y KOOD/IMHATAMHU
BekTopa a B Gasucax B u
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< llycrs a=Xi+Yj. Torma
X'=ai'=Xii' + Yji’, Y'=qj'=
C fpyroii CTOPOHBI, MMEEM:

+Yjj. (1)

=
ii'=cosq, ji'=oos(;-— ):sincp,

W LI P
Prc. 4 ij -—cos(2+<p)— ~sing, jj'=coso.

Toatomy ¢opmysei

P 2 Bul

X'=Xcosg+ Ysing,

Y'=—Xsin@+Ycosq. &

2.94. Buaec‘m GopMynEl mpeoGpa3oBaHUsi KOOPIMHAT TOUEK

D OT CHCTEMEI 1 <0, B=G, j))
K cHcTeMe <0', B'=(@", j')), ecn 00'=xoi+yoj, a Gasuc
B’ monywen w3 Gasuca B moBopoToM Ha yron ¢>0 BOKpYr
Touku O.

2.95. HamicaTs (opMysibl npeobpa3oBanusi KOOPIMHAT BEK-
TOpoB mpu mepexome of Oazmca B=(@, j, k) k OGasucy
B'=(, j, k'), ecnm

i'=cos@-i+sinQ-j, j=—sing-i+cos@-j. k'=—k.

2.96. B npsivoyronprom Gasuce B=(i, j, k) BekTOp a mmeeT
pasnoxenue a=—2i+j—k. YGenurscs, 4TO Tpoifka BEKTOPOB

1 1 1
e =itk

V2 f NN
TaKke obpasyer mpsMoyronbHbii Gasuc B'=(', j', k'), ¥ HaiiTi
B 3TOM Oasuce KOODAHHATHI BEKTOpA 4.

2.97. Nposeputs, 4YTO Tpoika BekTopoB e1(l, —2, 0),
e(0, 1, 1) u es(l, 2, 2) obpasyer (xocoyronsHbii) Gasmc. Ber-
PasHTb CKAJISPHOE MPOHM3BEIICHME BEKTODOB @1, 42 YEPE3 HX
KOOIMHATEL B 3TOM Gasuce, eciu

a=X Ve + X P+ X Vs w0 =X P+ X e + X es.

5. BEKTOpOB. YNOp;3 TPOiiKa HEKOM-

[AAHADHLIX BEKTODOB €5, €3, €3 npasoit, ecn

BHYT] yraa, ITHMM  BeK-
TOpaMH, KpaTyaiillie NOBOPOTHI OT €; K €; W OT € K €3 Kaxyrcs
TPOHCXOIALIMMHU [IPOTHB YaCOBOH CTPenikH. B MpoTuBHOM Ciywae Tpoiika
(€1, €2, €3) HAILIBACTCH 1e60ii.

[Bexmopusin npouseedenues BEKTOpa @, Ha BEKTOP @, Ha3bIBacTCs
BeKTOp, 0603HAYacMblii CHMBOZIOM [a,, @,] (W a; X az), onpeneisemblil
c!lenyloumMn TPEM# yCIOBHSIMH:

1) nuea sextopa [4;, @] paBHa mUIOmAIM napanienorpaMma.
HOCTPOGHHOrO HA BEKTOPAX @; W 3, T. e. |[ay, @y ](=(a, |- [a;]sin (af, a2):
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2) BekTop [a;. @] TCPNCHIMKYAADEH TUIOCKOCTH BEKTOPOB @y H @
3) ynopsjoueHHas Tpoika @, @;, (. @1 mpasas.
U3 cnenyet, 4ro

ayllaze=[ay, a2]=0.

Aa;
3 lﬂﬁaz, b= ["1 bl+["z b).
Eenw @y (Xy, Y1 Zy) B @2(X, Ya, Z;)— BeKTOHL. 3anammbie
CBOMMH KOODAMHATAMM B NPABOM NPAMOYTONbHOM Gasuce, TO pasnoxenwe
BEKSOPHOTO TPOM3BE/ICHHs [a;, @;] B Tom xe Gasuce wweer BHA

(@1, @2]=(Y1Z:~Z, Yo)i +(Z, X2~ X2 Z)j+ (X1 Y2~ Vi Xo) K,

T, 3anmcu (¢ TIOHATHS
30 nopumta. oM. §l . 3)
i j ok
a1, a:]=| X, Y Z.|~ 13)
X Y2 7,

298. |ai|=1, |a:]=2 u (a1, a:)=2n/3. Bermcnurs:

a) | [a1. @21, 6) | [2a1+ a2, a1 +2a2 11; B) | [a) +3a2, 30, —a: ]|

2.99. KakoMy yCIOBHIO JIOJDKHBI YIOBJETBOPSTH BEKTOPH
ay ¥ @, 4TO0Kl BEKTOpPH! @1 +4; ¥ @1 —a; ObUIH KOJUTHHEAPHH?

2.100. YOpOCTHTL BBIPAKECHHS:

a) li, j+k)=Uj, i+k)+k, i+jt+k]),

6) la+b+c, cl+la+b+c, b1+ [b—c, a),

B) Ra+b, c—al+[b+c. a+h],

) 2 {j, k1+3jli. k1+4k[i, j).

2.101. oxasate, uro [a—b, a+b]=2[a, b] u BLIsACHUTL
l‘ﬂOMCTpM‘ICCKﬂﬁ CMBICTT ?TOIO TOXAECTBA.

2.102. |a|=|b|=5, (a, b)= n/4. BuMHCIMTL WIOWams Tpe-
YTOJIBHHKA, [OCTPOGHHOTO Ha BEKTOpax a—2b w 3a+2b.

2.103. Bektopst @, b B ¢ cBs3aHbl ycioBueM a+b+c=0.
JNokasate, uto [a, b]=1[b, c]=]c, a]. KakoB reoMeTpHyecKmii
CMBICII 3TOrO pe3ynbTaTa?

2.104. lokasate, 4TO MPH JKOGBIX BEKTOPAX @, p, § U I BEK-
Topel [a, p), [a, g] ¥ [a, r] KOMIUIaHApHBL.

2.105. |a}=2, |b|=S5, (a/,\b)=n/6, BuIpasuTb uepe3s BEKTOPbI
@ u b enMHMUHBI BEKTOP C€o, TEPNCHIMKYJISPHBIH BEKTOpaM
@y b W Takoi, uto:

a) Tpoiika (a, b, co) mpasas;

6) Tponl(a (b, co, @) neBas.

06. 3amanbl BEKTOPEL a,(3 —1,2) u a2(1, 2, —1). Haiitn

‘mop;mnaru BEKTOpPOB:

a) [ay, a2]; 6) [2a1+az, a:]: B) [2a1—a2. 2a;+az].

¥ Mon pen. A. B. E¢umosa, b. I. [Jlemumopuua, 4. 1 65



107. B, Th ‘Tpey c
AL 1L, 1), B2,3,4 u C@4,3,2).

2.108. B Tpeyromphmke ¢ bepummamu  A(1, —1, 2),
B(5, —6,2) u C(1, 3, —1) maittu seicory h=|BD|.

2.109. Onpenenuth, NP KaKMX 3HAYCHHAX O U [ BekTOp
ai+3j+ Bk Gyner koneapen Bektopy [a, b, ecnm a(3, —1, 1),
b(1,2,0).

2.110. insi 3amanHbx  BektopoB  a(2,0,3), b(-3,5,4),
(3,4, —1) BBHMUCIMTH NPOEKUMIO BekKTOpa [a,b] Ha BekTOp
(a, b)ec.

2.111. /s 3agammeix  BektopoB  a(2, 1, —1), b(1,2,1),
(2, —1,3), d(3, —1, 2) BLMMCINTL NPOEKUHIO BEKTOpA a+c Ha
BekTop [b—d, c].

2.112. Haiiti Bektop [a, a+b]+ [a, [a. b]), ecnn a(2, 1, —3),
b(1, 1, 1).

2.113. Haiitu Bekrop [AB+AC, [BC, AB]], ecm A(2, 2, 3),
B(1,0,4), C(2,3,5).

2.114. Tpu HeHyJEBBIX BEKTOpa &, b M ¢ CBS3aHBI COOTHOLIE-
wusimu a=[b, c¢], b=[c,al, c=[a, b) Haiitu HHE 3THX
BEKTOPOB M YrJIBI MEXIy HUMM.

2.115. Cuna F=2i—4j+ 5k upuinoxena K Touke 4 (4, —2, 3).
Onpefenurs  MOMEHT — 9TOH  CHIbI  OTHOCHTENBHO  TOYKH
0@3,2, -1).

2.116. Jauer  Tpu cumer  Fi(2, —1, =3), F.(3,2, —1)
u F3(—4, 1, 3), npunoxenneic K touke A4(—1, 4, 2). Oupenenuts

4 MOMEHTa paBHOpeHCT-
Bylowell 3THX CAN OTHOCHTenBHO ToukM O(2, 3, —1).
2.117. B b napa. pamMa, juar

KOTOPOTO CIyXaT BEKTOPH 2e1—ez W 4ey—5ez, re e1 W e2—
©IMHUYHBIC BEKTOPHl M (€1, €2)=m/4.

2.118. HaiiTn KOOpMHATHl BEKTOpa X, €CIIH H3BECTHO, 4TO
OH TEpHEHIMKYNsSpeH Bekropam a1 (4, —2, —3) u a2 (0, 1, 3),
obpasyer ¢ oproM j Tyno# yron ® |x|=26.

2.119. HaifTh KoOpIMHATHI BEKTOpAa X, €CIH OH [NCpIeH-
JIMKYNspeH BekTopaM a; (2, —3,1) u ay(l, —-2,3), a Takxe
yHOBNETBOpsieT ycnoBmio x (i+2j—7k)=10.

2.120. TIpy KakMX YCIOBHAX yPABHEHHE ;= a1, x] mmeeT
pelieHye OTHOCKTENbHO X? CKOJNBLKO CYILECTBYET peLienuii?

2.121. Haiitn coctasisomyio pektopa a(—1, 2, 0), nepmes-
JKYJISIPHYIO TUIOCKOCTH BeKTOpOB €, (1,0, 1) u ea(l, 1, 1).

2.122. Kak u3MCHHTCH BhIpaxerme (13), eciH KOOpHHHATHI
BEKTOPOB 3aJaTh B JIEBOM mpsiMOyroibHOoM Gasuce? Bymer sm
BepHa 3Ta (OpMysna B Cilydae KOCOYrofibHoro Gasmca?
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2.123*. BekTop [a, [b, ¢]] HA3LIBACTCS OOUHbIM BEKIMOPHBIM
npouseedetuem 3aNaHHLIX BEKTOPOB. Jl0Ka3aTh, 4TO CTPABE/HBO
paBEnCTBO

[a, [b, c]]=b(a,c)—c(a, b).

6. G BekTopo. C;
yTOPA/IOHCHHON TPOITKH BEKTOPOB @y, @, @3 HAILIBACTCH WHCIO [ay, a2]as.
e

P oficTBa °
1) ecnu V- ofwem napannienenwnena, NOCTPOSHHOTO HA BEKTOPax
ay, 82 M a3, TO
V, ecin Tpoiika (a,, a@;, a;) npasas,
—V, ecnn Tpoiika (a, a,, a;) nevas

[a;. “z]“3={

2) ans Toro o6 TpH BCKTODR dy, G da ChUM KOMTIBNZpH,
yeronua [y, a;]ay=0.

Ocﬂosuoe a cBolicTBO
COCTOMT B TOM, W10 HMKTHMCCKAR ICPCCTAHOBKA BEKTOPOB HE MERSCT
€10 BEHAHHBI, T. €.

lay, az]ay=la;, ay]a,=las, a,]a,.

10 CBOHCTBO nO3BONACT BBECTH OGO3HaucHUC [a,, a;]a;=a,4za3
(pe3ysIbTAT HC 3aBHCHT OT TOrO, KaK DACCTABHTEL KBa/[paTHble CKOOKH

B npasoii uact). C “epes BeKTOpoR
B mpasom T Gasnce B pue
X\ Y 2,
ama=|X, Y, 7|
Xy Yy Zy

2.124. Bexropel @i, @3, a3 OGpa3yloT mpasyio TpOifKy,
B3AMMHO TICPNCHAMKYJISPHBI H |a1|=4, |a2|=2, |as|=3. Beruuc-
TMTH a1823.

2.125. Bekropul_a, b, ¢ ofpasyior eyl TPOHKY, lal=1,
1b1=2, |c|=3 u (@.b)=30°; cla, cLb. Haitru abc

2.126. 3amaum  Bekropel  ar (1, —1,3), a(—2,2,1) u
a3(3, —2,5). Bemumcnuth @ia:as. Kakosa opucHTaums TpOEK:

) (a1, @y, a3); 6) (a2, a1, @3); B) (s, a3, @2)?

2.127. VcTaHOBHTb, 06pasyloT M BEKTOPH! &y, @2 M a3 Gasuc
B MHOKECTBE BCCX BCKTOPOB, €CIIH:

a) ay(2, 3, —1), a2(1, —1,3), a3(1,9, —11)

6) ar(3, -2, 1), a2(2, 1,2), as (3, —1, —2).

2.128. [lokasatp, ¥TO |aiaz2a3|<|ai])az]]as]; B kaxom ciyuae
MMEET MECTO 3HAK paBEHCTBA?

2.129. [lokazaTb, 4TO mpw JoGwIX @, b u ¢ BekTOpH a—b,
b—c u ¢—a xomnnanapuyl. Kakob TeOMCTPUHCCKHUI CMBICH 3TOTO
hakra?

2.130. [loka3ath TOXKIECTBO

(a+b+c)(a—2b+2¢)(4a+ b+ 5¢)=0.
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2.131. [loka3aTs, uto ecu o [, b1+ B [b, ¢]+7 [, a]=0, mpu-
4eM XOTs Gl OJHO W3 wHCeN o, B M y OTIMYHO OT HyNs, TO
BEKTOPHl @, b W ¢ KOMIUIaHADHBL.

2.132. Bermcuts 06beM TeTpasapa OABC, ecnm O4=3i+4j;
OB= —3j+k, OC=2j+5k.

2.133. B; HTE 00BeM c B TOUKax
A2, -3,5), B(0,2,1), C(-2,-2,3) n D(3,2,4).

2.134. B Terpasape ¢ BepumHamu B Toukax A(l, 1, 1),
B(2,0,2), C(2,2,2) u D(3, 4, —3) BuMHCIHTL BHICOTY h=|DE|.
2.135. IIpoBepHTb, KOMIUIAHAPHBI JIH JAHHBIE BEKTOPBL
2i+j+k, b=i—2j+3k, 4i— 13+ Tk;

i+j—3k, b=3i—2j+2k, —4j+k.

2.136. Tlpu kakoM A BexTOpHl @, b, ¢ GyAyT KOMIIaHapHBI?

a) a(A, 3, 1), 8(5, —1,2), ¢(~1,5,4);

6) a(l, 24, 1), 6(1,3,0), (0, 1).

2.137. [loka3aTb, uTo uerbipe Touku A (1,2, —1), B(0, 1, 5),
C(—1,2,1) u D(2,1,3) nexaT B OAHOH NJIOCKOCTH.

2.138. HaiiTh KOOpAMHATEI YETBEPTOH BCPIUMHBI TETpa’/pa
ABCD, ecnu M3BECTHO, WTO OHA JEXHT Ha ock Oy, a oGbeM
TeTpajpa paBeH v:

a) A(~1,10,0), B(0,5,2), C(6,32,2), v=29;

6) A(0, 1,1), B(4,3, -3), C2, —1,1), v=2.

2.139. [loxa3aTb, 4TO 06beM NapauIeNenuIena, OCTPOEHHOro
HA JIMATOHANAX rpaHell LaHHOrO mapajsieNienunena, paseH yi-
BOCHHOMY OOBEMY [AHHOTO MapaJLICNeNHIea.

2.140. Jloka3aTh TOX/JeCTBA:

a) (a+c)b(a+b)=—abc; 6) (a—b)(a—b—c)(a+2b—c)=3abc;

B) (a+b)(b+c)(c+a)=2abc; 1) Vo, P(ab(c+oa+Bb)=abc).

§ 2. Jluneiinbie reoMerpHtecKue OOBEKTHI

1. MNMpamas wa wiockocTw. IlpAMas Ha TIOCKOCTH B JICKapTOBOS
TIPAMOYTONLHOK CHCTEME KOOpanHAT Oxy MOXeT ObiTh 3ajlaka ypasie-
HHEM OJIHOTO M3 CIIC/YIOLIMX BHJIOB:

1) Ax+By+C=0-—o6uee ypasuenue npamois;

2) A(x—xo)+B(y—yo)=0-ypasrenue npsmoil, npoxopscit Hepes
Touky Mo(xo, yo) TCPNCHIMKYNADHO Hopmansnomy Bektopy m(A, B);

x=Xo_y=Jo

P =
Mo (x0, yo) mapassicnbro nanpasasiowemy eexmopy q(I, m) (xanonueckoe
Ypacnersie upAMON);

x=xo+It,
4 y il te (=00, +00),—napamempuueckue ypasuenus mps-
p=yo-+ml,
MO#, KOTOpbIC B BEKTOPHOH (OpME WMCIOT BHA

yPaBHeHue MpPAMOH, MPOXORAUICH HCPE3 TOMKY

r=ro+qt,
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rne ’o$’fo-}'u)—l?3ﬂﬂyﬁ‘m09 ToukH  Mo(Xo, yo), ¢(/, m)—wanpas-
JAIOIMA  BEKTOP NPAMOi;

x ¥ .
5) =+ 3= 1— ypaBHeHKe NIPAMOI 6 ompe3kax, re a W b— BenHYHHLL
a

oTpesxos, npamoit Ha ocax
Ox M Oy COOTBETCTBEHHO;
6) xcosa+ycosB—p=0—nopmassroe ypasrenue MPAMOIL, TIE COSO
n cosP KOCHHYCEI BEKTOpa n, H: B-
JICHHOTO M3 Ha4ala KOOP/WMHAT B CTOPOHY NpPAMOl, a p>0 - paccTosmue
OT HA¥ana KOODHMHAT 10 TPAMOIL.
luiee ypaBHEHHE 1) NPUBONMTCA K HOPMANBHOMY BHAY 6) myTem
Ha

Ecnn npamas L sanana ypasrervem Baaa 6), a M (x, y)—mexoTopas
TOMKA TUIOCKOCTH, TO BHIPAXEHHE

(M, L)=xcosa-+ycosp—p

3anaeT omkaonenue mouxu M om npamoit L. 3uak 3(M. L) yxaswiaet
HA B3aMMHOC PACHONIOKEHHe TOYKH M, NMpAMOH L ¥ Hawala KOODIMHAT,
@ MMEHHO! CCM Todxa M W HAYalo KOOPJIWHAT JEXaT Tl0 pPasHbic
CTOOHK OT npsmoit L, To 8(M, L)>0, a et M 1 Hawaio KOOpAHHAT
HAXOMATCA MO OJKY CTOPOHy OT MpAMO#t L, To 8(M, L)<0. Paccrosmue
p(M,L) or Toykn M 50 nNpsMO# L ONpENeNAcICH  PABCHCTBOM
p(M, LY=18(M, L)).

Tipumep I. Hamucats ypasenue npamoii L, napainensHol aBym
3ananubiM npaMbIM Ly: x+2y—1=0, Ly x+2y+2=0 u npoxonAuici
TIOCCPE/IMHE MEXlY HHMH.
< I-i meron. Tak kak Bekrop m(l, 2), HOpMATbHbGI K SaTaHHBIM
npaMbiM Ly 1 Ly, SBASCTCH B TO Xe BPCMA HOPMAJbHBIM H K MPAMOl
L', TO ROCTZTOMHO HaiiTH KaKyro-HUGY/H TOWKY M, exaniyro nocepenmse
Mokny Ly M Ly M3 ypaphenuit m1a L, u L, Haxomm mobble fBe
Toukd Myel, w My€L,, wanpumcp Takuc: M,(l, 0) u My(—2, 0).
Torpa Touxa M'(—1/2. 0), nensuias 01pc3ok MM, mouonam, JexuT
Tiocepesute Mexay Ly u L. T10210My ypaBHCHHE npsMOW L’ HWMeeT BHI

1
L' x+2p+-=0.
X+t
2- meron. Touka M L B TOM
M Tonbko TOM ciyuae, kora p(M, Ly)=p(M, L), T.e.
18(M, Lo)I=18(M, Ly)i. m

Aas Toro 4ToGbl CHATL MOJAYIH B ITOM COOTHOLICHWH, YCTAHOBHM
npaMbiX Ly M Ly.

Hagalx
HOPMANbHLIC YDABHEHWA ITHX NPAMBIX TaKOBBE:
SR S TP TS
NGNS NG
Tax  Kxak wopManu m M m, w3 Toukn O B  CTOPOHY

Liul, To ToUKa O B nonoce
Mexay Ly w Ly,

Ly
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Tostomy cootHomerue (1) npumumact sun 8(M, L,)=8(M, L,),
w

1 2 1
Xy

NN AN N AN N

1
T.e. L x+ 2y+E=OA =

B 3amavax 2.141—2.143 tpebyetcs:

1) HamMcaTh ypaBHCHHE NPAMOH, TPUBECTH €ro K obuwemy
BHJly W IOCTPOHTB HPSMYIO;

2) npuBecTH OGILEE YPABHEHHE K HOPMAJILHOMY BHIY M yKa-
3aTh OT Hauana T JIO UPAMOH.

2.141. Ilpsmas L 3aleHa TouKO# Mo (X0, yo)€ L ¥ HOpMAIL-
HbIM BEKTOpOM (A, B

a) Mo(—1, 2), n(2, Z);

6) Mo(2, 1), n(2, 0);

B) Mo(l, 1), n(2, —1).

2.142. Tlpsimas L 3amada Toukolt Mo(Xo, Yo)€ L ¥ mampas-
nsownm  Bektopom  g(1. m):

a) Mo(—1, 2), ¢(3, —1);

6) Mo(1, 1), q(0, —1);

B) Mo(—1, 1), 42, 0).

2.143. Tlpsmas L 3ajama  JByMsi CBOMMH  TOYKAMH
My(x1, y1) 1 Ma(xa, pa):

a) M, (1, 2), My(—1, 0);

6) M((1, 1), My(1, —2);

B) M;(2, 2), M, (0, 2).

2.144. 3apausi npsiMasi L w Touka M. Tpebyercs:

1) Borucnuts  paccrosmue p(M, L) ot Toukm M o
npsMoi L;

2) y npsmoit L', 4epe3 TOUKY
M mepneHAMKyJISpHO 3alaHHON TpsMOH L;

3) namicaTe ypaBmeHue TpsMOH L”, mpoxomsiueil wHepes
TOYKY M napajvieNbHo 3aanHol npuMoﬁ L.

Vicxoymble faHHble:

a) L —2x+y—1=0, M(~1, 2);

6) L: 2p+1=0, M(l, 0);

B) L: x+y+1=0, M0, —1I).

Tycte 3amanbi ase npamble L, u L, BO3MOXHBI JiBa ciIydas WX
mRMMROTO pacnonoxers:
LywL,— npambIe, B onnt
2 L % L, nepecekatotcs.
B sapauax 2.145—2.149
HME 3aJ@HHBIX NpsMBIX L; ¥ L,. npn 3TOM B ciyyae 1) Haiita
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pRCCTOSTHHE p(Li, Ly) mexny a B citydae 2) - KOCHHY
yroa (Ly, L,) u TouKy M, NEpECEuCHHS IPSMBIX.
2.145. Lo —2x+y—1=0, Ly 2y+1=0,
x=1
. Ly — ==
2.146. Ly: —> =1,
2.147. Ly: x+y—1=0,

2.148. Ly x+y—1=0,

2.149. L;: —x+2p+1=0, L;: 2x—4y—2=0.

2.150. Tpeyronbuuk ABC 3anan KOOpJAMHATAMM CBOMX BEp-
pmu.  Tpebyercs:

1) HamMcaTh ypaBHeHHE cTopowbl (AB);

2) HamMcaTh ypaBHeHue BBICOTHI (CD) ¥ BBMHCIMTH €€
nmmy h=|CD|;

3) maitti yron ¢ mexay Beicotoit (CD) u memmamoii (BM);

4) manucaTh ypaBHeHHs OuccekTpuc L; ¥ L, BHYTPEHHEro
¥ BHCIUHErO yrJIOB NPH BEpumMHC A.

Wcxoamee aHHbie:
a) A(1, 2), B(2, —2), C(6, 1)
6) A(2, —2), B(6, l), C(-2, 0).

2.151. l'loxaaan. uTO TouKa M (— 1, 2) NpHHALNEXHT MPsIMOK
L: x=2t, y=—1-—6t. HaliTh COOTBETCTBYIOLIEE ITOH TOUKE
3HAUCHUE TapameTpa f.

2.152. Bouuciurs paccrosiiue oT toukn M (1, 1) mo upsiMoit
L x=—1+2t, y=2+1.

Fcau npsmas sanama oGumm ypasuersem Ax+By+C=0 u npu
3ToM B#0 (T.e. mpAmas He TapauicibHa ocu Op), TO Ira mnpaMas
woer Is.m OnMCuHA  ypasnenucs ¢ peaoevim Kodbduuenmom Bata
y=kx-+b.

Tipumep 2. Hamucatn ypashenue mpamoit L', npoxomsuncit wepes
Touky M(2, 1) non yrnom w4 k mpamoi L: 2x+3y+4=0.
< Vrnom mexity mpambivd L W L' HasbiBaeTcs HAMMEHbLIMH W3 JIBYX
g»icm;mx yriios, 06pa3’oBaHHbIX ITUMH npAMbIMU. TloaTomy (cM. 3amady
.156)

K+
gL L)= |~ | =1,

T

e k —yriosoil koxppuieHt mpamodi L' W3 otoro  ypapcas

2
3

HAXOJIM k,:vs-. ky=—5. CnenoatensHo, 3afaua WMeeT ABa pe-
Tenust. WCons3ys KOOPIMHATHI TOYKM M, Mbl MOXEM 3anucath JUis
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KAXJIOro Caysan ¢ yrnosrm

! +3 Sx+11
p=x4 =, p=—Sx+11,
¥ 3 5 ¥

um B obwem Buie
X—=Sp43=0, Sx+y—11=0. >

2.153. Hammcate y TIPSIMOH, 7 uepes
Touky Mo(2, 4) u oTcrosumeit or touku A0, 3) Ha
paccTosiHie p=1.

2.154. Hanucate TIPSMOH, i uepes
T0uKy Mo(l, 2) w ymanenHoit or Touku A(—2, —5) BaBOE
nansiie, yeM oT Touku B(l, 8).

2.155. Hamucate TpSIMO, fi Ha pac-
CTOSIHHH \/E oT Toukn A(5, 4) UCPNEHAMKYNSPHO MPAMOI
2x+6y—3=

2.156. lokazaTs, uTO ecnu mpsmbie Ly ®w L, 3amaun

C YIIOBBIM TO
_kl
T4k k|

2.157. U3 Touku M(5, 4) BBIXOAMT Jyu CBETa MOX YITIOM
@=arctg2 K ocu Ox u oTpaxaercsi oT Hee. HammucaTs ypasHeHHs
MaJaloUero W OTPaXEHHOIo Jiyuew.

2.358. HaiiTn ypaBHEHWE IpsMOMN, OTCEKalomiell wa OcH
abcuyce OT Hayajla KOOPIMHAT OTPE3OK JUTHHBI 2 M obpasyromiei
¢ mpsaMo# 2x—y+3=0 yron 45°.

2.159. B ypasuenun mpsmoii 4x+Av—20=0 monobpars
A TaK, 4TOOBI Yron MeXay 3TOH TPSMOi ¥ NpsMoit 2x—3y+6=0
paBssuics 45°.

2.160. B paBHOGenperHOM Tpeyronbhuke ABC 3azaHsl Bep-
wmHa C(4, 3). y 2x—y—5=0 (AC) u ypas-
Henue x—y=0 GokoBo# cTopoms! (4B). Hamucath ypaBHeHHE
CTOPOHBI (BC)

2.161. HamicaTb ypaBHEHHE NpPAMOW, KOTOpas OTCTOMT OT
Touku A(—1, 2) Ha p=\/§ " T C OCBIO
Ox yron, BaBoe OGoNblHMil yria, COCTaBISEMOro ¢ oOCblo Ox
npsmoit 2x—6y+5=0.

2.162. CocTaBATh ypaBHEHHE NpsSMOl, KOTOpas MPOXOIHT
uyepes TOUKy M (8, 6) M oOTceKaeT OT KOOPAMHATHOIO yrja
TPEYTOJIBHMK C TUIOIIAMbIO, paBHOH 12.

2.163. HamucaTe ypaBHEHHE NpsIMOM, MAPAJUIENBHON IBYM
3aJlaHHBIM TMPAMBIM L; u L, u npoxonsiuel MOCEPEIHHE MEXAY
HUMH, eclu:

~
tg(Ly, Ly)=

a) Ly 3x—2y—1=0, Ly ?:"}'J;



x+

6) Ly: 3x—15y—1=0, L, ==

ol—
~

_; I
NI -

2.164. HanMcaTh ypaBHEHHE NPAMOH, TPOXOMSUIEH wepes
Touky M(2, 1) moa yrmom w/4 k npamoii L: x=1+¢,

2
y=—2=25t.

2.165. Nanpl [BE OPOTHBONOJOKHBIE BEPLUMHBI KBaapaTa
A(1, 3) ¥ C(—1, 1). Haifru KOOPAMHATBI LBYX €ro Apyrux

BEPLIAH H HANMCATH YPABHEHMS €r0 CIOPOH.

2.166. M3pectHpl ypaBHEHME OJHOM M3 CTOPOH KBaJpara
x+3y—3=0 wu Touka mnepeceuenus mmarosaned N(—2, 0).
HanucaTh ypaBHCHMSI OCTAJbHBIX €rO CTOPOH.

2.167. Touka A(5, —4) sBisercs BepUIMHON KBaapara,
AMAaroHab KOTOPOro JICKMT Ha npsmoil x —7y—8=0. Hanucars
YPaBHEHHsS CTOPOH M BTOPOH JMArOHaTM 3TOro KBajpara.

2.168. Hammcarb ypaBHeHMsl CTOpOH TpeyronbuMka ABC,
ccmi 3afasa ero sepumba A(l, 3) M ypaBHEHMs ABYX Me/MaH
x=2y+1=0 u y—1=0.

2.169". Jlokasars, uto mpsamas 2x+y+3=0 nepecexaer or-
pesok [MM,], rne M(=5, 1) u M;(3, 7).

2.170. Hamucare ypaBHenMe TpsiMOi, mnpoxosuieii uepes
TO4KY Mo(—2, 3) HAa ONMHAKOBBIX PACCTOSHMSAX OT TOYEK
M5, —1) w M3, D).

2.171. YcranoBurh, nexar JM rTouka Mo(l, —2) u Havano
KOOpﬂHHaT B OJIHOM YIJIe, B CMEXHBIX HJIH B BEPTHKAIIBHBIX YIJIax,
Ly n Ly, ecmu:

a) Ly 2x—y~5=0, L 3x+y+10

6) Ly x—2y—1=0, Lj: 3x—y—2

2.172. YcraHOBHTH, KAKOH M3 YIJIOB-—OCTPBIH WM TYyNOM,—
00pa3oBAHHBIX NPAMBLIMH 3x—5y—4=0 ¥ x+2y+3=0, conepxur
TouKy M (2, —5).

2.173. HamicaTb ypaBHEHHs CTOPOH TPEYrONIbHHKA, 3HAS OJIHY
ero pepumHy B(2, 6), a Takxe YPaBHEHUS BBICOTBI X—T7y+15=0
M OHCCEKTPHCE! 7X+y+5=0, NPOBENCHHLIX W3 OMHON BEPLIKHBL

2.174. HamucaTh ypaBHeHHs! CTOPOH TPEYrOJIbHHKA, 3HAsI OJIHY
ero pepuinHy B(2, —7), a TaKxKe ypaBHEHHs BBICOTHI 3X+y+11=0
H memmanbl x+2y+7=0, NPOBENEHHBIX M3 Pa3JMYHBIX BEPILHH.

2.175. HanMcaTb ypaBHEHHs! CTOPOH TPEYrOJIbHHKA, 3HAst OJHY
ero pepumHy A(3, —1), a TakKe ypaBHEHMs OHMCCEKTPHCHI
x—4y+10=0 u memuaunl 6x+10y—59=0, npoBeneHHBIX W3
Pa3sNHYHBIX BEPUIMH.

2.176. Naubt ypasuenuss S5x+4y=0 u 3x—y=0 Memnan
TPeyroybHUKa M KOOPIMHATHI (—5, 2) OJIHOH M3 €ro BEpILHH.
Haiiti ypaBHeHMst CTOPOH.
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2.177. [aubi ypasuenust y+4=0, 7x+4y+5=0 GuccekTpuc
ZBYX BHYTDCHHIX YIJIOB TPEYTONLHHKA H ypaBHEHHE 4x+3y=0
M3 KOTOPBIX BBIXOASAT JAaHHBIE
6nccenpucu Hanucate ypaBHEHHs IBYX ApyIMX CTOPOH Tpe-
YroJIbHUKA.

2.178. a) [lokasath, uTO TO4ka H mepecceHHsl BHICOT Tpe-
YrONbHHKA NEXHT HA OMHOH MpsMOil ¢ ToukoH M mepeceueHHs
€ro MejaH M C HEHTPOM N ONMCAHHOH OKPYXHOCTH.

6) INposepuTs yTBEpXKACHHE 0. a) [UIS TPEYTONbHMKA C BEp-
wuHaMH B Toukax A(5, 8), B(—2, 9), C(—4, 5). Onpenennrs,
B KaKOM__OTHOIWICHMM A TOuwka H JeNuT HaNpaBIeHHbIil
orpesok MN.

2.179. B tpeyrompamke A(—3, —1), B(l, —5), C(©9, 3),
AM = 3MB AN=3NC. Tloka3arb, 4TO TOYKAa KepecedeHms
npsmbix (BN) u (CM) nexMT Ha MeauaHe, NpPOBENECHHOH H3
BepIIMHBI A.

2. W npavas B n P
TPAIMOYTONBHOM CHCTEME KOOp/MHAT Oxyz Moxer OwITh 3ajana ypas-
HEHHEM OfIHOTO U3 CIIE/AYIOUIMX BHJIOB:

1) Ax+By+ Cz+4 D=0—o06uce ypacuenue TIIOCKOCTH;

2) A(r Xo)+ B(y—yo)+ C(z—zo)=0— ypasrenue 1wI0ckocTH, 0-
Xonsiwieli uepes TOuKy Mo (Xo, Yo, Zo) TEpNCHMKYJISAPHO m:pmmwnmr
ooy a5, "

- YDABHCHMC TUIOCKOCTH @ ompeskax, Tne @, b,

13 OTpe3kos, I0CKOCTBIO 1A
KOOP/MHATHBIX 0csX Ox, Oy, Oz COOTBETCTBEHHO;

4) xc0s 0+ COSP+2C0sY—p=0- - HopMaasioC ypasnente TAOCKOCTH,
rlxc €os 0, COS 3, €OS Y — HaNPaBJIAOLIHC kocmlycbl nopMam(om mropd

0 M3 Havana ap>

paccmmmc OT Hauana KOOP/MHAT /IO vmocuocm

Obuice ypasiichue 1) TPHBOJWTCS K HOPMAaTBHOMY BiAY 4) MyTem
YMHOKCHHS Had HOPMHMPYIOUIMH MHOXHTEIh

sgn D
Nz e

Ecau  muockocT P 3ajlana  HOPMQIBHBIM  YDABHCHMCM  BHJIA
4),a M(x, y, z) pas Touka T0

8(M, P)=xcoso+ycosP+zcosy—p

sagiaer omaonene mouxu M om naockocmu P. 3uax 8(M, P) yxasunact
Ha B3AMMHOE DACTIONIOKCHHE TOMKH M, IiockocTH P M Hawasa Koopam-
HAT, @ MMCHHO! CCIM TOWka M M Haualo KOODAMHAT JeXar To
pasHbie CTOPOHL OT TioCKocTH P, 1o 8(M, P)>0, a ecnu M
u ng-(la.no LCOpPMHAT HAXOIATCA 110 Oy CTOpoRY Of InocxocT P,
To

Paccrosumne p(M, g OT TOuKM M 10 miockocTH P onpenensiercs
pasciicriom p(M, P)=|5(M, P)|.
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Mpsmas L B 0 AHCTBC MOXeT ObiTh 3aaHa:
n n6u4uuu ypasnenussi
A x+Byy+Cyz4+Dy=
Ay x+Bay+Coz+ Dy =0,
e xoapdumenTer 4,, B,. C; He nponopumMoHasibHEI KOMpPHUHEHTaM
A;, Bz, C, UTO DAaBHOCTBHO €¢ 3/IAHHIO KaK JIMHWM TIEPECeveHHS
TI0CKOCTEH;
2) napamempuseckumu ypasHenusMU

W B BEKTOPHOI (opme r(l)——n,«rql rae roix‘,, Yo» Zo)—— PAIRYC-BEKTOP
HEKOTOPO# TOYKH, TpHHA/IeXalleli NpsmMol, a g(% m, n)—ranpasns-
ol BEKTOP TIPAMOJ;

3) Kanonueckumu ypaswenusu

T mn

WTO PABHOCHTLHO 3aIaHMIO TPAMON KAK JIMHMM TICPCCCHCHHS TpeX
i o1y mpIMYIO 12

Tipumep 3. Hauncars

town My (I, 1, 1) w My(0, 2, 1) napaaieanio BexkTopy g o
auwm Mhger cumlcTociunoe petlcyhe, TAK KK beKropLt M M;(— R
L, 0) u a(2, 0, 1) HCKOTMHCADIH. B KauecTRC HOPMATHIOTO BEKTOpA

X fivotxecrn vioer Gurtn momm BexTOp
ijok
n=[M,M,, a)

01

Vpusmeuwe | wiockoeru e o (v 1)- r(;~l) 21zwl) 0, wm
X+y—2z=0. Tax kak B 1 T
wicH, ‘m TWIOCKOCTh TIPOXO/IMT HEPE3  HANAJIO xoop:mnar

Jipyroii cnoco6. Touka M (x. NPUHAILIERUT HCKOMOH TIIOCKOCTH
P B TOM M IONBKO B TOM cIyvac, Korjd Bek10pht M, M, MM,
W @ xoMIIaHapHbl. CIIEOBATEIBHO.

e x=1 y=1
M M-MM; a= 1

2 [

oTkypa x+y—2z=0.
pumep 4. Flpamas L 3ajana oGuMMI YPaBHCHHAMH

{

HanmcaTh KaHOHMMCCKME YPABHEHMS OTOM NPAMON, 4 TAKKC YpaBHCHHE
€€ MPOCKUHH Ha KOOPAHHATHYIO IUIOCKOCTh OXz.

< Towxa M(0, 2, 2) yNOBNETROPSET OGIMM ypamHCHASM RPSMOii
(MpoBephTe!) W, CICAOBATENBHO, JIOKHT Ha ITOH Tpamoii. B xavecrse
HANDARTAIOLIETO BEKTOpA MPAMOY MOXET GLITh B3ST BEKTOP g=[my, nz).
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e m(1, 1, ~1) u m, (2, -1, 0) BEKTG
JMHWEH TIEPECEUCHHS KOTOPhIX usnumx 3a7laHHas npnmu. TanfM
obpazom,

ij ok /
g=|1 1 o1 - —i—2-3k
2 -1 0
W KaHOMMNCCKME YPABHCHMA TIpAMON TaKOBHL:
-2
-3 N
Tlony Ha CHCTEME TpeX YpaBHEHHH

U TPAMYIO Ha KOOp/WHAT-
HBe TUIOCKoCTH Oxy. Oxz 1 Oyz COOTBETCTBEHNO (ypasncnus nmpsmoi
¢ B —3x+2—2=0 ecTh VpaBHeHHE
NpoeKUMH  3aAHNON  TPAMON  Ha
nnockocts Oxz. &

puMep 5. 3ajansl ckpelumRa-
rouHecs mpAMBic

X
=

Haitin paceronmme p(Ly, Ls) moxiy
NDAMBIMH B HATHCATE  yDABHCHHS

2.

Puc. 5 oSmcro ncpncmmkynnpa L x stam
npaM)
< Haiizem P, i uepes mpamyto L

e
napaienbio npaMoit Ly (puc. 5). Touka My(0, 1, —2) nexur wa
npsAMOii L, M, CIEQOBATENLHO, NPUHAMICKHT HCKOMOH IIOcKoCTH P.
B KauecThe HOPMAJbHOrO BCKTODA K 3TOM IUIOCKOCTH BOSHMEM BEKTOD
i j ok
[
12 -1

=g, 0= = 2i-j-dk.

Vpassenue niockoctu P:
—2x—(y—1)—4(z+2)=
WM, B obweM Bunc. 2x+y+4z+7=0.
Paccrosime p(L,, L;) PaBHO PACCTORHMIO OT NoBOH TOYKH npsMok

Ly, wanpuwmep, oT Touku M (—1, —1, 2), o niockoctn P. Hopmanboe
YPaBHeHme TIIOCKOCTH P HMeeT B
2 1 7

BN TR



axyaa

8 12
p(Ly, La)=18(M;. P)= ‘ T—T—T —T.
8 Toro wrobm obero
L n%;‘:m I’, u Py, uepes
mpamte Lo n L, .
Vimeem: M,(0, 1, —2)eP, W m ~[‘q..n =i—10j+2kLP,, orxya
Pyt 310y 2z 140, Anazoruuo I A Syl o

9i+6j+3kLP, otkyma Py 3x—2y
x—~10p+2z+11=0,
3x—2y—z43=0
—obume ypapHesus npsMoii L=P,(\P;. o>

2.180. 3asans! wiockocts P i Touka M. Hammcate ypaBreHue
iockocTd  P’, mpoxomsue#f wepes TOWKy M mapanienbHO
mwiockocT! P, M BbucmTh paccrosaue p(P, P’), ecam:

a) P ~2x4y—z+1=0, M(1,1, 1)

6) P x—y—1=0, M(1,1,2).

2.181. HamicaTh ypaBHeBHe NUIOCKOCTH P’, mpoxomsmiei we-
pe3 3amaHublc TOYKH M; w M, NeprneHIHKyISpHO 3aNaHHOH
IJIOCKOCTH P, ecnu:

a) P —x+4+y—1=0, My(1, 2, 0),M(2, 1, 1)

6) P 2x—y+z+1=0, M,(0, 1,'1), My(2, 0, 1).

2.182. Hamxcartb it uepes
TOWKy M TNapajienbHO BEKTOpaM @; W &, €CIM:

a) M?l, 1, lg, a,io, 1, 2), azE—-l, 0, 1)

. CenosatesibHo,

6) M(0, 1, 2), a,(2, 0, 1}, ay(1, L, 0).
2.183. Hanncan ypasnen.uc TUIOCKOCTH, TPOXOAAlIel vepes
ToukH M, m Jmenu-lo BEKTOpY @, €CNH:

7O}
a)M,lzo My(2, 1, 1), a(3. 0, 1);
6) My(1, M2, 3 21), a0, -1, 2).
2.184. Hamncan YpaBHEHHE nnocxoc'ru, npoxossueR uepes
3ajlanHbie TOYKH M,, M, u ecma:
a) My(1, 2, 0), My(2. 1, 1) M;(S o, 1)
6) My (1, 1. 1), My(0, —1,"2), Ms(2, 3, —1).

TNycry 3anarer gee miaockoctw Py, w P, Boamoxwel msa ciywas
WX B3AHMHOTO DACTIONIOKEHHS:

1) P]|P2, B 4ACTHOCTH. TJIOCKOCTH COBINAIAIOT;

2) P, u P, TepecckaloTcs MO HEKOTOPOH MpAMOl.

B 3amavax 2.185—2.188 Th
HHE 3aJaHHbIX MiockocTeil. Ilpn atoM B ciysae 1) HaiTH
paccrosime p{Py, P} Mexiy IUIOCKOCTAMH, a B Ciydae 2)—
KOCHHYC yINla MeXAy HHMH.

2.185. P;: —x+2p—z+1=0, Py y+3z—1=0.

2.186. Py: 2x—y+z—1=0, P;; —4x+2y—2z—1=0.




2.188. P: 2x—y—z+1=0, P: —4x+42v+22—2=0.

2.189. B b 06BEM ITHD orp: ¥ rpioc-
KOCTBIO P. 2x—3y+62~12=0 M KOOPIMHATHBIMH MJIOCKOCTSMH
2.190. Hammcars u, it [4ej
Touky Mo(l, 7, —5) W oTcekaromeii OT oceit KOOpmMHAT

TIOJIOKHTENBHBIE M PABHBIE OTPE3KH.
2.191. Tpu rpany Terpadnipa, PACNONOXEHHOTO BO BTOPOM
OKTaHTe (x<0, y>0, :>0), COBINAAOT C KOOPJMHATHBIMH

2.187. Pi: x—y+1=0, Py y—z+1=0. /

sMH.  Hamucats qe'raepmﬁ TpamH, 3Has
nmHy pebep, ee orpanmumBatoumix: |AB|=6, |BC|=./29,

JAC|=5, u naiitu Anumy Buicoter [OH ) wrpaanpa
2.192. Hamucats y
JBYrpaHHbie YIiibl, oOpa3’oBaHHbIE MUIOCKOCTAMH Py M P,, ecnmi:

a) Pi: x—3y+2z—5=0, Pp: 3x—2y—z+3=0;

6) Py: 2x—y+5z—3=0, Py: 2x—10y+4z—-2=0.

2.193. Harmcs I NenHoii ot
IBYX 3aflaHHBIX IUTOCKOCTEl Py ® P,, ecmi:

a) Py 4x—y—2:—3=0, P;: 4x—y—2:—-5=0;

6) Py Sx—3y+z+3=0, Py 10x—6y+2z+7=0.

2.194. Vcranoputb, nexar mu toukn M, (2, —1, 1) m My(1,
2, —3) B O/IHOM yrlle, B CMEKHbIX MM B BEPTHKAJNBHBIX YITIax,
06pa3oBaHHbIX TWIOCKOCTAMH Py M Pp, ecmi.

a) Pyt 3x—y+2z-3=0, Pp: x—2y—z+4

6) Py: 2x—y+5z—1=0, Py 3,\'—2y+6z— .

2.195. M3pecrmbt A4(2, 0,
0), B(S, 3, 0), C(0, 1, 1), D(—2, —4 !) Hanvicats yp.asx-u.um(
ero rpaseii.

2.196. CoctaButh n H, il uepes
Touky A(1, 1, —1) u i K M
2Xx—y+5z43=0 u x+3y—z—7=0.

2.197. MNpsmas L 3anasa obummy ypabHenusivi. Hanmcarts
NS 9TOH MpsAMO# "y B TpOeK-
mAx (cM. mpuMmep 4), ecnu’

o L:{Zx y+22-3=0, 6) L‘{x+2} 3z-5=0;

x+2y—z—1=0; 2x—y+z42=0.

2.198. Hamucarb KAaHOHHYECKHE YPABHEHHs IPAMOM, MPOXO-
nsuwed wepes Touky Mo (2, 0, —3) napasuienbHO:

a) BekTopy ¢(2, —3,

6) npsmMoit x_—[_ﬁ__z+_l

P 5 2 -1’

B) ocu Ox; 1) ocu Oz

8



Y Ix—y+2z-7=0,

npst

P x43y-2:-3=0;

€) mpaMoll x=—2+t, y=2t, z=1—"/1.

.199. Hanucarh ypaBHEHMst TIPSIMOH, TPOXOAsINEH 4epes JBe
HblE TOYKH M; H M,, ecl

U
ay M,(1, =2, 1), M(3, 1, —1);
6)'M,(3, —1, 0), M(1, 0, =3).

. 3aganbl npsaMast L: 2 %’:? H TOUKa M{O, 1, 2)¢
¢ L (npopeputs!). TpebGyercs:
a) HaImMCatTh Y TUIOCKOCTH, f uepe: nps-
My L u touky M;
6) Hammcarh p M Yepe3s TOUKY
M nepnenauKynsipHoO npmon L;
B) HanmmcaTh 0 u3

TOUKM M Ha mpsamyto L;

1) BBIMHCIHTE paccrosne p(M, L);

1) HalTH MpOCKIMIO Touwkw M wa mpsMoi L.

2.201 38mnu ninockocTs P: x+y—z+1=0 u npamas L:
z+1

~——, npuyeM L¢P (npoeeputs{). Tpebyercs:

a) BH'-].HCJIH’TL sin(P, L) M KOOPIMHATEL TOWKH IepeceveH s
npsiMoll M ILIOCKOCTH;

6) nanucars i uepes mps-
Mylo L mNepleHIMKyIspHO K IUIOCKOCTH P;

B) HAMKMCATH yPABHEHHs MPOEKUMM TpsiMoill L #a miockocts P.

2.202. Tlycth 3afaHbl [Be NpPsMBIE:

X=Xy Y=y _iI—n X=X _Y—Yy2_2Z—22
Ly u Ly .
A o A m m

Hoka3zaTb, uto mpsmelie L; v L, nexar B OIHOM IIOCKOCTH
B TOM H TONBKO B TOM Cllyuae, cCIH BBUIOJIHCHO YCIOBHE
X2—Xy Y2—Y1 22—y
L rom
I iy "

2.203. Wcrrone3ys pesynbrar 3anaud 2.202, yGemnrcs, Wro
apameie L, 1 Lz npm;aune}xar OJIHOM MJIOCKOCTH, M HANMHCATH

3T0M JlaHHbIE:
x—1_y42 z-5 x—7 y=2 z—1
a) Ly , Ly
) Lo 2 2
2 y+1
6) Ly X v+

2
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2.204. HaiTH pacCTOSHHE MEXJy NapajleNbHbIMH NPAMEIMg
/

x=2_y#l_z o x=T_y-1_z-3
34 2 3 a4 2 /

/

2.205. Haifti paccrosiue oT TOUKH A (2, 3, —1) 10 3aauH0N
gt Lo

a) [2x—2p+z4+3=0, 6) ng:’fi
I+ H1T=0;  |he o5

2.206. [{oxa3aTh, YTO TNpsiMble

NapaLIenbHbl H HAHTH pPacCTOsHHE p(L,. Ly).
2..07. CociaBHTD Y TIPSMOii,
TOYKM KicpeccucHusi maockocTH x—3y+2z+41=0 ¢ npnMuMn

x=5_y#l_z=3 o x-3 _y4d_z-5
5 -2 -1 4 -6 2

2.208. [Ipu KaxOM 3BaYEHMH A TUIOCKOCTH SX—3y+Aiz+1=0
OyfeT mapajieibia NPAMOK

x—4z—1=0,
y—3z+ .

2.209. Haiit NPHMOK x4 "jzl i 1‘
Ha MIOCKOCTh x—3y—z+8=0.
2.210. Onpenennts Y10 Mexkay NpsAMOR ‘
x+y+z-2=0,
2x+y—z—1=0
M II0CKOCTBIO, mpoXxousied wepes Touknm A(2, 3, —1), B(1,

1, 0), C(0, ~2,

2.211. Hanucate ypaBHeHME IUIOCKOCTH, NPOXOMAlIEH wepes
TouKy Mo(7, 1, 0) mapamnenbHo nmockocTd 2x+3y—z—15=0
x_y=1_z-3
1 4 2

2.212. HanucaTh KaHOHMYECKHE yPABHEHMsi NPSMOI, KOoTOpas
[POXOINT uepes TOUKY Mo(3, —2, —4) MapajUIeNbHO IIIOCKOCTH

x=2_y+4_z—1
Iy —2y—3z—T= e e
x—2y—3z—7=0 u npaMyio — =3

M

P TIpAMYEO
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2.213. [lokasars, 4ro MEXIY cst
npsmevi Loy r(f)=ri+q:t u Ly: r(t)=ry+g,t MoXeT Gbrib
BLIYKCIEHO TTO dopmyre

1(r2—r1) 41421

Ly, L;)=
Pl L) =

Jins 3ajaBHbx mpambix Ly u L, TpeGyercs:

a) JloKaszaTb, YTO MpAMbIE HE NEXaT B OAHOH MNJIOCKOCTH,
7. €. SBISIOTCH CKPELMBAROIIMMUCS;

6) mamicarb I il uepes nps-
myio L, mapannenbHo Ly;

B) BBIMHCIMTB PACCTOSHHE MEXIY MPAMBIMH.

r) Hanucarb y obmero K TPSAMBIM
Ly n Lo
L X+T_y+4_z43 Lx=21_yp+5_z-2
2214, Ly S-Sy TR
—6 y— y 4
2215, Ly: x=6_y—3_z+3 L:x+| y+7 zB .
.216. L,:
2.216. L, i g
7 y—4 z—4 —1_y+8 12
27, g SRR g R

1 2 -1

2.218. Ky6 ABCDA’B’C'D' 3a7aH  CBOMMH BEpIIHHAMH
4(0, 0, 0), B(1, 0, 0), C(1, 1, 0) D(o, 1, 0), (0, 0, 1),
B(1, 0, 1), C'(1, 1, 1), D'(0, 1, 1). BrmonmuTe Criemyioume
3aJaHHUS:

a) mamucaTh ypabHeHus npsmbx (4'C) u (BC');

6) BLIMHCIHTL paccTosHHe Mexay npsmbivu (4'C) u (BC');

B) HAmHCAThL obmero K TIPSIMBIM
(4C) u (BC'):

T) HamucaTh H, it uepes TOUKH
P, Q u H, tne P—ueurp I1paun ABB'A’, Q nemur BC’
B 13 u H Ha pebpe (BB’) Tak, uto

Inmna pextopa PH+HQ MAHHMaibHa;
1) OnpefeNuTh Yroa Mexmy TOJY4eHHOH B II. T) MJIOCKOCTBIO
H Iuaromaneio kyba (BD

§ 3. KpuBbie Ha IIOCKOCTH

1. Vpasueune Kpunoi B nexapromoli DPMOYTOMbOH CHCTeMe 10Op-
I, Tosopar, To. kpusas I B GucTewie Koopauiar Oxp mveer
pasiicaye

F(x, y)=0, m
81



€CTM  BHIIONHEHO CrCnylollee ycroBMe: Touka M(x, y) mpuHamiexmt
rpmmﬁ I B TOM M TONbKO TOM CHydyae, KOT[Aa €¢ KOOPIMHATHI
x 1). Ecim, B F(x, y)=
-—f(x) '}, 70 ypasmeske (1) MOXeT GLTh 3aMHCAHO B BHIC

y=/(x), @

" B grom cnyuc xpinat I' cosnanaer ¢ rpadukom Qymxum f(x).

B naparpade CBAIL MEXITY
CRONCTBAMM KpUBOIi €€ YPaBicHUeM B HEKOTODLIX HamGoiice TPOCTEX
coyuasx.

TMpumep 1. Hanucats YP4BHCHUE KDUBOH, CyMMa KBajpatos pac-
crommii_ ot xaxioii TowM Kotopoir 10 Touek A(-a,0), B(O )
u C(a.0) pasna 3a*.
< Tyers I — kpusas, yrosnersopsiouast yciosusam sazaum; M(x, y)el
5 TOM W TONBKO TOM Ciydae, KOFJA

p2(M, A)+p?(M, B)+p*(M, C)=3a2,

(x+a) 452 432+ (y—a)+ (x—a) 32 =32,

2
Tlocse mpoctx mpeolpazopaii nOTysaen X7+~ Zay=0, Wik, ohi-

"k

370 W ecth HexoMoe o
pamiyca af3 ¢ NeHTpoM 8 TORE Ao(D, a/3)

JenSA nOMAL KBANpAT,

B 3ajauax 2.219--2.232 Tpebyercs yCTaHOBHTb, KAKHE KPHBBIC
H IOCTPOMTbL 3TH

KpHBBIE.
2.219. x=0. 2.221. x*—xy=0.
2222, 2.224. xy=0.

2.225. y*—9=0. 2.226. x2—x—6=0.

2.227. xzy Txy+10y=0. 2.228. x> +)?=4.

2.229. x +(y+3)2—l 2.230. x*+42y2=0.

2.231. 2x?+y*42=0. 2232, x> +]y*—1|=0.

2.233. HamucaTh ypaBHEHME KDHBO¥, KaX/asi TOYKa KOTOPOil
Haxom;mﬁ HA OJMHAKOBOM DAcCTOSHMH OT Touek M,(3, 2)
u M,(2,

2.234. HammcaTh ypaBHEHHE KPHBOH, pPasHOCThL KBAIPaTOB
PACCTOSHMK OT KaXJIOW TOYKM KOTOPOH IO TOYCK M‘( —a, 0)
u M(a, 0) pasua c.

2.235. Hanwcatb ypaBHEHHE KPHBOH, PACCTOSHHE OT KakiOiH
TOYKM KOTOpOii 10 ocn Ox BBoe Gonbine paccTosHus 10 ock O)

2.236. HanucaTb ypaBHeHyie KpHBOI, CyMMa KBAJparToB pac-
CTOSHMH OT KaXnoH TOUKM KOTOpoii 10 Touek M,(—3, 0)
u M, (3,0) pasua 50.
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2.237. Hanucats ypaBHeHHe KPHBOl, PACCTOSIHHE OT KaXHoi
TOYKH KOTOPOH [0 -ro-um Mi(—1, 1) BaBOE MCHBILE PACCTOAHAS
o rouxu M,(—4,

2.238. Halmca'rb YPABHCHHE KPHBOH, CyMMa pPAaCCTOAHHH OT
KaXIOH TOUKM KOTOpoi nmo Touek Fi(—2, 0) m Fp(2, 0)
paBHa Zﬁ

2.239. HanucaTe ypaBHeHME KPHBOH, MOMYNb Da3HOCTH pac-
crosmuii OT KaXuoif ToukM KkOTOpOii no Touek Fy(—2, —2)
u F2(2, 2) pasen 4.

2.240. Hamucats ypaBHeHHE KPHBOH, KaXJasi TOUKAa KOTOPO¥
HAXOZMTCA HA OIMHAKOBOM paccTosiuu oT Toukn F(2, 2) m ot
ocn Ox.

2.241. YCTaHOBHTb, 4TO KaX10€ M3 CNEAYIOUIMX YpaBHEHMI
onpenemnsieT OKPYXHOCTb, Haiih ee Hewtp C M pamuyc R:

a) X*+y?—4x+6y—3=0;

6) xz + y2~8

B) x?+)2+4y=0.

2.242. HammcaTh YpaBHEHHE OKPYXHOCTH B KaXIOM M3
cryyaes C—1eHTP OKD! R--

pamwyc, M, M,. M;, Mg‘—Toqm Ha OKPYXHOCTH):

a)

6) M( (2, 6) C(—l

B) M, (3, 2 Ma(—1, 6)Axonuu MaMeTpa OKpPYXHOCTH;

r) C(1, —1), upsmas 5x—12y+9=0—KacaTenbHas ¥ OKpy-
HKHOCTH;

n Mi b Kacaercs THEIX OCei;

e M, (3 1) My(—1, 3), CeL: 3x—y—2=

*)* M‘(—l 3), M2(0, 2), Ms(1, 71),

2.243. Hanmcats xX24p24
+4x—6y—17=0, nepueHmMKynApHOro mpsMofi 5x+2y—13=0.

2.244. Buqnc:mn KpaTyaiilliee paccCTOsiHHE OT TO4YKH M, 1O
okpyxuoctn I, ec.

a) Mo(6, —8 l' x + y

6) M.)E 7, } rox*4y*— 10vA14y~lSl=0.

2.245. Oy b, KaK npsMas o
OKPYKHOCTH — MEPECEKACT, KACACTCA WM NPOXOIMT BHeE Ce, Ccilit
npAMas 1 OKpY b 3a7aHbl

a) 2x—y—3=0, x24+y*—3x+2y

6) x—2p—1=0, x*+)*—~8x+2y+12

B) x—y+10=0, x2+)*—1=0.

2. AareGpameckre KpBbie BTOPOro NOPRIKa. A.2efpauneckoii Kpusai:
6Mmopozo nopadka HasbiBaercs kpusas I, ypaBHeHWE KOTOpO# B jiexap-
TOBOI CHCTEME KOOD/IMHAT HMEET BHJL

Ax?+2Bxy+Cy* + Dx+ Ey+ F=0, 3)
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e e Bee KoapduumeHTE A, B n C DaBHLI OJMOBPEMEHHO HymO (B
ac T —mpamas, T.c. anreGpa KpHBas ncpROTO

nopnma)

B obliem crysac MoxeT )

TAK HATLIBACMYKO  GHIPONCOCINYIO rpm;yw (NYCTOE MHOXECTBO, TOUKY.
UPAMYKO, Tapy DPAMBIX).

1 Ke KpuBas T HEBLIDOXJIEHHAS, TO JUIA Hee HAHIETCH Takas
JEKAPTOBA TIPIMOYTOJIHAS CHCTEMA KOOP/MHAT. B KOTOPOW YDaBHeHHE
70/l KPHBOH WMECT OJUIH M3 CIEAylOUMX TPEX BHIOB (KaHONuNECKOC
ypasnenue):

azb>0, (O]

. ab>0, ©

y=2px, p>0. ©

Tipn rom kpuBas ' Ha3biBaeTcs COOT AUNCOM, it

MM napaboacii. a cama CHCTEMa KOOD/IHHAT, B KOTOPOW €€ ypaBHEHHC
umeeT BUA (4), (5) wm (6), MAILIBACTCH KaHOMUMECKOE CucmeMott
KoopduHam A% 3ANAHHOR K|
npuucncnuc ofwiero ypasHenusi KpHBOil BTOPOro mopsika K Ka-
Biny B1.4§3 . 4 Lemio
HACTOALICTO NYHKTA  ABJSCTCA U3YMCHME CCHOBNLX  TEOMETPINIECKHN
CBOWCTB  HEBLIPOXKIEHHBIX KPHBBLIX BTOPOTO NOPSANAKA HA OCHOBE MX
KAHOWVHCCKHX  YPaBHCHUIL.

DNNUNC ¢ KAHOHMYCCKHM ypaBHEHWEM 1, a=b>0, umecr

GopMy, uso6paxennyio Ha puc. 6.

Z, 2,
T
5
Puc. 6
it Wb © "
W manoif cooncmHHu), TouRM A, (~a, 0), A (u, 0} B, (0, —b)
U By(0, b)—ero eepuiumanmu, ocu cHMMETpUH Oy~ 2aasnbimi

OCAMU. @ UEHTD CHMMETPUH O —— yenmpom :wmuca
Towkn Fi(=¢,0) u Fy(c.0). tne_c=/a’=b?>0, masusarorcs
poxycamu snnunca, wextophl FyM u I'ZM - fpoxarenbimu  paouyc-eex-
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opast, a FiM| u ry=|F,M|—doxawnsimu paduycasu

TouKH M, npunaunewaunem ammmcy. B wactHom cnydae a=b& ¢oxycer

Fi w F, COBMAAIOT ¢ UEHTPOM, A KAHOHWSECKOS YPABHEHME WMeeT
2

x )
wia b=l x?4y?=a%, T.¢. ONHCHIBACT OKPYXKHOCTb PAHyca
a
4 ¢ UCHTPOM B Hauajie KOOpIWHAT
3

Yneno e (0<e<1) masmmacTcs  axcyenmpucumemon

JUWNCA W ABASETCS MEPO €ro «cryockyTocTI» (npu e=0 anmanc
SBNSETCH  OKPYKHOCTBIO).

TMpsivue Dy x=—afe # Dy x=afe, TEPUEHIMKYNSPHKE INABHON
ocH W TIOXOMSUIME HA PACCTOSHMM dfe OT UEHTDA, WAILIBAIOTCH
Qupexmpucami SINTICA.

2.246. Moctpouts annunc 9x?+25y*=225. Haiitu:
a ; 6 (OKYCOB; B) IKCUCHTPHCHTET;

) YPABHCHHA JHPEKTDHC.

2.247. HamicaTh KaHOMMYCCKOC YPABHCHHC SJUIMIICA, €CIM:

a) a=3, b=2; 6) a=5 c=4; B) c=3. e=3/5 1) b=
e=12/13; 1) ¢=2 ¥ paccTOsHHE MeXIy IMPEKTPUCAMH DaBHO
S; €) e=1/2 u paccTosHHEC MeXIy IMPEKTPHCAMH pPaBHO 32.

2.248. HamicaTe ypaBHeHMe 3JUTHIICA C NOJYOCSMH a U b 1 ne-
HTpoM B TOUKE C(Xo, Vo), €CTU M3BCCTHO, HTO €ro IJaBHBIC
OCH [ApaJUIENbHBl  KOOPIMHATHBIM OCAM.

2.249. VCTaHOBHTB, MTO KaXI0€ M3 CICNYIOUIMX YpaBHEHHH
onpenenser dMnC, waiitw ero uentp C, NONYOCH, HKCLEHT-
PHCHTET M YPABHCHUS JTMPEKTPHC:

a) Sx2+9y%--30x+ 18y+9=0;

6) 16x2+25y%+32x— 100y —284=0;

B) 4x2+43y? —8x+12y—32=0.

2.250. JloxazaTh CJIGAYIOUHE YTBEPXKICHHS:

22
a) Ecmu M (x, y)-—npou3BONbHAS TOYKA HILIMIICA %-P,%
a
axb, To (OKaTBHBIC pajMychl JTOH TOYKH PABHEI
ri(M)=a+ex, ry(M)=a—ex

(cM. puc. 6). Otcioma, B 4ACTHOCTH, CNEAyeT, 4TO AJIsl BCAKOH
TOYKH M 7JUMNCA BBITONHACTCA PABEHCTBO

r1(M)+r,(M)=const=2a.
6) TMycts 3amann Toukn Fy(—c, 0) n Fy(c, 0), ¢>0. Torma
MHOXeCTBO TOuek M, yuonncraopmoumx YCTIOBHIO |I',M|+

. e br=a’—

+|F;., Ml—consl 2a, ecTb SIUIHNIC —4

v



2.251. [lokasaTe CIENYFOLHE YTBEPXKICHHSA:

2
X
a) Eciu M(x, ¥)—TpOM3BOJNIbHAS TOYKA ULTMNCA —5
a

a>b, ri(M) u r;(M)—dokaneHeie paguycel ITOM TOUKH,
a p(M.D,) u p(M, D;)—ee paccrossHEss IO IMPEKTPHC, TO
BBIIIOJIHACTCS PABEHCTBO
_n(M) -=J1‘—Mvj~=coml=e.
o(M, D)) p(M, D;)
6) INycte 3amansl Touka F(c,0) w npsmas D: x—d=0,
d>c¢>0. Torga MHOXeCTBO TOUeK M, yNOBIETBOPSIOMIHX YCINO-

BHIO |FM) =const=e<I, ecTp ImmHIC \,z+£ e a=de
p(M, D) O atpo o e as
u b’=a’~c*

2.252. DUMIC, [AaBHBIE OCH KOTOPOIO COBMAfaioT C Koop-
[MHATHBIMM OCSMH, MPOXOOMT 4epe3 TOYKH M, (Z, \/5) n
M,(0, 2). Hamicats ero ypasnewne, Haliti QoKajbHble PAaHyChi
TOYKH M; W paccTOSHHS 3TOW TOYKM IO IMPEKTPHC.

2.253. Ha aummce 9v2+25)? =225 naiiTn 109Ky, pacCTOSHHE
OT K010poii 110 Qokyca F, B 4eThipe Pasza GOJblIe PACCTOSHMS
no Qokyca Fi.

2.254. Harucath ypaBHEHHE KPHBOW, IO KOTOpOii JBHXETCS
TOUKa M, ecnm CyMMa paccTOsHHMiX OT Hee o Touek Fy(—1, —1)
u F,(1. 1) ocraercs HOCTOSHHON ¥ PpaBHON 2\/3.

2.255. HamuicaTh ypapHCHHE KPHBOH, MO KOTODOW JIBHXETCS
Touka M, ecim paccrosEme or Hee mO Toukw F(3, 0) octacics
B [BA Pasa MCHbUIC DPACCTOSHHMA 10 mpsamoil x+y—1=0.

2.256. OnpenenuTs, KaK PACIONIONKEHA MPSMAas OTHOCHTEBHO
QJUIMNCA: TepeceKaeT, KacaeTcs HIH MPOXOIWT BHE €0, eciu
OpsMas M OJUMIC 33]1aHBl YPABHCHUAMH:

x? v

a) 2x—y—3=0, E-ﬁ-;vlv
2 g

6) 2x+y—10=0, T+%=1,

—20=0, T4l
B) 3x+2}—20—0,40 10_1‘

2.257. HamucaTe ~ ypaBHeHHE  KacaTeNbHOH K  3JUIMICY
2 2
x*
Fars
< TIlyerb chauana yo#0, T.e. Touka M, He cOBNanaerT HH ¢ O
wo# w3 mepumin A;(—a,0) H Ay(a,0). B 3ToM ciyuae ypammemwe.
86
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2 2

%+;T=| HeSBHO OmpenciseT fywkmo y=y(x), —a<x<a, rpadmux
XOTOpOR MPOXOTHT wepcs TouKy Moo, ¥o) W COBMAIACT ¢ COOTRTET-
wytoue (sepxseit wpit yo>0 W MEKNGH NP Jo<0) nonomol
»(x)
3

anmnca  [uddepenunpys no 1 TokaecTso 7+ 1, naitzem, Wro
npousBoniHas )'(xo) pasHa

¥ (xo

OTCIoNa ypaBHERHE KACATE:ILHOM K SIMICY B ToUuke Mo(Xo, Vo) MMeeT Bz

Xo
y L0,
S

z
X,
HITH, C Y4ETOM DaBeHCTBA
a

(0]

Ecnu xe yo=0 (v, Xo=+a), T0 KacaTesb-
HBIX K OJUTHIICY uMclo'r BUI X=+d, T.€ W B 3TOM ciydae Gopmyna
7) ocraetcs Bephoil.

2258 Coc'ranmb YPABHEHHUSI ~ KAaCaTENbHBIX K  JJUIMICY

, TapamienbHbX npsMoit 3x+2y+7=0.
10 5/2

2.259. CocTaBuTh YpaBHEHHMSl KACATENBHbIX K  JJLIMICY
x?4+4y?=20, HepneHIMKYIAPHBIX HpPsMOH 2x—2y—13=0.

2
2.260. JoKa3aTb, 4TO KacaTeNbHLIE K DIJLIHICY 4+;7=1,
a

NIPOBC/ICHHbIC ¥EPe3 KOHHBL OJHOTO M TOIO XKE [HAMETPA,
TapasUICBHEL
2.261. Hamucate ypanHeHym xacare.vm-mx MPOBENCHHBIX M3

5
TOYKH A<3 ;) K 9IUIHICY 2—0+5-—

2
2.262. Ha symnce :—8+§:l Haiirn Touky Mo, Gnmkaiiiyio

K npsaMoii 2x—3y+25=0, H BLMHCIHTL PACCTOSHHEC OT TOUKH
M, 1o 3TOi HPSMOI.

2.263. Jloka3aTp, 4TO KacaleNbHas K JUMMICY B €r0 IPOH3-
BONBHOM TOUKe M COCTABNACT DAaBHBIE YOIl C (OKAILHBIMH
pammyc-sektopamu Fy M w F; M otoit oI,

2.264*. Vi3 neporo ¢okyca amiHica E'*ﬁ 1 mon Tymbim
YINOM o K OocH OX HampaBlieH Jyd CBETa, NpHaeM tgo=—2.
HanpcaTe ypaBhenne npsimMol, Ha KOTOPOH JIEKWT Iny4, OT-
PaXCHHBIH OT JJUTHIICA,
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FHIEp6ONA C KAHOHMWCCKHM yDABHEHHEM a,6>0,
umeer dopmy, M306paxenylo ma puc. 7.
1
\Z, 7
By Mzy)
| A7 2
1A 2 ¥ % z
(&
Puc. 7

1 b TOUKH
Ay(=a,0) n A11a‘0)~ee sepuna, oo coerpus OX n Oy
OeitcmetmensHoii W MHUMOT ocAmu, A UEHTD cummeTpun O—yenmpom
runepGons.

b
Tpsie y= %X SINOTeR acMmTOTaNH TiTCpGONL.

Towkn Fy(—c, 0) u F3(,0), e c=\/a’+b?>0, nasmiaiotes
Goxycamu ramepGons, vextoper Fy M w FyM— goxanonsiva paduyc-
sexmopamu, a wena ry=|F, M| w ry=|FyM|—foxanusim paduycaru
TOUKM M, TpuHanexaiel runepbose.

3 b
Yucno e=-= l+f (1 <e< +c0) naswiBaeTCs oKcyenmpucumenom
a

rumepbomt W swmercs szoﬂ ee wnmoanytocry. B wactioM ciyuac

a=b runepbona pasen
z 4 YrON MOy ACHMITTOTAMH paBch 1:/"

lpsmeie Dy* x=—afe u Dz X=afe, TepNEHHKyIAPHbIE NCHCT-

afe O UeWTpa, MAILIBAIOTCR

Oupexmpucamu THTIEPGOTB.

2.265. Iloctpouts runepGony 16x%—9y?=144. Haiiru:

a) monyocw; 6) koop/mHATEI (OKYCOB; B) IKCLCHTPHCHTET;
Ny acCHUMINTOT; 1) AupeKTpuC.

2.266. Toctpouts runepGony 16x>—9y*= —144 (conpsorcen-
Hylo X rumepGone 3ajaum 2.265). KakoBa KaHOHH4ecKas CHCTeMa
xoopmunal s 370l runepGoms? Hairn:

a) monyocy; ©) KoOpaMHATH (DOKYCOB; B) IKCLEHTPHCHTET;
) ACHMNTOT; JI) nuperrpnc

2.267. Harmca'rb
)b4c55)c393/2r)a325/4




1) ¢=10 H ypaBHERHs ACHMITOT y= + gx €) e=3/2 u paccrosmme

MEXIY RMPEKTpHCAMH paBHO 8/3.

2.268. Hammcats TV c
a u b u neatpom B T0uKe C(Xo, Jo), ecn M3BECTHO, 4TO €¢
[eHCTBUTENbHA M MHHMAs OCH Mapajuienbuel ocsM Ox u Oy
COOTBETCTBEHHO.

2.269. VCTaHOBHTB, 4TO KAXI0€ M3 CJICAYIOWHX ypaBHEHMI
onpenenseT runepOoNy, HaHTH ee UEHTpP, NOJYOCH, JKCIEHT-
PUCHTCT, YPaBHCHHS ACHMNTOT M JUPCKTPHC:

a) 16x2—9r2—64x—54y—161=

6) 9x2—16y*+90x+32y—36

B) 16x?—9y? —64x— 18y+199

2.270. JlokasaTe CIEAYIOLUME YTBEPXICHHSA:

0;
0.

x»

a) Ecnw M(x, y)— TOUKA T -

P 2

b—r), TO (hoKanbHBIE PajIHYCEl 3TOH TOYKH PaBHBI

ri(M)=a+ex, r(M)=—a+ex,
ecnu Touka M NEXMT HA NpaBO¥ BETBM TrHnepGONbl, H

r(M)=—a—ex, ry(M)=a—ex,
€CJTH 3Ta TOYKA JIOKHT Ha ee JieBoil BeTBH. OTCIONE, B YaCTHOCTH,
CllefyeT, YTO JUIA BCAKOW ToukH M rumepGosibi BBITOJHAETCS
PaBEHCTBO

\ri(M)—r2(M)|=const=2a.
6) Iycts 3agans Toukn Fy(—c, 0) u F3(c, 0), ¢>0. Torna

MHOXECTBO TOUCk M, YNOBNETBOPSIOWMX Yycnosuio |[Fy M|~

—|FzM)|=const=2a, a>0, ecrb runepbona ——;=1, e
M 2 0 Go. :2 %=1
b=c*—a.

2271 : ¥yt

a) Ecrm M(x, y)-—npows as Touka THIEp -

2

=1, ry(M) u ry(M)—doxambubic pamiychi TOH TOUKH,

s
a p(M, D,) u p(M, D;)—paccrossus OT Hee [O IMPEKTPHC,
TO BHITIOJIHACTCS PABEHCTBO




6) Mycry samanst Touka F(c,0) w npsmas D: x—d=0.
¢>d>0. Torma MHOXeCTBO TO4YeK M, ynonnemopmmm( yeno-

|FM|

BHIO —————=const=e>1, ecThb mncpﬁoma ~—‘7 I, roe a=de

PACCTOARMA 1O JMPEKTPHC.

2.273. Haiiti TOYKH T

Ha

paccrosmun 7 ot dokyca Fy.

2.274. Hammcats ecm
ec (OKYCAMH SBISIOTCS TOUKH F,( 3 —4) n F5(3,4), a pac-
CTOSIHME MEXMY AMPEKTPHCAMH DaBHO 3,6.

2.275. HanmcaTte ypaBHCHHWe THICpOOJNBL, €C/TH H3BECTHBI €€
IKCLEHTPUCHTET e=\/§. dokyc F(2, —3) u ypasHeHHE COOTBET-
crByfomei upekTpucel 3x—y+3=0.

2.276. Iokasate, 4TO KpHBasi, 3aJaHHasi ypaBHeHueM xy=]
ui y=1/x, ecTb paBHOCTOpPOHHss runepGoia. Hanucats ee
KaHOHHMYCCKOE YPABHEHHE, HAWTH SKCUCHTPHUCHTET, (OKYCHL M ypas-
HEHMS [IMPCKTPUC.

2.277*. HamucaTh ypaBHCHMC KacaresipHOW K runepbone

2 2

x
A5~L=l B ec Touke M (X, ¥o)-

2.278. CocTaButh YpaBHCHWs KacaTeJIBHBIX K  IumepGosie
2

1, mapannenbupx mpsamoit 10x—3y+9=0.

16 64
2.279. Cocraputh YpaBHCHWS KACATENILHBIX k rHrepbosne
2

2

=

1, nepneHaMKYNspHBIX MpAMOi 4x+3y—7=0.

8|

5

2
x
2.280. [loxasaTe, 4TO KacaTelbHbie K rumepbosie —— B
a
NPOBC/ICHHBIC YEPE3 KOHILI OJHOTO H TOTO e [HAMETpa,
TapajuieNbHeL.
2.281. Hanucate ypaBHEHUs xacammmx, NPOBC/ICHHLIX H3
Toukn A(—1, —7) k runepbone x2—yp2=16.

2
2.282. Ha runepGose th_ 1 waiitu Touky M,, Gmmkaii-

wyo K npaMol 3x+2y+1=0, M BBMMCIMTE PpaccTOAHHE OT
TOukH M, Ji0 3T0# NpPAMOI.
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2.283. [lokasaTe, WTO KacaTeNlbHash K runepGone B e€ MpOH3-
pONBHOM TOUKE M COCTABNIACT paBHBIC YIiibl C (POKATHHBIMH
pamyc-sekTopamu FyM n FoM 5Toit TOUKH.

2.284*. U3 npasoro oxyca runepGomn 1 non

5 4
yrAOM o (mr<o<3/,m) kx ocu Ox HampaBJEH Jyd CBETa, NPHYEM
tga=2. Hanucath ypaBuenue mnpsMofi,
HA KOTOPOM JNIEXHMT JIyd, OTPaXKCHHBI OT 4

runepGoeL. W

Mapa6onac Hizy)
y2=2px, p>0, umeer bopmy, WIoOpaKERIyIO
na puc. 8. £
UHCNO p HASLIBACTCR MapaMempos Napa- 12‘1 7

F

r

Gonbi, Touka O-—ee 6epuanoi, a och OX—
0cbi0 MapaGonL. 0

Touka F(p[2, 0) naspisactes gokycom ma-
paGonet, BeKTOp FM — doxasnbis paduyc-eex-
mopom, a uucno r=| FM |— doxaasusirt padu-
Jeons Touxn M mapabornsi.

Ipsmas D: x=—p]2, nepnenuxytapHas
OCH W TIPOXONAU@A HA PACCTOSHHH p/2 OT
BCPUMHBI DAPAGOTL, HA3LIBACTCA €C Oupexm- Puc. 8
pucoii.

2.285. Tloctpouth crienyioume napaGossl W HaiiTé ¥X na-

x;  6) x?=
B) p2=—4x; 1) x2=
2.286. Hanmcats c B Hauane

KOOPIMHAT, €CJI¥ H3BECTHO, HTO:

a) napaGoNia paCriONOXEHa B JIEBOH MOMNYILIOCKOCTH CHM-
METPHYHO OTHOCHTENBLHO OcH Ox u p=1/2;

6) mapaGoyia pacroyioxeHa CHMMETPHYHO OTHOCHTENILHO OCH
Oy n npoxomut depes Touky M (4, —8);

B) doxyc mapaGomui waxomurcs B Touke F(0, —3).

2.287. Hamucate ecim yTO
BEpUIMHA €¢ HAXOAMTCH B TOUKE A(Xq, ¥o), MAPAMETP paBeH p,
OCh mapajnensha ocH OX n napaGosia pacrmoNoXeHa OTHOCHTENb-
HO MpsAMOH Xx=X,:

a) B TpaBOi MOJIYIIOCKOCTH;

6) B JICBOH [OJIyNIOCKOCTH.

2.288. VCTaHOBHTE, YTO KAXZOE M3 CJCAYIOWMX ypaBHCHWH

HalTH Thi e¢ A u Besu-
UMHY mapaMeTpa p:
a) pi=4x—8;

B) y=4x2—8x+T,




1
m x:—;y2+y; €) x=2y2—12p+14.

2.289. [JlokasaTb CNEAYIOMME YTBEPXACHHS:

a) Eco M (x, y)— npoussonbhast Touka napabosr y 2 =2px,
r(M)—ee Qokanenbiit pammyc, a p(M, D)—paccrosmue or
TOYKH M [0 OMPEKTPHCH (CM. pHC. 8), TO BBIIOJHACTCH PABEHCTBO

r(M)
p(M, D)

6) Iycre 3amamel Touka F(p/2, 0) u npsmas D: x=—p[2.

Torzia MHOKECTBO TO4eK M, YJOBICTBOPSIOLIEX YCTOBHIO

I1FM] _
p(M, D)

2.290. Boiwucynte (BOKaTbHBLE pamMyc Toukd A mnapabosbi
y?=12x, ecn y(M)=6.

2.291. Hamucats y ecu

a) ¢oxyc F(4,3) u )JMpenpuca D: y+1

©) ¢oxyc F(2, —1) u mupextpuca D: x— 0.

2.292. HamucaTe ypaBHeHHE KacaTeJbHOH X  mapaGone

=2px B ee TOouUKe M (X0, Yo)-

2.293. HamucaTts ypaBHeHHE KacaTeNbHOI K mapabone y
nmapanenbHoi npsiMoi 2x+2y—3=0.

2.294. Hamucate  ypaBHewue KacaTenbHOH k  mapaGone
x2=16y, UepNeHAMKYIAPHOH NpAMOH 2x+4y+7=0.

2.295. HanucaTe ypaBHGHMs KacaTeNeHBIX Kk napaGone

=36x, nposenieEnbx M3 TOukn A(2,9).

2.296. Ha napaGone y?=64x naiitn Touky M|, Gmmkaiinryio
K mpsMoli 4x+3y—14=0, M BBIMHCIMTL DACCTOAHME OT TOHYKH
M, no oToiH npsMOi.

2.297. Jloka3aTe, 4TO KacatenbHas K napaGosic B ee Mpoms-
BOJIBHOH TOuke M COCTaBNsIET paBHBIC YIJIbl C  (OKaNbHBIM
pdj.‘lMyC-BEIH'OPOM TOMKH M M C JIy4OM, HMCXOASIUMM W3 TOUKH

c ocero
2.2‘)& W3 ¢oxyca napabonsi y2=12x NOA OCTPHIM YTJIOM

=const

2

, €CTb y*=2px.

X,

3
o K oci Ox HampasjieH Jyd CBETa, MPHYEM tga=7. Hamncare

YpaBHEHHE TIPSAMOH, Ha KOTOPOH JIOKHT JIyd, OTPaKeHHbiii OT
napaGonbi.

3. Vpasnenne Kpusoii B noaspuoii cucreme xoopammar. I0BOpAT, uTO
HA IUIOCKOCTH BBEf€HA NONSPHAR CHCTEMA KOOPIMHAT <0, u), ecm
E O

1) HCKOTOpAR 10K O, HAILIBAEMAS 7O OCOM

2) HEKOTOpBIi Ny9 u, WCXONSUIEH W3 TOUKH R —
noaspoit acsio.
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TIONAPHLIMI KOOPIUHATAMU TOYKH M#O HA3LIBAKOTCS [BA MHCIL
noaspueiii paduyc r(M)={OM[>0 u noispusit yzo1 @(M)—yron, na
Xoropbiil CICIYET NOBEPHYTR OCh u WIS TOFO 4TOOH eC HATABJICHMC
COBRAIO € HANpABICHUEM BekTopa OM (IpM ITOM, Kak OGHMHO,
@(M)>0, CTM TOBOPOT OCYMECTBARCTCH TPOTWB ¥ACOBOH CTPEIKH,
# ¢(M)<0 B nporusroM cnyyae) 34nucs M (r, ¢) o3nawaer, 4TO TOWKA
M HMMECT TIONSDHbIC KOODAMHATEL I K Q-

Monsptii yron (2 M) wumecT GECKOHCHHO MHOTO BO3MOKHBIX
3HaveHMIt (OTJHYAIOLIMXCS APYr OT ApYyra Ha BENWYHHY BWIa 27n, neZ).
FuayeHUC FMONAPHOTO YINa, YAOBIETBOPSIOIIEE YCIIOBUIO 0<w<21:, Ha-
3LIBAETCH 2106HbIM. B HEKOTODBIX CIy4asiX TNABHBIM 3HAYCHMEM NOJISPHOLO
rna IHAUCHUC @, YAOB. YOIOBHIO — < QST

TlycTh Ha TUIOCKOCTH BBEACHbI NpABaA [ICKAPTODA TIDHMOYFONHAA
cnereMa koopmHHat Oxy (T. ¢. TAKAS, MTO KpaTHaiiumsii HOBOPOT OT
ocu Ox X ocu Oy NPOUCXOAMT TPOTHB YACOBOH CTpesKH) M nospras
cuctema <O, u), NPHYEM MONSPHAS OCh COBMANAET C MONOKMTENBHOMN
mmyocuo abeumee. Torma cpsish MeXIy nekaprmsumu NPSMOYTOTRHBIMK

ToukH M#O  paetcst

qmpuymmu
x=rcosg, y

Vxiert we=ylx m

VpasHeHue KpuBoii B MONSPHBIX KOOpAUHaTax Mmeer Bua F(r, ¢)=0
wm r=f(g). OHO MoXeT OwTe NOMyueHo MMGO HENOCPEMCTBEHHO,
HCXO[Ii M3 TEOMETPHYCCKMX CBOHCTB KPHBOH, nHEO 11€peXx0RoM K TMOJSp-
HBIM KOOPHMHATAM B YPAaBHEHWH JTOH KDMBOI, 3a]aHHOM B JEKapTOBBIX
npmoyronbﬂux koopmutiaTax.

Mpumep 2. Il KpHBYIO, r=6cos .
< TIDEXIE BCETO 3AMETUM CIICLLYIOLIEC: €CTut 10MKA M (7, ) IpHHAILICKWT
3a04HHON KPUBOW, 10 JUIA ITOH TOYKU COSQ=r/6=>0, H, CIENOBATENHHO,
BCSL KpWMBASL DACTIONONKEHA B CekTope —T/2<@<m/2.

Jas Toro 4Tobbi MOCTPOMIbL KPHBYIO, MEPCHAEM B € ypPABHCHUMH
£ AGKAPTOBMIM KOOPLUATAN. VMHOXMB 00€ HaCTH YDABHEHMS r=6CO0S @
KA 7, NOyACM 17 =6rcOSp. OTKYJia Ha OCHOBGHMA QOPMYN NICpeXOfa
(7) umeem x2+y?=6x, umt (x—3)2+y2=9. Takum obpasoM, 3amarHas
KpUBAs — OKPYXHOCTR Pajiiyca 3 C UEHTPOM B Towke M, C KOOPAUHATAMH
Xo=3, yo=0 WM ro=3, ge=0. >

Tpumep 3. Brisectw  ypabnenue npsMoit B TONAPHOH cHCTEME
KOODAMRAT.
< Ecnm npsmas L MPOXOMKT ¥epes MOMOC M ce yIIIoBoi koodQuIMeHT
N0 OTHOLICHUIO K nonﬁplmﬁ ocu pasen k, To ypapmemue 3Toi npsMol
HMeCT BMA tgQ=

Tlycrs Teneps mpsmas L He npoxomuT wepes momioc. Hamutient
HODMAJIBHOE YDABHCHMC 3TOH WPAMOH B JCKADTOBOM NpIMOYIOMNBHOR
CHCTEMe KOODAMHAT

xcoso+ycosp—p=0

M nepeiizer x Monyuaem
(quusan -n'o cnsB sina)
? in@sina—p=0, rcos(p—o)=p,
oy
P
e ®)
cos(p—a)
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Puc. 9 Puc. 10

Vpasnenwe (8) _€CTL WCKOMOE ypaBHene TpAMOF B MOAspHOF
CHCTEME KOOPIMHAT. OHO MOXCT ObTh MONYHCHO W HENIOCPEACTBEHHO
U3 CICTYIONEro OUEBWIHOTO (akTa. M € L <>np,r=rcos(¢—u)=const=p
(puc. 9). &

TMpnmep 4. Mycre T— nwnc, Bersb runepGons wim napabona,
F—{okyc 570fi KpuBOl, D—COOTBETCTBYIONS MMPEKTDUCa. BonecT
ypabHenie KpHBOit I B MONAPHOI CHCTEME KOODIWHAT, MOMIOC KOTOPOFE
CoBnanaer ¢ (OKYCOM, @ MONSPHAA OCh COAMPABNCHA C OCHIO KPHBOI
(puc. 10).

<0 OGiuee CBOHCTBO J/UMNCA. THNEpGONLl ¥ NMapaboNl COCTOWT B Clie-
ayiomeM (cm. sagawu 2.251, 2.270 u 2.289):

oM, F)

MeT P02 congt=e, )
p(M, D)

TAe € —IKCUEHTPUCUTET KpHBO# (e<1 nns wumnca, e> 1 ais runepbonut
W oe=1 ann napabosmi).

Obo3HaRMM paccmnnne or dokyca 10 AMPEKTDHCHI 4epes ple
p~ NAPAMEIp  KPHBOIL mMapoM)

Torpa w3 puc. 10 crenyer, uro p(M, F)=r wn p(M,D)=;+rcostp,

Tloncrasass 14 Brpakewis B (9), nonywaem

orkyna

. 10
ecos@

Vpantenne (10) M ecTh HCKOMOE ypABHEHWE B TONSHON CHCTEME
KOOp/WMHAT, OOluee A% JITANCA, THIEPOONbl # NApPaGOibL o

3anucath 4 KPHBBIX B KOOp-
JHHATAX:

2.299. y=x. 2.300. y=1.

2301 x+y 0. 2.302. x24y?

a? 2304 x7+y



3ammcats KPHBBIX B npsamo-
yrOABHBIX KOOPAUHATAX M HOCTPOMTB ITH kpusble:

2.305. r= 2.306.

2.307- rcosq):l 2.308.

1//2

~
e

2.311. r=2acos ¢. 2.312. r=2asin .

2.313. smw—l/f 2.314. sinr=1/2.

2.315. r2sin2¢=2a% 2.316. r’=a’cos29.

2.317. Hanucats B Tax

a) mpsIMoi, it ocu u T
HA Heil OTPe3OK, paBHBIA 3;

6) Jiyda, HCXOASILEro M3 HOJIOCA NOA YIIOM T/3 K monspHoi
ocH;

B) OpSAMOlL, NpOXOMsMIEH uepes moioc non yriom wf4
K TMOJSSPHOI OCH.

2.318. Hanmucats B Tax OKpy-
KHOCTH, €CITH:

a) pannyc R=S5, OKpYXHOCTb MPOXOMMT Hepe3 MONOC, a ec
UEHTP JIOKUT Ha TOJSPHOK OCH;

6) pamayc R=3 ¥ OKpYXHOCTH KacaeTcsi B TOJIOCE
nonisipHOit OCH.

2.319. O b THl 1ICHTPa U pajiyc
KaX/IOH U3 CleAyfoUHX OKpYKHOCTel:

a) r=4cos@; 06) r=3sing; B) r=—>5sing;

. n
N r=6cog(§ﬂp). n) r=85m(¢p'§),
(=
€) r=85m(§-q)>.

2.320. B nosspHOil CHCTEMC KOODJMHAT BBIBECTH YpaBHCHHME
Kpyxuoctn pamsyca R c ueH'rpoM B Touke C(rg, 9p).

2.309. r 2.310.

x?

2.321. JIns omwmanca §+‘=l HamMcaTs NOJSIPHOC ypaBHe-

€, CUMTAs, YTO TONSPHAS OCH COHANPABICHA C OChIO aGCIACC,

NOJOC HAXOHTCA:

a) B neBom (okyce; 6) B mpaBom (oxyce.
2

2.322. 1ns npaBoif BeTBH rHICpOOIBI % 0

TOJIAPHOE YPABHEHHE, CHHTas, WTO TOJIApHAs OCh COHANpaBlieHA
] € OChIO aﬁcuucc, a NOIOC HAXOMMUTCH:
k a) B neBoM Qokyce; 6) B upaBoM okyce.

=1 nmammcate



2.323. [1n1s napaGonsl y >=6x HanMcaTh NOJSPHOE YPABHEHM(
CHMTAs, MTO UONADHas OCh COHANpaBieHAa C OChIO abcmmee,
a Toyoc HaXOmMTCs B (oKyce napaboibi.

2.324. Hanucats KpH-
BBHIX 2-TO MOpsAIKa:

a) r= o ; 6) r i ; B) 1

5—4cos@ 4—5cos @ I—cosq’
Xty
2.325. BusecTit wmnCa —5+75 1 opu

YCTIOBHH, WTO NOJSpHAS OCh COMANpaBJieHa ¢ ocblo OX, a Momoc
HAXOOUTCA B IEHTPC IJUIHICA.
2 "3

2.326. Bumectn rume Tl
TpH YCTIOBMY, WTO NOJAPHAS OCh COHANpaBjicHa ¢ ocbio OX,
a MOJIOC HAXOAMTCA B UEHTpE mnepﬁo}lu.

2.327. BeiBecTy nossipHoe ypabHeHue napabonsl y 2 =2px mpH
YCJIOBHH, MTO TOJSPHAs OCh COHATIpaBJieHa ¢ Ochlo Ox, a TOMOC
HAXOMTCS B BepllMHe NapaGolib.

4. TapaveTpuseckme Yoanheruen kpumoi, Tlycts 3aniaws QyHKUMN
Q) u V), I uncnosok
ock” (npomexyTok 1 Moxer Gurrs, mitrepaanon (. by, otpeskont [a. b1,
A TAKKE OOHMM M3 WonyMHTEpBaioB (@, b] ww [a, b), mpuuem e
MCKIIONAIOTCS ClyyaH, Korja a=—co u (Wn) b=+c0). VpapHenus

x=¢(t). y=V¥(). el 10y
xpusoit T B unapmaon

npnMoymnbnoﬁ cHeTeMe M

JUI BCAKOTO  3HAYCHUS mlpauempa tel ToukKa M(w(r),xy(r))
nmmannc»m. kpuBoit I' . Haobopor. mas pesikol TOKH M (X, v
xpuBofi I' cymiecTnyer Takoe 3HauehMe napamerpa fe€l, 4T0 x= (t

Y (). Hckmovennem llddeerpd 1w (IO) YPABHCHHE  KPHBOM
ObiTh MPEACTABICHO B BHIC L y)=
Awasornano KpHBOK
B MOJAPHBIX KOOPJMHATAX.

Mpuwmep 5. Mokasarh, 4T0 NAPAMETPUYCCKHE YPABHCHUS

x=acost, y=asmt, tef0,2n),

onpe_ncmm okpyknocth x2+y?=a?
: Touka M(x,y) TaKkoBa, 4TO X=acos! W y=asin? ans
nu«\Topom 3HAYCHUS te[l) 2n), 10

x24y?=atcos?r+a?sm? 2,

«

ouka M(x, y) TP QxpyRHOCTH X 242

§), t€[0,2n), nonywm x=acost

. TO. wonaras (=
y=asnt o

Tpumep 6. Kpusas T safiana nONApHbM_ypabentem r=2Rsin .
CoCTaBuTh TAPAMCTPHYCCKHE YDABHCHMS DTOH KPHBOH B  MOJSPHBIX
W [IeKAPTOBLIX MNPAMOYIOMBHBIX KOOPAMHATAX, BHIOMpas B KauecTBe
napamMeTpa NOJSpHLI yron ¢.
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< HeTpyaHo yGEHTECH, YTO 3AMaHHAS KPHBAS — OKDYKHOCTB yca
R ¢ uenrpom B Towke C(0, R). TlapameTpiyeckue ypaBHEHHS 3Toit
XpHBOHl B MOMSPHLIX KOOPAHHATAX:

r=2Rsnt, o=, te[0,n).

apa KOOp-
nmcavax TONY4AKOTCH, eCliH B qmpMynm TEpexosia X=rcosQ. y=rsing
BMCCTO 7 M @ TOACTABUTHL WX BBIpAXeCHUS B BHAC QYHKUMH napamerpa
1. B wutore nonyuum

x=r(t)cos@(t)=Rsin2t,
y=r(t)sing()=R(1—cos2t), 1ef0,n). =
2.328. CocTapuTh  NApaMETPHYCCKME  YPABHEHMs  Jyda
r={x y)lx—y+1=0, y>0}, B Ka4ecTse :
a) abcuwcey x; 6) opmupaty v:
B) paccrosmme p(M, M,) or Toukn MeT o Bepumusl M,

T) TOJAPHBIA YTOJ, €CH NOJNIOC COBNALAET C Ha4ajlioM
a och c ockro Ox.

2.329. CocTaBHTh  MAPAMCTPHYCCKHE ~ YPABHCHHS  OTpe3Ka
¢ KoHuamu B Touxax M, (1, 1) u M, (2, 3), npunnmas B KauecTse
napamerpa:

a) paccrosume p(M, M,); 6) paccrosume p(M, M,).

). b MapaMeTp
pallliyc.a R ¢ neHTpoM B TOYKE M (X4, J'y). IPHHHMAs B KavecTBe
napameTpa ! yronm mexjay ockio Ox M BekTopoM MM, ot-
CYHTBIBAEMBIH TPOTHB HACOBON CTPEJIKH.

2.331. CocTaBuTh mapamer P H
x24+y2=2Rx, B KauecTBe nap it yron,
€C/IM  MOJIAPHAA OCh COHANpPABJICHA C 0(5}0 Ox. a noJoc
HaXOOUTCA:

a) B Hawane Koopmuuar; ©) B HEHTPE OKPYXHOCTH.

B sagavax 2.332—2.340 tpeby HCK.
t HalTH ypAaBHCHMS 3AaJAHHLIX KpHBBIX B Bule F(x, y)=0
¥ TIOCTPOMTH 3TH KPHBBIC.
2.332. x=—1+2t, y=2

t, te(—o0, +0).
=2t+1, y=t—1, te(—c0, + ).
—1+2cost, y=3+2sint, te [0, 2n).
2.335. x=acost, y=bsint, t€ [0, 2n).

2.336. x=1+2sect, y=—1l+tgt, te(—mn/2, n/2).

af 1 b 1
=2(1+7), ,~=i(1—7), te(0, + o).

Rcos?t, y=Rsin2t, te[—m/2, n/2).
sin2t, y=2Rsin’t, te [0, n).
2.340. x=2pctg?t, y=2pctgt, te(0, n/2).
V Mon pea. A. B. Edumosa, b. Il. Jlemumosuna, 4. | 97




2.341. CocTaBHTh NAPAMETPHYECKHE YDABHCHHS  3JUTHIICA
v

x
a?

=1, mpuHHMasi B KayeCTBC NapameTpa [ Yroil Mexay
a

7
ocbio OX M panHyc-BeKTOpoM OM, OTCYUMTBIBAEMBIH MPOTHB

YACOBOM CTPEJIKH.
2.342. CocraBuTh napamerp! T

2
7=, TIDHHAMAZ B Ka¥ECTBE MapaMCTpa f yTon Mexy ockio O
H pauyc-BekTopoM OM, OTCHATHIBACMSIi IPOTHB HACOBO CTPEJIKH.

2.343. CocTaBuTh mApamMeTy
2=2px, TPHHHMAsA B KayeCTBE MapameTpa:

a) opaMHaty y;

6) yron Mexay ocsto Ox # BekTOpoM OM, OTCHHTHIBACMEIT
TIPOTHB  4ACOBOH CTPEJIKH;

B) yroJ Mexay ocbio OX ¥ (JOKATHHBIM pPanHyC-BEKTOPOM
FM, oTcuMIbIBaEMBlii NPOTHB HACOBOIH CTPEJKH.

5. Hy KpHBEie, BCTP » ® ee npwIOKe-
) nynKTe, p: ii xapakrep,
M yKa3anbl P cBoiicTBa p“lld crenm-

ANBHBIX KPUBBIX
B NPAKTHKE WHKEHEPHBIX pacuemn BeiBoji  ypasnenmii yrux KpHBBIX
MOXET ObiTh MPC/UIOKCH B KAYCCTBC 3allad MOBBULCHHON TPYHOCTH
TP W3yueRun Kypca
u3yuenue (QOpPMBI KPMBBIX MOXeT ﬁmb BBLINOJIHEHO € NPHBJICHCHHEM
METOAOR  IUGHEPCHIMATEHOTO HCYHCIICHUS.

. Crupams: cnupaae Apxuseda r=ag@ (pwc. 1), elmep60ﬂuwomn
cupans r=aj@ (puc. 12), r0zapupsuseckan cnupass r=a® (puc. 13);
CTpeNKOll  YKA3AHO HATDABNEHUE OOXOJa KDWBOW, COOTBETCIBYIONICC
sospacraniio ¢.

Jlemmrkumu Bepuyaau (x*+y)*=2a%(x*—y?) (puc. 14), wm
C0S2¢ (nomoc MOMewen B Touky O). XapakTepucTHHeckoe
CnoricTno: {F,M|-|F,M{|=const=a? tne F,(~a,0), F,(a, 0).
3. Luccouda y? (2R~ x} 3 (puc. 15), wnm r=2Rig@sing (nomoc
ROMelier B TOMKY O). XapAKICDUCTHMCCKOE CBOFICTBO: 1% BCAKOTO
nysa 9=@o (po€(~m/2, n/2)) |OM|=]BC).

Puc. 11 Prc. 12



, o« C\}a

a>f O<a<f
Prc. 13

+b

4. Komouda xy?+(x+a)? (x?~b?)=0 (puc. 16), wm ,:C(:
(noitoc nomelnen B Touky A(—a, 0). XapakrepucTiteckoe CBOHCTBO: Ul
BCAKOTO JIydd @ =g (w‘,ze( n/2 1!/2)) |BM|=|BN| const=b.

5 Cmpogouda x*((x+a)*+y*)y=a? (puc. 17), win

o-utgq; (nomoc noMeieR B TOUKY A(Aa‘ 0)). Xapakrepcryec-

Koe TBO:  JUIA BCKOTO  Myda  @=@o (Go€(—m2, m/2))
|BM} IBNI—IOBI

6. V.aumka Ilackain (x*+y?—2ax)?= hz(r +y’) (puc m) uan
r=2acos@+th (NMOmMOC mNOMEWEH B TOUKY
CROMICTBO: A8 BCAKORO Ny¥a ¢=@q (Po€(— 1(/ 1(/7)) |BM|—|BA|—
=const=bh.

7. Yemvipexaenecmrosan posa (x*+y?)*=4a’x?y? (puc. 19). um
r=alsin2¢| (RONoOC nomelen B TouKky O). XapaKTEPHCTHIECKOE CBOI-

CIBO: BCAKAA TOYKA M OTOM KpHBOH CCTh OCHOBAHME NEPNCHAUKYIAPA,
ONYIIEHHOTO M3 HaYala KOOPWMHAT Ha OTpe3ok [AB] nocrosmmoit
JMEB! 2G, JIBWKYMICS T4k, 4TO KOHIbI €10 BCC BPCMS HAXOANTCH
HA KOODIMHATHBIX OCSX.

8. Acmpouda x=acos* 1, y=asm®s, t€ [0, 2n), ww x 234 p2P=q?3
(pHc. 20). XapaxTepucTHiccKOC CBONCTRO: Beskas Touxa M 3Tofi Kpupoit
ecri, ocnopanme nepncknukynapa [PM ] K otpesky [AB] mnocrosmmoit
JUMHBI @, JBIKYUIGMYCH T4K, UTO KOHUL €IO BCC BPCMA HAXOJIATCH
Ha KOODAHATHIIX ocnx

9.

) Y=a(cost+rsmr),
y=alsint—tcost), le[O +o5) (pue. 21). Xapmcpucm-um cBoficTBO:
KaXast Touka M OTOil KpuBOi ccth
KOMELl HWTH, KOTOpasl, OCTABASCH HATS-
YTl DASMATHIBAEICA C OKDYXHOCTH
X?4y2=a? (B HAYATLHLIT MOMEHT KO-
Hew HATH HAXomMTcs B TOuKe A (d, 0).

10. Huxaowda x=a(t—smnt), y
=a(l—cost), te(—cw. + %) (puc. 57)

Puc. 15



Puc. 16 Puc. 17

Puc. 18 Puc. 19

Puc. 21






XapaKTepHCTHICCKOE CBOWCTBO:  KpHBas
CcoBNANaeT €  TpaekTopucit  TOuKm
M OKpYXHOCTH pajMyca @, KOTopas
xarutcs Ges ckonbkemus no ocu Ox
(B HauaNbHBI MOMEHT Touka M Ha-
XOZMTCH B Hauaje KOOPIAWHAT).

11, Smayuxtouda x=(a+b)cost—

a+b . . a+b
—acos——t. y=<a+b)smr—asmTL
te [0, +20) (puc. 23). XapakrepucTusicc-

KOE CBOFCTBO: KPHBAR COBRANECT C Tpa-
zeysa=0 exTopueli TouKH M OKPYXHOCTH pau-

Puc. 28 10 OKpyxHOCTH X*+y*=b’, ocTaBasic

BHC cC (B WaNATBHBI MOMCHT TOWKa

M Haxomrrcs B monoewun A(b,0). B HacTHOM clyuae a=h COOTBET-
KpiBa i

b
12. Tunoyus souda x=(b—ams.+acos—r":. y=(b-aysint—

b—a
——asin?l, 1€ [0, +00) (puc. 24). XapaKTepuCTHYECKOE CBOIICTBO: KPH-

Bas. Touku M Ipdnuyca @, Kotopas
XaTHTOR Ges CKOTEWERIA 0 OKpyRHOCTH X 2+ 12 =b%, OCTaBasCh BRYTDH
ec (B HAMANBHBIT MOMEHT TOYKa M WaxomuTcs B ONOKEHUH A(b, 0).
B uacHom ciyuae a=h/4 ra xpusas cmmdnder € acTpoMnoi.

13. HoayxyGuucexan_napatosa y 2 (puc. 25).

14, Memaeeas napabona o —x(x a)’ (puc. 26).

15, Jlokon Awneau y=—g——s ‘+441 (puc. 27).
16. flexapmos auem x*+y*—3axy=0 (puc. 28).

§ 4. TlosepXHOCTH W KpHBbiE B NPOCTPAHCTBE

1LY W wpusoii B prvoy i
cncreme koopmtat. [OBOAT, HTO TIOBCPXHOCTE S B CHCTRME KOOPAUHAT
Oxyz wmeer ypasHenuc

Flx, ,2)=0, [
€CNU BBLINONHEHO ClIE/ylollee yCIoBHE: TouKka M (X, y, Z) TpPHHA/UICKH
NOBCPXHOCTH S B TOM W TONBKO TOM Cilyyac, KOIA €¢ KOOpIWHATL

X, y M z ynoBeTBOpaioT coomnowenwo (1). Ecnw, B Wactnocti
F(x, y, £)=f(%, )2, To ypantichue (1) MOXCT GbITh 3amUCaHO B BWAC

z=f{x, y). @

M B ITOM CiydMac MOBEPXHOCTh S coBnamaet ¢ rpadukom dyHKuuu
nnyx ncpcmemlux Sfx ).
npocy

panctBe B 00rem cny'ue ONpE/ENRETCH  Kak
umx T u S,
HCO/IHO3HAYHO), T. €. 3a/AHMEM CUCTEMBI JBYX ypdmmmn

Fy(x 5. 2)=0, Fy(x.y.2)=0. ]
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IMpumep 1. BbiBecTH ypaBHERHE NOBEPXHOCTH, KAXAs TOYKa KOTOPOi
pacnTIOXCHa BIBOC BAIKE K Tome A(2,0,0), o X Toute B(—4,0,0).
P Ecm S ‘3anank; © M(x, y, 2)€ S
p TOM H TOIBKO TOM Ciydae, rorna p(M, B) Zp(M A) nm

x+4 42422 =2/(x—2)* +y2+z2
Orciona nonydaeMm
(x+4) 24y +22=4((x—2)2+y2+23),
3x2-24x+3y2+322=0
W, BHIMENSR TOJHBIH KBAAPaT B CaraeMbiX, COAEPXAUMX X,
(x—4)+y2+z2=16. @
Vpastienne (4) u ects JEOMOS YPASHNC TIOBEpHOCTI. W3 wero
BUAHO, YTO 3a/ANHAR noaepums ecTh chepa pamuyca 4 ¢ HEHTPOM
B TOUKE Mu(4 0,0). &
ep 2. Hocmeuona-n, dopmy kpusoii T, 3aaiiol ypaBHEHUAMIL

(x=1)2+p2+22=36,

OnpejlenmTh BUJ €€ MPOCKUMM HA MJIOCKOCTH OXy.
< Kpusas I 3a1aHa KaK JMHUS TEPeCeyCHUS cq;ep.,. (=1)24y?4z2=36
= Tak kak
ucln’p cdeprr C(1, 0, 0) SICKUT B TIOCKOCTH oeqenm y+2z=0, To uewtp
OKPYXH( oam coBnaziacT ¢ Toukoii C, a ec paaMyc paBeH pamuycy cdephi,
T.e. R
VYcranosnm Gopmy fipoexiu OkpyknoctH I' Ha miockocte Oxy.
Hckmouas_ z 3 cuctemi (5), nonysaem (x—1)2+2y?=36, mm
@=D° y?
36
INaBHLIE OCH KOTOPOTO COHAnpaBieHsl ¢ OcaMu Ox u Oy, UEHTp
waxomics B Toske C’(1,0), a noayocw paser a=6, b=3./2. o

1. Orciona 3aK7mi04aeM, 4TO MCKOMas MNPOSKIMS — RUIHIC,

VCTaHOBHTH, KAKHE TEOMETP) obpassl onp
33/IaHHBIMA Y DABHEHISIMH:
2.344. z+5 0 2.345. x~2y+z—1=0.

2.346. x +y +z =4. 2.347. (x— 2)‘+y +(z+l)‘—16

2.348. 2x24+y24+3z . 2.349. x2 4422

2.350. x242p2+22247=0. 2.351. x2—4z2 —04

2.352. xz=0, 2.353. xyz=0.

2354, x2—4x=0. 2.355. xy—y2=0.

2.356. Buects KBA/IpaTOB
PAaccTOsiHMN OT KaX/JaoH TOYKH KOTOpPOH )10 Touek F, (2,3, —5)
H F,(2, ~7, —5) pasna 13.

2.357. BhiBeCTH YpaBHEHME IOBEPXHOCTH, CyMMa KBaJpaToB
PaccTosHmit OT Kak/oi TOYKH KOTOpoif Mo Towek F,(—a,0, 0)
H F,(q, 0,0) paBHa NocTosHHOMY wmciy 4aZ.

2.358. BbiBecTH ypaBHEHHC IOBEPXHOCTH, CyMMa PaCCTOSHHM
OT KaxIOH TOYKM KOTOpoii ao Touek £, (0,0, —4) u F,(0, 0, 4)
baeaa 10.
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2.359. BeIBECTH YPMABHEHHE TOBEPXHOCTH, MOMYNb Pa3HOCIK
pacctosuMil OT kaxpoil TOYKH KoTopod no Touek F(0, —5,0)
u FI(O. 5,0) paren 6.

2.360. VCTaHOBHTE, WTO KaXA0E M3 CIEAYIOUIMX ypaBHEHHi
on'peuenxe'r cnt‘epy waiiti ee mewtp C m pamayc R

) x +y 4226z

R) x2iyp2yz ~4t-2\+22~|9 0.

2361, Cocranuts ypaBHeRWe cephi B KaKIOM M3 CJIEAVIOLIHX
cnyqaes (0bomavewo: C—uentp chepsl, R —pamnyc, M, M,
M,, M,—Tovxn Ha cihepe):

a) C(—1,2.0), R=2 6) M(2, —1. —-3), C(3, =2.1);

B) M,(Z 43 5) u M,(4. 1, —3)—KoHUB mHameTpa chephi;

r) C(3. =5, —2), mnockocts 2x—y—3z4+11=0 xacaetcs

LA
) M,rs 1, =3),  My(=2.4,1), M,;(=5,0,0), CeP:
0.

2.362 Cmanm ypaBaenue cepsi, LCHTP KOTOPOH NeXHT
H2 TIpSMOH
2x+4y—z—7=0, .
4x+5p+z—14=0
M XoTopas  kacaercs  nuockocredt  x+2y—2z—2=0 u
X+2p—2z44=0.

2.363. Cocraswsh vpapsesue chepbl, BIHCAHHON B TETPAID,

06pa3ORaHHBI MNOCKOCTAMH
3x—2y+6z—-8=0, x=0, y=0, z=0.

2.364. CocTaBHTL TAPAMETPHYECKHE YPABHEHHS OMaMeTpa
cheprr  x2+p?+z2-2x—6y+z—11=0, mNepUEHIMKYIAPHOTO
X IUIOCKOCTH Sx—y+2z—17=0.

2.365. Ha cepe (x—1)?+(y+2)*+(z—3)?=25 Haiitn TOUK
M,, Sumxaiimyto k wiockoct 3x—4z+19=0, B BeMECIHD
paccrosHue oT 3TOM TOYKH 0 IUTOCKOCTH.

2.366. OnpeacnnThb, Kak PaciioioNeHa IIOCKOCTb OTHOCHTENb-
HO cepbl (MEpECeKaeT, KacaeTcsi MM TPOXOAHT BHE €c), €C
WIOCKOCTL M Cdepa 3ajlaHbl yPABHEHUSIMH:

a) z=3, x2+p2+z2—6x+2y—10z+22=0;

6) y=1, x2+p +z2+4x—2y—6z+14=0;

B) x=5, x*+y?4z?—2x+4y—22—4=0.

2.367. VCTaHOBMTb, KaKHE KPHBBIE OTPEENSIOTCS CIEYIOM-
MM ypaBHEHHSMH:

6){X +0y +22=49,

x +)2+z =20, x24y +z
“){ ~0 LB RIS e 250,
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2.368. HaliTH LeHTp M pPaauyc OKpPYXHOCTH:
x2+y?+z2=10y,
B ) x+2y+2:—19=0;

o { (x— 3)1+(y+2)1+(271)2—100

@ LIHTP UKPYXHOCTH €CTh NPOCKUHR UCHTPA CPEPH HA 110CKOCTH.

2.369. HaliTh npoeknmnio Ha MIOCKOCTb z=0 Cedenusi cdeps!
x 4y +z2=4(x—2y~2:) TMIOCKOUILI, HPOXOUALICH  Hpes
neHTp Chepbl M NEPHEHAMKYNMpHOK K npAMoit x=0, yp+z=0.

2.370. Toukn A(3, —2,5) v B{—1,6, —3) sBinoIrcs kou-
UaMH  JMAMETPA  OKPYKHOCIM, TNpPOXOMSiUEH 4epes  Todky
C(1, —4, 1). CocTaBuTh ypaBHEHHs ITOH OKPYXHOCIM.

2.371. CocTaButh it yepes
tpr Towkn M, (3, —1, —2). ML, 1, =2) u My(—1,3,0).

2. AmeOpamicckue NOReAIOCTR BTOPOTO MOpIKA. Ascefpauseckoil

HOSEPXHOLIIbNO 6miopseo mzpwm H S,

XOTOpOH B p i LicTeme MMeeT BILL
Ax?+ By +Cz? +Zny+Zl').z+2l)z+(:x+Hy+lz+K 0. (©

e We Bee kodbduumenTe npu -meuax BTODOTO_NOPAIKA OHOBPEMEHHO

P4BHE YO (8
NEPBOTO OPHAKA, T. €. nnuu(ocn.y

P

MOXC1 OK4SATHCH, 4TO ©) Tak
104Ky, ILIOCKUCTB, Napy
TIOKOCT ). EC. KE NOBEPXHOCTE HeobipoMIeHHU, TO NpEOBPIIOBAHKEM
CHCTENL cc ypabiicibi (6)

MOmCT  ObiTh npumlluio x o,..um, B3 YKASUHHBIX  IHKC  BHAOB,
wan

L. Dnnuncoud:
2. FunepGonoud

) odwonosocrbii =1 (puc. 30, a);

6) deynosocmupiic 1 (puc. 30, 6).
a

w

£
x
Konyc amopozo nopsona:
a
Mapaboaoud

>

L XY
u) oamnmuecKult 5+
@b
o
6) cunepbomecnuic 5~

b

Hunundp emopozo. mogony

) oamunmuveckui: —+i——| (puc. 33, a);
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6) cunepbommeckui: 1 (puc. 33,6);

b
B) napabomwmeckuis: y*=2px, p>0 (puc. 33, a)
OGume METOJI(H (¢

y

BHIY dopm u
B md §3 4 uem, HACTORUIETO NyHKTa COCTOWT B wayscium
OCHOBHbIX. TEOMETDHHCCKMX CBOFCTS HEBHIPOX.ICHHIX NOBEPXHOCTESi BTO-
poro_nopsaka ¢ nx

Onrnm 13 METONI0R bopmer
N0 €¢ YPaBHEHHIO SBISCTCH Memod Ceveuil.

Tpumep 3. MeTonom Ceuchitii HCCENOBaTs (GOPMY M HOCTPOWTH
NIOBEPXHOCTD, 3AJAHHYIO YPABHEHHEM

(U]

< B cedennu z=h
umeeM KpuBYro T, NpOEKIws KOTOPOH Ha TJIOCKOCTs OXy ONpeessercs
ypaBHEHMEM

i

6T ®

Vpaskenme (8) npu h>2 He mMeCcT peiuenni OTHOCHTEMLHO (x, ¥). DTO
(03HAYAET, YTO COOTBETCTBYIOWIEE CEHECHHE MYCTO, T. €. PacCMaTpUBACMas

HEHKOM HIKE z=2. Tipx

8) onmme ¢ —4./2~h
wu b=5./2—h, seipokaatouuiics B TOuKy X=y=0 npu h=2. 3amerum,
YTO BCE HLIMNCHL, FONTY B CCHEHHSX

a
z=h<2, nonobusl mexay coboit (E=cms‘=§ , IPUYEM C YMEHBLUCHHEM

h ux_nonyocu Heorp u
Tlony b , MTOOLI NOCTPOMTH 5CKH3
Jlawscii cc (OPMEI MOXHO MOJYSHTE,
0.

ccnm b CCHEHUS
Ceuenne TIOCKOCTHIO Oxz: y=0 [4CT XpHMBYK X
Napabofy C NapaMeTpoM p=8, BepUINHOH B TotuKe X=0,
HAIPABJIEHHBIMK B CTODOHY YOBIBaHMA 3HaucHWii z. HuakoHeN, ceuenme
iockocTeio Oyz: x=0 naer napabony
25
=25(2-2) ¢ napamerpo p="-,
umHOH B TOUKe y=0, z=2 M aHa-
JIOTHUHO HANDABJICHHKIMH BETBAMH.
BRINOJIHCHHOE ~ MCCIIENIOBARKE  TIO-
3BOISCT TEMEPb AOCTATOYHO JETANLHO

b
(puc. 34).

3anaHHaR HOBEPXHOCTH €CTh ULTHI-
Tuseckuii napabosonn. [peobpasosatisie
KOOpRHHAT

x'=x, y'=

y z

Z
z%46(2-2)

Prc. 34




(xoTOpoe CBOAMTCH K C/BWIY Hadana B Touky (0, 0, 2)— Bepumpy
H ocH Oz) NPUBOAMT €ro
McxonHoe ypapHenne (7) K KaHOHMSECKOMY BHY

)2, ()
SN S 0
162 ®
Veranosuts THI b HX:
231 B 2373,
372, ?+T+E . 373,
2374. x*+y*-z?=—1. 2375 x*—y?=z%
2.376. x?4+y*=2az, a#0. 2.371. x*—y*=2az, a#0.
2
2.378. zz=x2+y7. 23719, x*=2az, a#0.
2
2380, z=2+x%+p2 2.381. "? -
2.382. x*+y2—z2=4. 2383, x2—y2+z2+4=0.
2.384*, ]| 4TO z%=xy KOHYC
c B Hauaje T

2.385*. Jloxa3aTe, 4TO YpaBHEHME z=Xy ONpENENsieT THnep-
Gonnueckmit mapabosnona.

2.386. HasBaTe H TIOCTPOHTH MOBEPXHOCTH:

a) x2=2yz; 6) z—a=xv.

2.387. CocraButh Ha HbIE
IIOCKOCTH  CCYEHHA  SILTHITTHYECKOTO napabosionna y*+z7=x
TWIOCKOCTBIO X+ 2y —z=0.

2.388. VCTaHOBHTB. KaKMe KpHBBIE ONPEAESIOTCH Clemy-
IOLAMHA  YPABHCHHSMHE:

02
3 2 =2z, X_z_"’::h

a) 6 4 3
3x—y+6z—14=0; x—2y+2=0.

2.389 Haﬁm TOYKH MEpecedeHHs] MOBEPXHOCTH M MpPAMOR:
a) > +3 6+——l

2 2
R :6+y9 i

2 2
B) %+Z3—
@ TlcpeiiTH K NapaMeTPHYCCKMM YPABHEHHAM TPAMOi.

2.390. Jloka3aTh, 4TO B KaXIOM M3 YKA3aHHbIX HHXE CIy4acB
3a[aHHbIC TOBEPXHOCTH H IUIOCKOCTH HMEIOT Oy OGHIYIO TOUKY,
HalTH €e KOODIMHATBI
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4x—3y+12z-54=0.

2.391. JlokasaTh, 4TO MIOCKOCTH 2x—12y—z+16=0 mnepe-
cekaeT rumepGommeckuit mapabonoua x?—4y*=2z no npsmo-
JEHEHHBM 06pasyroumm (T. €. NPAMBIM, LEJTMKOM JIeXalumMm Ha
9Toi moBepXHocTH). COCTABHTH YPABHEHMS 3THMX OOGpasyFOIIMX.

2.392. [lokasaTb, 4TO ILIOCKOCTH 4x—5y—10z—20=0 rne-

“ 5 x* y? 2
pecekaer runep 5t 3
MONHHEHHBIM obpasyiommM. COCTaBHTH YpaBHEHHS 3THX 00-
pasyIoUIHX.

3. K o Tny i npoctpan-
cTRa. Tpu Knacca

1 no nps-

» nosep
il COOTBETCTBYIONIETO THIIA.
I i

noBepx-
HOCTE,

neperoca  T(1g), ONpeneNfieMbiX JMOGHIM BEKTOPOM, KOJIMHEAPHBIM
HeKOTOpOMy BexTOpY ¢ (L, m. n). VI3 5T0F0 OMpeflesienus CAENyeT, $TO
ecu TOUKA Mo (Xo, For Zo) TPHHAINIOKMT WATHKADY S, TO W BCA UDSMan

XX ¥Y—Vo_Z—Zo
e Yo Tatoke atomy
T " m  n
Tpunsta Beskan npaMas,

BekTOPY ¢ (L m,n), HAWIBACTCR ocvlo  WWIMHAPa S NpaMBbic

X—Xo yvYo Z—Zo

N B Mo (Xo, Jo, Z0)€S. UEIMKOM NPHHAZTICKAIHE M-
m n

uul'U-'lP)’v naauaakyrcu ero oﬁpa:vv!owumu; ncm(ax KpHBas l'. nexau@as

anpaesmoed 3Tore THAMAADA.
Tycre ¢ (l, m, m)— moﬁnu BOKTOP, KOTMHCAPHSH OCH IWATHKpa
L a T saa

Fufe 0. Fyfe 3150,

Touka M (x, y, z) NPUHAMIERHT LMIMHAPY S B TOM ¥ TOILKO B TOM
Cilyuae, KOFJA CYWIECTBYET YACIO ! TAKOE, YTO TOWKA C KOOD/MHATAMH
x+tl, y+tm, z+in nckur Ha obpasyrowiedi T, T.e.

Fy{x+tl, y+tm, z+tn)=0,

Fy(x+1l, y+tm, z+tn)=0.

Hckmroyas napamerp t u3 cucrembi (10), NOMYYMM COOTHOLICHME BHAZ
F(x, y, 2)=0, KOTOpOE M FBNSCTCH YpABHEHMEM 3AIAHHOTO IWATHHADA.
pumep 4. HamicaTe ypaBHCHMe TWIHWIDA, OCh KOTOPOTO €O-

BHafAeT C oceto Oz, a 334Ha YDaBHE-
musvm F(x, )=0, z—h=0.

10
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< Tomaran g=k (0. 0, 1), nonysum cucremy (10) B Bune F(x, y)=0,
z+t—h=0. ITOT pe3ynLTaT O3Hauact, YTO TO4Ka M (X, y, Z) NpUBAI-
JICKHT IMAMHAPY B TOM M TOJILKO TOM Cily4ae, KOPJid €¢ KOODMHHATEI
X u y yuosmnopﬁm ypasuewnio  F(x, y)=0 npu npomsonwom
3HAYCHH] (e (%, y)=0, onu-

Ha momm Oxy, W ecn

YPaBHEHHE 3a/AHHOTO LEIMHpA. o

THocrpouts M
2393, y24z=4. 2394,

2.395. 2.396.

2.397. 2.398.

2.399. . 2.400. .

2401, xz=4. 2402, yi+zi=—2z.

2.403. CoctasuTh Tpex LHIHH,

cTeji, onucaHHbIX oKkono cdepsl x2+y?+2z2—2ax=0 ¢ ocamu,
napaIeHEMI COOTBETCTBEHHO: a) ocn Ox; 6) oc Oy, B) ock Oz.

2.404. Haiitn ypaBHeHME LFUIMHJDA, MPOEKTHPYIOUIETO OKpY-
KHOCTh

X2 +(p+2)2+(x=1)3=25, '
x24y?4z2=16
Ha IIOCKOCTh: @) Oxy; 6) Oxz; B) Oyz.

2.405. Hairtn P
(x+1)2+(y+2)2+(z—2)*=36,
x4 (y+2) +(z—1)*=25

Ha MIOCKOCTB: a) OXy; 6) Oxz; B) Oyz.

2.406. CocTaBHTh ypaBHEHHE TNOBEPXHOCTH, KAXKHas TOYKA
KOTOPO# OJIMHAKOBO yHaJleHa OT NpsAMOit X=a, y=0 1 TIOCKOCTH
Oyz. ITocTPOHTH HOBEPXHOCTS.

2.407. CocTaBuTh ypaBHEHME LHJIMHIpPA, €CIH:

a) ocb KomwHeapua vektopy ¢ (1, 2, 3), a manpasnsouias
3amana ypasHeHusmu p’=4x, z

6) ocy konnmueapna pextopy ¢ (1, 1, 1), a manpaisiouas
3anana ypashenusMn x2+4yp?=4x, z=0.

2.408. Cdepa x24p2+z2=4z ocpemena Jywamu, napai-
JenbHbIME npsiMoit x=0, y=z. Haiirn dopmy rtenn cdepbl Ha
ftockoctn OXxy.

2.409. IToCTPOMTD TEJIO, OPAHHYCHHOE MOBEPXHOCTAMHM y 2 =)
z=0, z=4, x=4, W VPANNCATL yPUBHEHWE JWMATOHANeH Trpamw,
Jiexatueil B IJIOCKOCTH x=4,

s
H (k, Mo) ¢ npo-
WIBOMLHBIM ~ KOOPOUIMEHTOM K M UCHTPOM B  HEKOTOPOW  TOUKEe
M (Xo, Yo, Z0), MasuBacMoit 6epunoil konyca. W3 9Toro onpencscims
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CHENYET, YT0 €CAM TOUKA M, (x,,y,,_,j TMPHHAMUIEKHT KOHYCY, TO BCH
X=Xy Y=y
npsvast ! L4 . 4epes aTy TOUKy M Bep-
Xy=Xo J1~Vo
wmy Mo A oﬁpanwm KOHyCa, NETMKOM JEXHT Ha
onycc Besikan kpupas I, siexamian Ha KOHYCE M TEpeccKalolilasi Bee
ITOro _KOHyCa.
flycts 3a1aH KORYC S ¢ Bepumtol Mo (Yo, Yo, Zo) H HaNpABISIOUICH
Fy(x y, 2)=0.  F;(x. 3 2)=0.

Touka M (x, y, z) ) TPHIIIORST KOMYCY S B TOM u TOJBKO TOM ciryuac,

KOrja  CymiecT WMCIO  TAKOE, WTO TOMKA C  KOOPIMHATAMM

X+ (x=X0), y+l(y Yok 241 (z—20) sexut wa obpasyiomei I, T.c.
Fi(x+t(x—xo), y+t(y=yo). z+t(z—2)) an
Fa(x+t(x—xXo), y+t{y—yo). z+1(z—20))=0.

Mcxsttouast miapametp ¢ w3 cscrems (11), mONyusM ypasHewe KOHyca

B Bune F(x,y, 2)=0.

Tlpumep 5. Hanmcath ypasHeHue KOHYCA, BEpUIMHA KOTOPOTO
suxomTER B Tome Mo (X0, Yor Zo)s 4 HATIPABIIFIOWIAR 38/4HA YPABHCHAAMM
F(x, y)=0, z~h=
< Chcrema (1) Np# 9THX yC/IOBHAX UPHRWMACT BW

Flx+t(x=xo) y+1(y—ryo)=0,
sz —z0)~h=0.
-z _(h=z0)—(z=20)_h—z

0,

U3 BT0pOrO ypaicus (=

1, wro nocne
2270 =7
NONCTAHOBKH B TicpBOE ypaBHEHHE fiaeT
x
F(xw(hmb =, yo+(h~z) (12)
70 710

Vpubtenme (12) W €cTh ypaBHENME JANAHOTO KOHyCa. B wacTHOM
ctyuae Xo=)o=zo=0 (BepuluHa KOHYCa HAXO[MTCS B HAUAJE KOOPIMHAT)
YPaBHEHHE KOWYCA NpUHMMACT BUJL

F(h - h{)=u. 3)

Jamerm, 4TO 13) xymzre

HE MCHSETCK NpH 3aMEHE X, ¥ M Z HA [X, {y W 2 NPH TNPOU3BOJILHOM
1#0), a 12) —Xo, Y—Yo

" z-zp &
2.410. Ilycte ¢ynxums Tpex nepemesHbix F(x, y, z) omHOpOI-
Ha OTHOCHTENBHO X, } M Z, T. €.
Vi#03seR (F(tx, ty, tz)=1'F(x, y, z)).
Tokasatk, 4TO y F(x,y,2)= KOHYC C Bep~
UIMHOM B HAvase KOOP/MHAT, MPHYCM /IS JHOGOro A Kpumas

o

€CTh €ro HanpaBisIomas.

=0, z—h=0




2.411. CoctaBATh ypaBHEHHe KOHYCA, BePUIMHA KOTOpOro
HAXONMICA B Hayaje KOOP/MHAT, 4 HANPABNAIOLIAS 3a/laHa
YPaBHEHUSAMHM:

x24y2=a?, x24(y—6)>+22=25,
a){z o 6 (»-6)

y=3
. 2
ata=h x2=2z+1=0,
B) {b* ¢
x=a; y—z+1=0.

TIoCTPOHTH COOTBETCTBYIOIUME KOHYCHI.
2.412. CocTaBuTh YpaBHeHHE KOHYCA, €CJIA 3aJaHbl KOOpP-
JMHATHE Mo u
a) Mo (0, —a, 0), x*=2py, z=
X2 32

6) Mo(@, 0, ). > —wl 7=0;

3

8) Mo (0, —a, 0), x* +y 2422=a% ytz=a;

1 Mo(3, —1, =2), x*+y*—z%=1, x—y+z=0.
YIOCTPOMTE COOTBETCTBYIOLIME KOHYCHI.

2.413. TlocTpoMTs KOHYC, ONPENETHTh €ro BEPLIMHY M HANPAaB-
JISIOLIYI0 B TUIOCKOCTH z=h, €CJI KOHYC 3a/aH YpaBHCHHEM:

a) x2+(y—h)*—z2=0; 6) x*=2yz.

2.414. CoCTaBuTh Yp4BHEHHE KPYroBOro KOHYCa, AJIfi KOTO-
poro ocu ero

2.415. C i aHuE Tiep
ceprt x?+y2+:2=a® ¢ konycoM x2+y?—z2=0 Ha KOOpAUHAT-
HbIE MUIOCKOCTH: .

a) Oxy; 6) Oxz; B) Oyz.

2.416. Wicrounnk cpeTa, Haxonsumiics B Touke Mo (S, 0, 0),
ocsemaer chepy x2+y%+2z2=9. Haittu dopMy Temm ma mnoc-
xoctH Oyz.

epaujenun
OTHOCHTEJILHO TOBOPOTOB R (@, 1) Ha MOGOH YTON ¢ BOKPYT HEKOTOPOR
QUKCHDOBAHHOT OCK . DTd _{IOBCPXHOCTL ~ MOKET GbiTh mosydena

BpAICHMEM BOKDYT OCU & KPWBOH, B CeHCHMM
1060 TUOCKOCTBIO, MPOXOARAUIEH HEPes ITY OCh
Mpumep 6. Busectn Bpa-
wesnem xpuBol F(x, 2)=0, y=0 Boxpyr ocu Oz (puc. 35).
< Cesienue 2=20 €CTh OKpY-

KHOCTD € 1eHTpoM B Touxe C (0, 0, zp) pammyca xo, NpuueM f (x0, 20)=0.
Tooromy anst npomnonwo Toukn M (X, y, z) 3TOl OKpYKHOCTH HMEEM:
2=20 m p(M, 02)= /x4y =xo. Tloncranans oM pabewcTaa B CoOT-
Howenne F(xo, 2o)=0, nomyuaem

F(J/x™ 2 2)=0. (14
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Vpasnenue (14) 1 ects vx:KOMOe ypanﬂenuc
JaIAHHOH 1IOBEDXHOCTH  BDALLICH

2.417. COoCTABMTL ypaBHEHHE NOBEPX-
nocm’ ospuomnnoﬁ BpaleHNeM KPHBOH
=x?, y=
= a) Boxpyr ocu Oz; 6) BOKpyr ock Ox.
floc1poMTh 00 IOBEPKHOCTH.

2.418. CoCTaBUThL YpaBHEHWE MOBEPX-
HoCTH, OODA30BAHHON BPAIUCHHEM AP~

z=y, x=0:
a) Boxpy! ocs Oy; 6) Bokpyr ocu Oz. Puc. 35

[locTpoHTL 06€ TOBEPXHOCTH.

2.419. Cocrasuth H,
BPALLICHHEM  BOKPYT OCH Oz:

a) KpUBOH z= e *, y=0;

©) xpuBoit z=Fv y=0.

TocTpouTh 06e IOBEPXHOCTH n neuoﬁ CHCTEME KOOPIMHAT.

2
2 +z
2.420. Tlokasath, uTO ——+J =1 ecTb ypaBHeHHE TOBep-
XHOCTH € oCBtO Ox. H
KpHBOH B IL n z=0, KOTOPO#H y 3ra
TOBEPXHOCTb.

2

x +y2 2

2.421. Yloxasats, ¥TO 1 ecTb ypapuemue nosep-

XHOCTH BpalleHus. HaliTi ee oOCb BPAIUCHES H yPABHEHus
Kakol-HHOYab  KpHBOH, KOTOpOit ara
TIOBEPXHOCTb.




[nasa3

OYIPEJAEJNTE/A U MATPMIIBL
CUCTEMBI JIMHEVIHBIX YPABHEHMI

§ 1. Onpenesmtesn
1. Onpeneantean 240 % 3-ro nopwios. Kpanparwas TaGimia
A ﬂu)‘
az ax,
HCTHIpE! (nm ) WHCC I
HasbIBACTCS mopamnaa Mﬂm,mm'u Zza no,mom Onpcdemmuw 2.0
RO A4 (un

HOPAOKA, COOTBETCTBYIOUHM MATPHUE npoCTO — onpedeame.c
mampuyger A), Ha3LBACTCH WHENO

an a4y

det A= 1182201203,

az
Anayornyro, ecm

an d i3
Gy G2z Gy3
31 A3 a3

~— KBaJpaTHas MaTpHlIa 3-rO NOpsjKa, TO COOTBETCTBYIOMMM eif onpe-
deaumeaent 3-20 nopadka WampBacTCA WHCAO

ay a2
det A= |ay an | =01022053+02003,0:3+
ay x4y
+012023031 — U1 3022631 — 012021 033 — A1 G23032- (1)
Onpenenuresnn 3-ro nopaika OOBMHO BLMHCASIOTCH €  HCTONL3OBE-

HHeM cacaylomcro mpabuna Capploca: ONHO W3 TPSX Claraems,
sxonguux B npasylo sacts (1) ©

3WAKOM  JUNOC,  €CTh MO
JIEHHE  INEMEHTOB  24a6HOM  JUAATOHd-
Tm Matpmme A, Kakioe w3 AByk
ZPYFUX — NPOH3IBCACHHE  JNIEMEHTOB,
Texaux Ha mapaniend Kk o10h
JMATOHATN, W WIEMEHTa W3 MpoTH
BOMOOKHOTO  yrna  Matpud

(pHc. 36.a), a ciaracMmbic, BXOASUDE

2 5 (= B () o aHakom MHHYC, cTposict
TAKHM e OBPa3IOM. HO 01HOCHTEIHH
Prc. 36 BTOpO#  (nodvwnoil)  auaronad®

- (puc. 36,6).
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B UTh Tenu 2-ro

34, | -1 4| 32 |a+b a—b| 33. |cosa —sina
-5 2| a—b a+b| sina cosa|
34. cosotising 1

atbi b 35.
20 a—bi|

1 cosa—isina

37. -2 u

3.6. |2singcosg 2sin’p-—1 1412 1402
’Zooslw—l Zsmq:msqpl' 20 1-12
The? 14

Peluuth ypaBHEHHS:

38. x x+1 3.9.

~4 x+1

cos8x —sinSx | _
sin8x  cosSx|

3.10%. Jloxa3ath, 4r0 NpH ACHCTBUTEILHBIX 4, b, ¢, d XOpHH
a—x c+di

di b—x
3.11. Jloka3aTh, YTO [UIS PABEHCTBA HYJIIO ONpEACNHTENs 2-T0
TOpsiika HEOOXOMMO M A0CTaTOYHO, 4TOObl €ro CTpokH Oy
TPONOPIHOHAIbHBL (T. €. YTOObI MEMEHTbI OHOMH CTPOKH NOJy4a-
JWCHL M3 COOTBETCTBYIOIIMX 3NEMEHTOB APYro# CTPOKH YMHOXCHH-
eM Ha O[HO W TO e uucio). To ke BepHO ¥ A CTONOIOB.

YpABHEHUS 0 HeHCTBUTENBHBL

B b Tenu 3-ro

312. |23 343 |3 45| 304 |g4x x  x
456 8 7-2) x btx x
789 2-1 8 X x c#x

315 |a24l of oy 3.16. |sina cosa 1

af Bl Py | sin  cosp 1
oy By yiHl siny cosy 1
3.17. 1o 318. |1 1
ey, 1 e >
et e 1 1 e
2n .. 2m 4n . . 4n
The e=cos —;-Hsm 3 fae e=cos —+isin —.

- 15



Pemuth  ypaBHeHus:

3.19. 3 x —x 3.20. X x+l x+2
2 -1 3| =0 X#3 x+4 x+5| =
x+10 1 1 x+6 x+7 x+8

Perute HepaBeHCTBa:

321 3-2 1 322, |2x42 -1
1 x -2} <0. 11 -2}>0.
-1 2 -1 5 -3 x
3.23. Jloka3aTe i TENst 3-re
TOPAIKA, BCMOJL3YSt €0 oNpeiesieHue:
a) eCJIM CTPOKK MATPHIBI TeNlst clenath
C TEMH Xe (r.e MaTpuly), ToO

OIIpe/IENIATENb HE W3MEHWTCH;
€C/IH BCE 3JIEMEHTHI CTPOKH (CTONONA) YMHOXHTB Ha OfIHO
W TO XK€ HHCJIO, TO ONpeAe/IMTeNIb YMHOXHICE Ha 310

B) eCIIH Thb JIBE CTPOKH
TO OH M3MEHHMT 3HaK; B YAaCTHOCTH, €C/IM JIBE€ CTPOKHM (CTOJI6Na)
ONpe/esIUTENs PaBHBI, TO OH PAaBEH HYJIO;

r) €clM  KaX[blii 3JIEMEHT HEKOTOpoH CTpoky (cronbua)
ONpeIeTHTENs MPELCTABNIEH B BUJE CYMMbI JIBYX CRAraeMBIX, TO
ONpEAE/UTENh paBeH CyMME [BYX ONpENeJTeNell, Y KOTOPbiX
BCC CTPOKK (CTONGIBI), KpOME JIaHHOWM, NpeXHHe, a B JIAHHON
CTPOKe B NEPBOM JIE CTOAT TEpBbIE, a BO
BTOPOM — BTOPBIE ClTAraeMeie;

z) ec oma Crpoka (Crosnfen) sBISETCS JMHEHHOW KOM-
OuHALMeH OCTANIBHBIX CTPOK (CTONGLOB), TO ONpeNeHTENh PaBCH
HyJI0.

H i

3-ro nopsaka, mepeunc-
Jenspie B 3afave 3.23, [OKa3aTh CREAyIOLME ToXuecTBa (ompe-
JC/IATENIH HE Pa3BEPTHIBATH):

324, | g4bix ai—bix ¢ a by o
ay+bax ay—byx ¢ | =—2x|a, by ¢
ay+bsx a3—byx ¢y ay by ¢

325 |ai+bx axtby o a by o

atbyx ax+by o | =(1=x?)|a; by
ay+byx  asx+by ¢ ay by ¢
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1 a a 1 a a*
1 b b =(@+b+a |1 b b?
e

o 1 ¢ ¢

b TeJH, cBolicTBa
OnpeniEMTENs 3-ro mopsAlKa, MEPEYHCIICHHBIE B 3ajave 3.23:

327 x4y z 1| 328 |@e1)? a?41 a
ytz x 1. (b+1)> b241 b,
4x oy 1 (1?2 2+l ¢

329. |sin’a cos2a costa| 3.30. |sina 1 cos?a

sin?P cos2B cos?P |. sin?B 1 cos?
sin?y cos2y cos’y sin?y 1 cos’y

3.31. Ilpoeeputh, 4TO ompemesmTeNs |x y z HeTUTCH

x* y? 7
HA X—Y, Yy—Z H Z—X.
3.32. IlpoeepuTh, 4TO oONpenesuTeNh
Xy x+y
¥y Xty X
X+y x y
RenMrcs Ha x+y M Ha x2—xy+yZ
3.33. Moctpouts rpadux QysKimn
. x x* 1
=—1|a a® 1 (a#b).
—a
b b1

2. Owpeseurens n-ro nopwika. BCsKOC B3auMHO OAHOIHAYHOE
OTOBpaXeHue T MHOKECTBA {l, 2...,n} NCPBLIX M HATYPATHHEIX WHCEN
8 cebn malbiBaeTCH MOOCMAN0GKOi n-20 noproKa.

Besixas nojctanoka Moxer ObiTh 3ankcawa B Bue

N
n_(% Gy e m_)' @

he oy =n(i)—0bpas onementa ie{l,2, ... n} npu otobpaxciun m.
Ty MHO!

©ocobon samucn Bwra (2), ot
17



BepXHell CTPOKH. B wacTHOCTH, 3amuch BHAa

12 n
n:( ) R
% % e Oy

HA3BIBACTCH  KAHOWUYCCKO.

ToBOpST, 4TO Tiapa 21EMEHTOB (i, j) OBpA3yeT unsepcio B TONCTAHOB.
ke T, ecw i<j, HO &, >0, YMCIO $(7T) BeEX MBBEPCHBIX WAp onpenenscr
HETHOCTH uemkoil, ecam §(m)—
YETHOE WHCHO, M Heuemnod, CCTH () —HMCIO HEueTHOE.

TMpumep 1. OnpesenTs 4YETHOCTE MOACTAHOBKH

(13524
2354 1)

< Tepelinem x xanomwscexoi ammcu (3)
12345
"=(2 431 5)
W noacaMTaEM wwc7o whbepcuil. TaK KaK WMBEpCHH OGDA3YIOT Tap

(1,4), (2,3). (2.4). (3,4), 10 s(m)=4 ¥ T— yeTHAs TOMCTAHOBKA ©>
Onpedeaumenes n-20 nopsoKa, COOTBETCTBYIOUHM KBAIPATHON Ma-

Tpune

@ @2 e A

(win onpedenumenem mampuyst A), HA3LIBACTCS WHCIO
i

det A= | T2 922

Bl 0 G .

Gyp Gn o GOpn

rae cymma Gepercs 1o BCEM NOJCTAHOBKAM T 1-FO NOpPSAAKA.

Mt onpenesMrens n-ro NOPAAKA BEMOMHAIOTCS OCHOBHbIE CBOHCTEE,
AHATIOTHYNBIE CBOHCTBAM a) —I) W3 3amadyu

3.34. Ha mHoxecrse {1, ..., 6} HaiiTh MOACTAHOBKY 7, eC/iA
n(k) sBnsiercs ocTaTkoM OT jeneHus uncaa 3k Ha 7. Onpenenuts
ee YEeTHOCTh.

3.35. Ha mHoxectse {1, .., 8} HaliTH noxcraHoBKY 7, €cib
n(k) SBASCICH OCTATKOM OT HeNeHHs 4ucia Sk ma 9. Onpenenuth
€ YEeTHOCTh.

O Th HYETHOCTH
52431 34
336. (3 125 4)' 3.37. (l 4
2n—1..4
338'(2n—| .3
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n n—1 .. n—k+l n—k n—k—1 .. 2 1
3. (k k=1 1 omon—l . k2 k+|)'

BBISCHHTB, KaKue€ H3 HHXE TpC
BXOIAT B ONPENEJHTENH COOTBETCTBYIOLMX NOPAIKOB H C KAKHMH
aHAKAMH:
3.40. a43021035012054. 3.41. a61a;3045a36412054-
3.42. G2703605107a0250a3062. 343 033016072027055061044-
3.44. BuiOpath 3pauenus i u k Tak, 9ToObl NpOM3BelEHHE
A620; 50330k 4046021

BXOLHJIO B HEKGTOpbl.ﬁ ONpEAICIUTCIE CO 3HAKOM MMHYC.
3.45. BoiGparh 3uavenus i ¥ k Tak, 4Tobbl Mpom3BeNeHHE

Q4706301 i05507k 024031

BXOJIO B HEKOTOPLIH ONpPENENHTENb CO 3HAKOM ILTIOC.
3.46. Haiits wieHs! onpenesHrens

Sx 1.2 3
x x 1 2
12 x 37
x 1 2
conepxkaume x* u x3.
I TOABKO BBIYMCIMTE
onpeneETeNn:
0 .. 0 0 P
0 0 A2n-1 Gz
347. | 0 G3p-2 O3m-1 Gym
a1 Opn-2 Onn-1 Gon

a;y @z @3 s Ags
a1 G2 Gz Oz4 G5
348. |as; ax, O 0 0 .
ag; as; 0 0 0
as; as, 0 0 0

3.49. Kak M3MEHHTCS ONpPEENNTENb, CCITH:
a) K KaX/JOW CTPOKE, Kpome rocieaneli, mpHGaBHTh NOCIE-
HIOI0  CTPOKY;
6) u3 KakIOH CIPOKH, KpOME IIOCHCHHEH, BBIYECTH BCE
l0CTIe/iyIOILe CTPOKH;
i 19



B) B3 KaXIOH CTPOKM, KPOME TOCHCIOHeH. BHMECTH NOCHe-
RYIOLIyI0 CTPOKY, M3 NOCNEAHEH CTPOKM BHIYECTH NPEXHIOW
NEpBYIO CTPOKY:

r) ero MaTpuuly «noBepHyTh Ha 90° BOKDYr HEHTpa»;

JI) TIepBbi# CTO/OEN NEPECTaBUThL HA TIOCHENHEE MECIO, & OC-
TalbHble HEPSOBUHYTH BIIEBO, COXpaHfisl WX PACIOJIONKEHHE.

3. Ocnobtble  MeTO/Ib  BLIMHC/ICHWR ODpejieMTenel M40  nmopuka,
Mevon NOHHXKEHHA NOPHAKa ONPEACHMTENS OCHOBAKM HA CAEy-
HOWEeM COOIHUNICHMN (i hALKPOBAHO):

det A=Y a,a“h, @
P
rne
Gy e Ganr @ik e A
ABBo(ogyrt | Bt Gonaet Gk e e | g
Geg 1 e Girik-t @Giviker e e
L X S I

nemenTa @y M mpencTamnser
coboit (¢ m-mocmo 10 anaxa (—1)'**) onpeaenuens (n— 110 nopka,

i+ cTpoxm
u k-to cronﬁm, " ICPUCCUCHMN KOTODHX CTOMT JIEMCHT Gy
‘ooTHOWEHKE (4) no it
mpoke. AHATOTWIHO no cmo-
46qy Tlpexcic 4eM TPHMEHATH METOR TOHUKeHHA HOPANKA, MONCKO,
cBoiicTBA B HyIh BCC,
Xpome nnunrn. JNEMEHTHI €70 HEKOTOPOH CTPOKH (cmnswx)
MpumMep 2. BuuHcmts onpenenutens
8 7 2 10
-8 2 7 10
D=1 44 4 s
04 -3 2
<0 M3 meppoii CTPOKM BLMTCM, a KO BYOPOW TPHOABMM  Y/IBOCHHYIO
Tperbio. Hony O TepBOMY Crondiy
Hmeem
0 —-1 -6 0
-1 -6 0
p=]0 10 B 200 pea] a0 15 20
4 4 4 s 4 -1 2
0 4 -3 2 A

JManee onste obpamaeM B Hy/lb BCE JIEMEHTEI NEPBOTO CTONGUA, KPOMC
IMEMCHTA B JICBOM BEDXHEM Yy, W 3aTeM BHIWCIACM ONPE/CTHTEND
BTOPUIO TOPAARA.
-1 -6 0
0 —45 20
0 -27 2

sen| Ty Bl

D=4

= —4(—90+540)= —1800 ©



METON TIpHBEAEHHS X TPEYTONbHOMY BHAY 3aKIOYacT-
s B TAaKOM npeo0pasoBaHMH ONpEAETHTENS, KOTAA BCE INEMEHTHI,
jeKallse 10 OjHy CTOpOHY OMHOH M3 €f0 [HMaroHaiel, CTAHOBATCH
paBHBIMH YO,

Tipumep 3. BLMMCIMTE OMpenETHTENL

1

1 -1 2

1 1 -1

1 1 -

_— N -

< BLIMMTAS NEPBYIO CTPOKY M3 BCEX OCTANBHBIX, TOMY9acM

1 1 1 1
0 -2 1 1
0 0 -2 2
0 0 0 -2

MeTON PAXYPPEHTHBIX COOTHOWEHNH NOIBONAET BHIPAIMTH
JAWKBIH  ONpeNeNMTENb, Npeobpa3ys M pasnaras ero no e  HIIH
cTonbiuy, Y€pe3s onpenenuTeNH TOro Xe BHA. HO GONee HUIKOTO NOpRIIKa.

HbIM

’l’lpuueﬁ 4.

< TlokaxeM, 4ro npH mobom n (n>2) onpenenutens Bawjepmonna
papen npos a,—a, I<j<i<n. Jlo-
@ no MeTon

COOTHOUIEHHH.
[eHCTBHTENBHO, NpH n=2 HMeeM

a az

D= =a,-a.

Tlycre nawe yTsepx/iende NOKasaHo s ompenenuTesell Bawaepmonma
nopsaka n—~1, T. e

Da-r= [l (a—a)
<<ien-t

D obpazom: M3 nocieHeR
Rt CTPOKH  BLINHTAEM . (n—1)-10, YMHOXEHHYIO HA @ W, BOODE,
TIOCTICNIOBATENLHO BHYMTACM H3 K-il CTPOKH (k — 1)-40, YMHOKeHHYIO Ha gy
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Tonysaem
1 1 1 1
[ a—ay ay—a; a,—ay
D=|0 a-ae,  deaa .. di-aa

0 a3 'maay? @i '—aatt .. —aay?

Pasnioxum nociieanuii ONPENCIHTENL 1O NepBoMy CTonbuy H BbiHecem
w3 Beex cToNGuoB O6LME O B

o ay g
Dy=la—a)as~ay)...(an—ar) | 0 @i af

=(a2—a)lay—a)...{an—a1) D, 1.
Tlonyunm Ha MH-
JIYKUHH, OKOHYATETBHO BBLIBOJWIM:

e, 1_fo—a)= 11 _fa-a) =

<i<n 1<

D,=(az—ar)(as —ay)--

Boraucinte ONPENCNUTENN, HCTIONB3YA NOAXOAALIee pa3Jloke-
H¥E MO CTPOKe WIH cronbuy:

102 152
350. [0 2 0(.35L [ 070
203 120
1o 9 10 11
352 (12 1(.38 [1 1 1
012 2 03 4
2 -3 41 s a2 -1
4 23 2 4 b4 -3
L IO BN PR S &
3 -1 43 445 -4
a1 1
IR
B0
a1
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BLIMHMCIHTE  ONpEzeTHTENN:

2 3

phas
)
g g
55
Qe

0 b cd

0
56 000

56 00

6

. 362. |0

1

6
s

000

« <
ko
TN
BRI
R RN
R EERE
RN
o
oo == x
oo
[
L
o ne-n

3.61.

off

oa+p

a+p

1

1 atB

0

of
a+B
1

atP
2
0

3.66.
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BbIYHCIHTE ONpENEHTENH TOPS/IKA 7 TPHBENCHHEM HX K Tpe-
YrOJBHOMY BHAY:

1 2 3 .on 322 .2
-1 0 3 .on 232 .2
367. | -1 -2 0 n|.368 |2 23 2

-1 -2 -3 .0 222 .3
3.69. BEIYHCIHTEL ONPEIENHTENb, JJIEMEHTEl KOTOPOTO 3a/dHbl
yeioBUAMH  @;;=min (i, j).
3.70. BelMHCIHTE ONpeeIHTENb, MEMEHTHl KOTOPOrO 3a/iaHbl
yeltoBusMu  a;;=max (i, j).
BBIYHCIIHTE ONPEZCITHTENH TOPSAAKA 71 METOJIOM PEKYPPEHTHEIX
COOTHOLICHMH:

o1 1 .1 210 .. 0

3.73. BLMHCIMTH ONpeeMTens

ot eyt eyt

3.74. [lokasars, 4TO JUlst HOGOr0 ONpPEHEIHTENs BHINONHAETCH
COOTHOIIEHHE

& jy_ jdetd, k=i,
A(l.] d
Lo o, k#i,

rme A% —anre6panyeckoe nononuenue deMeHTa gy; (eM. (5)).

§ 2. Marpuust

1. Onepaunn Hax MaTpuuams. Mampuyeil pasmepa mxn ww (mxn)-
ii TabMua M3 uHCEN a4y,

=1, 2 ., mj=1,2 ., n
an az - G
ay G ..
| a2 2

Om1 Gmz oo Gy
COCTOSINA® M3 M CTPOK M 7 CTONGLOB.
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Cymmoii A+B (mxn)-mampy A=(a;) u B=(b,) ususactcs
marputia C=(c;) TOTO X¢ NOPSAXA, KaXAkD 2JICMEHT KOTOpOfl paBeH
CyMMe COOTBETCTBEHHMIX oieMenTon Marphu A i B:

=g tby i=1 % e J=1 2 e
Tpousecderuen @A mampuysi A=(a,) na_sucto e (iehcTsHTETLIO:

IH KoMnJlekcHoe) Hasmpactcs Matpuia B=(by), monyualoutasca i3
MaTpHisl A YMHOXEHHEM BOEX €8 DJIEMEHTOB Ha O
L2 e

AB  (m>n)-mamp ) Ha (nxk)-mampuyy
Be(byy maswisactes (m>xkmatpuua C=(c,), nevesT KoTopoil cy.
oS cTpoke W jM_CTOJGUC. PABCH CyMMe npotsescHf
COOTBETCTBCHHBIX JIEMCHTOB i-fi CTPOKH MaTpHUbI A m jro cronbua
MaTpHiel B

by=0a, i=1, 2, ., M J=

= S dinbyy =1 2y =1 2 ke
k)

3.75. JlokasaTh creyloluse CBOHCTBa anrebpaudecKux one-
paimit Haj MATpHOAMH:
a) A+B=B+4, A+(B+C)=(4+B)+C;

6) (@+B)4=0A+B4, a(d+B)=ad+aB, (xB)4=0(BA)
) A(BC)=(4B)C, A(B+C)=AB+AC.

b marpun 4 u B

21 -1 -2 10
3.76. 34+2B, A=(0 1 »4), B=(73 2 )

3. (a8 4= ) s-(10)

BoruucnuTh:

3 2\ [3 4 2 —3\ (9 —6
Y Y o
_ 1-3 2\[2 56
3.8&(4 3)( B 9 )(7 3), 3.81.(3 4 1)(1 2 5).
7 s)\ 3 -126)\21 P |

58 —4\(3 25 s o 238
382.16 9 —5|{4 -1 3} 3.83.14 1 53 7|
4 7 =319 6 5 31 -1 2 4

1
asay@ 0 —2 3 Hl-1e|-1|@ o -2 3 D
5 s

2 2l
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o =

[3710)
1\
a6t 72V asn (! ). acn
86. (5 _, - o 1) @€k
388 (A 1)’ AeR. 339'((‘05« —sma)(
(NP sno o8,
Haiitn 3savenne mHorounesa f(A) or matpuust A:

3.90. f(x)=3x2—4, A=(; 1)

0
1
2
3

W

391 f(x)=x2—3x+1, A:(_: i)

392 f(x)=3x2—2x+5, 4

Buruncnts AB— BA:

1 2 2 -3
wea(l )2 )

23 1 2

3.94.A=(—1| of, 1

12 -1 1

[ 75 3

3.95.A=(0 1 |). B=(0 7 5).
001

M: AwB s mep ., ecnu AB=BA.
Haiitn BCe MATpHIlbl, TNEPECTAHOBOYHBIE C JAHHOM:

310
3.96. (' 2>, 397, (7 ‘3). 3.98. (0 3 |).
3 4 5 =2 0 0 3

3.99. Haiittn Bce MaTpuibl 2-T0 MOPSJKA, KBAJAPATH KOTOPBIX

paBHbl HyNeBo# MaTpune O= 0 o)
3.100. Haiiti Bce MaTpMIbl 2-ro noSﬂJlka‘ KBApaTh! KOTOPBIX

1
PaBHBl €IMHUYHON MaTpHIe E=(0 t
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3.101. Kax u3menntcs npoussenenne AB matpun A n B, ecrn:

a) NMEPECTABHTh -0 M J-0 CTPOKH MATpuim! A,

©6) k -l crpoke Matpuuni A mnpHGABUTH jHO  CTPOKY,
)/MHO*BHHYIO Ha HHMCIO o,

B) MEPCECTaBUTL I-i M j-it CTONOUBI MaTpuiki B,

r) K i-My cronbuy matpumsl B mpuGaButs j-i cronGen,
YMHOXKEHHbI Ha uHCIO o?

Matputia A’ MashiBaeTCR mpancnomuposannoi X Matpuue A, ccu
BLIONHSACTCS YCIOBME @),=d,, AT8 BCCX L, j, [JI€ @, W @, — WIEMEHTH
matpuit A ¥ AT COOTBCTCTBEHHO.

3.102. JokazaTh CleJylOmKe COOTHOLIEHHUS:

a) (4T)'=4; 6) (4+ 2 =A"+B"; B) (4B)'=B"A".

Brruicnuts AAT m A'A IS 3ajaEHBIX MaTpuu A:

-1 1 -1 1 -1
3.103. (' 2! }), 3.104.( 2 0 2 0 2
do-rso-t 0 -2 0 -2 0

K Z maTpuua B it, ecim B
KpanpaTvas Matpuua C Ha3LIBACTCH KOCOCUMMEmMpUNHOi, ecyih (1=

c
3.105. Jlokasath, 4ro moGylo MaTpuuy A MOXHO Tpei-

CTaBHTh, M MPH 3TOM EIMHCTBEHHLIM oOpasoMm, B Buae A=B+C,

e B——cuMMerpuunasi, a C—KOCOCHMMETPHYHAS MATPHIbL.

2. Obparuas_marpuua. K maTpuia A

um ee PpaBeH HYO, W He-
Ecnm A-—HeBbl-
pmmcunan Manmw, 0 cylmx:rnycr H TIPUTOM C/MHCTBCHHAS MATPHUA

AAT'=AT'A=E,

e E -emuuumas  matpuua (T, €. Takas, W4 [UIABHOW  JTHATOHANH
KOTOPOW CTOAT C/MHHIBL, @ BCE OCTAJIBHBIC MEMEHTHI PABHbI HYJIO).

Marpuna A ™' uasmpaercs ofpammoit X Matphue A.

Viakem pun

MeTOn UPUCOEAMHEHHON MaTpULLBL [lpm;oerumenmn Mar-
puna A¥ KaK T X MaTpHLE, CoCTABIICH-
HOH W3 anr i

Napit A (cn dopyny (5) s § 1). Taxunt oOpimom,

AL g@n e
40D gen e

PR
CupapenuiBo papencrpo

AYA=AAY =detA-E.
CIoNa CIEJlyeT, YTO ecid A-—HeBLIPOXKJ/ICHHAs MATPUIR, TO
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Mpumep 1. MeTojlom npacoenunennoli MaTpRus! Haliti 4 Y, ecry

12 -1
4={3 o 2|
4 -2 5 -

< Mimeen detd=—4 Haiizem D

BYIOIWHX EMEHTOB MATPHIBI A:

aqan_| 0 2=4. g 27! R, 4BV
~25 -2 s 0

I \ Ir,(,‘ Aa.a):l
-2 4 -2
Tosromy
( 4 -8 4) . (—1 2 4)
Av={=7 9 —5|w A l=—av=|74 —94 S| o>
-6 10 - 4 32 -sp 3n)
METOM 3MeMENTAPHIX NPE0GPa3OBa il DCMEHTADHBIMK

MATPHIb!
1) nepecradoska CTpox (CTonGLOB);
2) yMHOXEHHE CTPOKH (CTOnGna) Ha 9HCIO, OTAHYHOE OT HYJIs:

3) X crpoki
9NIEMENTOB JIPYro¥ CTPOKH (CTONONA), MPe/IBAPHTENLHO YMHOXEHHBIX Ha
HEKOTOpOE HHCIIO.

JUIst Jausiofi MATpRUBl A 7-T0 MOPSAKA TOCTPOWM TPAMOYTONBHYH)
matpuny [ =(4| E) patmepa nx 21, npHnuchias k A cipasa euHutHYIO
maTpuiy. [anee, wr Haj CTpo-
Kamu, npuBOuM MaTpuiy T4 X By (EIB), wro Bcerna Bo3moxo.
e A rieBupoiena. Torna B=A 1.

Mpumep 2. Meroom onemenTaphix npeobpasosauii - waiim

A" ans
321
A ‘4 5 2).
2 1 4

< Obpusyem marpuny T4
10 0
01 o).
001

3201

r,=(4 52
2 1 4

OGo3naump 4epe3 Yy, Yz, Ys CTPOKH MaTpuubl I',, mpowssejiem Haa

HHMH  CIEAYIOIHC NPeobpasoBavtg:

. 1 " a 2 a " " 1 "
L S T (o (e AAR (R TR vR ES
" 4 " 3 . - - ! "
L T T e R S T

. 2 o . 1 " " 7 "
Ya=va=y Ve Visvakgvh V=g



B pe3ynbTaTe MOCTENOBATENLHO TOMYHAEM

3211100 123 13 13 0 0
(4 52 01 0)-» (0 323 —4/3 1 0)*
2 1 4 001 0 —1/3 10/3 —2/3 0 4
10 1/7 5/7 =270 100 34 —774 —1124
..(0 127 —471 37 l)>=(0 10 | =12 5§52 —I/lZ).
0 0 2417 —6/7 Y11/ 0ol —1/4 U224 724
CrelOBATENEHO,
LR VR )
A” ‘—l/‘! 512 ~l’|‘!}. o
\—14 126 724

MeTonoM DPHUCOEIMHEHHOW MATPHIIN Haii*H OBpaTHRE Wi
CHEMYIOIIX MATPHIL

a6 | 2). aa0n. (3 %) aaes, (00 TS0,
3 4 £ 7 sino cosa
2 5 7 3 —4 5’

3. (6 3 o) 3ae {2 3 3
s -2 3 35

. 3112,

1

1 1 1
ﬁ 3.113. 3’\'/5 ”_“[5 _E‘l/g _J:ﬁA
15 =35 3.5 —11/5)

M M 2J1EM i HaiiTH obpaTHBIE
A7is CTE/TYFOUHX MATPHIL
273 12 2 L
3.114. (394 3115. (2 1 -2/ 3.116.
1—-1 1 -1
153, 2 =2 1 -1 -1 1

33 —4
0 6 1
3.117. s 4 2
23 3

S Tox pen. A. B. Edusosa, B. IT. [emsnosivia, 4. 1 129



3.119.

—Nvoo

NNwo

No = —
|

PeludTL MaTpUYHblE YPaBHEHHS:

w20 3) e 24 )
am (5 5) (95 %)

1 2 -3 1 =3 0
3.124. |3 2 —4]-X=|10 2 7).
2 —1 0 10 7 8
5 3 -8 3 0
3125 X-| 1 -3 =2)=|-5 9 0).
-5 2 1 ~2 15 0

3.126. [loxasaTh CleAyloOUIMe PaBeHCTBa:

9 )b

6) (4B) *=B'A Y

B) (471 =(4T) 1.

BoruciuTh 3Havenne GyHKumu g(x) npu x=A:

3127, gx)=x?—3x+2x"'—x"2, A=<‘l) :)

2 -1 0
3.128. g(x)=x—8x"'+16x72 A=l0 2 -1
(U] 2
o 11
3129, g(x)=(x*—1)"'=(x>+1)"1, 4=)1 0 1.
1 1 0
§ 3. 10
Paur  mMarpaust

1. Apudmernieckue BeKTOpsl. BCsikas YNOPS/IOYEHHAR COBOKYIHOCTE
) WHCES! HA3BIBACTCS Oeil

n

u

X=(X5, Xpp ceey Xa)-
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Yucna x.. X2y wees X by
BEKTOPd

Han apw(bMel‘mleCkHMM BCKTOPAMH BBOJIATCH CIIEAYIOLIME ONEPALHH.
Caoncenue: ecm
x=(X1, Xou s X}y Y=(V15 Y25 o Yo
T
x+y=(x1+y1. X242, oy Xata)- m

Vimoowcenye na wucio: eciit A —auCio (NEHCTBHTENLHOE HIH KOM-
iekcHoe) M x=(Xy, X2, ..., X,)——APHMCTHUECKMI BEKTOp, TO

Ar=(hxs, Axg, o, hxy). @

Beex b

(1) ¥ YMHOKEHUS Ha YHCIO (2) HAILIRACTCS npompur:rmsou apugsrenmaie-
cxux_exmopon(coom crcTBertco REFCTBUTENLHBIM Wi KOMTLICKCHBIM).
Baony B we accmaT-
puBaeTCs neﬁcmmenwoc npochdnc'an apuMETHUECKHX  BEKTOPOB,
0603HATAEMOE  CHMBOJIO!

CHcrena ApAOMETHAECKHX BEKTOPOB (X1, - X,} HASHBACTCH mueiio
sasucumol, eCIM HabilyTes uMcna A,, .y hyy HE DABHBIC OIHOBPEMEHHO
HYMO, TAKHC, WTO AyX;+..thX,=0 (o€ 0=, . . — Hynesolt
BeKTOp). B TPOTHBHOM Cilywac 9Ta CHCTEMa  HA3WIBACTCH AuNEiNO

by BEKTOPOB.
e,) HasbiBaeTcs Oasucom B Q, ecn
BRIIOTHEIH_crie/yIouHE ycnmam.

s
6) cuctema B=(er, ., €,) mANCIHO HErABHCHM

er
2) R moGoro Dexrops xe Q) HAHAYTCA TR by, .o by TaHE, 4TO

x ): heer. (6]

@opmysia (3) HASHIBAETCH pasiokentiem WeKTOpa X 1o Gasicy B.
BEKTOPOM X H Ha-
IBIBAIOTCH mrophuuamauu artoro mextopa B Gasuce B.

Ci

Y
1) Boskas cuctema Bextopop Q€R” uveer no Mennueli mepe ojr
Gimc, TP 9TOM OKASHIACTCR, W10 e GaTHCH Of CHCTEN CocToAT
“HCTA BEKTOPOB, panzom cuctemst Q 1 060-
'ﬂ-lzvacnoro rangQ ww r(Q).

R" paberi n n
ITOr0 NpPOCTPAHCTBA; TPH 3TOM B KauecTBe Gasuca R" MOXHO BIATH
CIEYIOULYI0 CHCTEMY:
e=(1,0,0, .., 0),
e=(0, 1, 0, .., 0),
0, 0, 1, ..., 0), @

20, 0, 0, ).

OTOT GasHC MPHHATO HA3LIBATL KAHOMUMECKU.
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3aukcupyeM npomssonbhbil 6asuc B=(e,, ..., €,) B MpoCTPaHCTH
R”. Tor/la BCSKOMY BEKTOPY X MOXHO fIOCTABMTEH BO B32HMHO OAHO3HAY-
HOE COOTBETCTBHE CTONOEL €r0 KOOPJMHAT B 3rOM Oasice, T.e.

\

X1

x=x101 .+ xpeyeoX=|"2].

33Meqanue. panuyat, BeKTOpA M ero
Gaszuce. Mt LIS HHX
oGo:Hdvenhe. XOTS CACIYET HOMHHIb, TTO KOOPINHATH BCAIOPA Co-
@ TOuBKO B Basiive.

Jinueinbie onepain (1) M (2) Al ApH{METHYCCKMMH BEKTOPaMu
B KOOp/AMHATHON (GUPME BBLILBUIAT ClielyloltaM 00pasom:

=xtyeZ=X+Y  (ea=x+m k=1 2,
“hxesY=A-X (en=hn, k=1, 2,

3.130. [Joxa3zats, 9TO i (1) 1 (2) 06
CIIEAYIOLMMH  CBOAICTBAMM:

L) x+y=y+x;

16) (x+y)+z=x+(+z)

1B) x+0=x;

Ir) Vx,y 3z (x=y+z) (BeXTOp z HAILIBACTCH PasHOCMIbIO
BEKTOPOB X H y M 00O3MAa€aeTcs Tak: =x—py);
=(Ap)x wni moGBX wncen A W ;

n).

3a) A(x+y
30) (A+p)x=Ax+px.

3ananbl apUOMETHYECKHE BEKTOPbI: a,=(4, 1, 3, -2), a,=(l,
2, =3, 2), a3=(16, 9, 1, —3), a;=(0, 1, 2, 3), as=(1, —1.
15, 0). Haittn

3.131. 3a,+5a;—a3. 3.132. a,+2a,—a,—2as.

3.133. 2a, +4a;—2as. 3.134. /ra,+3a;—/,a,+as.

3ajaHbl Te e, YTO M Bbllle, apHPMETHYECKHE BEKTODHI @,
ay, a3, as, as. HaliTu BEKTOp X M3 ypaBHEHHs:

3.135. 2x+a,—2a;—as=0.

3.136. a,—3as+x+azy=

3.137. 2(ay—x)+5(as+x)

3.138. 3(a3+2x)—2(as—x

3.139. loxa3ath, 4TO JIHMHEHHO 3aBHCHMA BCSIKas CHCTEMa
BEKTOPOB:

a) cojiepXaias JBa PaBHbIX BEKTOPa;

6) cojiepXaiias 1Ba BEKTOPA, PA3NAYAIOMIMXCH HHCHOBBIM
MHOXHTEJIEM;

B) coJepxalas HyJeBOH BEKTOD;
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1) JIHHEHHO

BLISICHATD, SBJSIOTCSH JIM CHEMyIOLIME CHCTeMbI apHbMeTHYe-
CKUX BEKTOPOB JIHHEHHO 3aBHCHMBIMH WM JIHHEIHO HE3aBHCH-
MBIMA:

—4, 3).
), x2=(1—i, 1+4 1—31, 4-2i).
3.144%, l]oka:carb, 'no cucTeMa apH(pMETHYECKHX BEKTOPOB
L 1,1, 1, 1), =0, 1, 1,1, 1), e=(0, 0, 1, 1, l),
0, 0, 0, 1, 1), es=(0, 0, 0, 0, 1) obpasyer basnc B R

HaijiTh KOOpAMHATH 3aJlAHHOTO BekTopa X B Gasmce
B=(e1, ..., €s) ¥3 3amaum 3.144;

3.145%% x=(1, 0, 1, 0, 1).

3.146. x=(5, 4, 3, 2, 1).

3.147. Jlokasatb, 4TO €CJH BEKTODHl @), @, @3 JIHHEHHO
3aBUCHMb! Ml BEKTOP @3 HE BBIDAXKAETCH JMHEHHO Y€pe3 BEKTOPBI
a; W @z, TO BEKTOPBI @) M @& PA3NMYAIOTCSH JMIUL YMCIIOBBIM
MHOXKHTEINEM.

3.148. [loxa3aTh, 4TO €CHH BEKTODH! . @3, ..., @ JIMHEHHO
HE3ABUCHMbI, @ BEKTODH! @y, @2, ..., @&, b JHHENHO 3aBHCHMEL,
TO BEKTOP b JIMHEHHO BHIPAKAETCH HEPE3 BEKTOPHL @, @), .., G.

3.149. [loxa3aTh, 4TO YNOPSAOYEHHAS CHCTEMA BEKTOPOB a@,
@, .., @, HE CONEPXAlIas HyJICBOIO BEKTOpa, JHHEHHO Hea-
BHCHMAa TOT/a M TOJNBKO TOTAA, KOIJIA HH OJMH H3 OTHX
BEKTOPOB HE BBIPAXACTCS JIMHEMHO depes Tpe/IbiIylue.

2. Paur maTpmupl. ITycts B maTpune A pasmepa mxn BeOparib
npommnmo k ctpok n k cmnﬁuon (k<mm (m, ). 3neMen'rM cTOsIIME

mrpuuy nopsuika k onpe]lum’renb :o'ropoﬁ MaosacTon sunopom k-z0
nopAOKa M
MaKCHMa"M(bm nopnuok r OTIMYHBLIX OT WY/ MMHOPOB MATPHLbI
A WaseBacTcs ee panzom, A MOOOH MHHOp TOpsjIka r, OTJM4HEHL OT
HYINS, — GasuCHbIM  MUNOPOM.
Crpokn (CTONOUbY) MATDHIbE A PASMEpa 1 X 11 MOXKHO PACCMATDHBATE
KAK CHCTEMy ADW(METHYECKMA BEKTOPOB M3 R” (COOTRCTCTBEHHO R”).
€opeMa 0 Ga3INCHOM MHHODE. PaHe mampuyvi pasen panzy
Cucmembt e cmpok (Cmoayos); npu ImoM cucmema cmpox ( emoabyos)
Mampuybl, COOEPHCAUIAR GAUCHBITL MUKOP, 0OPA3yem GA3uC 6 Cucmeme
6Cex cmpoK (cmoabyos) IMou Mampuii.
DHBE/IEM OCHOBHBIC METO/IbI BBIMMCICHWH DAHMA MATPHII.
MeTon OKaiMISIOUMX MHHOPOB. [TycTh B MATPHIC Hal’meu
MHROp K-r0 Topsnka M, ornvumbii OT Hyns. Pacemo
MHHOPBE (K+ i)-10 VOpS/KA, KOTUPHIC COIRPAAT B Crde \uxaunmmm)
MAHOp M: CCIM BCC ORM Pandbl iyMo, TO PAHT MAIPHUS PaicH K
B Ccnyuae ¢ MUHOPOB HAWAC1CH HEHyACBOM
MUHOp (K+1)-TO NOps/Ka, M #CS UPOLEAYPA NOBTOPAEICH.
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Tpumep 1. Haiitu pasr MaTpuust
2 :—4 3!

0_ [
472774 a5
< DuKCHpYCM MHHOP 2-TO MOPWIKA, OTWAHBI OT HYMSE:

_|-4 9]
MZAI__z 1 #0.
Musop 3-ro mopsaxa
2 -4 3
My= |1 =2 11,
[ 1 -1

oxaiiMisiouMi  MHHOD M, Takke OTMYen oT Hyns. Ommaxo oba
MUHOpa 4-TO TIOpsylka, OKaWmuIsioutde My, PaBHbl HYIHO:

2 -4 31 2 -4 30

L2 14 1 -2

TlosToMy panr A paser Tpem. o

€TOJl 2JEMEHTAPHBIX NPEOGPa30OBaNMIi OCHOBAN WA TOM
dakte, 4o AlemenTapHbie npeobpasopawks (cM. M. 2 § 2) MaTpuubl
He MeHSIOT ce paura (cwm. 3anady 3.158) Wcnombays 3w npeoOpasosanms.
MATPHIY MOXKHO (pPWBECTH K TAKOMY BWJly, KOr/Ia BCE €€ OJIEMEHTI,
KPOME @yp, G32, «os @y (r<min(m, n)), paBHbl Hymo. CAeOBATENBHO,
PAHIMATDHIL paBe 7.

Mpumep 2. Haittn paur matpwist

0 2 -4
-1 —4 5
A=| 3 1 71
0 5 —10
2 3 0
< M Gynem
nveTs
0 -4 14 -5 1 4 -5
-1 -4 5 23 0 0 -5 10
301 7]-[3 1 70 - 2|»
0 5 —10 05 —10 0 5 —10
2 3 0 02 -4 0 2 -4
14 -5\ (100
01 -2 o1 0
-0 1 —2|=»[0 0 O
01 -2 0 0-0
01 =2 000



Panr TOCHE/HER MdTpHuH PABCH JIBYM, CJICI0BATEIBHO, TAKOB XE H Panr
HCXOMHOH MATPHIIb

HaiiTn paBT MaTpHipsl METONIOM OKAHMISIONIMX MHHODPOB:

3.150. /2 -1 3 -2 4 3.151. 1
4 —25 17| 4
2 -1 1 82 7|
1
152. (3 -1 32 5 3.153.
5 -3 23 4
1 -3 -5 0 -7/
7 -5 14 1
3054 (1 2 3 0 -1 3.155. 243
0111 o}. 2
1340 -1 1—i —1—i 3-2i
4 -4 10420

YeMy paBeH paHI MaTpuiibl A NpM pasHIHbIX 3HAYEHUAX A7

P 1Atz
3156 A=|n 20 1 sasn a=(2 <1 a5
A 110 -6

3.158. [Jokaszat, 4TO 3JEMEHTapHBlE NpeOOPA3OBaHHs HE
MEHSIFOT PAaHra MaTpHIilbi.

BBIMHCIIMTE PaHI MATPHIBI METOJOM SJIEMEHTAPHBIX TPEos-
pasoBaHuii:

3459, (25 31 17 43| 3.460. (47 —67 35 201 155
75 94 53 132 (26 98 23 294 86),
75 94 54 134 16 —428 1 1284 52
2% 32 20 48
3.161. 3.162.
24 19 36 72 3R 17 —28 45 1n 39
49 40 73 147 80 24 -37 6l 13 50
73 59 98 219 —118 )" 25 =7 32 ~18 -1l
47 36 71 141 -T2 31 12 19 —-43 -55
42 13 29 =55 —68
3063 (1 2 3\ 3164 (-1 3 3 -4
4 5 6 4 -7 =2 1
7 8 9f -3 5 1 o
10 1112 -2 3 0 1
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BLIYHCTHTS paHT MATPHIBL

3165 /1 3 -1 6] 3166 /0 1 10 3
71 -3 10 2 0 4 -1
171 -7 2f 6 452 9
34 -2 10 8 -1 6 —7

3167. /0 1 1 00\ 3168 01 0 4 31
11000 o1 3 0 21
0101 1f 21 0 0 11
10100 -1 2 -1 -1 =11
00110

3.169. 3170.

2 2 1 5 -1 o -1 0o 1 3 1

10 4 -2 oo o-2 0 -1 -1

2 1 5 0 1 o 1 0 1 0 o

-t =2 2 =6 1) |1 0o o v 1 1|

-3 -1 -8 1 -1 |-1 -3 -1 2 2 o

12 -3 7 =2 3002 -1 -1 -1 -1

3.471. [oka3aTh, 4TO eCH npousBenievue matpun AB onpe-
zeneno, 10 rang(4B)<min {rang 4, rangB}.

3.472. Tycth A-—HERHIDOXKICHHAS MATPHI@, & MATPHIlBI
B w C Ttaxomet, uto AB, CA onpepenensl. JloKasate, 4TO
rang (AR)=rang B u rang(CA)=rangC.

3.173. lovazate, 4TO €ClM CyMMa MaTpull A+ B onpenenera,
To rang(A+ B)<rang A+rang B.

TIOHSTHE PAHIA MATDUIIL MCTOTLIVETCH NS WCCICHOBANUS JMHCHHOM

Tembi - aprdy

Tpumep 3. BuisicHW™, SRJISETCS JM CHCTEMA apUPMETHYCCKIX
BextopoB a;=(2, —3, 1), a;=(3. —1, 5), az=(1, —5. —3) swmciino
IARUCUMON M/ JIMHCHHO HesaBucuMoH. Haiity ee pamr v xaxoi-uuGyme
Gawe,
< 3anumieM MaTpuuy A, BEKTOP-CTONGHAMH KOTOPOHl ABIAIOTCH dy,
ay, a3:

2 3: 1
A=(a], a}, aY)=| ~3_—1; =5]|.
1 5 -3
Panr A, xax HETPy[HO BujeTs, pasen 2  CrieoBATeNbHO, HCXORHAs
cucTeMa  apuU(METHYECKHX BEKTOPOB JIMHEHHO 3aBMCHMA, M € panr
TaKxKe paseH 2 (no Teopeme o GasucHOM MuHOpE). MuEOP 2-10 mopsaka

23
=7
~3 -1
OTIMYCH OT HYA # MOTOMY MOXCT GHITh MPWHST 3a Gaswcrmiii, OTcrona

crenyer, YT ApUQMETHYECKWE BEKTOpbl d4; M @, 0Opa3ylorT Gasmc
HCXOJIHOH CHCTEMBI.
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BBIXCHHTB, SBJISIFOTCSL JIH  CJAEAYFOLUHE CHCTEMBI BEKTOPOB
JMHEMHO 3ABMCHMBIMH MM JIMHEWHO He3aBHCUMMBIMU:

3474, xy=(1, 1, 1, 1), x2=(1, —1, —1, 1), xra=(1, —1,
I, —1), xa=(l, I, =1, =1).

3.475. x1=(4, -5, 2, 6), x2=(2, -2, 1, 3), x3=(6, -3,
, 9), xa=4, —1, 5, 6).

HaliTu paHI CHCTEMbI BEKTODOB:

3406, a;=(l, —1, 0, 0), az=(0, 1, —1, 0), as=(l,

1, 1), aa=(0, 0. 0, 1), as=(3, —5, 2, —3).

3.477. ar=(1, i, —1, —i, 1), a2=(1, —i, —1, i, 1), az=(1,
=1 1, =1, 1), as=(3, —1, =1, —1, 3).

o,

Haiiti Bece 3uavenus A, npu kol'opux BEKTOp X JmHHeiHO
BHID2XACTCH HePe3 BEKTOPHl dy, 2, d3
3178, a1=(2, 3, 5), 2=, 7, 8), a;-—(l -6, 1), x=(7,

-2,

).
3179, 4=, 2, 5), w2=(2, 4. 7), a3=(5, 6, ), x=(1, 3, 5).
3180, a,=(. 2. 6), a2=(7, 3, 9), as=(5, 1, 3), x=(h, 2, 5).

Haiitu pawr u xakoi-umbynp Gasuc 3ajaHHON  CHCTEMBI

-3, 1), =@, 1, =2 3), &=, 1
2.

3, 5), =4, -3, 1, 3), &=, -2,
-, 15, 17), as=(1, —6, —7, U).

2,3, —4), a2=(2, 3, —4, 1), a3=(2, 5,
8, ~3), as=(5. 26, —9, —12), as=(3, —4, 1, 2).

Haiiti panr u Bce GasHChl CHCTEMbI BEKTOPOB:

3484, a1=(1, 2, 0, 0), a2=(1, 2, 3, 4), a3=(3, 6, 0, 0).

3485 a1=(1, 2, 3, 4), @2=(2, 3, 4, 5), 1=, 4, 5 6),
as=(4, 5, 6, 7).

3.186. a:=(2, 1, —3, 1), a=(4, 2, —6, 2), as=(6, 3,
=9, 3), as=(1, 1, 1, 1).

§ 4. Cucrembl JHHEHHBIX ypaBHEHHIl
1. Mpasuno Kpamepa. TlycTs 3a7ana cucTema n JHRCHRBIX ypaBeHuit
© N HCW3BCCTHBIMH Budd

anX+aXytotagx,=b;,
21Xy +a22%

(O]

A X1 +anaXy
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WiM, B MaTpuyHoO#l (opme, AX=B, rne
du @iz e G X1 by

an a a x
A=| T2 022 m | x={*2], B=

At Gnz G Xe b,

MNpasuno Kpamepa. Emu B cicteme (1) det A=A#0, T.e.
MaTpuiia A mmeer obpatHylo 4 ', To cucTema (1) MMEET, ¥ TPHTOM
€/MHCTBEHHOC, PEIIeHHC

X=4""
WiN, B NOKOMIOHEHTHOM 3ATCH,

A 3amenoif iTo

rae A; 3
cronbua na crosGen cBOGOMHEIX uNEHOB.
Mpumep 1. PewnTs cicremy ypasHenuit

3xy 42054+ X3
2%y~ x +x3
xX145x;
3 21
< Matpuna A=(2 -1 l) HeBBIpOXKJeHHas, Tak xak det A= —~2#0.
1 50
Tpucoepmnennas Matpuna 4> uMeer B
-5 5 3
AV=[ -1 -1 )

1n -3 -7
1 -5 5 3
A"=—E 1 =1 =1y,
m -3 -7

S IEELREE!

.

CrienoatensHo,

T.€ Xy=2; x3=-1,
Crienyiomue CHCTeMBI pelIHTh Mo mpapuny Kpamepa:
3.187. 3x Sy=13, 3.188. 3x~ —6.

4+7y=81 18,
3.189. 2ax—3by 0, 3.190. 7x+ 2 +32=15,

3ax—6by=ab. Sx— 3y +2z=15,
10x—1iy+5z2=36.
391 2x+ y =5, 3192 x+ y—2z=6,
x +3z=16, 2x+3y—T7z=16,
Sy—z =10. Sx+2y+ z =16.



3.193. 3.194.
4x14+4x2+5x3+5x4= 0, 2x1— X2 +3X3+2Xa=

3.195*. Ilolcasan, YTO NS JUOGHIX pAasiH4HBIX HHCEN X1,
X2, X3 W JUOOBIX WYHCEN yi, pa, Y3 CYWECTBYeT, W MPUTOM
TONBKO OJMH, MHOTOWIEH y=f(X) creneHn <2, s KOTOPOro
Sf(x)=yi, i=1, 2, 3. Korna creneHp 3TOro MHOrowieHa <2
(paBha 1, pasha 0)?

Tlo 3ajaHHBIM YCOBHAM HAMTH MHOrowieH f(x):

319%. f(1)=—1, f(—=1)=9, f())=-3.
3097, filxi)=by, i j=1, 2, 3, =

PellinTh CHCTEMEI ypaBHEHHit:
3.198. 5x;+8x2+ x3 3.
3x1—2x2+6x3
2x1+ X2 — X3
3.200.
2x1+42x2— x3 + Xa =4,
4x1+3x2— x3 +2x.
8x1+5x2—3x3+4x.
3x1+3x2—2x3+2x4
3.202.

X1+ X2 + 3x3+4xa=
3.203.

2x,+ 5x; +4x;3+ x, —20 3x,+4x,+ x5 +2x,+3=0,
Xy 4 3x; +2x3+ x, —1 3x,+5x,+3x3+5x,+6
2x,+10x2+9x3+9x, 6x;+8x,+ x5 +5x,+8=0,
3x,+ 8x, +9x;+2x,—37= 0 3x,+5x,+3x3+7x,+8=0.

2. Pewenve upomssonbuLx cucrem. TlyCTh 341AHA CUCTEMA M1 JMHei-
HbIX YpaBHCHMil C # HeM3BeCTHbIMM OOwero Buma

@

W, B MaTpwuHoii dopwmc,
AX=B, @

ay @y e i Xy
Ay Gz .. a x
4| 9n an | x| *2
Ami Am2 Ao Xn

Ecw B=0, To cuctema ®
Cllyuae OHA MA3LIBACTCR NCOOMOPOOHO.

139



Pewenyem cHCTEMBI (2) HA3LIBACTCS BCAKHIl H-KOMIOHCHTHBHE Benop-)
cronben X. W B

0 BekTop xeR" Takkk

P
i pemenmio X

GyNieM HA3BIBATL pElLEHMEM CHCTEMBI (z))
Cuictema  masuiBacTes y mee o
¥pailheli Mepe OnHO pewienvie, B npemmmm CAYHAC OHA HAIIBACTER
HecosmecmHoil.

Ire cuctembt ecy ux
PELICHHI COBNANAKOT.

copema KpoHekepa—Kamennu. Jan mozo umober cucmema

() Goira cosmecmuoir, neobxoduso u docmamouno, umoGs!

rang A=rang A4, @
e A=(41B) pacuupeunan sampuya cucmens
Tycts rang A=rang A=r, 7. c. cuctema copmecta. He orpanwingas

0BLHOCTH, By/IeM CUMTATD, YTO Ga3HCHBIH MHHOp PACNIOJNIArACTCS B TIEPBBIX
r (\<r<min(m, ») cmokax w cronbuax wmarpuuer 4. Orbpocus
TOCIIC/IHUE M—r yPABHCHUH CHCTEMBI (2), 3aNMILEM YKOPOUEHHYIO CHCTEMY:

ayx it tay Xt ay X bt dXe=by,

©)

Xy ot e X+ 1 Xeny F o b @ Xy =by,

KOTOpas :mzunancn-ma MCXOIHOIA. ”deCM HEH3BECTHBIC X1, .... X, Aa3uc-
HOMU, 8 Xy,
cmﬁonnue HCMZRSCI'HHC‘ B npanylo YaCTh Vpdmicl\“vl (5). Mosnyuaem
CHCTEMY OTHOCHTEIIBHO GA3MCHBLIX HEH3BCCTH)

anXrt o H @ X, =bi =1 1 X1 = =G Xy

Xy ot @pX, =b,— 0y i1 X0y~ — A Xy
KOTOpas [ Kax/oro uaﬁnpa 3HAYCHUIT  CBOBOJIHBIX  HCH3BCCTHBIX
X4 1=C1y ey Xp=Cpp HMEET C/IMHCTBEHHOE PCIUCHUE X {(Cyy .y Cumy)s e

L X (€ ey €y, HAXOMIMOR 1O TpABIITY Kpamepa. COOTBCTCTRYIONICE
PellicHHC YKOPOHCHHOM, @ CCTIOBATCIILHO, 1 HCXOION CHCTEM WIMECT B

X1(€1s s Ener)

X(exs s Cam,

6)

Qopysa (6). BPAXAIOAR IPOUIBOIIC PEILCHHC CHICM B BITC
p-¢; or rvfr 6 obuum
pewenuem cucrembt (2).
TMpumep 2. YCTaHOBHTH COBMCCTHOCTL M HaiTi ofuiee pelucHuc
CHCTCMBU

24 xp— X3=3xg=2,
ax, b x=Txe=3,

2x,=3x3+ x4
26, +3x,—4xy—2x4




B " MATpHIILI CHCTEMBL

21— =3 21 -1 3|2
40 1 -7 - |ao0o 1 -7|3
= 2% =
A=lo2' -3 ] le 2z -3
23 —4 2 23 —a 213

Tak \kak rang A=rangA=2 (npoBepbTe!), TO WCXOZHas CHCIEMa CO-
L 3

21
Bpibepem B KauecTe GasHCHOrO MHHOP Mzzl 4 Ol, Torna Hews-

BCCTHME X, X, — GAJUCHLIC, X3, X4 —CBOGOMHBIE, & YKOPOUCHHAS CHCTeMA
HMECT BHI

2xytxg=24x3+3x4

4x,  =3—x3+7xa
Tonaras X3=cy, X4=C, H PeIlAs yKODOYECHHYIO CHCTEMY OTHOCHTETBHO
GABCHBIX HEM3BECTHBIX, MOJyYAEM

X—3 ‘t+7c
s

[
Xo=s4iei—zeo

22 2
CrenosaTensho, obmee PEIICHHE WCXOJHON CHCTEMbI HMEET BHJI
31 7
e
X(enea)=[ 1 3 1 LB
3+5a30
€1
€

HccnenosaTh COBMECTHOCTS M HaiiTH OOIuee pellieHHe CIeIy-
HOLIHX CHCTEM:
N
S.

3204 x— 3= |, 3205. \/5x— 5
M4

\/§x~ 3y=\/3.

3206 2x— y+ z=-2,  3207. x+2y—dz= 1,

x+2p+3z=—1, 2x+ y—5z=—1,
x=3y—2z= 3. x— y— —2.
3.208. 3.209.
3xy—2x,—5x3+ X4= 3, X1+ X;—6x3—dx,= 6,
2x1—3x24+ X3+5x4=—-3, 3x;— x;—6x3—4x,= 2,
x1+2x, —4x,=—3, 2x;+3x24+9x3+2xs= 6,
Xy— X2—4x3+9x,=22. 3x14+2x,+3x3+8x,=—T7.
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3.210. 3211

22X+ Tx243x3+ x4=6, 3x;—5%24+2x3+4x,=2,
3x14+5%24+2x3+2x,=4, Tx1—4x2+ X3+3x4=S5,
9x1+4x2+ X3+Txa=2. Sxy+Tx;—4x3—6x,=3.

3.212. 3.213.
9x1—3x2+5x3+ 6x4= 4, 3x;+2x2+2x3+2x,=2,
6x1—2x+3x3+ 4x4= 5, 2x,+3x2+2x3+5x,
3x1— xp43x3+14x,=—8. 9x;+ x+4x3;—5x,
2x1+2x,+3x3+4x,
Tx1+ X2+6x3— x4=T.
3214, x;+ x243x3—2x4+3xs5=1,
2x14+2X,4+4x3— Xa+3xs=
3xy+3x,4+ 5x3—2x,+3x5=1,
2x1+2x,+8x3—3x,+9x5=2.
3215, 2x;— X3+ X3+2x4+ 3xs=2,
6x1—3x,+2x3+4x4+ S5x5=3,
6xy—3x3+4x3+8x,+13x5=9,
4x,—-2x,4+ x3+ x4+ 2xs=1.
3.216. 12x,+14x,—15x3+24x4+27x5=S5,
16x, +18x,—22x3+29x4+37xs
18x;+20x,—21x3+32x,+41x5
10x; + 12x2— 16x3+20x, +23x5=4.

3.217. 24x+14x,+30x3+40x,+ 41x5=28,
36x, +21x,+45x3+61x,+ 62x5=43,
48x;+28x,+60x3+82x,+ 83x5=58,
60x 1 +35x2+75x3+99x 4+ 102x s =69.

HccnenosaTs COBMECTHOCTS M HaiiTH oOluee pereHHe (’7 3a-

BHCHMOCTH OT 3HAYEHWs NapameTpa A:
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3.218. 3.219.
5x1=3x2+2x3+ 4x4=3, Ax;+ X+ x3+ xa.=1,
4xy—2x2+3x3+ Txga=1, x;+ixa+ X3+ x. .
8x1—6x2— X3— 5x4=9, X1+ Xp+lxz+ xe=1,
Txy=3x,+7x3+1Tx4=k.  x;+ X2+ X3+rxg=L.
3.220. 2x,— x;+43x3+ 4xs= 5,

4x,—2x2+45x3+ bxs= 7,

6x;—3x,+7Tx3+ 8x4= 9,

Axy—4x2+9x3+10x,=11.




3221 (1+A)x.+ X2 x3=1,
Xx+“+)~)x;+ x3=1,
X1+ X2 +(1+Mxs=1

3. Onmopojmmie cucrembl. OnuoponHas cuctema AX=0 seerma
COBNECTHA, TAK Kak WMeeT mpusuaasHoe pemenne X=0. Jnst_cymecr-
s IICHHS cHCTeMB

yeTh, Q'c:R"-— MHOXECTBO BCeX pelieHHii OmHOPOAHOl cnerener:

Bosijii 6a3uC B MHOXCCTBE () COCTOMT W3 N—r BEKTOJ .

CoOTBETCTRYIONIAS eMy B KaHOHWYeckoM Ga3swce (cm. (4) n3 § 3) CHCTe'Ma
16

. E,_,
pewmnlﬂ. O6mee pelueﬂue mmopomioﬁ CHCTEMBI MMeeT BHI
X=¢,Ey 4+t ey Eyyy

A€ €3, s Cpo,~—TPOM3BONILHBIC TOCTOSRHHbIC.
Bhncrine. petaerinn Ey, ..., E, . MOIYT GuTs nomyiemsi Meronom,
W3NIOKEHHBIM B M. 2, €CIiH a P
HO 3HaucHue 1, TONaras OCTATbHBC PapHEIMH 0.
Mpumep 3. Haitrn yHAaMEHTANLHYIO CHCTeMY peruennii u ofitiee
peleHte CHCTEMBI i

3%+ xp— 8xyt 2xgt x5=0,
26— 2x,— 3x3— Tx,42xg
Xy + 11X, —12x3434x,—5x5
X,— Sx,4 2x3—16x.+3>.5—0

< Marpyna koa(mumeHToB

3 11 -8 2 1
2 =20 =3 -7 2
1 1 —12 34 -5
1 -5 2 -16 3

HMeeT paEr r=2 (npoBepbTe!). Buibepem B xauectBe Ga3uCHOrO MUHOP
My= 3! #0.
2 2|77
Torna yKOpOYEHHas cuCTeMa WMEET BHIL
3 3x3+ x;=8x3—2x4— Xs,
2x~2x2=3x3+Txs—2xs,
OTKyAia, MONATag X3=Cy, X4=C2, Xs=C3, HAXOMUM

7.5 1
—ert e —ses.

9 3 1
M=—pasgertyt, M=—gatpa—;
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Obmer peienne CHCTEMBI

19( 3{ I[
PR z'Pz 3
7 25 1
X(er, €2, ¢3)= et e30
@
€
€3
M3 vomrero pewresus muxoauM (QyHAGMEHTATbHYIO CHCTEMY pel
—198 38y
—8 258
E=X(1,0,0=| 1 [, E=x(01,0= 0
0 1
0 0
12
—12
Ey=X(0,0,1)=| o©
0

C Heronbsosanuem GyHIAMEHTANBHOI cHCTemb! ofluee peluenie MOXeT
Oblts SallHCAHG o BUIL A{cy, ¢z, C3)=C1E1TCaba+C3Eq. &

3.222. [lokasarb, 410 BuiKad JHnCHHAA KOMOUHAIMS PeILCHMIT
i b} H lakmc ee

Haiirn ¢y, Hyl) CHCTEMY it 1 obwee perue-
HUE LIcayIOWMA unvtum.

3.223. Xi+2a2— X3=v, 3224  x,—2x2—-3x3=0,
2x14+Yx2=3r3=0. —=2x,+4x2+6x3=0.

3225, 3x,+2x2+ x3=0, 3.226. 2x;—3x2+ x3=0,
2x1+45x2+3x3=0, X1+ X2+ X3
3x1+4x2+2x3=0. 3 —2x2+2x3=0.

3.227. 3.228.
X1+2x2+ 4x3— 3xa=0, 2x,—4x2+ Sxi+ 3xs=0,
3x14+5x24 6xa— 4xa=0, 3x;—6x2+4 4xa+ 2xa=
4x1+5x2— 2x3+ 3x4=0, 4x;—8x2+17x3+11xs=0.
3x1+8x2+24x3—19x4=0.

3.229. 3x1+2x2+ x3+3xe+5x5=0,
6x1+4x2+3x3+ 5x4+7xs
9x1+6x2+5x3+7xa+9xs
3x1+42x2 +4x4+8x5=0.




X1 —XatXs =0
3231, 5x1+6x2—2x3+7xs+4x5=0,
2x14+3x2— x3+4x4+2x5=0,
H ' Tx1+9x2—3x3+5x5+6x5=0,

Sx1+9x2~3x3+ Xat6x5=0.

3.232. 3x;+ 4x2+ x3+2x543x5=0,
Sx1+ Txz+ x3+3xa+4x5=0,
Ax1+ Sx2+2x3+ xa+5x5=0,
Tx14+10x2+ x3+6x4+5x5=0.
3.233*. BoisicuuTh, 00pa3yioT M CTPOKH KaXIOi M3 MZ:TPM\!
30 —24 43 50 —S) (4 29 -2 -3
, B

A= 9 —15 8 5 2 1 -1 2 i3 4
4 2 9 -20 -30 9 —15 8 5 2

(QyHIAMEHTATLHYIO CHCTEMY P JUISt CHCTEMBI
3x144x2+2x3+ Xa+ 6v5=0,
Sx14+9x2+7x3+4xs+ Txs5=0,
4x143x2— x3— Xa+1lxs=0,
X14+6x2+48x3+5xa— 4x5=0.

OnpenennTh 3HAYCHUsi MapamMeTpa @, MPH KOTOPBIX CHCTEMa
HMEET HETPUBHAIIGHLIC DCUICHHS, M HAWTH STH PELICHHS:

3234, a’x;+3x2+2x3=0, 3.235. 2x;+ x2+3x3=0,
axi— x2+ x3=0, 4x1— x2+7x3=0,
8x14+ x2+4x3=0. X1+ax2+2x3=0.

Ecom 3a/1aHa HEO/IHOPOJIHAS CHCTEMa AX=B, 10 cc obuee PCLUICHHC
M XCT OWITh WAfifICHO KAK CyMMa OBILCIO DILCHNS COOTBETCTBYHOLCH
ONHupOjIHOH  cHeTeMbl AX=0 ¥ NPOM3BONLHOTO YACTHOrO PEIUEHWs
HCOTHOPOMHOM  CHCTEMBI.

Haiiti oblme pelllens HEONHOPOIHBIX CHCTEM, HCHONb3ysl
cHcTeMy i COOTBETCTBYIOIIMX OJHO-

Poaubix:
3.236. 2x1+ x2— Xx3— Xat xs=1,
X1— X2+ X3+ Xa—2xs
3x1+43x2—3x3—3x4+4xs
4x1+5x2—5x3—5xa+Txs=
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3.237. 2x1— 2x2+ X3— xa+ Xs=1,
X1+ 2x2— x3+ xa— 2xs=1,
4x—10x2+5x3—5xa+ Txs=1,
2xy—14x2+ Txa—Txa+ Hxs=—1. /

3238, xi— X2+ X3—Xetxs—xe=1,
2x1=2x2+2x3+xa—Xxs5+Xe=1.

3.239. x1+2x2+3x3+4x4+5x5=0,
X1—2x2—3x3—4xa—5x5=2,
2x2+3x3+4xa+5xs=—1.

44 . Merox wocaemosaresmn oo Koprana—Taycea. C mo-

v:ronﬁuon PaCUIMpCHHAs MaTpHIA cucmm (2) MOXeT 6m1> TIpHBEZIEHA
K Buay

10 .0 dh | by
01 dy | by
5| Q)
brey
00 .0 0 . 0 |8,

Marpuua (7) SBISETCS PACUIMPCHHON MaTpHuell CHCTEMBI

X XX, =0,
X2 @1 Xear bt QX =bY

Xty 1 Xery bt Xy =by, ®

brer,
0=bj,
KOTOpas ¢ TOWHOCTBIO JIO A
HCXOJIHOH  CHCTEME.
Ecm xots 661 omHo w3 umcen by, ... b, OTAHYHO OT Hyns, 10

CHCTEMBI (8), a CJIeNIOBATENBHO, M MCXO[Has CHCTeMa (2) HecOBMECTHM
Ecan et by, =0, TO cHCTEMa COBMCCTHA H (OPMYIEL (8)
HA0T 1o cymccmy SBHOE  BBIPAXKEHHE JUIS Ba:mcmx HEH3BECTHRIX
X1, ey X, M€PE3 CBOGOMHBIC HEHIBCCTHBIE X,
Hpumep 4. Metonom Wopnara — Cayeca T obuce peuichite
cHCTeMBL

—2x, + Xg=—3,
3xy— xp-2xy =1,
204 xp=2x3— X,
Xy 43%p— 2%y ~2x4 =T
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< I Hajl CTp!
Ol MaTpHUBI, TIONyHaeM
1 -2 0 1 -3 1 -2 0 1 -3
3 -1 =2 0 lﬁO 5 =2 =3 10%
2 1 -2 -1 4 0 5 -2 =3 10
1 3 -2 -2 7 0 5 =2 =3 10,
4 1
10 — — {1
5 5
2 3
S0 - — 2
5 5 .
00 0 0 0
00 0 0 0,
IMepBoie nBe CTPOKH MaTpHIh

MATpHIy CHCTeMbI

41
XX xa=1,

5 5

23
X2 =T X35 Xs

5 5

(BUBQJIEHTHON HCXOfiHOH. CuMTas X,, X, OasHCHBIMH HEH3BECTHBLIMH,

X3 W X4 CBOGONHBIMH, monyuaem obluce peuicHHE B BHJC

1324
- satse
2 3
X(ars &)= : =[245a45a) =
Xa €
L]
» K Taycca

¥ HaliTH OOLIee pellCHHE CJCAYIOUMX CHCTEM:

3.240. 3.241.
X1+ 2%+ 3x3+ 4x,=0, X14+x2
Tx1+ 14x,+ 20x3 4 27x4 =0, X1+X+ X3
Sxy+10x; + 16x3+19x,= -2, X2+ X3+Xs
3x;4+ Sxz+ 6x3+13x,=5. Xa+Xa+Xs

3.242. 105x; ~175x;—315x3+245x.
90x; — 150x; —270x3+210x,
75x1 —125x5 —225x34 175x, =59.
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3.243. 3.244.
8xy 4+ 12x,=20, Txy —5x,—2x3— 4x,=8,

14x,+21x;=35, —3x;4+2+ x3+ 2xs
9x3+11x. L 2%, — X3— x3— 2x.
16x3420x,=0,  — x; + x34+24x,=1,
10xs+12x6=22, — X+ X3t Zxg=3.
15xs+18x6

§ 5. HexoTopsie BbiMACAHTE/IBHbIC 331840
smuclinol  anTedpst

1. Onepauyn Haj MATpHRAMH.

B 3anavax 3.245—3.248 cocraButs Ha (POpPTpaHe yKasaHHble
TIOATPOT PAMMBI.

3.245. TloanporpaMma  CIIOXEHHS [IBYX MAaTpHIl pasMepa
mxn. Mapamerper: A, B, C, M, N, rie A u B— Bymepnbie

u MxN, MaTpHub,
C-— mByMepHBIii MaccHB pa3MepHOCTH M XN Jjuisi pe3ymsTapy-
TOLIEH MATPHIIL.

3.246. IToanporpaMma YMHOXCEHS MATPHIBL pasMepa mxn
na wncno o. [apamerper: A, M, N, ALFA, e A — mBymepHbiit
MAacchB MxN. MatTpuiny
Tiepest 0OpamICH1EM K NOAMPOrpaMME ¥ Pe3YNBLTAT FOCTE BHIOJN-
Henus BbraHcnieHnd, ALFA=o.

3.247. NonmporpaMma TEpeMHOXEHHS OBYX Matpuu. Ilapa-
merpe: A, B. C, L, M. N, tne A, B u C—nymepHbic
MaceuBbl pasmeprocteit Lx M, Mx N u Lx N cootpercrpesio,
COMICPXKALIME HCXOMHbIE MAaTPHUBI H PE3yJbTar.

3.248. TloanporpaMMa TPAHCTIOHWPOBAHMS KBA/JPATHOH Mat-
puupt. Mapamerpui: A, M, rme A-— BYMCpHBI Macchs pas-
MepHOCTH M xM ¢ HcXomuO¥ Matpuucli B Hauasle BBYMCIIEHWH
H C Pe3yNbTATOM MOCHC BBIMMCIICHMIA

3.249. [aubl MaTpHus

0625 —3,125
A=( 16320 x) | s oo
~1,632 1,6 64)° 0625 125 |
—0625 0,625
0,625 —3.125 0,625
cof 125 0 125

0625 125 0
0625 0625 3,125

Haiitu 4B, BA u AC.
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3.250. laubl MaTpuie!

25 125 375 -5 28 64 36 18
e[tz 275 ss —ans) g M2 56 241
“ls2s —a87s —325 16250 "1z 32 3 12]

525 525 —175 35 08 08 06 04

Haiitu Matpmis AB, BA u A"B".

3.251. Vicnomy3ys NORNPOrPAMMEI, TOJIVICHHBIE B 3ajauax
3.245--3.248, cocrapuTh Ha (oprpaHe TPOTPaMMY pEHICHHS
samay  3.249-—3.250, a rakke oxmodt w3 3ajav  3.78—3.86

3.90—3.92.

Meron ofpaierns MaTpUIBl © TOMOMIBIO 3/IEMEHTAPHBIX ¥peob-
Pa30BaNH (PACCMOTDCHHBIE B 11 2 § 2) MOXET GbITh OMUCAH CACYIOLIIM
a30M:

obp:

bu b . by
by by bam

w © pio o
10 .0 ah, . oy o
01 .. 0 af,, L A

- k) (k) (k) (k) |7

00 w1 a¥,, - bR bR L b
(k) (k) (k) (k)
00 o 0 a, by by - b

n m

Y by by

()
o

)
b2

o B

rne (by)=E- MaTpuIa. a vartprn (o) 1 (1))

CBS3AHBI COOTHOMICHUSIMY

-1
A=k

"k
b

W= k=l Zian j=l2.m

k=12, n j=k+1, .
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n
aft™h, =12, k=1L kL,

) gfh—1)_
ap=ap— S
J=k+1, .n, af=ay,

N ey

pra L2, k=1 K+, .

L2, n b'=by.

3.252. CocraButh Ba ¢opTpare moanporpammy oopatieHus
MaTpHitb anui. [lapamerpr:
A, B, N, mie A u B— pa )
NxN ¢ 3rneMeHTaMH HCXOJIHOM n 0o6paleHHOi MATPHIl COOT-
BercTBeHHO. CoxpaHeHme MaccuBa A NOC/E  BBIYHCICHMI we
Tpe/lyCMATPHBACTCA.

B 3anauax 3.253—3.256 15 3anaHHBIX MaTpHy A Haiith 4 "

0,24 0,84 0,68 0,88
—0,84 024 —0,88 0,68

3253 4= o5 o8 o024 —0s4]
088 —068 084 024
—0,96875 0,0625 0,125 0,25 0,5
00625 —1875 025 05 1
3.254. A=| 0,125 0,25 —35 1 2
0,25 0,5 1 -6 4
05 1 2 PR

264 352 99 132
44 616 165 23,1
16,5 22 6,6 88
27,5 385 11 15,4

3.255. A=|

1,2 24 -12 =24
36 96 0 —4%

24 24 —48 6
36 96 12

3.256. A=|

3.257. Mcnone3ys NOANpOrpaMMy, TOJNYHCHHYIO B 3a1ade
3.252, coctaButh Ha (OpPTpaHC nporpamMmy peilenns 3ajd?
3.253-—3.256, a Taxke omHol w3 sazay 3.114—3.117 m 3.121—
3.126. Tlpu pemenuu MATPWuHBIX ypaBHeHuH B 3ajauax 3.121—
2.126 ucnonb30BaTh MOANPOTPaMMY 3ajaun 3.248.
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NpeICTaBHM B BUNC

1 0 - 0
Ty o

A.=au @ L, wm A,=ayyAug.
=gy -
an

DnemenTH onpenesuTencit A, A, 1, ., Ay, TRE

) )

N R L

CBSI3AHBI COOTHOUIEHHSAMH
alt VsV

Py

N S A N S

af=ay, Ay=apn ",

¥ ali"V#0 npu Beex k mis A,y #0. Tloaromy
a0

.
Ecnu aly ":o, TO C/EIyeT, yMHTHIBAS M3MEHCHHE 3HaKa, TIOMEHATH

MECTaMM TIEPBYIO HPYIYIO CTPOKH Ap-k+1 TEK,
4TO6H sIeBbiit Bcpxnvm oncwerr, HA3BIBACMBH 6COyUfLM, e [
Hymo. st TouHOCTH

HYXKHO BRIGHPATH HaHGONBUIMI 1O MOAYMO M3 BCEX :mcMcHToB TiepBOro
cronbua kaxnoro ws ompepenareneli A,y k=0, 1, .., n—2
Mpumep 1. BuUHCTUTE ONpelenHTens

51 =21

13 14

-2 6 0 s

51 20
1 0 0 0

28 14 38
02 28 14 38
SA=S o4 e —os  sa[ 0|0t 08 4=

I ) 4 1
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64 —08 54
28 14 38
0 4 -1

=5 —5-64-

04375 1,75 14375 1=
o

5
~—5-64- |l75 7:,437

-1
=564 lx 75 1,4375|=

=5 64" 4I =5 64-4 1875=240. =

0
0,4375 1,875

3.258. Cocrapure Ha doprpase nonnporpumy—quuxmm
nopsinka n. [l : A, N, i
A—BymMepHBIM  MaccuB pasmepHocTH N x N.

BerumciuTh  onpesiennTenu:

3.259. (1.6 8,1 14641 62,5 240,1
08 2,7 1331 125 343
08 18 242 5 98(
1 L5 55 25 35
1,3 23 247 55 103

3.260. | 5 75 115 25 225 215
32 -33 107 L1 59 121
175 10 225 —25 275 —125(
87 44 89 —L1 131 -55
25 —10 27,5 25 325 S

69 —34 91 11 93 112

3261|205 1,14 123 148 1,05
43 171 287 37 273
645 285 451 592 441}
43 —399 287 2,59 042
215 228 205 LIl 21

3.262. (1,697 1,588 22361 13856
29394 41243 3,623 —2,7713(
37947 69714 5 1,9596
24 44091 31623 30984

3263 |1,575 24 —05 —075
21 -24 15 12
Vs ~16 133 07
084 —09% 05 036

3.264. Micnonb3ysi  MOANPOrpaMMy-(YHKILHIO, — TOJIyHeHHYO
B 3ajauc 3.258, coctaBute Ha (OpPTPaHE NPOTPAMMy pelienys
samay 3.259—3263 u om0l W3 3apaw 3.55—3.60.
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* 3. Cucrembl nmmeiinbix ypashenwii. Meton Xopnana —Tayc
ca (oM. m 4 §4) B cayuae cvcTemst

Y ayx,;=b,, L2 on (0]
I
- 5 HOM npren
nocse (k—1)-ro
¥ abx,=b®, i=k. k+1, ., n, @
=

afal)
=Tl ot dpay,

bi""‘=l7!‘"a~w:\£» O=b,.
aif

TOYHOCTD BLIMHCICHHIl yBENHYMBAETCH, KOTJA BEAYNIAC 3NICMCHTE! 4l

¥MEIOT HauGonsumMi MOmymB B TepeoM CTONGuE MATpHUB!  CHCTE-

el (2).

Upi k=n B cucteMe (2) OCTAaeTcsi ONHO YPABHEHWE, M3 KOTOPOTO
DEMHCARCTCS X,. THM 32BEPUIACTCS NPAMOi X071 BIMCACHNHE. OBpaTHbii
X011 CocTouT B X, MO Hai pasce
Feore e Xy k=n—1, n=2, ., 1

NMpumep 2 Peumrs meronom XKoprana—aycea crctemy ypas-
HeBUI

Sx,— xp+ x3=9,13,
2%, — x,—5x,=25,
—x gy — xy=43.

< TlocnesIOBATENBHO HCKIIOHAsh X; H X, W BHIGHPAs BEAYIIHMH JEMEH-
TaMK HaubOTBINKE N0 MOMYJIIO B COOTBETCTBYIOWMX CTONOUAX, NONyHaeM
X=0.2x,+0.2x,= 1,826, 1.826, ()
—0,6x, +4,6x,=21,348,
3,8x,—08x,=44,826,  —0,6x,+4,6x,=21,348.
X,—0,2105x, =11,7963. ()
4,4737x,=28.4258, x3=6,3540.

U3 ypasHenuii, NOMEICHHBIX 3BC310YKOM, Haxomum BHauane x,=13,1338,
notom x,=3,1820. &

3.265. Cocraepre Ha (oOpTpane NOIPOrPaMMY  PpEHICHUS
CHCTEMBI i 3 i Woppana —

Taycca. TMapamerpn:: A, B, N, rme A-—nByMmepuwiit Maccup
MEMEHTOB MATPHILL CHCTEMbI, B— oHOMEpHEIH Maccus, conep-
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Kawui  cBOGONHBIC uNeHBl NO OOpalleHus K WOAUPOrPamMyg
M pEILEHHE CHCTEMbI TNOCJE BhMHC/ICHHH, N —nOpsiok cHcTemy;

Pewnts i

3.266. 3,2x,+ 5,4x,+4,2x;+2,2x,=26,
2,1x+ 3,2x,43,Ix3+1,1x,=4,8,
1,2x,+ 0,4x,—0,8x;—0,8x,=3,6,
4,7x,4+10,4x,49,7x3+9,7x, = —8,4.
6,087x,—3,913x,47,547x3 4+ 1,734x,=3,21,
1,739x; +0,869x, +1,887x3 40,73,
2,174x,—1,305x,+2,83x, +1,04x, =15,
4,5x;,  —1,305x,41,887x340,541x, = —1,27.
3.268. 2,67x,+5,1x, +3,31x3+5,64x,+4,76x,=6,19,
4,44x,4+7,5x, +4,67x3+5,7x, +6,14x5=695,
533x;+9,8x, +8,67x3+4,8x, +7,33x.
3,56x,+5,3x, +4,15x;+3,69x,+3,25x,=5,
1,78, +4,17x,+2,67x3+4,69x, +3,75x 5 =4, 42
3.269. Ucnons3ys MNOANPOrpamMmy, INONYYCHHYIO B 3ajatde
3.265, coctaButh Ha (POPTpAHE NMPOTPaMMy DELICHHS ONHOM M3
3ajau 3.266- -3.268, 3.190—3.194, 3.198—3.203, 3.208, 3.209.

Metox wurepaumi. Eom am cucrems (1) ssumonsssores
HEPABEHCTBA

y

3.267.

3

lad> Yla,l, =12 .n, &)
=1

I#1

To ec pemseHue X=( ) YAOBJETBOPSET COOTHOWeEHHIO X = lim X ®,
[y

T.e. x=1lim x®, 1=1,...n, e KOMIOHeHTH BekTOp-cron6ua X®
[
OMpEnENSIOTCR  PABCHCTBAMH

=B,

xt=p,+ Z ayx,

L2m k=01,

B xoTopex f,= b/ﬂm d.,—O &, = —a,[an
Mpumep 3. Peumts meronom mepauvm cucremy
5%, +0,12x,+0,09x, =10,

0,08x,+  4x,~0.15x,=20),

0,18x,—0.06x,+ 3xy=—4,5.
<1 CucTema YNOBICTBOPSET YCiOBHsM (3), M Ha IJIABHOM JMaroHaId
MaTPHUB PACTIONAraloTcsi HaHGONBUIME TIO MOIYIHO IEMEHThI CTPOKH-
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[IpHBCAEM CHCTeMy K HOPMAJLHOMY BiIy:

x= 2 —0024x,—0018x;,
X= 5 — 002x,+003x;,
x3=—15— 0.06x,+0,02x,.

2
BuicpeM HyTeRoe TpHOIKCHHE xﬂ"=( B ) W waitzem X0, X®, X
—15
2 —0024-5-0018-(~1,5= 1907,
5 — 002:2+4003 (—15) = 4915,
—15— 006 240,02-5 1,52

xP= 2 —0.024-4915-0,018(~1,52)= 1,90940,
*P= 5 — 002-1907+0,03-(~1,52) = 491626,
xP=—15~ 006 1907+002:4915 =—151612;

xP= 2 —0,024-4,91626—0,018-(—1,51612)=  1,9092999,
xP= 5 — 0,02-1.90940+0.03-(—151612) = 4,9163284,
xP=—1,5— 0,06-1,90940+0,02-4,91626 =—1,5162388.

Tleppeie TpH sHaka Tiocyie 3ansToli B X® p X® osmuaxopsl, nosTomy
¢ TowHOCTBIO 10 103 pelmeHHeM CHCTEMBI ¥BASETCH BCKTOP

1,909
X=| 4916|. =

—1,516,
3.270. CocraBuTh Ha (OpTpaHEe NOMIPOTPAMMY PDEILCHHS
o i T -

A, B, X, N, EPS, rae A— aByMepHuil MacCHE 37EMEHTOB

B i MaccuB, # cBO-
Gonmple wienb, X- MACCHB € CHCTEMBI,
N—nopsiiok cuctemsl, EPS — npenenenas abcomornas norpei-
HOCTE.

Pemrs MeTONOM HTepaumil CHCTEMbI:

3.271. 4,1x,+0,1x,+0,2x3+0,2x, =21,14,
0,3x,+5,3x,+0,9x;—0,1x,
0,2x, +0,3x,+3,2x, +0,2x, =9,02,
0,1x,+0,1x,+0,2x; —9,Lx, = 17,08.

3272, 2,4x,+0,2x,—0,3x,— 1,1x,+58x,=23,84,
0,35, 40,1, +1,1x,+10.2x, +  x.
0,5x, —6,2x,+0,1x3+ 1,5x,—1,2x.
0.1x+2,1x, 4 5.1x;+ 0,2x,—0,3x,
2,5x,4+0,1x, +0.2x3+ 0,3x,+0,4x5= 6,63.

3.273. Wcnose3ys NOANPOTPAaMMY, TOJIYYCHHYIO B 3ajaye

3.270, coctaBuTh Ha (opTpane MpOrpaMMy peieHHs 3amag 3.271
u 3272




Fnapa4

JIEMEHTBI JIMHEMHOW AJITEBPBI

§ 1. Jlumeiiubie mpocTpaHcTBa
H <o

1. Jluuciinoe & wasmise AuHeiiy

(¢ )
1) B % BBenciia Onepauisi CHOKCHMA HICMEHTOB, 1. €.
OnpejieneHo  oTobpaxeHne

L pyzed

3 : z=x+)),

1a) x4p=p+x; 16) (x+p)+2=x+W+2); [8) We LVxe L x+0=x)
(anement 0 waskiBaercs nyacabin); 1r) Vxe £3(—x)e # (a+(—x)=0)
(OMEMCHT — X HAIBIBACTCH NPOMIUSONOIONCHbLM DIIEMERTY  X).

2) B & wBeneHa onepanus LMEH1OB Ha
(KOMIlekCHbic) 4HCTa, T.e. VaeR (A&C), Vel Onpcne.ﬂeuo o
OBpaKeHHe

< ,\')—vyé.l'
Ax),

2u) 1-x=x; 26) % (r) = (hpt) x.
3) Oneparuin W WX Ha wmCTa

3AKOHAM JIHCTPHOY

34) Mx+p)=rx+Ap; 36) (A+p)x= u+px

TMpo-
s ecu B £ onepaus

YMHOXEHHs! BEKTOPOB Ha WHCIIO
HHCCII, H KOMHACKCHbIM, ECIH 3T ONIEPALS ONPCACIIEHa JUIH KOMILIEKCHEIX
“Hce.

IIpoBepuTh, uTO ClEYIOHE MHOXECTBA SIBJSIOTCH JHHCH-
HBIMH TIPOCTPAHCTBAMMU:

4.1 BO ¥’y BCEX (ovie-
PALIH Ha)l FeoMeTp! Bexmpdun Q 1 "D
4.2, \ Bo R" Beex ¢
BEKTOPOB  x=(X;, .., X,) (onepauuu Haj dpmj)Mc—mwecanM
BeKTopamu onpejeneHel B § 3 i 3).

4.3. MHOXSCTBO #, BCEX MHOIOWICHOB 4
P(=aprt" o ta 1t ay

cTenenn <zn—) C eCTeCTBEHHBIM 00pa3oM BBENEHHBIMH Oflepans-
SMH CJIOXKEHHS MHOTOWICHOB W YMHOXEHHS MX Ha YHCHa.
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4.4. MuoxecTBo Ci, p) BceX QyHKUHiA f(f), HENPEPLIBHBIX Ha
otpeske [a, b], c €CTECTBEHHbIM 00pa3’oM BBEIEHHBIMH ONEpaIy-
SMH HX Ha YHCna.

45. MHo)Kec’rBo M n, , BCEX MATPHIL pasMepa m X n (onepauuu
HaJl MAaTPHIAMK oTipesieneHsl B § 2 01 3).

BBIﬂCHPlTI:, SABJIAIOTCS JIH MHOXECTBa
OPOCTPaHCTBAMM:

4.6. MHOXECTBO 77, BCEX TE€OMETPHYECKHX BEKTOPOB, KOJI-
nnﬂeapnux (UKCHPUBAEHOM NPH#MOii.

47. BO BCEX P! KHX BEKTOPOB, HCXOMSLUHX
¥3 HAYAJA KOOPIHHAT, KOHIB KOTOPBIX 1€XAT Ha (JHKCHPOBAHHOMK
MPAMO.

4.8. MHOXECTBO BCEX T€OMETPHYECKHX BEKTODOB, YHOBJET-
BOPHIOINX YCHIOBHIO |x|>a, tae a>0 - d,uuxcupoadlmne YHUCIo.

9. BO Boex A TeIBHOCTE.
4.10. M BCEX TENBHOCTEN
4.11. M BO BCeX ¢ i, HHTErpup, Ha O1pe3xe

[a. b).
.12, § BO BCeX i

HOO TIPOCTPAHCTBA I'E€OMETPHYCCKHX BEKTOPOB Bokpyl d)m(-
CHPOBARHUM OCH.

X} © & HAILIBACTCH AUHETHO 3UBUCUMOIL,
L Ay HE paitbic OJHOBPEMEHHO HYIlIO
=0; B NPOrMBHOM Ciyyae 31a cuclema

CHCTeMa BEKTOPOB Sf 1
1

+Ax,
Rasibacicn. aunebng wesama,
Ilycrh % — NPOM3BOBHOE MHOKCCTBO BCKTODOB  JHHCHHONO
NPOCTPAHCTBA. YIIOPAUOYEHHAs CHCTEMA BEKTOPOB B=(g, ..., €,) Ha3biBa-
ercn busucom B Q, ecim:
a) ¢€Q, k=1,
6) clictema B=(e,, .., €) Teitno HeraBHCHM;
B) A8 MOBOro xeQ HARAYTCH TAKME WHCHA Xy, . X,, 4TO

x=F xe- )
o=t

Dopuyna (1) waseivacten pasaonceimen cexmopa X no Gascy B.
BEeKTOPOM

X M HASLBAIOTCA xoopounanmuu 1oro Bekropa B Gasuce B.
M MHOXeCTBO % 0BJIAlacT OA3HCAMM, TO BCC OHH COCTONT
M3 O/IIHAKOBOIO YMCIIA BEKTOPOB, HA3BIBACMOTO panzom Q (# 0603Hava-
emoro rang). B wactiocr, ecin e mpoctpaticr & wect Gusuc,
0 OHO Ha Z,, 1 n=dim £ -
HCJIO BEKTOPOB B nNOOM Gasuce, uaauuawoe pamep:mmw TPOCTPaH-
crBa. B g Oeckoney-
HOMepHbIM.
Tiycrs 2,

'~ IPOU3BOTBHOE n-mepHOe NPOCTPAHCTHO,
=(ey, ..., €,)-—(HKCHpuBAHHLI Gazuc B Hem. Torja BCHKOMY BEKIOpY
X€X, B3AMMHO O[HOSHAYHO COOTBEFCTBYET CTONGEL erv KOOPIMHAT
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B 9TOM Gasuce.

x= v‘¢‘+,,.+x,,e,,¢-x:(

Tipu atom mneiinbie onepa san vexTOpN 3 KxoopmHaTHOH bopme
BHTIANAT CIEAYIONGM 0OPa3oM:
z=x+y=Z=X+VY.

y=hx <Y=AX.

Tlycte B= (e, v &) M B'=(ey, .., €,)—ABa PAIMHIHBIX
b &, Kaxmedi us vextopos Gasuca B pasnoxum mo Gaucy B:
Tk
=18+ ...+ lye,=E\= , k=1,2, .., n
[

nn

l< it v:ronﬁcu xoTopoii ecte cronben Ej xoopaMmat Belm:pa e} B Gasmce

X  NpOMIBONBHBII BEKTOp M3 ¥,, X M CTonbub ero
xoopnMHa‘r B Gasucax B # B’ COOTBETCTBEHHO, TO MMeerr Mecﬂ) PABEHCTBO
"=(Ta-e) X @

(popmyna npeoGpa3oBaNms KOOpAMHAT NpH npeobpasora-

s Gastica).

Mpumep 1. Halith KOOpAMHATHI FCOMETPHYECKOTO — BEKTOpA
i+2j+k B Gasuce B', cOCTOSUEM U3 BEKTOPOB € =i+j, er=j+k,

i+k

2 Buniuiens XOOpAMEATH BEKIOPOB €}, €3, €3 B HexomHoM Gasiice

B=Gj, K . (i) s;:(?) E',:({))-

Ortciona matpuua nepexofa Te.s HMEET BHA

101
Ton :(l 10
011

O6pamas Matpuny Te.s ¥ ucnonesys dopmyny (2), Haxommm

S0

=(Tes)"'X

T.€. x=2¢r—e5. o>
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4.13. Ilycre Q fnpomnonman CHCTEMA BEKTOpOB H3 %.
TopckcTema {ey, .., e,}<Q HazbiBaercs makcumatbHoll AuMeiiHo
nesaeucumoll nodcucmemor 8 Q, ecom {ey, .., e}—ImHeiHO
‘He3dBHCHMAsl CHCTEMa M BCSIKas paclUMpPEHHas CHCTEMa €y, ey €y
x, /I X— TPOH3BOJIGHbIH BEKTOP M3 Q, JIMHEHHO 3aBHCHMA.
Jloxa3aTk, 4TO BCsiKMi Gasuc B O €CTh MAKCHMANbHAS JIHHEHHO

BO n P
4.14. Eciu 3ajaHbl OPOM3BOJLHLIE K BEKTOPOB X,
70 M3 HHX MOXHO NOCTPOMTH He Gosee k JMHEHHO He’&dBHCHMHX
goMOHHaImil. Mcrnonb3ys 9TOT  pe3ynbTaT, [dOKa3aTh: €CiH
B u B'—gBa pasnHuHbX Gasuca B cucTeMe , TO OHH COCTOST
3 OMMHAKOBOIO HHCJA BEKTOPOB (T. €. MMEET CMBICH HOHATHE
panra cucrembl Q).
4.15. B npoctpaHcTBe ¥ 33JaHBI BEKTOPBI
=itj, ey=i—j, esy=—i+2—k.
JlokazaTk, 410 cHcTema B'=(e), ), e3)—0asuc B ¥V

W HANKCaTL MaTpHy nepexomd Tu.w, Ihe B=(e,=i, e,
=k). Haiitu kxoopamsathl BekTOpa Xx=i—2j+2k B Gazuce B'.

Nycte B=(@, j, k) u B'=(@", j, k')—npamMoyrosHsie
Gasucer B ¥ 3. B samauax 4.16—4.18 maiity MaTpuny nepexoga
Tg.¢ ¥ BbIIMCATL CTONGEN KOOpAWHAT BekTOpa Xx=i—2j+k
B Gasuce B’

4.16. Basuc B’ nonyyex Ha NpoT

BCEX TPeX opros B.

4.17. Bazuc B’ nonyyeH NEPECTAHOBKON # .

4.18. bazuc B’ nomyyeH nopoporoM OGasuca B Ha yron
@ BOKpyr opra i

4.19. Haiiti padr u Kaxoii-HHOymb GasHC CHCTEMBI reoMer-
PHYECKHX BEKTOPOB X;=—i+2j, X,=2i—j+k, xy=—4i+5—
x,=3i-3j+

4.20. B npocrpaucrse R* 3amanbl Bektophl €j=(l, 2, —1,
=2), e;=(2, 3, 0, —1), e5=(1, 2, 1, 4), e=(1, 3, —1, 0).
Joxasats, uto cucrema B'=(ey, e, €4, e4)-—6asuc B R?,
H HAamMcaTh MaTpuuy rnepexoma Tg_.g, rne B——KaHOHMYECKMI
Gasuc B R* (cm. § 3 1. 3). Haiitn koopaumatst Bextopa x=(7,
14, —1, 2) B Gasuce B’

4.21. D,oxaza'rh, YTO cHCTeMa apu(METHYECKHX BEKTOPOB

=(l 2, 4), x;=(—1, 0, 5 1), x3=(1, 6, 10, 14) nuueitno

W Hanucars iGy/Ib HETPUBHAJIBHOE COOTHOLIE-

Hue BHjA 1.x1+1212+13x3-0. Haiity panr u Bce Gasucel
ITOH CHCTEMBbI.
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4.22. [loxasaTe, 4TO CHCTeMa MAaTpHIl BHIA
0 000 0

obpasyer 6a3uc B TPOCTPAHCTBE .4 ,,, BCEX MATPHMIL pasMepa
mxn. W, crenopatersuo, dim.#,, ,=mm. UeMy paBHBI KoOp-
JIMHATHY TIPOM3BONBHOH MATPHITGL A% ~(a,)e-# ., B 3TOM 6a3nce7
4.23. [loxa3aTe, UTO CHCTeMa MHorowiewos 1. f, 12, ... 1"
obpazyeT Ga3sHC B IPOCTparcTRe %, RCEX MHOTOWIEHOB CTEIeHU
<n—1 u, creposatensHo, dim#,=n (3701 Ga3suc Ha3LIBaeTCH

Haiiti P TBI:

a) MHCrowiera —3t>+1 B xaHOHWYeckoM Gasuce MpoCTpaH-
cTBa P3;

6) MHOrouNeHa /%> ~21 B KaHOHW4ECKOM 6a3Hce IpOCTpaHCTBa
P

424, ToxasaTe, 4TO CUCTEMa MHOTOUNEHOB f3+1%+1+1,
4141, t+1. | mweilo HesaBucHMa.

4.25. [lokasaTh, YTO CHCTeMa MHOTOumeHoB 1241, —12421,
12— ofpasyer Gasuc B NMpOCTPAHCTEBE . PLmHCaTh B 3ToM
Gasnce cronben KOOpTMWAT MHorounena —2%+¢—1.

4.26. Jloxa3aTs, 9TO FPH NPOH3BONBHOM fo CHCTEMA MHO-
rounenos 1. t—to, (1—1to)%, ... (t—1,)""* obpasyer Gasuc B 2,.

4.27. Haiitu matpuny nepexona ot KaHOHH‘leCh(\\‘O Gasuca

Lo 1% ., "7k Baswney 1, 1—to. (t—t0)% ..., (t—to)" ' B 2,.
428. HaiiTu KoOpIMHAaTLI MHOrOWIEHa 2 1+2 b Gasmce 1.
1 (=12
429 Hoxa3aTh, HTO TPOCTPEHCTBO Z BCEX MHOTOWICHOB
BeckoneunomepHo.  BpiBecTH  OTCIoZa,  4TO  NIPOCTDAHCTBO
Cro.my bynxumit (1), wenpepuiBrbix ma otpeske [a, b]. Tawxke
GECKOHEYHOMEPHO.

B 3anadax 4.30--434 B nNpPOH3BOJBHOM NpPOCTPAHCTBE
%, BEKTOPBI €', €5. ... €, H X 3a]aHbl CBOHMH KOOPTHATAMH
B HekoTopoM Gasuce B. [lokasatb, 4To cucrema B'=(e}.
<y €;) -6a3uc B ,. H HaiTH cTonGen X' KOOPHMHAT BEKTOPA
x B 3ToM Gasnce.

el o) o o4
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2 3 1 6!
ast E=| 1), B2=| 2 B[ 1) x| 2.
-3, =S5, 1 -7
1 2 1 i 7
| 2| g 2| .
F A R Y I 2 R (e N e i
-2 -1 4 0

o) me(1) ()

1 0' -1
434. Ev=lo], Ey=|i|, L—if, X=
0 0, 1

1
1.
1

Ey=

4.35. [Joxkasath cleNyioule YTBEpKIOCHHSA:
a) matpyia  mepexona  Tw.g  BCEIA  HEBBHIPOXKZIEHA.
1 Tou=(Tew)™"

6) ect  T=

|-
J

.
B=(ey, - €n) pbiii  Gasuc B Be &,. TO
CHCTEMA BEKTOPOB

ei=ty,e1+ ...+ 1,8,
Takxke obpasyer Gasuc B Z,.
4.36. Jokazate, uro ecmu B, B’ u B”—6asucet B .¥,, TO
CIpaBElJIHBO MaTpHYHOE PABEHCTBO
Tow=Tow To_w
B 3amavax 4.37, 438 B npomaoubuom TPOCTPAHCTBE
&, BEKTODHl €1, €3, .., €, H €i, €3, .., €, 3aJaHbl CBOMMH
TaMH B D Gasuce. T JIOKa3aTh, 4TO
cuctemss B=(e;, ..., €,) n B'=(e}, ..., e,)—Gasucet B ¥,
M, HCTIOJB3Ysl pe3ynbTatsl 3aad 4.35 u 4.36, HanucaTL MaTpHIly
nepexofa Ty e

wnff el o]
ol ol oo}

6 Tlon pen. A. B. Edumora, b. T Jlemmuosmsa, 4. 1 161
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1 1 1 1
1 2 1 3
438. Ey=| |, Eo=|1) Es=|,| Ea={3f
1 1 1 3
1 2 -2
0 2| . _|-3
Ei=,}, 7 A
3 -4 4l -4

Tlyets ¥ u &' — B2 neﬁc‘mwleﬂbnux (WJIH KOMILIEKCHBIX) Jmnemlux
npoctpatcTa. Orobpaxenue @: % —. npocTpancTea £ Ha
€TBO ¥’ mnasblpaercs u:wMopgﬁuwma ecru:

4) @ B3AUMHO OJIHO3!

0 blkx)=ivls) ¥ ol =ol) o) mm mosux x yeg
u s moboro wena

Ecn cywecrnyer moMopq;mM & na &', 10 npocTpancTea ¥ w £’
HaswBAOTCE wsoMOpfHbiny: L~ L'.

B 3amauax 4.39—4.41') ycTaHOBUTB, SBJISETCA JIH H30MOp-
du3mom 3apannoe orobpaxenne ¥ Ha R

4.39. @ (xi+yj+zk)=(2x—y, z, x+y+z).

4.40. @(xi+yj+zk)=(x+y—1, 2z, 3y,

441, @(xi+yj+zk)=(x+y, —y+2z, x+2y~2z)
442. O @: &,»R"

%, na npocTpancTeo R” apuqme'm'lecmx Bel('lopoB HMMeeT BHI

Qxrer+ .t xe)=(x1, s X,)

RN

s e,,)—-~Hexo:opbm Gasuc B mpocTpancTse %,
a A=(a,)—HeBLIDOXIEHHAS MaTpuua Topsaxa n. Jlokasais,
410 3TO OTOSpﬂ)KC'HHC HSOMOWHT]M H, CIeNOoBaTeNbHO, 4T0
#,~R".

4.43. JlokaszaTh, YTO MHOXECTBO BCEX KOMILTEKCHBIX HHCCH
c H Ha ﬂCHCTBmCIlb“HC
uncna obpasyer JMHeliHOe NPOCTPAHCTBO, H30MOpdHOE I
crBy R2 Hanucars marpuny nepexosa or Oasmca B=(l, 1)
k Gasucy B'=(l1+i, —i) B ITOM NpOCTPAHCTBE, M IIA HHCIA
—2+3i wanmcaTh pasjioxeHHe mno Gasncy B'.

"y fos 0GO3HaYCHUS xoopnmlar TEOMCTPHYECKHX BEKTOPOB B NPSMO-
yronstom Gasuce (4, j, k) ycnobumcs B 3Tl IiaBe MCHIONL30BATH
CTpOUEIC BYKBEL X, ¥, Z, B OTIHUHE OT NPOMHCHBIX GYKB, HCTIONE3YCMEX
B rnaBsc 2, TaK KaK 371€Ch NMpONMCHBIMH OykBamu mbr Oyjiem oBosnauarh
BEKTOP-CTONGIb!
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H smeinbie p:
umeiitoro b2 £ Taxoe Sy,
KoTOpoe 00NaiAcT CBOKCTBAMM:

2) x, ye L oxtye L’

0) xe £'=hxe ¥’ nis Beakoro wkcna A.

Ecim &' —HeKoTOpoe NO/MPOCTPAaHCTBO B %, TO MHOKECTBO
BEKTOPOB

P4 xo={xe P |x=x"tXo, X'€F' MR HEKOTOPOIO Xo€ L)

uneimbiLz y caBHrom D
paHcTBa ' Ha BEKTOD Xo.

4.44. [IokasaTb, 4TO BCAKOE TIOAMPOCTPAHCTBO &' naHeHHOTO
NpOCTpaKcTBA ¥ TaKkxe npocT
(mpn 3roM dim &’ <dim .&).

B 3amayax 4.45—4.49 tp b. H
3a/IaHHBIE PAHCTBAMH B C BYIOLD
NpOCTpaKCTBaX. B cyuae NOJNOXHTENLHOTO OTBETA HAHTH MX
Pa3MEPHOCTD.

.45. BO Bcex TEOMETD) Benopon s Y
a) oI

6) yHnOBJETBOPAIOLAX yCiIoBHIO (X, a)=! 0 me a— puk-
CHPOBAHHBIH BEKTOP;

B) YIOBNETBOPSIOIIMX YCIOBHIO |x|=1.

4.46. MHOXeCTBO Bcex BeKTOpoB W3 R” Bmia:

a) x=(0, Xz, 0, X4 Xs, - Xa)i

6) x=(1, xz, 1, X4, X5, ooy X,).

4.47*. MHOXeCTBO BCEX BEKTOPOB NPOM3BONBHOIO MPOCTPAH-
cTBa %,, KOODIMHATHI KOTOphLIX B (UKCHpOBaHHOM Gasmce
YUOBJICTBOPSIEOT YCHOBHSM:

a) x;=x,; 6) X;+x23+...+x,=0, B) x;—Xx;

1) a1 Xy + .. +amx,=0,

Uy X1+ o Uy X0 =0,

win, B maTpuuHoli dopme, AX=0, rae A-—3ajaHHas MaTpHNA
pasmepa mxn.

4.48. MHOXeCTBO BCeX MAaTpull A YODHIKA . YIOBETBODS-
IOWMX  YCAOBUAM:

a) A"=A4 (cummerphunble MaTpuubr); 6) det A=0.

4.49. Muoxectso Beex Qynkimii f(1)€ Cpapy (CM. 3ana4y 4.4),
YAOBJIETBOPSIOLIMX YCJIOBHSIM:

) f(to)=0 ams mexoroporo foe[a, b]
6) f(to)=1 m1s mexoroporo foela, b
B) f(t)=a,_ 11" *+..+art+ao, T. €. f(1] ) mHorowen creme-
Hu He Behune n—l.
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Tlycth Q' UpOM3BOJNBHAS CHCTCMA BEKTOPOB M3 JIMHEHHOTO 1po-
crpancTea .
Jluneiinoi 060404K0l cHCTEMH () HAIBIBACTCH MHOKECTBO BEKTODOB

L(Q)={xlx=hix1+..+rx, X1, ., %,€Q}
4.50. okasats, uTO,
a) #(Q)— nomnpocrparcTBo B ¢
6) dim & (Q)=rangQ, mpmiem B Katectse Gasuca B £(Q)
MOXHO B3ATH JIFOGOI Gamc cHCTeMbt Q

4.51. Haiitu ZL(x1, x)
ApUPMETHIECKUX BEKTOPOB x,a(l 0,2, —1), x;=(0, —1,2,0).
Mokazats, uro x=(1, —1, 4, —1)eL(x,, xz).

H:u?l'm CTh M Oynp Gasuc fiHO# 0Go-
04K it b BEKTOPOB:

sz, xi=(1, 0, 0, —1), =2 1, 1, 0), xs=(1, 1, 1, 1),
x=(1, 2, 3, 4), 15—(0 i, 2,

453 x5 =(1, L, L L 0), xo=(l, 1, —1, —1, —1), x3=(2,
2,0,0, —1), x=(1, 1, 5 5 2), xs=(1, =1, -1, 0, 0).

4.54*, Tokaszath, 4TO JHHefiHas OGONOYKA CHCTEMBI MHO-
rowienoB -3t*—1, 2¢/24(, —¢ cOBNajaeT ¢ HPOCTPAHCTBOM

3 BceX MHOIOYNEHOB cTemenu <2.

Has cHclema p sextopos. Teo-
Mempuveckum 06pazom CHCTEMB V Ha30BEM MHOXECTBO TOYCK, ABJIS-
IOUMXCA  KOHUAMH BEKTOPOB M3 V. Npu YCJOBHM, YTO BCe BEKTODEI
HCXOUAT W3 Ha¥asia KOODAMHAT

4.55. Hanucalp ypaBHEHME reOMeTPHYeCKOro obpasa smmeii-
HOi ofonoukn ¥(a) m muoroobpasus ¥ (a)+b. ecmm
a=—2i+j—k w b=2i—j.

4.56. HanucaTs ypaBHeHHE I€OMETPHYECKOro obpasza JHeli-
HOli oBonoukn #(ay, «;) m MHOroobpasus < (ay, a)+b, ecnm
ay=—it+j+k, ay=2j—k u b=i+k.

4.57. 3ajana cuCTEMa YpPaBHEHHIA:

X1+ X2—3x3— X+ xs5=1,
3x1— X+ X3+4x.+3x5=4,
Xy —5X3—9x3—8x5+ x5=0.

a) Jlokasarh, 4TO MHOXECTBO PELUCHHH JTOH CHCTEMbI €CTh
JIMHEIHOE MHOrooGpasue B NPOCTPAHCTBE

6) CaBuroM Kaxoro BA 1y 10
mHOroobpasue? Haiftu pamr » kakoi-uMOyne Gasuc sTOro
TIO/MPOCTPAHCTBA.

B) Haiitn kakoii-HnGyns BeKTOp C/IBHIa.

3.1 o ¢
JHeHOe B0 & H4 aeTC: "
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ccnm xakIOff Tape BeKTOpOD x 1 ¥ 3 & MOCTABIENO 8 COOTETCTINC

CrapIb_ UpOLICORHIES TEKTOPOD X M.y, npitice eamonieim ne

. xf
n. )+éxz, »
. x,
4 (x, x Lo, ..pu-w (x. x)=0sx=0
JMminoit BeKTOPa X HASLIPAETCR “HCTO
Ixl=1/Ix, x).
BEKTOp X, /Uil KOTOPOIO PABIA CIMHMILE, HASHBACTCA HOPAUPOSTHNLIM.

JLisi MOBLIX BEKTOPOB £, y
nepasenctBo Komwu Byusnosckoro

e 912l )0 v)

KOTOpOE obpazom yrosm Mexay
HEHYJICBIMH  BEKTODAMH:

_
Lel-ipl

HenysneBble BEXTOpH X, YE€E HA3IBIBAIOTCA  OPMOZOHAALHBIMU, ECITH
x, ¥)=0.

=(€1, ---» €,) N-MEPHOTO CBKIHAOBA NPOCTPAHCTBA &, HA3BIBA-
€TCA OPIMONOpMUPOSaHIGM, OCITH

0, 1%,
(ew z,):&.,:{l 7

Ecm B &, sanan it Game (fin for oo Sile
To BeKTOpH

e=fi, a=fi

i1
Y Ve, k=2, 3, ..,

me ¢t Y

ey 0Bpa3yIoT OPTOrOHANLHBI Ga3UC B ITOM NPOCTDAH-
e e,
crpe (Tpouecc oproronanusanuu Umuara)
KOMILTIEKCHOE JIHHEHRHOE NMPOCTPANCTBO # Hu3biBACTCH YHUMAPHHIM,
€cIH KaxIoH nape BEKTOPOB X, y M3 % nocus,.mo B COOrBEICTBHE
¥) Ha3LBACMOC
CRAAAPHOLM npameoeuum BCKTOPOB X M ¥, upwleM ‘BHITIOHCHEL Crle-
AyKoUHE YCIOBHS.

X
=(x1, ¥)+(x2 ¥}
3) (Ax, (x‘ »)h )ec g
4 (x, % {>0 Tpwucw (¥, x)=0wx=0.
B YHHTADHOM TPOCTDHCTBE ric ONPCACTACTCH YION MEKRY BEK-
Topami. OJIAaKO Bee OCT.iuHNC OUPEACICHWA M PCSyALTATH, cbop-
BBILC LA GC1AI01CH Clpab<i-
AMBBIMI M TR YHHIADROTO NPGCTPANCIsd.
H YHHIADHBIE LPOC

e

)
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4.58. [lokazaTs cleayroiue cxcﬂma CKaJISIPHOTO  TIPOH3.
BelleNHs B YHHTAPHOM IPOCTPAH(

a) gx, yitp)=(x, y1)+(x _Vz) 6) (x. Ay)= Xlx vk

B) (xi—x2, ¥)—(x1, ¥)—(x2 3); 1) (x, 0)=0

4.59. Nlokazate, uto Gasuc B=le,, ..., ,) B YHMTapHOM
a, B TOM H TONbKQ
B TOM CIIy¥ae, KOrja moboe u3 YCROBwit:
a) ecnam x=x1&;+..+X,6, M  y=}i€i+..+}nn To

(%, ¥)=2171 + b X3

6) ecii X=X;€1+ ...+ X,€n, T0 Xp=(x, &), k=1, ., n

4.60. Jokasats, uTo mobas CHCTEMAa MONAPHO OPTOIOHANb-
HBIX BEKTOPOB JTHHEHHO He3aBHCHMA

4.61. Tl Koum — To-
Ka3aTh CJIEyIOIME HEPABEHCTBA TPEYTONbHHKA

a) |x+pI<[|x|+Ipl; 6) [Ix[—[ylI<[x+yl.

4.62. a) loxasarp, 4To B mpocTpaHcTBe R" ¢dopmyna

(% P)=X1p1+ o+ XY,

e X=(X1, .., Xp) B y=(p1, ..., Jn), 3aMa€T CKIApHOE MpPO-
o

(mosy P
YeCKHX BEKTOpPOB B JjajibHeiiliemM Oydem Takxke o06O3HauaTh
cumBosiom R”).

6) IMokasath, 4TO B EBKJHAOBOM NpocTpaHcTBe R” KaHo-
Hudeckni Gazuc (cM. § 3 1. 3) ABJISETCA OPTOHOPMUPOBAHHBIM.

B) Hanmuce Bo Komm — 0 U eBK-
ympoBa mpocTpaHcTBa R

r) HanmcaTh HepaBeHCTBa TPEYIONBHHKA B €BKIMIOBOM MPO-
crpaHctBe R™

4.63. Tlycre x=(xy, ;) ¥ y=(y1, y2) -NPOH3BOJBHbIE BEK-
Topsl apudMeTHyeckoro npoctpanctsa R2. [1okasats, YTO CKausp-
HOe mpousBefeHue B R2 MOXHO ONPENENHTb CIEAYIOLMMM
cnocobamu:

a) (x, p)=2x1y1+5x2y2;

6) (x, 11+ X1z + X201+ X2y
BbivHCIMTE  CKaSIAPHOE  TPOM3BEJICHHE  BEKTOPOB x=(l, -
¥ p=(5,1) KaXIBIM W3 YKa3aHHLIX CHOCOGOB.

4.64. JlokasaTs, ¥TO B MPOCTPAHCTBE £, MHOIOWJICHOB CTene-
HH <n—1 CKAjUsPHOE MPOW3BENEHHE MHOIOWIEHOB

p()=aotart+..+a, " *

q(t)=bo+byt+...+b,_ 1" !
MOXHO OFpeesIuTh cnocobamu:
, 4)=aobo+a1by+ .48y 1by-ys
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"
6) (n. 9)= Z p(t)g(n). 11, ... t,—npomsBONLEEE TIOMApHO

pasTHIHbIE u.eummenmue uRCTa.
BIMHCTHTE cxanxpﬂoe TIPOM3BE/IEHHE MHOTOWIEHOB p(? T41+12
uqlt)=1— —20% 4313 KaXabIM M3 yKa3aHHBIX CriocoGoB (n=4), eciu
p cyuae 6) y=—=2, =—1, =1, 1,=2.

4.65. a) Jloka3atp, 4TO B Be Cig0) COOT

&)= 57 (g

3amaeT CKAJISIPHOE TIPOM3BE/IEHNE

6) Hanmcatp B0 Kommm — 0 U ITOro
npOCTPAHCTBA.

B) HanmcaTh HepaBeHCTBa TpPEYrOJIBHHKA JUISL STOIO TPO-
cTpaHcTBa

TpHMEHHTH TIPOLECC OPTOTOHAJMIALMH K CIICAYIOUIHM CH-
cTeMaM BEKTOPOB EBKIHIOBA Ba R” (co

npousBeNeHHeM W3 3ajauu 4.62, a)):

4.66. fi=(1, —2,2), fo=(—1,0, =1), f3=(5 =3, =7).
< Ilonaraem e, (1, =2, 2). Bexrop e; umem B Bijc cPey.
P AT A R M T T A i e
satenbho, €,=(—2/3, ~2J3, “13). Hok KOHELl, BEKTOP €3 HAXOMIM B B~
e cacuylouie muHeiHOR xoMGnu.iunu =f ~r{;’t —c@e,. Bruuc-
mn CKanspHbie  MpoussencHus  (fs, €y) e

M amaenva  xoodduuienton i~ §/,, n}l(ﬁ,c,
Do ex)flen esl=1 Creosarenuiio, e=(6 —
4.67.f‘-— 1,1 1), =3, 3, —1, —1),[3 (- 2 0, 6, 8).
468. f1=(1, 2, 1 3} fr( L1, 1), £1,=6, 1, 1, 0).
4.69. f,= 1 2,2, .—5 ), f=(3, 2, 8, —7).

470% £i=(2, 1, 3, —1)f2 (74 3, -3), fi=(1, I, ~6, 0),
fo=(5, 7,7, 8).

IlpuMensis Npouecc OpTOrOHAIH3ALNH, [IOCTPOMTH OPTOrO-
HANbHBIH  GA3uC MOANPOCTPAHCTBA, HATAHYTOrO HA JAHHYIO
CHCTeMY BEKTOPOB B €BKJIHJIOBOM MpocTpancTBe R”:
a7l £i=(1, 2, 2, —1), fo=(1, 1, =5, 3), fs=(3, 2, 8, —7).
4.72. f;= =1), £2=(7, 4, 3, =3), f=(1, 1, -6, 0),

[TpoBepUTH OPTOIOHAJBHOCTD CHEAYIOUMX CHCTEM BEKTOPOB
B €BKJMAOBOM INpOCTpaHcTBe R” M JONOJHMTH MX JO Op-
TOrOHaNBHBIX 6a3HCOB:
—iz 1, =3, 1)

473 ey=(1, -2, 1, 3), e,
474 e,=(1, 1, 1, 1, 1), e;=(1, 0, 0, 1, —2), e;=(2, 1,

=1,
113,

~1, 0, 2).
475 =3, 13, 23), ex=(1/3, 203, ~23)
476. e=(1, 1, 1, 2), e2=(1, 2, 3, —3).
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4.77. Tlycry L— ymweifHoe MOIMPOCTPAHCTBO B &, Jlokasary,
qr1o:

a) moboil BEKTOp XE&, ONHO3IHAYHO NPEACTABHM B Bhje
x=p+z, tne pel m z oproroHanes x L (» nasmiBaercy
0pmozonanbholi npoekuueii BEKTOpa X Ha L, a z-— opmozonasror

cocmasasroweti X OTHOCHTENBHO L):
k

6) econ B=(e,, ..., &,)—6azuc L, roy= Z c,e,, Te k03bduny-

€HTBI ¢,, i=1, 2, ..., k, OHO3HAYHO HAXORATCS i CHCl'thl YpaBHeHuit

e, x), =1, 2, .., k,

é:l (e, &),

a g=x—p

Hcnomesyss pevmstar sagasn 4.77, pafi™m opTOroBatbHYIo
TLOCKTINO ¥ W ONTOTOHATHHYIO COCTARNSIOMIYIO Z BEKTOPA X Ha
g POCTPatCTBO L mpoctpancTea R

478, x=(-3, 9, 3), L naTAHyTO ma BEKTOPBL ;=
=(1. L1, 1) e -1, L 1), ea=2, =7. =1, —1).

4.79. x= 4 —1, —3, 4), L HaTsHyro HA BEKTOpbL €;=
=(I. 1. 1. 1). e,=(1, 2,2, —1). es=(1, 0, 0, 3).

4.80. x= 5 2, -2, 7) L HaTﬂHyTO Ha BEKTOpBL ;=
=2 1.1, pty e;=(1, 1, 3. 0), ex=(1, 2, 8, 1).

4.81. Jlokasark. ¥TO B uel“;rrmrrenulf\M €BKJIMJIOBOM IPO-

Teopema [Iudaropa, a rtamxe e 06-
paman JIBa BEKTOpA X W ¥ OpTOfOHaJIbHH TOra W TOJNBKO
torna, korma |x—y|?=|x|2+|p|2%

4.82%. JlokasaTh, 4o Teopema [Tudaropa octaercs crpaseuin-
BOif H B YHHTAPHOM NPOCTPAHCTRE: €CJTH BEKTOPHE X ¥ P OPTOTOHANh-
sl 10 | x—y| 2= x|*+| p| % Tokasate BMecTE ¢ TeM, 4TO oBpaTHOE
Kk Teopeme [ludaropa yTeep)xieHHE B ITOM CRydac HEBEPHO.

§ 2. Jlunciinble onepatopnt

1. AnreBpa muneiinbix Onepatopos. Juneivisi onepamopos B manci-
HOM TPOCTPAHCTBC & HA"HIBAETCS BesKOe oTobpaxenne A:¥—
& B cebs.

Apx)=hAx W Alx+y)=Ax+Ap.

Tyer it onepatop B
P (z,.....e) praii Gawc.  Pasn
BexTopht Aey, K=1.....n, mo Cawicy B

Ae,=ays+...+ane, k=1,..,n



&
Torfa MaTpHi@

/
ayy a2

ay o«
A= 422

ny Q2

awtosercs wanpuyc onepanopa A o Gusine § Marpuy enepatopa
Gyacst Muoria oSositatail taske cumsouom (A} wia [A], eun
CYBCCTBCHHO, © hunoM Oddice HACT P

3mu».em MaLp Ol 10D OMCACTACTCS OAHOSHAMHO, & HMKHHO.
ccmt x, T0 Y=AX, Fac X, ¥—vr016Usl KOUPAHNAT BEKIOPOB X,
yu A Narpaa on:frhnupd A B Gusnce B.

fycrh A4 W A’ —MupHisi onepaiopa A B Gamicax ® u B/,
a T=Ty—g —MATPHUA IICEoXOMA 01 Budhea B K dasicy B Torsa
PNy TpecpRsoMIMA MaIPILI  ONGPAIOP TIPH PG00SO
Gazuica MMEET Biil

A'=T"'AT. [

Mpumecp 1. B Gasnce B=(i, j, k) wanucars, Matpuny oneparopa
NpOCKTHPOBaKus P, Ha mmcxocu. o x+y =1,

<Onepatop
Px=1, e x,——oplonnnam.ndﬂ npoemm BEKTOpA X Ha NAOCKOCTD
. Wmcem

n (m, x)
—=x— 3
nl Inl?
A€ m-—HOPMAJILHBIH BEKTOP IUIOCKOCTH 0. B paccmarpusaeMoM ciyvae
n=i+j+k W, CIcI0BATCILHO,

P x=x—x,=x—upx

oTxy/ia

23 —13 —13
—13 23 —13) &

~13 -3 23

Han ®
TIPOCI PAHCTBE %, BBOANTCH CIIC/IONMC ONCPALAN:

@ cnowenne’  onepatopow  (A+Bjx=dx-+Bx;  npw  3tom
[4+B)=a+B

mf” yMHOKCIHE OrCpaTOpoB wa wncia: (hA)x=A(Ax); npu 3Tom

—=AA;

n) ymHOXeHHe onepaTopos: (AB)x=A(Bx), npu ITOM [aB]=4B.
pamubml X onepatopy A waswinsctcs oncpatop A~ Takoi, u1o

A4 =4 'A=E, uie i oncpaTop, pea. o
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necTrenmoe oToBpaxchue. Onepatop A wmeeT obpatumii (M B 3ToM
Clyuae HA3BIBACTCH HEGBIPOXCOCHHbIA) B TOM W TONLKO TOM Ciydac,
fﬁ'g?] ero_yerpuia A ueBupoxzena (B moGom Gasuce); NpH 3Tom

B 3apmavax 4.83—4.89 ycraHoBMTH, KaKMe€ M3 3aJAHHBIX
oTobpaxeHnil mpocTpaHcTBa ¥ 3 B Cebst ABIAIOTCA JIMHEHHBIMH
OIepaTOpaMH; BBIMKCATH MX MATPHIBI B MPAMOYrOJNbHOM Gasuce
B=(i, j, k).

4.83. Ax=)\x, L— QUKCHPOBAHHOE HHCIIO.

4.84. Ax=X\x+a, A u a GUKCHPOBAHBI.

4.85. Ax=(x, e)e, Te e——3aAMNBIN EIMHHMHBIA BEKTOp.
BbISCHUTE TEOMETPHYECKHMIl CMBICT 3TOr0 OTOOpakKeHHS.

4.86. Ax=[a, x], a -QuxcupoBaHmubIi BeKTOp.

4.87. Ax=(a. x)x. a— PUKCHPOBAHKBIH BEKTOP.

4.88*%. Ule, ) B poTe Ha

YION ¢ BOKpPYI OCH, 3a/{aBaeMOH €JMHMYHBIM BEKTOPOM e.

4.89. Ecw x=xi+yj+zk, 1O

Ax=(y+z)i+(2x+z)j+(3x—y+z)k.

B 3amavax 4.90 -4.95 ycraHOBMTH, KaKM€ M3 3aJaHHBIX
oTobpaxenuit MpoCTpancTsa apupMeTHyecknx BextopoB R> B ce-
651 SBNAIOTCS JIMHEHHBIMA ONCPATOPAMH; BBUINCATH HX MATDPHIUbI
B XaHOHMYeckoM Gasuce.

4.90. Ax=(x,+x3, 2x+x3, 3x;—X2+X3).

491, Ax=(x;, x,+1, x3+2).

4.92. Ax=(0, x,—x3, 0).

(x14+2x74+2x3, —3x3+x3, 2X;+3x3).

494, Ax=(3x;+x3, X, —2¥;—X3, 3X;+2x3).

4.95. Ax=(3x;+5x3, Xy +x3+1, 3x2—6x;).

B npocrpanctee R® 3ajampl Ba JMHEHBIX OmepaTopa
A wu B. Haittu mMatpuny [C] mmmeitsoro oneparopa C=AB—BA
U ero sBHB B B KaHOHMYeckom Gasuce R

4.96. Ax=(2x;, —2x{+3x,+2x3, 4x;—x,+5x3),

Bx=(—3x;+x3. 2X3+X3, —Xz+3x3).

<Tax kak Ae: =(f). ji" 2;:?":1%: 33)’—T 10) Aey=(0. 2. 5) u Bey=(—3,

0, 0), Be,=
2 0 -3 01
32 B=| 0 21
-1 5 0 —1 3

0 4 2 4 =7 5
AB= 6 4 7, BA=|0 5 9

Hanee,

—12 -7 18 14 —6 13




N

ﬂo)\omy

Tlo onpesesicHHIo MATPHIBI JIMHEHHOTO ONEPATOpa B KAHOHHYECKOM
Gasuce R” ec cronGum sBAMOTCH HAGOpPAMH  KOMIOHEHT - 0Gpa3oB
GaIMCHLIX BEKTOOB, T. €.

-4 11 =3
[Cl=4B-Ba=| 6 —1 -2|
-26 -1 )

Cey=(—4, 6, —26), Ce,=(11, —1, —1), Cey=(-3, -2, 5).
Orcrona Haxommm
Cx=C(x1e,+X36,+ X3¢3)=x,Ce; + x,Cer+ x3Cer=

=(—4xi+1xy—3x3, 6x,—x3~2x3, —26%1—xz45%5). B

Txy+4x3, 4x,—9x3, 3x;+X5),

X, —6x3, 3x1+7x3, X1+X3—X3).

2xy—X3+5x3, X;+4x;—x3, 3x;

X1 +4x;+3x3, 2x;+x3, 3x3—x3).

4.99. Ax=(3x; +x,—2x3, 3x;—2x;+4x3, —3x;45%,—x3),

Bx=(2x;+x3, X1+x2+2x3, —X1+2x,+x3).

4.100. Ax=(3x;+x2+x3, 2x;+Xx2+2x3, x;+2x2+3x3),

=(x1+x2—X3, 2X;—X2+X3, X1+X5).

4.97. Ax
Bx

4.98. Ax=| Sx2+2x3),
Bx

B 3anauax 4.101--4.105 HaliTH MaTpHLbl YKa3aHHbIX JIHHE-
HBIX ONICPATOPOB A, ICCTBYIOUUX B NPOCTparcTse ¥'3, B Gastice

u3 3anauu 4.18

4.101. Ax=[a, x], a--QuxcHpOBAHHBIH BeKTOp.

< Ilyetb a=ayi+ayj+ask. Torja matpuna JsmueiiHoro oneparopa
A B Gasuce B=(i,j, k) wmeer Bua (cm. 3amavy 4.86):

0 —az a
[A)e=| @ 0 -a
—a; @ 0
Marpuna nepexosia u3 6asuca B B Gasuc B’ Guina Haiiziena s 3anage 4.18:
1 0 0
Tow =[0 cos¢p —sing
0 sing  coso,

Tak Kak

0 0
cosg sing |,
0 —sing cosp
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T0, ucrosb3aysn opmyny (1), Haxomum / ‘
[4]s =T3'e [A]s Tos =

[ 0 0 —a a\(l 0
=0 cos¢ —smo{ w 0 —a}{0 cos¢ sme

0 smg coso/\—a, @ 0 J\0 —smo coso

[ —@3C08 Q+a SN Q a3 SIn ©+a, cos @
=| ascos p—asmo 0 —a IS
—a3 sIn 0—a; cos a, 0

4.102. Ax=hx, L— QUKCHPOBAHHOE HHCIIO.
4.103. (X, €)e, e e -3ajaHHbI CIMHHYHBIH BEKTOP.
4.104. Ax=(a, x) X, a— HUKCHPOBAHHBI BCKTOP.

4.105. A=U(e, ¢o) w3 samaun 488, %:?; cosa=
1

=cos B=cos y

3
Y

4.106. B ¥, 3agan TMHeHHBIA onepaTop A, MaTpuua Ko-
TOporo B HekoTopoM Gasuce B=(e;, €,, e3, €;) paBHa

12 o1
(30 -1 2
A=l2 s 3 )

12 13

Haiitu Matpuny 3Toro omepatopa B Gasucax:
a) B'=(es, e, €3, €a1);
6) B'=(e;, e;+e;, e;+e2t+e;, e;+e,+e3+e,).
4.107. B &3 3ajpampl Ba Gasuca:

B’ e1=8¢;—6e,+7Tes, e)=—16e;,+7Te;—13e;,
e53=9¢,—3e,+7es,
B": ei=e,—2e,+e;, e3=3e,—e,+2e;3. e3=2e,+e,+2e;.

Haitti MaTpuny omepatopa A B Gasuce B”, ecnim ero marpuua
B Gasuce B’ umeer Bun

1 —18 15
a(-1 2 ).
1 -25 22

4.108. B npocrpanctee £, onepatop A B OGasuce B’
e1=e+2e;, e3=2e,+3e, MMeeT MaTpHLy i ;) Onepatop
B B Gasuce B": e]=3e,+e,, e3=4e,+2e, uMeeT MaTpuly

6 9
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109. TMycts p(t)—a,, e +a,l+ﬂo—Hexo'mpun MHO-
rouncy u A - oneparop. P: onepatop p(4),
; Ope/IyIReMblil  PABEHCTBOM

p(A)=a, 1 A" '+ .. +a, A+aoE.
Haittu Matpuuy onepatopa p(A), ecru p(t)=3t>—2t+5, a one-

patop A 3ajaH Matpuuei A:(; :4 .

4.110. B npocrpancTee #, 3a1aH JHHEHHbII onepaTop aud-
(epeHmpopanms D=E. Haiith MaTpumy 3TOIO omepaTopa
B Gasuce:

a)l, g, 2., 0"

6 1, (t—rq) &S '“’2,

(1o
[CTI
JlokaszaTte onepatoproe papeHCTBO D"=0 (O—Hnyse6oil onepa-
Top: Ox=0).

4.111. B mpoctpanctee 7, 3anaHO oTODpakeHwe

Ap(t):;i K(1,7)p(c)ds,

€eR.

roe K(f, T)- MHOTOUNEH OT JBYX IepeMCHHBIX, CTelleHb KOTOPOro
no t He mpesocxoau1 3. Jlokasate, UTO A-—NBHEHHBIH onepaTop
B P4. Haittn ero matpuumy B Gasuce 1, ¢, %, +* min ciyuas,
xorma K(t, t)=t+1.

4.112. B npocrpanctse Z, 3a/laH0 OTOGpaxcHHe

App(t)=p(t+h),
rne  h—wHexoropoe (uxcuposanHoe uMcio. JlokasaTtb, H4TO
Ah—nﬂﬂeﬁﬂbm onepatop, ¥ HaiiTH ero martpuuy B Gasuce 1,
t, 12, 13,
41I3 B npocrpanctee ¢yskmmi, nddepeHnmpyembix Ha
Beel ocu, 3ajaHbl onepatop mubdepeHnmpoBanus D=7/ M ome-

patop A=e yMmHOXeHHs Ha Qynkmuio ¢, TIpoBepHTH PaBeRCTBO
DA—-AD=)\A.

B sapauax 4.114 4.119 Tpebyercss yCTaHOBMTb, KaKMe H3
3a/IaHHBIX JMHEHHBIX ONEPATOPOB B ¥ 3 SBISIOTCH HCBBHIPOXKICH-
HBIMM, M HAlTH JUIS HEX SBHbI BMA OGpaTHBIX ONEPaToOpoB
(e— QuxcrposanubIit BEKTOp ~ €JMHWYHOH  JUTHHBI, a
x=xi+yj+zk).

4.114, Ax=MLx, ).— QUKCHPOBAHHOE HYHCIIO.

4.115. a) Ax=(x, e)e, 6) Ax=[e, x].
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4.116. a) Ax=x~(x, e)e; 6)* Ax=x—2(x, e)e.

4017, Ax=(y+z)i+Q2x+2)j+(Bx—y+z)k.

4118, Ax=2zi+(x—z)j+(2x+3z)k.

4.119. A=U(e, p)—oneparop NOBOPOTA Ha Yron @ BOKPYr
OCH, 3aJaHHOH BEKTOPOM e.

Vi Th, KAKHE U3 i OnepaTopoB
B R® SBISIOTCS HEBBIPOXIEHHRBIMM, M HANTH SBHBIH BH ODPATHEIX
onepaTopoB:

4.120. Ax=(x;—X2+X3, X3, X2).

4121 Ax=(x;+2x3, —x;3, 2X3—X3).
4122, Ax=(x,+2x5+2x3, 2X;+X;—2x3, 2%, —2X2+X3)

Muoxectso T, BCeX BOKTOPoB AX, X€.Z. HaswBacTcs obpasom
oncpatopa A. MrowecTBo N, Beox BEKTOPOB X€.%, AIA KOTOPHX
Ax=0, uasuBactcs sdpos onepatopa A. OGpas H AZpo JMHENHOO

SBIROTCH TOATPOCT B . Tipw 5TomM pasmepHOCTL
obpasa  r,=dim 7, HasBacTCR  panzom, a  pAaIMCPHOCTL  ATpa
4 G

ra+n, =n, TAC n -pasMEPHOCTL NpoCTPaHcTBa .

4.123. Omicarp o6pa3 ¥ SAPO CIEAYIOMMX JIMHEHHBIX Ofe-
paTopoB, AEHCTBYIOUWMX B NpPOCTpaHCTBE ¥ 3:

a) Ax=(x, e)e, |e|=1; 6) Ax=[x, a], a#0.

4.124. Onmcarp 06pas u supo omepaTopa muddepenuposa-
Hust D, [eHCTBYIOIEro B NPOCTpaHCTBE Z,.

B 3apauax 4.125—4.127 mns ykasaHHBIX JIHHEHHBIX Oflepa-
TOpOB, IHefiCTBYIoX B mpocTpaHcTBe R®, oOmpenenuTh pamr
u nedext, a Taike Haiith Gasuchl obpasa M sapa.

4125, Ax=(x;+2x2+X3, X1—X3, X1+X2).

< [l " BeKTOpOB smvcii-
Gasucom B R>. B otom

Gasuce maTpuna omepaTopa WMeECT BHI

12 1
A=|1 0 —1].
11

yeT, B TOM W TOIBKO TOM cayuae, Korja

Haﬁnﬂcn BEKTOD xeﬂ’ TaKol. 4T0 y=AX WM. B KOOPJHHATHON 3ATHCH,
12 1 x, 1

Y=AX={1 0 I 21=x1 I +X; 0 +x3(—1 @
11 x3) 0

Papescrpo (2) osmauaer, 4to oOpa3 T, COBHAjacT C JMHEHHON
0BOMIOUKOH  CHCTEMBI  CTONIGIOB  MaTpHIB!  A.  CJICIOBATELHO, PaHT
orcpatopa A COBNAZACT C PAHIOM €O MATDHIW, T.C. DABCH IBYM:
a B kavectee Oasuca T, moxer Obite BeiOpan snoboii m3 6Gasuco®
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CHCTOBI CTOSIGIOB MATPHIB A, HATDHMCP,

AnaYornyHo X€N, B TOM M TOombKO TOM Ciydae, korna Ax=0.
WM, B ? )PAHHATHOH 3arHCcH,

! 12 1\fx| (o
ax={1 0 —1f[x,|={0] [€)
11 ol o

Otciona creayer, 4To SApo N, COBHANACT ¢ NOANPOCTPAHCTBOM peICHHil

mwoponuoﬁ cuctemt - (3), T.c. nedekt  oncpatopa ‘paen

I, a b Kasectse Gamca B Ny MOXCT OMTh Buibpana

GymamenTamiion © ouerets . pelcint cicTemst (3). | HANpAMC.
1

—1f =

S =
[
|
e |

4126, Ax=(2x;—X;—x3, X;—2X;+X3, X1+X2—2X3).
4127 Ax=(x;+x3+X3, X1+X2+x3, X;+X2+x3).
4.128. [lokasath, 41O omepaTop A HEBBLIPOXIECHHBIH TOrja
M TONBKO TOTA, KOrja ero feeKT paBeH HYJIO, a, CIIEJIOBATENE-
HO, paHr c CTBEO

2. C wnena BexTopt
TlycTh, WO A M BeKTOp X€., X#0, TAKOBBL, NTO

Ax=)x. @
Torpia 4MCIO ). HAIBIBACTCH COBCMBENNILM WUCAON THRCHHOTO ONCPATOPA
, a BekTop X aroro pa, COOTBET-
CTaylonum cobeTBoRHOMY HHCRY A
B Ly 7 2 @
y
(A-2E)X=0, X#0. )

Orciona cneayer, 4To 4MCIO A CCTh COOGCTBEHHOE WHMCIIO oOmepaTopa

A B TOM ¥ Tonkko ToM criyac, korna det(4A—AE)=0, T.e. A ecth

KOPCHb MHOTOUJICHA p let(4—2E), naswisaemoro xapaxmepucmuuec-

Kum  Muozounenom  omepatopa A. Crosioben koopmumaT X moGoro
oK

TOpa, CooT uMey A, ecTh
cuctembt (5).
Mpumep 2. Haifth CoOCTBEHHbIC YMCHA U COBCTBCHHBIC secropu
onepatopa Po, na Oxy »

Xy
< 1) rcoMcmu-aecxoc pewenne. Papenctso Poy,x=Lx, x#0, osnaqacr.
4TO OPTOFOHAJIbHAS NPOCKIHS BEKTOPA X HA TUIOCKOCTH OXy KOJLTHHEApHA
camoMy BCKTOPy X, HO 9T0 BOIMOXHO JMUIL B JBYX CIydasx.
2a) BekTOp X#0 KOMIIaHapen IjiockocT OX). JLis BoeX Takix
BEKTOPOB Py, X=X, T.C BCC OHM SBJIAIOTCA COGCTBCHHBIMK BEKTOpaMM
Pos, cooT ety Ay =
6) Bektop x#0 OproroHaicH miockocTH Oxy. JWIA BCex Takux
BCKTOPOB PoyX=0=0-x, T.C BCC OHil SBIRIOTCH COGCTBEHHBIMH BCK-
ami syr €00 ey A, =0
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B wrore sakmouacm, wro onepatop Poy, HMeeT ma CoGCTBeAnbX
ancsia: Ay=1 u A,=U. COOTBETCTBYFOUME 1M CODCTRCHHBIE BEKTOPH:
M=l dM=xity, Pxzo,

ho=0: xitd=zk, a0,
2) AmammTaueckoe pewenne. Matpuia oneparopa Po., B/ mpsmo-
yromHom Gasuce £ =(i, j, k) umeer Buu

10 o
P=|0 I Of. {
0 0 9
XapakTeprcTuuecKoe ypaBHenie:
-2 0 0
det(P-LE)=| 0 1-% 0 |=—R(1-2)*=
0 0 -2
oTKyja 7&|=I " A;—O-—mﬁc’menﬂm wHCRa Oneparopa
iz
ey A,_l Tpu %=1 cucwema (5) npunumer BUA
0 O
(P—E)X= o 0 =
DyHjamMeHTANLHAS CHCTEMA pelliemi:
i 0]
E=0|, E={1],
) 0
a ofmee peinenne:
Orciona L uTo BeKTOpSI,
cobcTBenHOMY 9MCIy Ay =1, MMEIOT BHA
)=xityj,

IIC X H y—NPOMIBOJILHEIC 4HCIA, HC DABHBIC OAHOBPEMEHHO HYIIO.
AHATOMMMHO paccMaTpBacTCH ciyuai 2,=0. [IpH 3roM nofywmum

=k,
I z—NPOW3BONLHOE HHCIIO, OTJHYHOE OT Hyss. >
B samauax 4.129 -4.133 maiitm cOGCTBEHHBIE WHCIA M CO-
OCTBEHHBIE BEKTOPbl ONEpaTOPOB B ¥ 3. Pemmrs 9TM 3ana4
TEOMETPHYCCKH, T.€. B MHBapMAHTHOH (Qopme, He CBA3AHHOH
¢ BbiGOpoM kaxoro-nuGo Gasuca B ¥73 (CM. mpumep 2, reomer-
puueckoe pemenue). Ilocne aroro B 3ajadax  4.129—4.131
TPOBECTH AHATHTUYECKOE PeICHHE.
4.129. Ax=ax, a— PUKCHPOBAHHOE YHCIO.
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p IUIOCKOCTH C HOPMAJbHBIM BEKTOPOM €.

B 3ajauax 4.134—4.143 naiiTu coGcTBeHHbE wWHCIA M CO-
GCTBEHHbIC BEKTOPBI JMHEHHBIX ONEpaTOpOB, 3a[AHHBIX CBOHMH
MaTpHUAMH.

2 -1 2 01 0
4133, A=| 5 -3 3| 4135. A=|-4 4 0|
-1 0 -2 -2 1 2
4 -5 2 1 -3
4.136. A=|5 -7 3| 4.137. A={-2 -6 13
6 —9 4 -1 -4 3
1 -3 4 7 -2 ¢
4138, A=[4 -7 8|  4139. A=[10 —19 10
6 ~7 7 12 -24 13
100 2 6 -1
4140. A=| 1 2 1 414l A=|1 1 -5
-1 01 12—
1 -3 1 0 ~1 0
4142, A4=(3 -3 —1|. 4143 4=| 1 1 -2|
3 -5 1 -1 -1 0

4.144. B mpocrpancTBe ¥ TEOMETPHYECKMX BEKTOPOB Ha
IIOCKOCTH 3aJal onepatop nosopora U(gp) Ha yron 0<¢<2m
BOKpYr Havajna xoopauuaT. IIpoBepuTh (T€OMETPHYECKH W aHa-
JMTHYECKH), 4YTO mpH @#0, © 9TOT oOmepaTop He HMeeT
COBCTBEHHBIX 4MCEN. DTOT NPMMepP MOKA3bIBAET, YTO JIMHEHHbIH
onepatop B ZIeHCTBUTENHHOM NPOCTPAHCTBE MOXKET HC HMETh
COOCTBEHHBIX YHCEN (M COOCTBEHHBIX BEKTOPOB).

4.145. B XOMIUIEKCHOM NPOCTPAHCTBE £ onepatop A=A(¢)

3ajan Man"]_[e"
SO TSIN@) g cp<2n
sino  cosQ

Haiitu ero coGcrpennble uncia v cobeTsenibie BexTopbl. Cpap-
HUTH MOJY4EeHHBIE pPE3yJIbTAThl C Pe3yibTaTaMu 3ajzaun 4.144.

4.146 *. Ilycte omepaTop A, AeiHCTBYIOLMII B KOMILIEKCHOM
npocrpancTee £y, 3aJaH B HeKOTOpoM Gasuce maTpuueit ¢ jei-
CTBHTENIBHBIMM JieMeHTaMH. JloKa3aTh, 4TO:
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a) ecnu A—COBCTBEHHOE YHCIO, TO A-—TaKke COBCTHeHHOe
YHCIIO;

6) ecnu  X—cronben  KoopauHaT COGCTBEHHOrO TOpa,
cootseTcTByfollero coberserHoMy wneiry A, 1O X--fcronGer
KOOp/WHAT COOCTBEHHOrO BEKTOPA, COOTBETCTBYIOLLErO ¢obCTBen-
HOMY “HCITy A.

4.147*, B KOMIIIEKCHOM NpOCTPAaHCTBE &3 HaliTh coberhen-
Hble 4MCNAa M COOCTBEHHBIE BEKTOPHI JIHHEHHOTO —omepaTopa,
33[aHHOTO  BEILECTBEHHOM METPHIICH

4 =57
A={ 1 —4 9|
—4 0 5

4.148. TlokaszaTe, 4TO €ciM X— COOCTBEHHBIH BEKTOp One-
patopa A, COOTBEICTBYIOLHMIT COGCTBEHHOMY HHMCIy A, TO OH
sBsieTcsi  COGCTBCHHBIM — BeKTOpoM  omepatopa  p(A)=
=a, A" '+..+a,A+aoE, cooTsercTByrommM CcOBCTBEHHOMY

4.149. JlokazaTb, 4TO:

a) omepatop A HMeer OOpaTHBIi B IOM M TOJLKO B TOM
ciydae, KOIa OH HE HMMECT HYJIEBHIX COGCTBCHHBIX WHCCI;

6) ecnu onepatop A umeer obpatHbii, T0 A 1 A ! umeror
OmHM M Te e cOOCTBeHHBE BekTOphl Kak cBazaHBl Mexy
coGoii COBCTBEHHBIC YHCIIA THX ONEpaTOpOB?

3. Jiumeiinbie o
nuem. Ilycrs A SHCHHbH OIIC’pdTOp, ncucmymmun B TPOCTpaHCTBE
mepatop A* HasbiBa-
CTCH  CONpANCCHHBIM K ompamop} A, com pm monlx BEKTOPOB X,
¥ BLINOJHAETCH PABEHCTBO

(Ax, y)=(x, 4*y).

Jinn Beskoro oricpaTopa A COMpSKCHHH omeparop A* cymecisyer
B CIOMHCTBCH.

Ecan onepatop A B OPTOHOPMMPOBAHHOM Gasuce uMeeT MATPHLY
A=(a,), To compmichHbii oneparop A* B Tom e Oasuce mMceT
MaTpHIY A‘=(a‘g, rac af=a, (Matpuna A* HaspiBaeTCA conpn*enl{oﬁ
K Matpiuc A). B wacTHOM Ciysac cmKTWoBa TpocTpancTRa A*=A'-

TMpumep 3. JluneiHbii omepatop A:6a—8&; B  Gasnce
B'=(e, €2, z,;) HMEET MaTpHIy

Tl 3]

[Als=l0 5 -1

2 7 -3

M3pectHo, uTO ej=e,+2e;1e;, e)=e,+e,+2es, ey=e t+e, n Gasnc

B (e, €;, 3) OpTOHOpMHPOBaH. HaifTii MATpHiy COMpSXCHHORO ONc-
patopa A* B Gasuce B'.
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‘< Tak\kak Gasuc B’ He OpTOHOpMHpoBaH (TpOBEphTE!), TO, HTOGH
BOCTIONHAOBATECH YTBEPK/ICHHEM O CBA3M MATPHIL ONEpaTopos A n A*,
Heobxommo nafiTh Matpuuy [ ] Mvcem

\

CIIeNI0BATEIILHO,

2 -3 7 2 6 6
[A]s=Te e (4]0 Ta a=[6 —4 6|, [A*],:l-z -4 - ‘
6 ~5 5 76

Orciona OKOHYATEIILHO TIONyYaem:

—36 -37 -1
[4%]s =Ts'a [A*]e Tow=| 30 30 14| >
% 27 9

4.150. [loxasars, uTO omepanmmus * mnepexona OT onepatopa
A x conpskcHHOMY A* obJajaeT CreAyIOnMME CBOHCTBAMME:
a) (4%)*=4.
<1 3anMIICM 1EMOMKY PaBeHCTB, BEPHBIX AN JIHOOBIX BEKTOPOB X M ),

(4%, 9)=(x, 4*p)=(a4"y, H=(5, (A)*x)=((4*)* x, $)=(4*)* x, »),

T.¢ (Ax, y)=((A4*)* x, p). Otcioma, B CHIy NPOH3IBONLHOCTH BEKTOPOB
X, ¥, nony4acm A:(A“{ (nokasath nonpobuce!)

6) (A+B)*=A*+B% 8) (AB)*=B*A% 1) (xA)*=ad*;
n) (A7")¥=(4%"", eci A HEBHIPOXKICH.
JInneiineii onepatop 4 B Gasuce B'=(e}, ..., e,) umecr

matpuy A, Haiitn matpuily conpskenHoro onepatopa A%
B TOM Xe Gasuce B, eci BEKTOPBI €, .. €, 3a/iaHbl CTONGIAMH

CBOMX P, B HEKOTOPOM Op Gasnce B=
=(ers e o)




B mpocTpaBCTBE MHOTOYJICHOB %5 3a1aHO ckanﬁpnoezpom,
Be/ICHAE

(f, 8)=acbo +asby +asbs, ©
e f(t)=ag+ayt+ay. g(t)=bo+byt+byr>. Haitrn wmatpun
oneparopa auddep! D=% u © onepa-

Topa D* B Gasuce B:
(el ooy eyl
4.154. 87(2t 21,1 1, 21 +21 .
- 3.1
4.155. ‘B_(l, t, 21 2).

4.156. HaiiTi conpsikeWHBI oOnepaTop Ui MOBOPOTA EBK-
JHIOBOH MNOCKOCTH Ha yToii & BOKPYT Hauala KOOpAMHAT
TIPOTHB 4acOBOW CTPEJIKH.

4.157. Tlycte Oxy— JjekapToBa MpsAMOYTOJIbHAS —CHCTEMa
KOOPAWHAT Ha TUIOCKOCTH M A-- OomepaTop NPOCKTHPOBAHHS Ha
ock Ox mapamiensHo npsmoit I ax+by=0 (a#0). Haiitu
MaTpHily CONpSKCHHOIO omepaTopa A*.

4.158. Tlycts Oxy—nekapToBa TPAMOYTOJbHAS —CHCTEMa
KOOPAMRAT Ha [UIOCKOCTH H A-—O0DepaTop OTPAaXeHHs TOoYex
IJIOCKOCTH OTHOCHTEJILHO mpsMoit [ ax+by=0. Hajitn maTpuuy
onepatopa A*

Tonstue Moxer 61 pn
cucTeMbr HHCHHLX ypa-
wermil, Tlycts AX=B—MATpWdHAR 3AmiCh Takoi CHCTEMbI, MPHICM
m=n. Totna X  B—CTON6UBI KOODIMHAT COOTBETCTBYIOWIX apH®-
METHYCCKHX BEKTO] Hee
R, a Kpapathoii Matpuie 4 B ITOM e Gasuce COOTBETCTBYCT
nekoTophili  HHeiiHbii  onepaTop A: R°—R". Cuctema A*X=0, tie
A* - matphma ° A* Gaswce.
it . Bepra crenylomas

Teopema ®penronma onn mozo umobst cucmema AX=B Goua
. umoGbl eekmop-cimo.ibey B Gbi1

Ko ecem l cucmens.

4.159**. [lokasaTh Teopemy Ppeiroibma.

W

TeopeMy @px , b COBMECTHOCTH
cHeTeM i i

4.160. 3x, +2x,+ X3
Txy +6x,+5x;3
5x;+4x,+3x3

4162 2x, +x,—2x,=1
Xy —2X,4+ X3

—2X Xy Xy =

—1, 4161 x,+x,+x;

X +x+x3=1
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a.064%. JHoxasath anbTepHaTHBY ®Ppearoipma:
ymbo cacreMa AX=B coBMecTHa npy oGOl npaBoil wacTH
B. mu6o comnpskeHHas ONHOpOAHas cucreMa A*X=0 wumeer
HEHYJICBRIE PCLICHHS.

4.165. Kakne u3 cucrem
p 3amayax 4.160—4.163. coBMecTHbI TpH moGoﬁ npasoi -nac‘m"

Jluneiinpii onepatop H B NpOCTpaHCTBE CO CKAasPHBIM TPOM3BEjic-
JHeM HA3LIBACTCH camoconpacennmis. ecnn H=H®. CaMoconpsmxehHbi
ONEpATOp B yHHTapHOM (ERKIM0BOM) NPOCTPAHCTBE HA3LIBACTCH TAKKE
apuumossis (cummempuunsiw). Jlis Toro wtobui oncpatop A Gl
M [I0CTATO4HO, YTOGEI B JFO-
Gom ‘OPTOHOPMHPOBAHHOM Gaswce ero marpuna A=la, ) ynowsersopsna
COOTHOMICHHIO &,y =d,, (@, =a,,). TaKue MaTpHILI Ha3LIBAIOTCH Ip-
MUMOGHMU (CUMAMEmpUNHBIMY).

Tlueiinmii onepatop U B

ccm
UU*=U*U=E, 1.c. U*=U"

Jian Toro wToGl onepaTop A 6bin  YHWTapHEIM (OPTOTOHAMbHEIM)
HCOOXOMNMO K JIOCTATOUHO, WTOOB! B JIOGOM OPTOHOPMHPOBZHHOM
Gasce cro warpia Jf= {a.,) yroBnetsopANa cooHomcHNIo A~ =A*
(4" '=A"). Taxwe marpis )

4.166. Jloka3aTh CJCOYIOLME CBOWCTBA CaMOCONPSKEHHOTO
oneparopa:

a) CcOGCTBCHHBIC YMCJa NCHCTBHTEIBHBI;

6) COOCTBEHHBIC BEKTOPBI, COOTBETCTBYIOIME Pa3JIMIHBIM
COOCTBEHHBIM 4HCJIAM, OPTOTOHAJILHBL

4.167. [lokasath ClieyfOlHe CBONCTBA YHHTApHOTO OMepa-
Topa:

4) COGCTBEHHHE HHCIA IO MOJYJIO PABHEI €/IMHHIE;

6) ans Toro uToOLl JNHHEHHBIT onepaTop GbUT YHHTApHBIM,
HeOGXOMMMO M JIOCTATOYHO, 4YTOGH OH NEPEBOJWI OpPTOHOP-
MUpOBaHHBIi Ga3uc CHOBA B OPTOHOPMHMPOBAHHBIH Ga3uc;

B) YHUTApHbIf onepaTop

T) YHHTapHBIi ONEPATOP COXPAHSET UIMHBLI BEKTOPOB.

4.168. Tlokasath, 4TO B NPOCTPAaHCTBE ¥ 3 CIEAyIOLIHE
ONEPATOPHI  SBJISIOTCS CHMMETDHYHLIME:

a) Ax=Ax, L— (HKCHPOBAHHOE HHCIIO:

6) Ax=(x, e)e, le|=1:

B) Ax=x—(x, e)e, Ie|—-l

4.169. [Moka3arb, 4TO B MPOCTPAHCTBE MHOTOWIEHOB Z; CO
CKaJIAPHBIM (6
CHMMETPHYHBIMH:

9 10105 © s0=rs ().
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4.170. Tlokasatk, ¥TO B mipocTpancree ¥, omepatop U (e
TOBOPOTA Ha YroJl ¢ BOKPYT OCH, 3a[JaHHOH CIMHHYHBIM Be,\
TOpOM e (cMm. 3ajady 4.88), sBNSIETCS OPTOrOHAIBHBIM

4.171. Tlokasath, yTO onepatopel 3amawn 4.168 sBisiorcy
‘OpPTOTOHAJILHBIMH.

4. MaTpHmB
sany. Ecmu omepatop A, aeficTsyrommii B npocrpancme .‘z’., My
N JHHEHHO HE3aBHCHMBIX COGCTBEHHBIX BEKTOPOB &, €3, .., CooTRer-
CTBYIOUWX COGCTBEHHBIM MHCIAM Ag, A2, oy Am TO B e po
BEKTOPOB MAaTpHUR ONEpatopa A WMeeT IHarOHaibHBLIT BHI
Ry 0
R
N )
0 b

Mpumep 4 TIpHBCCTH MarpHily A JIMHCHHOFO OMEPAaTOpa K uta-
roHaNBHOMY BHIY W HaiTH COOTBETCTBYIoWwWi Gasuc, ecri

12 0
a={ 0 2 o0
-2 -2 -1

< XapaxTepucTiseckoe ypasneime
-2 2 0
det(A-AE)=| 0 2-4 0 [=(a-2)(1-3?)=0
2 -2 —1-n

uMeeT KOpHH Ay=2, A;=1, hy=—1. ClenoparensHo, MaTphlla MOXET
GuITL TpHBE/ICHA K JHarOHaibHOMy BHAy. Haxoamm cooTBeTCTByRoumie
GeTRCHHEC BeKTOphL. pH =2 cucTema (5) pWHRMAeT BRI

-t 2 o\[x 0
(4—2E)x=| 0 0 o x|=|0}
-2 -2 —3\xs 0
W
—xy+2x, =0,

—2x;—2x,— 353 =0.

yHIAMEHTATHHAS CCTEMA PEIICHHIT COCTOHT 3 OHOro Bextopa Ey=(2,
1, —2)T. Ananorwsmo, npn A= cucTema (5) MpHEMMACT BHI

0 2 0ffx 0 N
(4-E)x=} 0 1 o)lx|=}o} wmu § .
2 2 a\m — 23— 2, ~ 23

M3 970ii CHCTEMBI Hax0/liM BTOpO#i cobeTenkbil Bektop Ey=(1, 0, — '
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Haxonen, mpn A=—1 W3 CHCTeMbt

2 2 0\[x 0 .
(A+E)x=| 0 3 o{x:|={0] wm ’3X
-2 =2 0f/\xs/ \0 ?

JAXOIM TPCTHI cobeTnenmmili BekTop E3=(0, 0, DT

Huiinennsie vektoput Ey, Ea, E; obpasyioT MCKOMbii Gaswc,
5 KOTOPOM MaTpHI A ke
JWATOHATTLHLIA DU

0 0
1 0|
0 —1

2
0
[

B 3agavax 4.172—4.179 BLISCHHTH, KAKHE M3 3a[aHHBIX
MATPHI[ JIMHEHHLIX ONEPATOPOB MOXHO [MArOHATM3MPOBATH M-
pexooM K HoBoMy Gasucy. Haiirm sror Gasuc W coorserct-
BYIOIIYIO €My JIMArOHajbHYIO HOpMy MaTpHIbL.

4172. [1 1 2 3 4.173. 010 0
022 4 001 0
001 2| 000 1
000 2 -6 1 7 =1

4.174. (1 11 4.175.( 2 -1 2
LN T 5 -3 3
ot -1 0 -2

4.176. [ 112 0 1/2 4177. [ -1 3 —1
01 0 -3 5 -1
12 0 12 -3 3 1

4.178. (1 1 1) 4179. [0 0 0 1
1 -1 -1 0010
1 -1 -1 0100
1 -1 -1 1 1000

4.180°". Buumcnurs A™, ecnu:

a)A=(.§ Q)? 5’(§ :;)

Burancomre:

s
4181 (17 6} 4182 (4 3

35 —12 23 -2
4 4
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MaTpuia A CaMOCOHDPSKEHHOIO ONEPATOPA BCETAa TPMBO/
K JIMATOHANLHOMY Biidy. VIpM 3TOM, HCIHG.b3ys TOHATHE YHWTAPH
OMCpaTOpa, € MOXHO UDCACIABHTH B B

A=UDU“.

e U matpuia

Tepexay
Or HCXOAHOLL Oa3uca K Gasucy w3 ww.rwunux ucnopma OnEpaATOpg
A, a D— gnarosaabhas MaTpuua suia (7).

HaiiTi 0pTOHOPMHPOBAKIIBUA Ga3uc W3 COBCTBEHHBIX BEKTOPOY
M MaTpHLy B 3rOM Oa3#CE sl JIMHEUHOTO ONEpaTopa, 3alaHKOLQ

B M Oasuce MaTpuuen A (uc-
KOMBbIii 643uc oupc.ueneu MCOAHO3HAYHO):

1mn 2 -8 17 -8 4
4.183. 4= 2 2 10} 4.184. A=| -8 17 —4].
-8 10 5 4 —4 11
3 i 0 Tro2
4.185. A=\ i 3 0. 4.186. A={1 1 2}
0 04 22 4

Jns pamHOM MaTpuubl A HaiTH

JMArOHAJILHYIO MATpHILY
D n yHmapH)lo (OPTOTOHANLHYIO)

matpuy U Takue, 4to
A=UDU
242 {3 2—
4.187. A= (2 2 ) 4.188. A~(2+i 7 )
1 4i 0 3 2 0
4.189. A= —4i 1 0 4.190. A=| -2 4 -2
0 01 0 -2 5
2 2 -2
4191 A= 2 5 -4
-2 -4 5

§ 3. Buumnciinbie u kBajpaTHunbe’ GopMbI

1. Jlwneinie popmbt. TOBOPST, H4TO B ACHCTBHTEMBHOM JHHCHHOM
NPOCTPAHCTBE & 340AHA MUHEUN(A (POPMA, CCIM KAKJIOMY BEKTOpY Xe o
TIOCTABSCHO B COOTURICTBME WMCAO f{X). NPHUEM BBLINOJNHEHBI YCOBHA

S(x49)=/(X) /), x,ye¥,
S(hx)=2f(x), xeZ, heR.

[Hoxasats, wro B npocrpancrse % dynkums f| (x], xed,
ABNISIETCS JIMHEITHOI  hopMoit:

4.192. f(x)= }x(l)dl, L=Clapr x=x(1);

4193. f(x)=X(t), L=Cioryy x=x(1), to€[a, b];
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4.194. f|x)=(x.a), ¥=7"3, ae¥ 3—UKCHPOBAHHBI Bek-
op-
: p4‘195. f(x)=abx, £=7"3, a, be¥ ;— duKcHpOBaHHbIC Bek-
T0P!

4.]96. [(x)=x"(to), L=Cflhy. x=x(1), toe[a, b].

4.197. MNycrs B mpoctpanctBe & duxcupoBan  Gasuc
B=le, ... &) Tycre, panee, f(e)=a;, i=1, 2, ., n rae
‘x)»AJmHeﬁde fopma B Z.

. a) Moxasats, w0 f(X)=a,X+...4 X, THE Xy,
—KOOpPIWHATH BEKTOpa X B Gasuce

6) CGo3HauMM £ * MHOKECTBO ,vmneunux dopM f(x), B KO-
TOPOM  BBETICHSI HA YUCIIO
cre/TyrotM oGpaJoM

Xn

g=N+/2 ecm Vxe L(g(x)=fi(x)+/2(x));
h=M\, ecm Vxe % (h(x)=Lf(x)).

JlokazaTh, 4T0 &£ *-—nNHHENWHOE NPOCTPAHCTBO.

8) Moxazate, 9to dim £*=n (npocTpancrBo £ * Ha3pBacTC
conpancenrsim K TPOCTPAHCTBY &),

4.198. [lokasatb, uTO:

a) ecmr xeR" x=(X;, .., %) To ¢opmyna f(x)=x,
onpenessic? JUHCHHYIO (opMy;

6) BCSKYIO HE PaBHYHO TOXTIPCTBEHHO HYJIEO JIMHCHHyIo dopmy
f(x), xeR”, mamiexaumm BHIGOPOM Gasuca MOXKHO MPHBECTH
k Buny f(X)=x,, re x;, —nepBasi KOOp/MHATA BEKTOPA X B 3TOM
Gasuce.

2. Bummncibie opvui.  Uncnovas dynkums A(x, y) £ x L-R,
SaMAHHAS 1A JICHICTBMTEILHOM JMHCHHOM TIPOCTpANCTBE #, HaskmacTCy
Guameinoii opmoit, € NP HKCHNOBAHHOM ¥ OHa SBNSETCA JIMHEHHOM
GoPMol 0 X, & UPH QUKCHPOBAHOM X — AMHEiHON (opNO#t 1O y.

fopma i e A (x. ) A(, x)
K ye qu B
. 10 MaTpua A= 1a,,), .,fA(e.. e,), HasLmacTCH Mampm/w

5ll/llull‘um)u mor A(x,y) B Gasuce B.

JlokasaTs, 4TO B npOCTpaHCch & dynknus A(x. y)spnsercs
Busmueiinoit dopmol

4199 Alx, y)= f,(x]fz{y) rae fy, fo— nuueiisbie opMb
B

4.200. A(x ¥)= SSK(V )x(s)y(t)dsdt, rtne  L=Cpupmp,
x=x(r)e ([. o Y= )’(I)EC(,, »» K(s, t)-—HexkoTopas HenpepuiBHAs
bynknps OBYX mEpEMCHHBIX.
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"
4201 A(x,y)= Y ayxiy;, tae &
Li=1

HEKOTOpasi MAaTPHIA.

4.202. Tlycts B mpoctpanctBe %, duKcHpoBan  Gasy
B=(e1, ... &), Alx, y)—Onnmmeitnas gopma B £, u A(e;, ¢)<
=a;;. Jloxasats, =rro

) X, YER", A=(q;,)~

a) A(x,y)= Z axiyj, tAe X, yi(h j=1, 2, .., m)-

KOOP/IMHATEL nenopon x u y B basuce B;

6) ecmtA'=(aj;)- matpuna Gumanciiroii dopms A(x, y)
B Gasuce B'=(e}, ... €,), 10 A'=T AT, e T=Ty g -
Matpuna mepexoga or Gasuca B k Gasucy B’

Mycrs B mpoctpanctse R*® sanana Gumumcifas  dopma
A(x,y). Haiitn ec marpuuy B Gasuce B= (e, e, e3), ecm
(4.203 A{x ,¥)= X.)’x+2x;y;+3x;y;, e=(1, 1, 1), e=
=(1, 1, =1), es=(1,
4.204. A(x, ;)—x,y;+a;y3+r,y., e=(1, 0, 0), zz—(l
ex=(1, 1, 1).
B npocrparcree R" 3anana OwmmHeiinas dopma A(x, y)
B Gazuce B Haiitn ee marpuny B Gasuce B, ecmm:
4.205. n=4, A(x,y)=x102+X2p3+X3¥a,
1 1 1 1
[ -
1 1 -1 =1y
-1 -1 1

Top=|

4.206. =2, A(x, y)=X1p1+X1y2+X2y1—X2)2,

tew=(} 1)

4.207. Jloka3ath, 4TO CKajsipHOe mpomsseicuc (x,y) B eb-
KIMI0BOM TpocrpancTBe & sBnsiercss Guiuueiinoii (opMoii.

3. Knagparwmie gopwit. TTycts A(x, ) cmveTpucokan G-
uwman opma. mnpm A(x x koropasl nonysactcs w3 A(x, yh
i oM A(x, )
Hau,usac'rcﬁ (mnmueﬁnnn LbopMon, nu/ulpuw K xnanpam-mon opve

T b pec oM pocTy Z, O
HekoTOphIH Gasnc B= (e., . €). To Keajparwumas opma A(x,X)
B oTOM Gasuce MMeeT Bii

A(x, %)= Y apxx 0}
W

e A= (a,;)—MaTpuua KBaapaTHYHOH (GOPMBI H X=X, €+ ...+ Xnln:
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(1) xeazpa Gopmer

TycTs B Gauce
e CONEPXUT mpowssenermii X;x; (i#]), T.e.

P EER
=
Tofﬂﬂ BhipaxeHue (2) HA3BIBACTCH KGHONUYECKUM 6uOOM KBAPATHIHOW
pMis. B uactiocts, comn A= +1, 0, . 7, TO TOydaem
HOPMAAHBIEL 61O KBAJIPATMMHON A(x, x).
JUns BosKoii KpanpaTHinoil GopMe! cymmny:'r TaKOR_Gasic '
3 KOTOPOM OHa HMmeeT ( BHL.
Metomsr apa d)opMu K Biay.
Mevon Jlarpanka BHAENCHHA TONHBIX KBajapa-
ron._ Tlycrs kBajpatwunas dopma 4(x, x) B Ga:mce B umeeT mm
{) Ecam wee Koodduimenth a, (npn kBappatax x?), i=1, 2, ..,
paBtibl HYJO M B TO C BpeMs QOPMa HC paBha TOKICCTBEHHO n'ymo,
T0 OTMWHO OT HYNA XOTS OH OfiHO MPOHIBC/ICHNE, HATIPHMED 2d;;X) Xp-
BrnonuiM TipeoGpasopanke Ga3uca, IPH KOTOPOM l(oopnuHa‘l‘u BEKTOPOB.
5 CTADOM H HOBOM Gasucax CBA3AmbI (HOpMYTaMit

A(x, x)

@

1,

A ” 3
Tornta 2ay; Xy %, =2ay5 (X7 —x7)=2a2x7 —2a,2X5, 1 TAK Kak, 6O mPEA-
2
NOROKCHNIO, dyy=dz;=0, TO KOX)OHIMEHT NPH X} OTINYCH OT HyJIA.
Takum o0pasoM, Beersia Haiiiercs Takoii Gasuc B, B KOTOpOM
B 3amick (1) xoTs Gbl opuH KOHPOHIMEHT Npu KBaapate :mmqeu OT HyJIS.
B jamheiuem cawracm, §to ay #0. (Ecin ay,=
OF HyI5 KOXHUMEHT TpH KbATIDATE KaXOR-HMOYIb JpYTOf koopmma'rbl,
H K DACCMATDMBAEMOMY CIYYAIO MOXHO TPHATH, HHAue 3AHYMCDOBAB
BEKTOPHL €}, €3. ..., €,, YTO TAKXKE ABACTCH HEKOTOPbIM NpeobpasoBanueM
basuca.)
PaccMOTpuM  yacTh pa i dopmn, X, T.e
oy =ay X} 421251 X2+ A 230 X1 Xy
Jlonomim 3Ty CymMy 0 MOTHOTO KbanpaTa:
1

—(a1 Xt et @) =,
an

LA
The y ecth ayreGpamyeckas CyMMa WICHOB, He 3aBuCSIAX OT Xxy. Ecms
Teneph ¢penaTh 3aMCHy

Xy =y Xyt et Gy X,
Xi=X,, i=2..,n,

TO KBajpaTHubas (GopmMa B HOBOM Daskce mpHMeET BWL

1 2 & .
—x{+ L apxixg
ay nin2

A(x, x)

1
B nonyuenHoH $opMe BLIIEICHO CIATACMOE —x'.‘, a ocTaBuIascs uacTk

Ay smnserca  kBaaparuynol Gopmolt B Jlanee paccyxIcHus
'lmrrnpmo’lcﬂ JUIS KBaJpaTAuHOH Popmbl A (x,x) H T
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Tipumep | Meronom Jlarpawxa RPWBCCTH K KAMOMMMCCKoyy
BHIly KBalpaTHuHyio (opmy

R Alx, x)=20x,x,+4x, x5~ x3—8x3.
< l-e npeoGpazoBaHme X, =x3, x;=xi, x;=x3. Torma noiyum
=vx',z+2x,x';+4x';x'3—8x',z.
oGpatoane:  x§= —x}+

2¢ npe X Flonysny,
onoe mpce A KeApATIHOR ¢opM

A= —x7 x5 Haxsxy—8x5”

3. npeoGpasopamne: xi=x{, vi=13+2xj, x§=x3, M dopmy
NPHHIMACT KaHORHHCCKWH I/

Afx, x)=—x7"4xgt - 12057
Tipn otom
X{=x1—=xz,
5 =Xy +2x3,
Xy B

TOM cOGCTBEHHBIX Bek10poB. Byles pacoMarTpusaty
mnpmqnym bopmy (1) B eBRIMIOBOM npocTpaHcTBe R™. Tak Kar
ec MaTpHila 4= (a,) CHMMCTPHHA, TO OHA MOXel ObITh NPSACIaBIeH
B Biie A=UDU7, rme D - -[MaroHaibhasi MaTpHIla, HA [MATOMik
KOTOPOH CTOST COOCTBCHHBIC YMCTa MalPHib: A, a U-——OPTOronabHas
MaTpua (oM. 1.3 w4 § 2) Croa0un matpuust U SBASIOICH Ko-
UPIMHATAMH HEKOTOPOrO opmuopwnpos.muom ﬁmuca
B KOTOPUM MaTpHLa A HMee D,
KB ApamINR (OPVa - NCKOMI KaOTIICORHE B, COOTREICTy Honee

x Xy
s )=u

Xn Xu

Mpumep 2. Haitu
KBAJIPaTHUHYIO qumy A(x. x) 6x,+5)(1+7x,—4x‘x;+4x,x3, 3aiaH-

. Hanucath
ot xanonsecati BHIL
< Marpa KpanpaTwuHOi (GOPMH MMeeT BHI
-2 2
50
07
(Ospamﬂ. Kak Tozy a, (i#]) w3 sworo
it popmei!) Co uMcaa JTOH MaTpuubi CyTh
s e . 'O coberhen
HEle BEKTOpBI:
2/3, —173),
2/3, 2/3),

es=( 23, -3, 23),
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CIIeNIOBATENBHO,

” 2 -1 2 J o2 o2
v=ll 2 2 ), w2 2
H-1 2 2 L2 -1 2

p Gasuce B'= (e}, €3, €4) samannan KkpajpaThiRas Gopma umeeT BHI
Alx, x)=3x746x3+9x5, a coormercrayioiice npeoSpazosane  xo-
opANHAT:
xi=(2xi—x3+2x4)/3,
xp=(2x1+2x3—x3)/3,
X3=(—~x1+2x5+2x3)/3. =
4.208. JlokasaTh, 4TO BCsKast Kpaapatwumas dopma A(x, x)
p €BKIMIOBOM NPOCTPAHCTBE &, MOXET ObiTh 3anmucana B BAAE
A(x, x)=(Ax.x), rtme (x,y)--ckagsproe  MPOHM3BEIEHHE
B 6, ¥ A—wHekoTophiil NuHelHbIA OnmepaTop.
4.209. wTO it dopma A(x, y)
o cBoeit kBajpaTIHOi Hopmoil A(x, x).

MeronoMm JlaHrparka HaiTH HOPMaJbHBIH BMJL H HEBBIPOX-
JeHHOE it C 4 K 9TOMY BHIY,
JUIR CTE/YIOMMX KBAJPATHUHBIX HOpM:

4.200. x4 5x3—4x34+2x; x;—4x, X3.

4211 x X+ X X3+ X3 X)L

4.212. 4x}+x3+x3—4x, X, +dx; X3 —3x3x3.

Haifry OpTOroHajgbHOE Mpeobpa3oBanMe, MPUBOSILEE Cye-
nyromne  GOpMBI K KAHOHUYECKOMY BHAY, M HAIMCATh 3TOT
KaHOMMYECKHH BUI

4213, 11x? +5x3+2x3+16x, x24+4x, X3 — 20X, X3.

4214, x3+4 x345x3~6x, X3 +2x; X3—2X5X3.

4215, x}4x3+x3+4x; X2+ 4% X3+ 4x2 5.

4.216. 17x%+ 14x3+14x3 —4x, X, —4x, X3 —8x2x3.

Knanpariunan popma A(x, x), onperencutas B feHCTBUTCIBHOM
JHHCHHOM MPOCTPK L,
onpedeacnnoti, ecnn [is BesKoro xe€ &, (x#0)

A(x.x)>0  (<0).

Mycrs A=(a,)- matpnua kearpatwmoit gopmu A(x, x) 1
Ay Gz e i
Gy G . G

A a

Dy=ay, D,
Gy Gy

Any Gpz oo Gy

TTNOCICIOBATEIBHOCT  TIABHBIX MHHOPOB MaTpuibi A,

PHTEPHEM TIOTTOKHTENLHON ONMPESIEICHHOCTH KBA/IPaTHIHON (HOpMBI
ABHETCS Clieayioliee yTBEPKIeHUE (KpHTepuit CunbpecTpa) dan
M020 umoGer Keadpamunas gopma A(x, x) Gbiaa nonoHuMeIbHO Onpe-

MEHHOU, HEOGXOOUMO U OOCMGMOYNO, NMOBbI 6Ce 27ABNBIC MUHOPBL Ce
Hampuyor A Gounu nosomumenviet, m. e. Dy>0, k=1,2, .., n.
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4.217". Jloxasate: wm TOro 4TOGH KBa/IpaTH4HA% dopny
A(x. x) 6rma otp 0 H 1o
CTAaTOYHO, YTOGBl MMENH Mecro nepasercTBa (—1)¥D >0, 1
2, ., n

B sajavax 4218 -4.224 onpenesuTh, Kakue KBaAPAaTHUHbie
(GOPMBI SIBJISIOTCS TONOKUTEIBHO MO OTPHLATENBHO ONpPENeNieH-
HLIMH, a KakKHe HeT:

4218 x7+26x3+10x, x,.

4219, —x}+2x,x,—4x3.

4.220. x7—15x34dx, x5 —2x X3+ 6x5x3.

4221, 125, X — 12%, X34+ 6x, X3 — 11x3 —6x3 —6x3.

4222, 9x}+6x3+6x3+ 12x, x,— 100y X3~ 2x;,x3.

4.223. 2x34x, X2+ X1 X3 — 2X3 X3+ 2X5 X4

4.224. x?+4x3+4x3+8x3+8xyx,.

4.225. JlokasaTb, 4TO KBaApaT IUIMHHI BexkTopa |x|> B n-
MEPHOM €BKJIUJOBOM TPOCTpanCTBE 5,, SIBJASKETCH NOJIOKHATEIBHO
ONpEENCHHON KBAIPATHIHON (DOPMOIA.

PRNBIC W ROBCPXHOCTH BTOPOTO mopwKa. [ uepnOSepXHOCTIbIO
GnIopOzo TOPIONG B CBRITOMOM NPOCTPINETRC R’ MESMIBICTEN MHOXECTHO
Totck, TOpEiX

Ao )+2(b D) rem T arni2 ¥ bnre=t, @)

e B nenoﬁ 4acTH CTOWT MHOTOYJIEH BTODOI CTENEeHH OT 2 TiePeMeHHBIX
X1 A2, -

3ana‘(a KraccHuKALMK  MHIEPIOBEPXHOCTEH BTOPOTO NOPSKA CO-
CTONT B HaxOXjcHMM Takoro Gasuca B R", B KOTOpOM JICBaS YaCTh
YPABHEHHS B HOBHIX TIEPEMCHHBIX X1, X}, -, X, HMEET HAMGONEE MPOCTOl
BT Ul GTOrO CHAualla MILCTCS TAkoe OPTOTOHATHOE NPEOBPAIOBAkHHE,

o n omx nepevemx KpspuTam hopva A (x, x)= %, 4,5

HMeeT KaHoHMYeCKWT ! B noom Gaswce ypatierne (3) 3amuchIBaETCH
cneayioumM  06paso!

}: X 42 Y bixi+e=0,
et =t
z

mpireN e Boc Ay f=1,2, ., n, pask nymo. ot A0, 70 nepeniocon
LEDE b ) i ureH.

Mxi +2bik x(‘+b‘)z B i
x SYEUW BBy DML WY L
B2k xick s ) =g =R
TMocne s1HX npeobpa3oBaHmii NoNyyaeM (H3MEHSs HymepallMio TepeMeH-
HBIX, €CIH 3TO HeobXOanmo)
XU AR Bl XYy A bX 4" =0, 4
Vpassicane (4) T
Boporo opak:

R?
(3), naswiBaeTcs kpusou 8maopozo napm)xa B atom cnyuae xanoumeutoe
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ypaBHCHHE (4) MOXET NPHHHMATL OJHH W3 CIEAYIOWMX BUAOB (B
TICPEMEHHBIX X, J):

1) Ayx? +Az)"+c =0 (A2, #0),
2) +by=0 Ay #0)
3) x PN o B A

Mpumsmep 3. HanncaTl KaHOHHYECKOC ypaBHeHHe KDHBOH BTOPOro
nopsIKa.

3x74 10xy+ 3 — 20— 14y— 13=0,
ONPEACNTL ©C TUI W MAHTH KaHOHMYCCKYIO CHCTEMY KOOD/WHAT.
o METpHIA KBaJpATHWHOH 9ACTH MHOFOWicHa BTOPOW CTeneHw pasia

3 5} Be cobcraemmbie wncra: Ay=8 u Ay = —2, cOBCTREHHEE BEKTOPH"

S-EL —'—) e —(—l— —L) Bunonss npeoGpasoname
RN/ AW

! : L

ﬁ(:m; ), ﬁlx )
TOJTy4acM.

16, 12
sxtz,-"——/—_xar—,ulJ:o
NN
Tak kak A; ¥ A; OTJMMHBI OT HyNs, TO 1O KaKAOH M3 HOBBIX
TEPEMENHEIX X' H )/ MOXHO BLUICTHTH TIOMHbI KBAIpAT:

1 2\
i 16 s( *\/T‘) —4,

Nz

2 3\
—2y'2+ﬁ)'= —Z(Juﬁ) +9.
Jamenoli TiepeMerHbX

. /2
T

8x"2—2y"* —8=0, wm

n com ! Peayms-
y e BuA

1
x=— (¥ 4)") 42,

N
1 v
y= =t
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a kadoHWYeckas cucTema Koopmumat—(O', €, €2), rie

1.0 1,0,
=it ), ey=—rci——j. &
TR R TRRE

B 3amauax 4.226-—4.23]1 HamucaTh KAaHOHHYECKOE YPaBHEHMc
KPHBOH BTOPOTO MOPA/IKA, ONPEJeNHTh ee THIl M HAlTH KaHOHHYec-
KYIO CHCTEMY KOODPIMHAT.

4.226. 9x2—4xp+6y* + 16x—8y—2=0.

4.227. x*—2xy+y*—10x—6y+25=0.

4.228. 5x%+12xy—22x— 12y —19=0.

4.229. 4x? —4xy+y* —6x43y—4

4.230. 2x?+4xy+5y? —6x—8y— 3

4.231. x*—4xy+4y?—ax—3y—T7=0.

4.232. KpuBasi BTOPOTO MOPSIIKA ONPE/ENAETCH YPABHEHHEM.

a) x2—2p+A(p?—2x)=0: 6) x?+2hxy+y*—1=0.
OnpepenmiTs €€ THN TpY M3MEHEHHH mapamerpa A 01 —of
mo +oo.

o'(2 1), e

Tonex panctra R, ynosrer
ypaBHEHHIO (3), HABIBAETCS NOGEPXHOCMBIO 6MOPO20 nopadKa. KaHomHuec-
KO¢ ypapHeHHe (4) B 3TOM Ciyyae TNPHHHMAET OMH H3 CREAYIOLIMY
BHJOB (B NEPCMEHHBIX X, J, 2)

1) Ax 24002 4222 +e=0 (A A2 #0),

2) x4 Ay bz =0 (22 #0),

3) Mx? gy he=0 (Ar2#0),

4) Ayx24by=0 (M #0),

5) A 4e=0 (A1 #0).

it Tunos 3)—>5) sEnsIOT 3
HT.A B OT THUa KPHBOM B CeYCHHM

nockocTso z=0).
Tpumep 4. Hanucats BTO-

POFO TOpPSAKA
4x? 44y —82% —10xy+4vz +4zx — 16x— 16y — 8z + 72=0.
ONpCAETMTL ¢& THI W HAliTH KAHOHMYECKYIO CHCTEMY KOODIWMHAT.
<1 MaTpuila KBaJpPaTHYHOH YaCTH MHOrOYIICHAa BTOPOH CTENeHu paBHJ
4 -5 2
~5 4 2). Ee cobeteemmbie wicnia: A =9, Ay=—9, A;=0.
2 2 -8
2 COGCTReHHEIE BEKTODEL

( 1 1 0) ( 1 1 4 ) 22 1)
e=|— —52,0), e=|—r—, —%), T3)
L2 R CNAENAREN,)
Bainonsme npeoGpasopantie
1
x=—= (3XH) +2,/27),
Jﬁ( M
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y:—l— (—3x'+y+2/27),

Sﬁ
1
z=—— -4y +27).
/2
nonyvaem
9x'?—9y* ~722' 4 T2=0.
cuBHra BBINOJIHKTE JIHIMIb 1O TICPEMEHHON

—722' 4 2= = T2~ 1)=—T722".
Bropoe NpeoGpa3opanne KOOPAMHAT WMEET BWI
X=X, y'=y, 2=7-L

orkyna
xoro napaGonouaa

Pe TAKOBO:

1 2
x=——( 32"+ +2/22") 4,
Al ey

,==;ﬁ(—3x"+)-~+2ﬁf)+§.

1 e famel
‘575( —4 2743,

a KaHOHWYecKas cuctema koopmmal -(0', e, e;. e3), Tae

D)

,v(.l_; __4_) . w(z 2 '_) -
s 22 ) T\

B 3anavax 4.233 -4.240 HanucaTh KaHOHHUECKOE YDaBHEHHe

[OBEPXHOCTH BTOPOrO MOPS/Ka, ONPCACNMTH € THI H HAiTH
VIO CHCTEMY P T.

4.233. 7x?+6y? 4 522 —dxy —4yz—6x — 24y + 1824-30=0.

4234, 2x?—Ty* — 4z + dxp+ 20z — 162X+ 60x— 12y + 122 —
—=90=0.

4.235. 2x*4+2p* — 522+ 2xy—2x—4y—4z+2=0.

4.236. 2x2+42y% +32% +dxy+2yz+ 2zx—4x+ 6y —2z+3=0.

4.237. 4x’+y’+4z’—4xy+4yz—81x—28x+2y+162+45— A

4.238. 2x +Sy +2z —2xy—4xz+2yz+42x—10y—2z—1=0.

4.239. x +Sy +z +2xy+2yz+6zx—2x+6y+2z

4.240. x2—2y*+7° +4xy+4yz—l()zx+2x+4v~102~l—0.

7 Ton pen. A. B. E¢umosa, B. Tl [emuaosuua, 4. 1




FTnasas

JUG®EPEHLIMAJILHOE MCYUCIEHUE OVHKLMA
OJHOM IMEPEMEHHOM

§ 1. Ilponssonuas

d)y-xuull Tiycrs Af(xo. Ax) I(Xo+AX5 —1(x0)- npupaumue Bynryuu
=/(x) B Touke Xo,

TIpouseoonoii 1-ro llopn}n(a (vum nepeoii npoussoonotl) dymxun y={(x)
B TOUKE Xo HA3bIBAETCH mpeel

1 x0)= lygoé—f%» [}
Yucna
, . Af(xo, Ax)
Silo)= fim =
H
Filxo)= Jim 4. &%) (’:’)‘ &)

Ha3LIBAIOTCH COOTBETCTBEHHO (€604 W Npasoi npoussooMsimi QyHKImMM
y=[(x) B ToKe Xy Jlnn CyniecTBOBaHms Npow3BOAHOH [*(xo) DyHKLMM
7(x) 3" rouxe x, Heobxomumo 1 KocTaTOuHO, YTOGHI €€ NeBas W Npapan
NPOM3BOZHbIE B STOM [OYKE CYUIECTBOBATH H COBNANATH. T. €.
S(xo)=f4{x0)-
Mprumep 1. Haima f2(0) 1 f4(0) mns Gynxumn f(x)=|x|.
< MMeem 1o onpesieliennio

Ax] . —Ax
0)= tim 2 Ao
SHO)= lim =
M
1Ax| Ax
Ho)= lim T= lim Sl
£0)= fim Ss i

3aMemM aT0 QynKumn fix'—lxl He WMCeT NPOMIBOMHONM B TOMKE
Xo=

npou:wnuan GynKkun f(x) PacCMaTpHBacMas Ha MHOXECTBE TEX
TONEK, 7€ OHA smaseTCH Tlpotcce HaxoX-
nensst 7z

Tabaiuua HPOWSHOIHbiX OCHOBHbX SICMCHTApHIX ysKuit.

L (x) =ax""!, a0.
LR 2 e Ina, a>0; (&5
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1
3. (log ) <log, €<, a>0,
4 sinx)'=
cos x

6. (lgx) =

1
7 (agx) o

8. (arcsin x)' = —(arccos x)' =

9. (arctgx)' = —(arcctg x) =

1+
l'lpanuna nmpmepeuuuxponanun Gyukumii
L Myers C 2(x)— Qyn-
— Toraa:
1. (¢y=0. 4 (RY=Lg+fz"-
2 (f+ey=f+g. 5. (!)IJ 28S g,
t4 £
3 (cfy=cr

IL Tlycte ¢yskums y=f(X) WMeeT MPOM3BOMHYIO B TOUKE Xo,
a dynxums z=g(y) Mveer mpoussomHylo B Touke yo=f(xo). Torma
croxnas ‘dyukims z=g(f(x)) B ToUKe Xo MMEET MPOUIBONHYIO, PABHYIO

2'(x0)=¢" ()" (xo) @

opasuso dufepenuponain caoncoir G
TMpumep 2. Haiith npoussonuyto q»yukr.mu z=log; (arcsin x).

< MNonarass z=logay u y=arcsinx, umeem

1
2'(1')=log:e-; uy(x)

Ortciona, cornacio (2), monydaem
Togse 1

2 ()=
arcsin x.

Haiirst Af(xo. Ax), ecm:
51 f(x)—x, xo Ax»

5 () 5
5.3. f(x -lgx, x0=100 Ax»»

Haifrn Af(xo, Ax) Kax ¢ynkmmio Ax, ecim:
54. f(x)=sinx, xo=m/2.

< Mmeem

n n T Ax T Ax Ax
Af( = —sin| = —sin —=2sin— —4— )= —2sin2 ==
f(z,Ax) sm(Z+Ax) sinz 2sin ZCOS(Z+ 2) 2sin® == e



57, f(x #logzx, xo=1.

TONBKO i, HaiiTH f(x):
%8. Slx)=cgx.
< Hvcen:
ctg(x+Ax)—ctgx sin(—Ax)
= lim =
feg) = fn, Ax A Bovsin xsin(x + A%

1
PRy piroy
59. f(x)=1/x% 5.10. f(x)=1/x.
SAL f(x)=2% 5.2 f(x)=log,x.

5.13. Massecrno, uro f(0)=0 u cywmecTsyer mpesen hm

f(x)

Jiokasatk, uto 3roT Tpenen pased f'(0)
5.14%. [loka3aTb, uTo ccu f(Xx) MMeeT NPOM3BOIHYIO B TOUKE

Xf'xo)‘xﬂf(x = (o) = o (x0)-

Il,:m 3anamlou f(x) HaiTu f7 (xo) M f4(Xo):
5.15. f(x)=Ix—1{+|x+1], x¢=+1.

xsl‘
S16. j(x)—{ x242x, x> 1, =L

Xo, TO Iim

< Uimeem

fo(1)= fim 2
140

x— x40 X=1
x<0,
5.17. f(x)= { Tnx, x>0, Xo=0.

5.18. f(x)=y/T—¢ %, xo=0.

x9=0.




5.20*. IlokasaTh, 4TO QyHKIHS

xsml, x#0,

1= { T x=0,

wenpepbiBia npu x=0, HO He WMeEET B 3TOH TOYKE HH JEBOW,
HH TPABOH TMPOM3BOIHOMK

Haiitu
5.21. y=3 —2x+§x‘~

5.26. y=(x?—1)(x*—4)(x*+9).
1

SB =
a+bx
c+dx’

5.30. y=

21 x
533, y:(\/}‘\)( L) s34 y=3ya 23/
535 y=(Y 4600 U5 536 y=

Vv I
537, y=xdctgx. 538, p=-8X
y 3 s
cosx
5.39. y= Trenx 5.40. }—\ﬂsmx, ,
x
sS4 y=xy/x*@2Inx—3). 542 y=3x'logax+=.
5.43. y=2sinx—3tgx 5.44, p= SOXTCOSX
SIN X +COS X
1—x?
3T 46, y= |2
5.45. y=x x> +a. 5.46. y i
547 y=sin3-z'i 5.48. y=6cos>.
5.49. y=(1+4x?)> 5.50. y=3/(1+3x%°.
551. v=sin’%. 552, y=/T+sindx—,/T—sindx.
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5.53. y=xarcsinlnx. 554, y—cosf(riz‘)

5.55. y=4/(1+sin’x)*. 5.56. y=x%e 2%
557, y:e"“coszg.
5.58. )*=§~/xz+a+gln(x+,/xz+a)

5.59. ,=lnlg(§+§) 5.60. y—ln\/l‘”r
x

561, y= farcete?. s.62. y=1'l+tg(x+§)<

5.63. y=cos? (smg) 564, y=1/sin/x.

5.65. y=arctg(x—/1+x2).

b+acosx
5.66. y—arccosm.
5.67. y:ﬁe{ 5.68. y=
5.69. 570, y=2ein'x,
571 572 y=Inx-lgx—Ina-log,x.

X Ex— o

5.73. 2 5.74. y=eVin@TExT,
575. p=Inarctg /T+x%  576. y=ln(x+/a>+x7).
Haiitn npomno):mue eunepbonuueckux  Pynkyuii:
5.77. shx—

(eunepboauneckuti  cunyc),

5.78. chx s

12unep60/1wen<uﬁ KOCumyc),
shx .
5.79. thx= Fy (2unepbosuueckuii manzenc).
chx .
5.80. cth x=g3 (eunepboauueckuii Komamzenc).

Tozapugmuecoii npouseodnoii by y=f(x) na3bisacres npows-
Bomnan oOT JorapadMa ITOH GyRKUMH. T. c.

Y
{Iny) ==.
¥
TprMenenne NpPeaBAPUTENBHOTO sorapubMUpOBaHys HacTo ympomaeT
BBIYHCIIEHHE TIPOM3BOJHOM
x(x—1)

x=2

Mpumep 3. Haiitn npoussonnyso dynxummn y=
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< Tak xak ¢ymkuus onpenenena npu ve[0, 1]U(2, +«), 10
1
Iny={inx+nbx— 1~ Injx—2[).

Orciona (cm. mpamep 5.117)

(ln)')'={

x2—4x+42
_ X e
2/x(x—1)(x—2)}

Mpumep 4. HailTn NPOMIBOIRYIO CA0MHO-NOKG3AMEABHOI DYHKIK
T\
y:(l +7) .
X,
1
<1 Jlorapupmupys, nonysum | Tak xax 1+->0
x

1
Iny=xIn{ 1+~ .
ny xn( +X)

Otctona HaxofMM NpPOW3BOIHBIE JIEBOW M NPABOi wyacTeH

y=(ny)-y=

(Iny)y="- m(n&)—L.

U TeNbHOE  JIoTapH(b HalTH
by :
IRy —i
ss1. y=t &‘IZ; ), sgz. yo,ferAC=IF

x
583,y NXTZ
Y )

x—1
584 y=x3 [,
(x+2)/x-2 .
585 y=x*. _ 5.86. y=x2 .
587, y=/x'%. 5.88. y=(Inx)"
5.89. y=(sinx)"™"% 590 y=x*.
so1. y=(':,ff. 592% y=x* a7 427,



BBOIsI MPOMEXYTOUHbIE MEPEMEHHBIE, BLIMHCIHTL TIPOHM3BO1-
HEIE 3aJaHHBIX (QYHKUMI:

5.93% y=In(cos? x+/1+cos’ x).

5.94. y=(arccos x)? In(arccos x).

_ eV arcsin(e™) _1—a® .
5.95. e 596. y= T arciga
5.97%. Iycrs
x?+2x, x<0,
St {ax+b x>0.
Haiitu komeLuHeﬂTbl aub Tax, qroGu dynkmEs f(x) 6bina
ro6oit TouKe.
5.98. Hyc-rs

1
/(xt={rxr Wit
ax®+b, |xI<l.
Haittn lcoaq)qmunel-rm a u b Tak, wrobbr dynxmms f(x) Guira
B mo6oii Touke.

Haiitn
5.99. y=3
5.101. y—"'*."/(l —x)"(1+x)"

5.102. y=sin(cos? x)cos(sin®x). 5.103. y=

1+x

5100 y=1/x+/x+/x.

COS"mX‘
a\*(6Y (xY
ST T (.
5.105. y=in(In"mx). 5.106. y= 32
6 NIV
5.107. }=logzsm(2nx+;), 5.108. y=an;lg(tg x).

5.110. y=(sinx)****.
5112 y=./cosx-a""%,
5.114. y=arctg(thx}.
5.116. y=arccos(1/ch ).

5.113. y=In{shx}+_——

5115. y
5117, y

< @ynxuwms y=Inx{ onpencrena VxeR, x#0, u
I >
mmz{ nx, x>0,

In(—x). x<0.

th




orciona

x>0

x<0

1
= x#0. >
X

(n]x})=

M) | =

5.118. y—arcsmﬁ 5.119. y=|sinx].

5.120. y=jarctgx|.

5.121. y=[x]x, mie [x]—nenas wacte whcia x.
< Oynxuma y=[x]x onpenerena YreR Ecm keZ, To y=kx mpn
ek k+1). Tosromy

=k xelk k+1),
a B Toukax x=k, kezZ:

FLR=k=1, fi(R)=k >

1—x, x<0, x, x<0,
5122 5123, y=
= { L x>0, Y {In(l+x). x>0,
x2e™¥, |x|<1,
124, p=
S1.y {l/e, x> 1.
5125 v 3”),.
5.126. y=(x a,)l()rvaz)“!.(x a,,)“-

5.127.
5.129.

5131 y=

5.128. y=(log.a)*.

n(sln(smx)) 5130 y 1/x)'.
In3- amx+ws{
3 :

5.132. y= 3w"-T;+—

a:

3cos® bx”

5.133. okasath, YTO yeTHON ) (0%
KIM$ HEYeTHas. a mp HeueTHoH ¢ )
HeTHAS.

5.134. [lokasate, 4TO T i ¢

€CTh (YHKIMS TAaKXKe NePHOMMYETKas.
5.135%. Haittu f"(xo), ecnn f(x)=(x~x0)@(x), rae dynxums
®(x) wenpepniBna B TOUKe Xq.
Mycts. q)(x) n Y(x)- nnd)(bepeuuﬂpyemuc dynxuan. Haiimn
pe

5.136. y=/o? (M1 VI (). 5137, y= amxg“’::

5138, y=y(x)°™, ¥(x)>0.
5.139. y=loge (2} 0(x)>0, ¥(x)>0, o(x)#1.




< Tlepciifem K HaTypabHbIM JorapHbMan:

~log.m‘d'(X)—an§3<

Ortciopa naxoaum

V(%) Raa)

v Y (im0

el o\ v o)
Oycrs f(x) - dd bynxuns.
Haiiru 3

5.140.

5.141.
5.142. y—f(e")e’ «,

2. nddepenumponanne yuxumii, WESBRO WM Napamer-

ku.  ['OBOPAT, uTo  dyHKums y~j(x) xe(a. b), HensHo zada:m
ypapnenvem F(x, y)=0, ecnu a1s seex xé€(a,

F(x, f(x))=0. Q)

Jins Bbl9MCTeHMs npowssoanoi ymkumu y=f(x) crenyer ToxaecTso
() nponuddepennuporaTh Mo X (PACCMATDHBAS JICBYKO HACTb KAk
crokaylo (QYHKUMIO X), a 3aT€M [MONYYEHHOE YPABHEHHE Pa3peluTh
otHocuTenbHO [ (X).

Npumep Vpassichne x*+)?=1 HESBHO ONpeseNsieT Ha WH-
Teppane (—1,1) nee dynKumm:
nR=V1-2% @
)'z(x): —J1-x%
Haiitn w

nx (4).
< Tycrs y(x)—mobas m wux q;ymcum Torna, nuddepesmpys no
X TOXNECTBO

xyo)=1,

nonysum
2e4 25y’ () =0.
Orctona
x
Y)=——
© y(x)
e

Y= AL Y
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\

Mpumeép 6 Busectn mpammito wdepenumposaims oGpaTHOl
ynKumm.
< Ecm x=f*'()), yeE~ dyuxuns, obpatnas & y=f(x), xeD, T0
A8 BCeX YEE BHNOTHEHO DABEHCTBO

7 0)—r=0
Mnave roopst, obpathas dysxums x=/"'(y) ects byHxums, 3anannas
HESBHO  YPABHEHHEM
fl2)=y=0.

11.1» suqmncnm npouseoanoll dynkumu x=/"1(y) nudepermpyem
® v

FxO) (=-1=0,

oTKyna
* ()=
(X(J))
Mpu wessHOM 3as@nnK QyRKIMiL, a mm«e s cnm«ﬂux rbymﬂmﬂ
Gynem ms xe a y, Tam,

rae HEOBXO/MMO YTOUHHMTB, NO KaKoi ncpeMcnnou BeECTCH MWpc He
1MpoBanMe.

5.144. Haiiti 3Havenue y, B Touke x=1, ecm
x3=2x2p? 4 Sx+y—5=0, y(l)=1.

5.145. Haiitu y, B Touke (0, 1), ecnn e’ +xy=e.

Haiitn y’ mm CTEYIOMMX  (PYHKIMH. 3aaHHBIX HESBHO:

5.146. —7+ =1 5.147. x*4yt=x2y

5.148. f+f=ﬁ. a>0. 5.149. 2ylny=x.

5.150. e*siny—e*cosx=0.  5.151. sin(xy)+cos(xy)=0.
5.052. 28420 =2""Y, 5.153. x—y=arcsin x —arcsin y.

5.154. arcth:ln Syt 5185, xy:a-vng’-y‘.

. /e
5.156. x'=y*. 5.157. ay=(§)A

5.158. JlokasaTh, uro QyHKIMs y, ONpEIENCHHAs yPaBHEHHEM
xy—Iny=1, ynosnersopsieT Taxxe ypasueruio y*+(xy 1)y’ =0.

Haitrin mpoussoambie  GyHkimmi, oBpaTHbIX K 3a1aHHBIM:
5.159. y=shx.

-
< Wmeem o onperienermio sh x . Tak kak (shx)’=f‘+>o

2
Man meex x€R, To (ywkima shx MOHOTOHNO BOIPACTACT Ha Beeif
ocn 1,

P y
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arshx. Tlo npaswiy Mueperunposanus obpaTwok (ymgm nonysacn

2 1 1

x;=(arshy)’

C Tepexons K o6 L,

(arsh x)’

5.160%. y=chx. 5.161. y=arcsin2*.
5.162. y=2x?—x, x€(1/2, +o).

Vo eve ohx fitshiy Jii)

HMeeM

Mycts y=a(x)—dyuxims, obparsas K 3ajamuol y=f(x).

Boipasnib o (x uepes x W a(x), ecm:
5.163. y
< Vauregas. §T0
() =2 In(x+1),

Tionysaem:

L1 1 1

T nxr ) y(na(y) 1)
Tak kak x=o ()). B obblmBIX 0BGO3HAUECHUSX

*0)= (Irm(x)+l)
5.164. y=x+e*. 5.165. Ypx+x3.
5.166. y=x-+log, x. 5.167. xInx.

Tlyers sazans dymiaun

x=¢, y=¥(0), te(xp) (©)
Ecom npu stom x=0 (1) Ha mrmpnam (e, B) mmeer obpatryio 1= (x),
TO oupenesicHa HoBas Gyl
y(x)=‘il(v"(X)L ]
:aaaum oo ©).
b @ n npapiio
obpaTHon Gyt (TpHMEp 6. HOMyMACM
®
Mpumep 7. Haiitu yj, ecan
x=cos?t, y=sint, te(0, n/2).
< Tak xak @j=—2cosfsin{, {;=cost, To no Gopmyne (8) mHaxommm




Jnst KIMH, 3a]aHHBIX MAPAMETPHMYECKH, HaWTH yi:
5.168. x¥2t, y=31>—51, te(—c0, +).
5.169. x=13+2, y=0,51’i te(—o, +x)
5170, x=— ;) #-1.
141
5171 x=27', y=2% re(—o0, +ox0)
5.172. —-aoosq), y=bsing, ¢e(0, 7).
5.173. x=tgt, y=sin2t+2cos2t, re( n/2, nj2).

1
INAESS
5.175. x=In(1+1?), arctgt, 1e(0, +oo).
5.176. x=3log,ctgt, y=tgt+ctgt, zs(o n/2).
5.177. x=arcsin (1>—1). y=arccos E’ te(0, \/2).

5078, x=YT-/t, y=/1-T1. 1€(l, +c0).
5.179. x=asht, y=bcht, te(0, +oo).

5.174. x=arccos

1
, y=arcsin . te(0. +o0).
1+

Haiith y, B ykasaHHBIX TOYKAX:
5.180. x=tIn1t, y=l“T', t=1.

5.181. x=t(rcost—2sing),
}.’sinl+2mst}, (=n/4.
5.182. x=e'cost, y=e'sint, t=n/6.
3at 3ar?
5183, =" p=———, =2
83..2 FrARANTYEa

o i 2-20 nopadxa
or qyynxlmu y=f(x) HasblBaeTCA NPOM3BOMHAS OT ec INepBOi DPO-
M3BOMHOH, T.e.

(=0 (x)"

Boobiue npoussodnoii n-zo nopsdxa (w n-ii npouseodrol) HasmBaeTCs
TIPOM3BO/HAK OT TPOHM3BOAMOU mops,ka n—1, T.e.

FOx)=(r" O (x), n=2,3, ..

dry
dx"
Tpumep 8 Haiin y". e y=In(x-+/T+x?).

1

<t Umeem y* . CriepoBaresbHo,

_'_)_,,_x_ -
Jirar) T T



Han-m TPOM3BOSHEIE 2-TO TIOPSIIKA OT CJI&R}’IOWHX GyBKImii:
.184. y=cos?x. 5.185. y=arctgx?.

s.1w y=log,d/T—x2. 5.187. y=e~*"
5.188. _aI‘CSInX‘ 5.189*. v

5.190. Haitru y’(O), »"(0), y”(o), ecmn y(x)=e?*sin3x.
5.191. Haittu y 2 ecmn y=In(x—1).

5.192. Hairru y™(1), ecn y=x3Inx.

5.193. Haiitu y(O) ¥'(0), »"(0), ecnm y=2""*cos(sin x).

. l'lyc'rb f(u) ~meaxml mudpdepenmmpyemas dynxmus. Hadmn
" W y", ecnm

5194, y=f(1/x?). 5.195. y=Inf(e*).

nycrb u(x) u v(x)— maxs muddepenmpyeMbie (yHKIMH.
Haittn ', ", ecmm:

5.196. y=u® (u>0)4

< WmeeM Iny=vlnu Otciona maxomum

. v
—=v'Inu+—u’,
u

T.e.

v v
Y=yl v Inut—u |=u( v Inut-
u u
" v o, o'W utou u—vu'?
Y=y vinut-u | Hy( v et — v |=
u u u

v, 2 uu
=uwllv—+v'Inuj +v
u

5.197. y=\/u’+v’. 5.198. y=lng.

u

Haiitn ¢ s n-i i 3a]aHHBIX ¢
5.199. x™, meN. 5200. y=a**, keR.
5.201*. inx. 5.202. y=Inx.

5203, y=costx. 5204 y=1t2,

Pasnaras B nuueliHylo koM6uHamIo Gosee MPOCTHIX QyHKIMH,
Ha¥TH e OT dy

5.205. y=;

ZX T Hairu y™".

< TlpeoGpasyem Bhipaxenue K Busy
2x 1 4
=1 x+1 x=1"

y



Tar xax \
)d:

1
)
1)
(noxaxwure!), ro
i 1
3 = (=) —_— .
= (e ) =
R )
5.206. Y=alaas uHaitn y©9.
5.207*. y= 14x . Haiitn y@O.

Tycts u(x% " v(x) MMEIOT TPOM3BOJHEIC N0 M-0  TOPS/IKA
N-TO MOPAAKA X MPOH3BENCHHS
u(x)v(x) cnpﬂse,u.rmaa q;opMyna Jlefi6unna

n(n—1 :
(uv]”":u""1v+nu"’"'l}'1——-(' . ) o=y ut= ¥ Chuth o,
N k=0

n(n=1)..(n—k+1)  n!

Oy, pO= .
e ull=u, v8=v u Cy 2.k Kt (n—k)!
wbie koodduumenTh (N0 onpenencauio 0!=1).

op i HaiTi yKasaH-

OT 3ajaHHbIX

y=(x2+x+1)sinx, naitrn y*,

x2—x)e*, mafitn y@o.

inx-e”*, watitu y®.

log, x, waiitn y@%,

5212, y=xshx, maiiru y1oo,

5.213*% noxaaarb. uTO (e‘”‘ cos bx)™=r"e"* cos (bx+n¢), rae

r=Jd+ i, lg(p:;, sm(p=;,

~ o
5.214. Jlokasatb, 4to (X" ‘e"")"":(—l)";ﬁ,

5.215. B iTH nit np it
=2 B Touke x=0.
=T o

< Mo ycriosnso uMeeM
P(x)(xF=2x+S)=3x+2.

n 10
uha. Torpa (uis n>2) nonyqum

n pas, dopmyny Jlei6-
|)

Y () (X =24 5) b my D224 T = (x) 220,

207



oTkyna npa x=0 /

55 (0)— 2ny*=(0)+n(n—1) }""'1’(0)-0{

n-1)
=)

o

2
YOO=5ny" 3
Ml nonywunu  peKyppeHTHYIO  GopMyIry onpejeneHus
npousBoMOE B Touke x=0 (n>2). 3mmum ;(o) u y'(0) mmum
HENOCPCACTBEHHO:
2 —3x —4x+19
0)== ¥ )=
HO=5 y)=- TS s
3aTeM, nONaraf MOCHCAOBATCIbHO n=2, 3,4, ..., C TOMOIIbIO PeKyp-
PUHTHOI (JOPMYJibI NONYHUM 3HAYCHHS NPOH3BOMHBIX BHICIIAX NOPA/IKOB.
anpiwmep,

»"(0)

¥ (0)=

Tpumenss METOA, OMHCAHHBIA B 3ajave 5.215, HaliTH MPOH3-
BojHyIo 4-T0 nopaaka 8 touke x=0 OT 3ajaHHON QyHKIMA:
5216, y=""P 0. 5217, ytxHL
Rt g Rl dare ey B
5.218. Tlokasath, 4uTO (QYHKIMA y=arcsinx yJiOBIETBOPsEl
mdepenumansiomy ypashenmo (1—x2)y”=xy’.
5.219. Moxkasatb, 9o yukuus y=C,e** +C,xe**+e* ynos-
neTBopsier () NLHOMY Y 4y +4y=¢*.
5.220. [lokazaTh, 4TO (QYHKIMS y=e *COSX YHOBJIETBOPSET
Jmbdeperumansuomy ypasuensio y ™V 4
5.221. noxaadn, ln‘o Qynxuus  y=x
LHOMY

" (cos(ln X)-+sin 9“ A))

+(1=2)xy (1 4 n3) y=0.

B 3ajauax 5.222—5.226 naWTH NPOM3BO/HBIE 2-TO IOPSIKA
OT (hyHKIMH, 33JaHHBIX HESBHO:

5222 /¥t =aes, a>0.

< Ty ymxigo y(x), nonysaem
X+yy' el XY VXY
e RN
Orciona
xX+yy=xy—y ©

W, CEOBATENLHO,

10
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w‘@cpeﬂunpyn\i)( wcnmnyn HallleHHOE [UIs )°  BLIDOKEHUE
>

)
(10), monyuacm (x—;j’ .
5223. y*=2px. 5.224. y=1+xe’.
5225. y=tg(x+y). 5226. ¢ ¥=xy.
5.227. Beisectn ¢ JUIst BTOPO# it

o6paTHOH K 3ajamnol dymkmun y=f(x).

5.228. [Jloxasath, 4rto ecnn (a+bx)e’*=x, 10 Xy"=
=(xy' =)

HaiitH npousBoAubie 2-r0 TNOpAAKA CNEAYIOUMX (yHKIui,
3aJAHHBIX TIAPAMETPUYECKH:

5.229. x=Int, y=1, 1e(0, +c).

< Wmeem
O _9?
L A R e T
V== 00 x
JaMETUM, W10 B JIAHHOM CIlySde MApaMeTp ! JIETKO MCKIIOMHTL W3
SaIAHHBIX ypasHenuii, nonaras f=e*. Clle/lOBATENbHO, BLIPKEHHE JUIR
Vi KaK QYHKLMH OT X uMeeT BHA yi=9¢%~. o

obwem ciyyae, ecin x=o@ (1), ) =0 (f), TO yi. BHINHCISETCH NO
(opmysie

lw [CRAU]
VO ®M—e" MY @) _[e"() V0|
== (o' (1)) @y

5.230. x= sect, y=tgt, te(0, n/2).

5.231. In(1—12), te(—1,1).

5.232. n(l+1%), te(—o0, +o0).

5233, x=acos’t, y=asin®t, 1e(0, m/2).

5.234. MMokasate, 4T0 QyHKIMA y(X), 3ajaHHAS Napamer-
PHYECKH ypAaBHEHHAMH X=sint, y=ae'v2+be V2, te(—n/2, n/2),
1pH JioObIX MOCTOAHHBIX @ M b yj0-
BleTBOpsier  aipepeHtiabHOMY
ypasuernio (1—x2)y%, —xy,=2y. 4

4. TeomeTputeckue W MeXauuiecKue N
HIPHIIOKCHHR NPOH3BOJIHOM. 3HAUCHUE NPO-
M3BOAHOK  f'(xo)  GyHkumm  y=f(x)
B TOMKE X ABHO YIJiOBOMY x\ooqupnuu-
ety k=1g ¢ kacaTesbHol 17" K rpadu-
Ky 9ToH QymKiMH, NPOBEACHHON uepe3
(OuKy Mo (X0, o), e yo=/f(Xo)
(puc.’37) (TeoMeTpHUYECKHH
CMBICH nmpoOW3BOANO ).

Ypasienme xacame.wnoii TT'  rpa-
Duky “dymaun y=f(x) B ero Touke |
Molxo, yo) umeer BuR

V=yo=f"(Xo)(x—Xo). Puc. 37

=1z)




Mpsmas NN', npoxonsmas wuepes TOuKy kacdhus My Tepnen.
¥ rpaduxy dynxuy

y=f(x) B a7 Touke Vpasrecrme HOPMATK
(x—=x0)+f" (X0)(y—yo)=0-

Hanucate ypaBHEHHs KacaTenbHOH M HOPMAIM K Tpadmky
$yRKIMA y=f (x) B JAQHHOH TOWKE, CCIM:
x2—5x+4, xo=—1.
t3+2x —4x—3, xo=—2.

3 H HOpMaJlH B TOYke
t#0.

211+21 *

5.242. Hamucate ypaBHeHHMsl KACATENBHBIX K KPHBOH

Mo(2.2) K KpuBOH X= i," y=

x=tcost, y=tsint, te(—o0, + ),

B HAYane KOOPIMHAT M B TOdYke [=T(4.

5.243. Hamucate ypaBHEHHs KAaCATENbHOH H HOPMANHM K KPH-
Boit x3+y?+2x—6=0 B ToYke C OpaAEHATOH yo=3.

5.244. HanMcaTs  ypaBHEHME  KAaCATENIBHOM K KpWBOi
x54y%—2xy=0 B TouKe My(1, 1).

5.245. [ox kakum yryom rpadux GpyHKLAR y=e™* nepecexaer
nupsMyro x=27

5.246. B xaxoii Touke M, KpHBOR y 2=2x% xacatenhas

5.247. Haittu
y=x24bx+c, xacarowelics mpamoil y=x B Touke My(l, 1).

x—
5.248. Ylokasatp, WTO KacaTelbHsle K runepbone =

B TOYKaX ee pece’ € OCSMH TmapasiesbHbl
mexay coboit.

5.249. CoctauTh ypaBHeHHe HOpManu K rpadmky Qynkms
y=—\/):+2 B TOYKE IIEpECCUCHHs C GHMCCEKTPHCOR Tepsoro
KOOPIHHATHOrO YTNA.

5.250. Coc1aBuTh YDABHEHHE TAKOM HOPMATH K napatone
y=x2—6x+6, KoTOpas mpnew:(m(yuxpua K TpAMOIi, CoeauHf~
ol Havamo

5.251. B TOYKAX nepece'leﬂnx npsMoil X—y+1=0 n napd
6ol y=x2—4x+5 mpoBejeHB HOpManu K HapaGore. HailT#
IUIOMIAAb TPEYrONbHHKA, OBPA30BAHHOIO HOPMAisAMH W XOPAOH
cTAr TOYKH TIEp

210




y

5.252. TlokasaTh, 9YTO HOPMamd K pa3BepTKe OKPYXHOCTH

=aq(cost+1sint), a(sinf—1cost) sBISIOTCS KACATENBHBIMH
X OKpYXHocTH x*+yZ=a’

Vinom @ mewcdy kpustisu y=fi(x) # y=/2(x) B ux obmefi Touxe
‘Mo (Xo, ¥o) Ha3BIBAETCS YrON MEXKJYy KacaTeNbHBIMK K ITHM KDHBBIM
B TONKE

2(x0)—/f1(x0)

5.253. [lokasathb, 4TO tgo= 2
s O 11 60 S 00)

Haiitu  yrael.  mont

KpUBBIE:
5254. y=x* u y=
5.255. y=(x— 2% u y=4x—x +4.
5.256. inx u y=cosx, x€|0,2n].

2,2 -
5.257. x>+y?=8ax u y* Sy

5.258. Jloka3aTb, YTO CyMMa OTPE3KOB, OTCEKAEMBIX KACATENb-
woit K KpuBO# x'24p'2=g'2 na oCAX KOODAMHAT, JNR BCEX
€e TOYEK DABHA 4. .

5.259. IToka3aTh, 4TO OTPE3OK KACATENBHOW K ACTpOMe
x2P+y?3=a??, saxmovennbiii MEXIy OCSMH KOOPIMHAT, HMeET
TOCTOSIHHYIO [UIHHY, DABHYIO a.

5.260. Haiitn OT Hayana 0 HOpMAJH
K MMHHH y=e?*+x2, ii B Touke C it x=0.

5.261. [loxasaTb, 4YTO OTpPE3OK
KacaTenbHOH K mpakmpuce

a a+~/az‘xz Yo
a —Ja* =

a Ja —Xz
3AKIIOYEHHBIH MEXIY OChIO Op/H-
HAT M TOYKOH KacanMsi, MMeeT Io-
CTOSHHYIO JUTHHY.

=3

Ecin xpuBas 3ajaHa B TIONSPHBIX
KOOpIMHATAX ~ypaBHeHMEM r=r(@), TO
yron 8, obpasosarmuiii_xacaremHoi 11" Puc. 38
W pamayc-sekTopomM OM Touku xacamms M (puc. 38), onpenensiercs cooT-
HOLlCHHEM

o=@ an
Te
5.262%*. Bpisectn opmyny (11).
5.263. Haiiti yron 6 Mexmy KacaTenbHOM H Paayc- BenopoM
TOUKH Kacaumsi JUls norapudmrieckofi crmpanu r=ae*®
5.264. Haitti yron 6 mex/y KacaTelbHO# H pajmyc- nenopoM
TOYKH Kacaums [UIA JEMHHCKAThl r2=a”cos2¢.

2n



Eeam x=>x(1)—YHKINA. OMVCHPAIONAR IAKOH JBWKCHA I

Ix
PpHALHOH TOYKH. TO NEPBasi NPOH3IBOMHAS @ X €CTb CKOPOCTB. @ BT o5

$—ycKOpeHHE ITOW TONKH B MOMEHT BpeMery

dx
YIPOH3BOMIHAS i
{ (Mexanmuwecku# CMMCIT mepBOR W BTOPOW Wpowi.
BOJHBIX).

5.265. 3akOH IBIDKEHMS MATEPHANLHON TOYKH TO TPAMO)
umeeT BHO x="[,t*—403 41612

a) B Kak#e MOMEHTBI BPEMEHH TOYKA HAXOIHMTCH B Hadane
KoopauHaT?

6) B kakne MOMEHTHI BPEMEHH HAMpABJICHHE €€ JBHKEHHy
COBNAJAET C MOJIOXHMTENIbHBIM HANPABJICHHEM OCH ?

B) B Kakue MOMEHTHI BPEMEHH e€ YCKOPEHHC PABHO HYIio!

.266. Haiiti CKOpOCTh T'apMOHHYECKOTO KONeOaHMsi ¢ am-
TMTYION @, 4ACTOTOM ® M HavanbHoll asoli @=0.

5.267. Teno Maccoii 4 JBHXETCA NPSMOJNHHEHHO MO 3AKOHY
x=t24t+1. OnpenenuTs KHHETHYECKYID SHEPIHIO Tea B MOMCHT
BpeMCHY 1=5.

5.268. B xakoii MomenT 7€ [0, 2n] HAZO YCTPaHHTD JieiCTBHe
CuJt, 4TOGBI TOYKA, YHACTBY B rap
x=cos3t, mp na JIBHYATBCH €O CKOPOCTBIO

/2.

5.269. Touka HBIDKCTCS TIO NOTAPHOMIHECKON CIBpas r=e".
HaiiTi CKOpOCTb M3MEHEHHS MONAPHOTO PAIMYCA, €CITH M3BECTHO,
YTO OH BPAIIACTCH € NOCTORHHOH CKOPOCTBIO ©.

5.270. Touka ABIKETCA MO OKPYXHOCTH r=2acos¢. Haiitn
CKOPOCTH M3MCHEHHs a6CLMCChI M OPIMHATHI TOUKH, CCIH MOMSp-
HbIIf PAIMYC BPAILAETCS C YINOBOH CKOPOCTHIO .

5.271. B xakoii Touke ayummca 16x?+9y?=400 opmumHara
yObiBaeT ¢ TOH e CKOpOCThIO, ¢ Kako# abcumcca Bospactact!

5.272. Pajyc wapa u3MeHseTcs co ckopocTbio v. C kakoil
CKOPOCTBIO obbeM 1 Tb wapa?

5.273. Kosieco Bpaiaercsi T4k, YTO yrosi NOBOPOTA NPONOp-
UHOHANeH KBaapaty Bpemendt. Ilepuiii oGopor Gbun cenaf
KoJiccoM 3a Bpemsi T'=8 c. Haiiti yrioByio ckopocTh ¢ B MOMEHT
BpeMenn (=32C MOCNe HAYana BHKEHHS

.§ 2. udpdepenumnan

1. Ninddepeunuan  1-ro mopwma. DyHkuus (x) Hassmactch
Qufepennupyemoii B TONKe Xo, Gl 6¢ TIPHPAICHHC Af  (Xou Ax) MOXET
GHTH NpeiCTABNECHO B BHAC

Ay(xo, Ax)=AAx+o0(Ax). o
1



[rapuan smHeinas wacte AAx Ay
yuasom ITOR (QYIIME B TONKe Xp, COOTBETCTBYIOUWM mpHpalicimio
S5 obosnasactcs camsonom dy (xo. Ax).

* Jas toro 4Tobh dynkums y=/(x) br1a angdepenmpyemoii B Touke
HeobX0AMMO M JIOCTAaTOYHO, 9TOGHI cymennosua npon3BoHaR

;9(',‘0), NpM JTOM CNaBCATHBO PaBEHCTBO A=f (Xo).

wasbIBaTh BCRKYIO
qumo, WMCIOYO  NOW3BOANYI0. MMEHHO B TAKOM CMBICTE Mbi
& yNOTPEBNIAIM ITO BLIPAXCHUE B

Buipaxenue Ans muddepeniana nmeer Bun
dy(xo. dx)=f"(vo)dx,

fj¢ mpURSTO oGosmaterue dx=Ax. U3 gopumynni (1) cenyer, uto ecm

f'(x‘,];eo To mpH Ax—0 nprpamensne ¢ynkuun u ec uddepernuan
Touke

Ma.vlthn uTo 3anucars

Ayxdy pr [Ax|<1. @

Mpumep |. Hafitw npuGmaxenno snauense obvema V wmapa
pamsyca r=1,02 m

< Tak xak V(r)=§ nrd, To, nomaras ro=1, Ar=002 H Hcnonb3ys

dopmyny (2), momyuaem:

v(1,02)=v(1)+Av (1, 0,02)~
~V(l)+V'(l) 0,02=

1:+41t 0,0224,43 . >

TeoMeTpUYECKHRA
cMbicl nupdeperumaia.
periman  dy(xo, Ax) pasen
pUDALICHUIO  OP/IMHATH  Kacareiib-
Holi TT' k rpadwky Qynxuwm y=f(x)
B TouKe Mo(Xo, Yo) DU MpHpaICHUn Puc. 39
aprymenta, papriom Ax (puc. 39)

5.274. Wcnone3sys ¢opmyny dy=y'dx u npaBuia BLIMHCIICHHA
npouspomHblX (cM. § 1. m. 1). mOKa3aTe CleiyloUIHE CBOHCTBA
Inddepenmana:

a) d(C)=0, e C—rnocTosHuEas;

6) d(C, u+Cy)=Cydu+ Cydv;

5) du) =udv-rvdu; 1) df 5 )="2E2

5.275. Tlycrs z(x)=z(y(x))
Was komnospmwmelt ywxkivit y=y(x) u z= z( »). Iloxaunb, 41O

dz(x, dx)=z(y)dy(x, dx),
T.e ans na i uepes
THddepennman TPOMEXYTOYHOTO APrYMEHTA HMMEET TAKYIO Xe
$opuy, wro u ocuoBmoOe onpenesienne dz (x. dx)=z5(x)dx (at0
213




yT Ppopmet 1-20 Oug.
epenyuana)

5.276. )loxaaan, 1O s Jmueiinof  GyHknmuM y=ax4

epep a dy

5.271. Hanm Ay u midd 1 dy dysxiy
y=x3, COOTBETCTBYIOLIHE 3HAYEHMIO APTYMEHTA Xo=2 M JiB
PA3JIHYHBIM TIDHpAIeRHsM aprymenta (Ax),=0,1 u (Ax),=00j,

5.278. Haiitu npupawenye AS 1 muddepermuan dS momamy
S KBAampaTa, COOTBETCTBYIOLHE NPHPALICHHIO AX CTOPOHHI x.
C noMOIIBI PHCYHKA TCOMETPHYECKH MCTONKOBaTh AS, d§
u pasHocth AS~dS

5.279. nbHas TOUKA M it itHo 1o
3aKoMy s=f(1), TJ€ f- MOMEHT BPCMCHH, a4 S-—PONIEHNL
DyTh 3@ NPOMEXyTOK Bpemend ot 0 o ¢ [laib Mexammueckoe
neronkopanue JwngdepeHLnana nyTH ds, COOTBETCTBYIOLIErO 1ipo-
MEXyTKy BpeMeHH At=1,—1,.

5.280. U T np i 3a/1aun 1 Gopmyny
(2), wakity npuGnuxenno myrth As, DpoHJEHHBIL TOYKOH M 3a
NPOMEXYTOK BPEMCHYM OT #;=3 10 #,=4, €Il 32KOH MBIXEHHT
Toukd M 3aman ¢opmynoii s=1+arctgr. ComoctaBHrs otser
C TOYHBIM 3HAYeHHeM As.

5.281. [lns gymxumit: a) f(x)=x" u 6) ¢(x)=sinx Haiira
3HAYCHHS APTYMEHTA X, DpPH KOTOphIX wmdpepeHumans: orux
d)yHl(uMﬁ HE SBJISIOTCS IKBHBAJICHTHLIMM HMX NPHPAILEHHAM TpU
Ax 0.

5.282. Jlan OTpe3ok [Xg, Xo+Ax ] HIMEHCHHSH aprymcHTa
x Qynkinmn y=f(x); Ay H dy— COOTBETCTBYIOIIME MPHpALICHNC
" b 0 d . B HCTBA:

a) dJ’%Ay, 6) dy=Ay, B) dy=%Ay Ha BCEM JTOM OTpeske?

5.283. Pe6pa kyba ysemuuenni wa 1cm. Ilpu otom amd-
depermman dV obvema V kyGa okasancs pabubiM 12 cm?®. Haitm
MEPBOHAYANBHYIO JUTHHY pebep.

5.284. Pajmyc xpyra y ua 1cm. b
IVIOWAH KPYra OKA3aiCA NPH 5TOM DPaBHbIM 67 em?. Haifm
NePBOHAYATIBHYIO BEJIMUMHY DPajHyca.

Haiit  qmddepenumans: ykasauupix Qyukuuii npn npoHs
BOJNbHBIX 3HAYCHHUAX APIVMCHTA X M MpPH NPOM3BOJILHOM €0
npupamesun Ax=

- x

5.285. x\/a?~x?+a*arcsin>—5.

a
© 5.286. sinx—xcosx+4.

5.287. xarcigx—In/1+x2
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5.288. xlnx—x-+1.
5.289. xarcsinx+./1—x2-3.

Ipu  BeMuCHEHUM AM(QPEPSHURATOB HEABHO 3ajantibix  QyHKumi
choiicrea p

(n06HO
e B sanasax 5274 w 5275,
TMpumep2. Haiitu dy, ecnn Qymams y=y(x) 3ajana HesBHO
ypaBHCHHEM
mZ=x?y2. @
x
< Tepemmuem (3) B Buje TowecTsa
W ay209
¥

W BHMMCTAM . magdepeniManbl NeBol M npaBoit vacth. Mcnonesys
ceolicTBa nuddepenumana, Haxomum

d<1n~) 'd(’3>=i‘“’
yix \x) y
d(x?y?)=xd(y?)+y? d(x?)=2x>y dy+ 25y dx.

1 y nosyyaem

1

dx=2x2ydy+2xy? dx.

Us aToro dy, HaxolMM OKOH-
WaTesibHOE BBHIDAXEHWe U dy dvepes X, y M dx:
y 1+2x3y?
b=,
1-2x%y

Orcrona, B YACTHOCTH, MOXET GbITh NOJydeHO M BIpaXeHHe s
TNPON3BONHON HEABHOR (yHKIMI:

byl .
VA T,
Haiitn nudd ey HESBHO 2 dyn-
i y=y(x):
5.290. yS4+y—x? 5291, x*pyt=xty2
5292, x4y . 5293 ¢¥=x+.
5.294. y=x+arctgy. 5.295. y=cos(x+y).

5.296. amg{=1n X7+ y2. 5297 cos(xy)=x.
B sagayax 5.298—5.302

H YKa3aHHLIe

Hbie BLI 3ys 3aMeHy Ay it
y=f1 (t) dy oot ¢ npa

Manoﬁ i Ax aprymenTa X.
5.298. Bbl‘llrlc"l.ﬂ'l'b npubnixenno: a) arcsin0,05; 6) arctg 1,04;

B) Inl1,2
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5.299. ObocHosath npubmmkennyio Qopmymy

j— Ax
35 rhvad i
3%

M BBMMCIHMTB TO oTOM Qopmyne 3/25

5.300. Haiiti . flx)=e™
npu x=12.
5.301%. Haittn s
AV obbema ¥V npsMOro KpyroBOTO UWJIHHAPA C BBICOTOH A Tipy
paguyca r Ha Ar.
5.302*. o s3akony K. | o6beM V,

Ta3oM, JaBienne raza p u abcomornas Temuepatypa T CBA3aHbl
dopmynoit pV'=RT, rne R-—rasoBas nocrosmuas. Halitn npu-
s AV obwsema V npu

p HA Ap, cuntas

Temmepatypy 7.

2. Juddepennuans suiciunx nopumwos. PaccMotpum mudipepesipian
dy(x “Nix)=f" (x)A,x ¥ak GyHKmO X MpW QUKCHpOBaHHOM Ax=A, v
pennonaras, wo dyskiwin y=f(x) maxas mddhepeHuupyera B Touke
X, vaiiem nmuddepormman or dy(x, A,x) npu Ax=A,x:

aldy (%, Ay camap =" (X) A, x4, x.

S nOIyHIOTO. Supucigs DR Aux=Ayx=de et
2-20 nopsdra. ynxrivn

amof
f(}) M 0BO3HAYAETCH cuanoM dy(x, dx).
Taxum obpazom,

dy=f"(x)dx>

Amasorniso
d’y d|d‘y)'~/'"|x)dx
A )= (x)dx”
Haiira M(M)epeﬂllmu 2-ro nopswxa ykazal-mux GyHKHmi:

5.304. y=
5.306. y=ax2+bx+a
5.307. y‘l/(x —3x+2). 5308 y=,/t—x?arcsinx.
5.309. y=In(x+./1+x?%). 5.310. y=arcsin(asinx).
5.311. [lokasats, uTo BTOpoil mubdeperuuan cloxuoi GyH-
kman z(x)=z(y(x)) Boipaxaercs Gopmyoit

d*z=z},dy*+z,d%y.

< [lns nepeoro juddepenmmana mveem (cm. 3agaty 5.275) dz=zyd).
oTKy/ta, mubepeHIMpYs ewe pas (M0 X, HO WCTIONb3YS HHBAPHAHTHOCTH
Gopmsl nepsoro Au&xpenuuana), nozyunm:

@ z=d(de)=d(e; ) =2} d(dy) +dy - des) =z} d vt 2y o
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10T npHMEp nokazbmac’r. uto mntpdeperupaisl 2-ro nopsmm (n
Gosiee  BHICOKUX Bl
¢BOICTBEHHOI nud)@cpeﬂuuzmu I-ro riopanka (cM. 3amady 5275]

Haittu juddpeperunanst 2-ro nopsaxa CAeAyIOUMX HESBHO
sajaHnbX Gyskmmi y=y(x):

5312 xy+y?=1. 5313. (x—a)*+(y—b)*=R%

5314, x3+yp*=y. 5315 x=y—asiny.

§ 3. Teopemnr o anddepenuupyembix Gymrumax.
®opmyna Teiinopa

1. Teopemnt © cpenmem.
Teopema Ponns Ecau dymaun f(x) nenpepuiena na ompesce
fa. b). oupepemppyevia - xe(a, b) u f@)=f(b), mo cywecmeyem
no Kpaimeir mepe oona mouxa Ge(a, b) makas, wmo f’(5)=0.
TouKu, B KOTOPHIX f’m 0, nashBasoTcs cmauuo«upubmu moukamu
q':ymﬂ[mn F@).
Teopema JNarpanxa Ecau gyuyus f(xX) Henpepviana na
ompesxe |a, bl u Ougepenyrpyesia npu’ xe(a, b), mo cywecmayem no
Kpaimeir mepe oona mouxa E€(a, b) maxas, umo
f(b)=7 (@)=1 “(6)-(b~a) (Ppopmyaa Jlazpannca)y
Teopema Komw Eem gymyuu f(x) u glx) mHenpepoionsi
na ompese la.b), oufieperyupyersi npu xe(a, b) u g'(x)#0 oan
acex x€(a, b). mo cvuecmayem no xpaivieii mepe oona mouxa L€ (a, b)
maran, umo
f(b)-1(@)_f'E)
&(b)—xla)” &’

5.316. Oyuknus f(x)= (5-»")/:( HMeeT Ha xomux oTpesKa
{—1, 1] pasubic 1). Ee asn f'(x)
PaBHA HYJIO TOJNBKO B JIBYX TOUKAX ) i\/ 10 (nposepsnTe!),
PAaCIONOKEHHBIX 332 MPEACTAMH 5T0ro oTpeska. Kakoba npuumna
HapyleHHs 3aKoucHus TeopeMbl Pons?

5317. Mokasare, 4ro ¢yukuus f(x)=x2~1 mna oTpeske
[~1, 1] ynosnetBopsier ycnoBusm Teopembl Poms. Haiiru see

TOYKM ITOH

5.318. Iycts f(x)= x(r—l)(\—Z)(x 3). Mokasatk, 4TO BCe
TPU KOpHs ypaBHeHHs f'(x)=0 jeHCcTBHTENbHD.

5.319*. [lokasath. 4TO ypasuemne 16x*—64x+31=0 wue
MOXET MMETL /IByX PA3NMYHBIX JICHCTBUTENBHBIX KOpHel Ha
mureppane (0, 1).

5.320*. [lokasaTb, 4To ypasienue e*” '+ x-2=0, nmerolee
kopenb x=1 (npoBepbTe!), He MMEET JIPYTHX ACHCTBHTENBHBIX
KOpHeii.

5.321*. JlokasaTh, 4TO ¢cnd QyuKims f(X) HENpepbiBHA HA

.0:1‘]163!(& [a, b] u nuddepenmmpyema wa wuureppane (a, b), TO
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Qyrxmms F(x)=(f(x)=f @) b—a)~(f(0)—f (@) (x~a) nmveer
1o KpaiiHeil Mepe O/IHy CTalHOHAPHYIO TOYKY Ha HHTEpBalie (a, b).

5322 3amucas  dopmyny  Jlarpawxka s Gyswuy
¥ (x)‘.le +3x Ha orpeske [0, 1], naittn ma muTepsare (0, 1y
COOTBETCTBYIOIIEE 3HAYEHHE &,

5.323. [ToxasaTh, 4TO ecyn Npou3BojHas /(X ) TOX/IECTRenng
paBHa HyqI0 Ha uHTEpBane (a, b), TO QyHKuMs f(X) NOCTOSMMa
Hd 3TOM HHTEpBaJe.

5.324. Noxasate, yro ecm [(x)>0( /' (x)<0) Ha wuTepsane
(a,b), 10 & Jx)
ybBIBaET) Ha 3TOM HHTEpBale.

Oynkiws /(Y) yAOBIETBOPSCT yCAOBHIO JIMNWIHUA HAa m-
Tepsasie (4, b). ecnu cymectsyer Takoe KeR, K>0, uto
Lf () =f G i<K fxp—xid
w mobex x,, xy€(a, b)
5.325. [loxasats, 4TO ecmm sup, S )=M, 10 dymams
a<x<
f(x) Ba umrepsane (a, b)
c koHCTaHTOH K, paBHOH# M.

5.326*. Mycrs f(x) ¥ @(x) npaxmn middepernuupyeMsr na
unrepsane (a, b). Hdokasath, 4o ecmu f”(x)=¢"(x) Ha (a, b),
T0o f(X) M @(x) OTIMYAIOTCA Ha JHMHEHHOE Cliaraemoe.

5.327. ﬂokazan, uyro ecnn QyHkums [(x) ynonnermpsm‘
yCIIoBHAM PEMBI Jlarpamxa Ha [a. b],
[/(b).f(a)|>m (b a). e m=_inf{ f"(x).

5.328. 3anucas  Gopmyiy Koum s f(x)=2x3+5x+1
u g(x)=x2+4 na orpeske [0, 2], maiiTu 3navenne &

y

2. Tipaswro Jlownrans —Bepuyami. PackpiThe neompene-
sennocTed Tuna o Flyems mpn x—a dymams /(9 909
o

oBe GeckoHeuHo Manble M 0be GeckoHewHo Gonbume. Torma uX
OTHOWEHUC HEe ONPENENEHO B TOYKE X=a, H B ITOM Cllydae [OBOPAT-

HTO OHO coGoit THNA 0 WIH COOTBET-

@
cTReHHO —. OIHAKO 3TO OTHOUICHHE MOXET HMETh Npenesi B TOUKE
©

x=a, K W i b SToro mpenena HasiBd-
€TCs PACKPBITHEM HEOMPEAEACHHOCTH ONIHUM M3 CTIOCOOOB PACKPBITHA

@

HeonpeNiesieHHOCTel  THIA ° M — smasercs npaswio Jlonurans
w©

Bephy: W

i TeopeMe, HOCHWICH WX WM.

Teopema. IHyems 6 mexomopoil oxpecmmocmu U towxm x=a
¢ym<14uu f(x) u @(x) dudzdrepeuuup,emu mod)‘ Kpone, moxcem Goimb.
canoit mouku x=a, u nycms @'(0)#0 ¢ U. Ecau gy {(x) u 9(x)
REAMOMCT  OOHOSPEMERNHD  AubO Gecxonensio massinis, ibo. Geckoneund
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()

st 7 X~ . o eyuecmeyem npedes ommosean )
E

L npoueOdHUX MpU X—>a, mo mo20a. cywecmeyem maxwe u npeded

s —— cawux Fymeyuii, npuses
amuoierat "S5 2z pus
fx) e
tim —— =lim —— n
@) xoa 0 (
TIpasuio TPHMEHHMO W 5 c.uy-m( xorna a=oo.

Tipumep 1. Hafimu lim T €. PaCKDBITh HEONPE/IE/ICHROCTE

--0darctg 5x
0
a5
< Menomssys dopmyay (1), ronyuacw:
e 3 20 2
m ————=lm ———=_.
X0 ATCAESX 500 1 .5 5
1+425x2
1
nockonkky e2*—1 u m»l npi x—-0 o
0
B pbiX Clydasx pa A Buaa 7=
©
P MOXeT apasuna Jlonu-

Tans  Beprysmm

n?
Tpuuep 2. Habme bm nr (1 €. PACKPHITH HEOTPEACTEHHOCTS
I

o
na — ).
o,
< Tipuvensn ssaxmst Gopmysy (1), noysaewm:
2nx 1
In?x 2 nx 2 x
Im 5= lm =< —r=cm =0 o
xodw X0 b 3% Beare X0 Baoge 3x7
Ha KamzoM Irane BUNA -
cﬂcnyﬂ OTHOICHNE
a Taxke b 3TO NpaBHIIO C MOGLIMH
npyruMu TPHEMAMH  BLIMHCIICHHS TPCACIIOB.
tgx—sinx

Mpumep 3. Hatirn Im = T. €. PaCKpHITH ACOMpencieH-
=0

3
CTh THUA — |,
Vienomayem dopmyny (1):

1gx—sinx cos? x 1—cos® x
A e im =

lim
X0

im ————.
x=0 x2cos’x
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OcBoGOAMM 3HaMEHATENL APOGH OF MHOKHTEM! COS), TIOCKONbKY of
umeer apenen | apu x—0. PasBepHeM CTOSIIYIO B YHCIHTENE Papi

Ky60B W OCBODOMUM UMCTHTENL OT COMHOXHTENS 1+COSX+cos?x
umerowero npeaen 3 npu x—0. Tlocne srux ynpowenui nonywaes

o tgx . l—cosx
tim £ = fim —
x=0 0
TMpumersiem ciosa (1):
. tgx—sinx . l—cosx . sinx
fim S22 fim o = lim
xs0 X X0 X x0 2X

Viconk3ys nepsbiii 3aMeuaTensHbill Mpefien, TONyyYdeM OKOHYATEILHLIH
ovBeT 1/2, yxe e HpHOeras BHOB, K npapuny JIOMHTAs — BepHySIH. o

0 ©
PackpbITh HEONPE/E/IEHHOCTH THIA g m o
o

5.329. 5.330. lim X8
x x40 X

5331

5332

5333, lim 5334, tim <
S Insinbx b arcsin 3%

/i
5335, tim LZ=V5 5.336. lim EO5

x5 /x5

: 0 IncoSbx”
~2x

5337 lim S T2 sy, pm D2AEX
w0 X—smx oo €PC1
5.339. lim 50 5.340. lim -
x0 X—1BX 20 IN(1F%)
3 i
5341, tim X! 5342, tim S5
xa0  SIn?Sx i e
i 245x—2 R
5.343. lim 4X215x . 5344, lim ¥ >0,
O Jm
X
Inx ©
5.345. 5.346.

lim ST ——
o T+ 2insinx Jim ey
v

In(1-x)+1g -

cos xIn (v—3) 2

5347, hm X763 %

5348, lim
wiaso Infer—e

. im  ——
) xel-0  CBTX




PacCkpuiTHe HeompeneneHHocTed Tuna 0°30 U w—0C.

Jlas BBIMUCICHHS lim f(x) @(x), rae f(x)-—Decxoneuno manas, a Qlx)—
x-+a

geckoneuno  Gonpulas NpW x—a  (PACKPLITHE HEONPENeNeHHOCTH THNA

0-c), crenyeT Tpeobpa3oBaTh NPOHIBENCHHE K BHIY -171:—) Heorn-
O

0 (x)
peHETHHUCTS  THIR 5) wm K Bugy % HEOTpENIETIeHOCTD,  THIIA
(x)
f) M naiee WCNONL3OBATH mpaswino Jlommrans— BepHysu.
@,

Mpuwmep 4. Haima limsin (x—1)-tg % (PackphiTh Heompenech-
it

wocth THna 0 on)
< Hmeem:

imsin(r— 1) tg = = tim STEY _
3t 2 x-1

2
~ 2 jim cos(x—1)sin? = =
Ton 2

I semcnends hm (f(x)—@(x), re f(x) n ©(x)—GeckoneuHo
Gonbiuke npy x—a (pacﬁ)‘;xmc HEONpPEAENIEHHOCTH THIld o0 — 0), CiienyeT

peoGpasopaTh pastocTh K My f(X) 1-%—;) 3TeM  PacKpETE
o)
Heonpenenextiocts w2 Bow  Im 2y 1o
P ) © cva )
lim (/()~ p(x))= cc. Ecmm xe lim ;L =1, To Tonysaem Heonpeneses-
xoa o

HOCTL THDA 0 -0, PACCMOTPCHHYIO Bhitlle.
Mpumep 5. Haitn hm (x—In’x) (packpeiTh HeompenesicikocTs
e

THIA 00— o0).
< Himeem:

s
lim (x—In*v)= lim x(l-'—“—*).
x40 X400 x

Tak kak
1
3in?x- —
In*x In?x
lim 2% fim =3 lim —>=
Amdx X xebe rere X

Zlnx-—‘

. Inx
=3 lim =6 hm —-'6 Tim
x40 Xk >t xsbo X




lim (x—In*x)=+o0. =
el
PackpHITh HEOTPE/ENICHHOCTH THIA 000 WM 00— 00t
" " 1
5349, lim x(e'™—1). 5.350. lim (ctgx—
x—eac X0
5.351. lim x"e™™. 5.352. lim xInx.
e Py

5.353. lim (n—x)tg % 5.354. 1in}(e"+e""—2) ctgx.

5.355. limoxze”"z. 5.356. Iiml (x—1ctgn(x~1).
5 x—

5.357. lim xsin 2. 5.358. lim Inx-In(x—1).
Xm0 x x—1+0

5359, lim (LAL) 5360, lim (—L—l),
e Vro\inx inx «So\arctgx x

3ot (zu—f) su—ft
—ctg’x)

. 5.363. lim (
cosx, x—0\x

PackpuTHe HeonmpemeneHHocTed rtuma 0% oo 1°

BCCX TPEX CTyHAsX HMCETCA B BHIY BbIYMCIEHHE PCIENa BhIDAXEHHA

(f(x)’ © "rpe f(x) ecTh B TEPBOM Crydac OCCKOHCWHO Maias, BO

BTOPOM CTyuae - GECKOHEUHO GONbilasi, B TPEThEM Cityhae— yHKIMS,

JIMesomas pencd, pasHedi e Wuue. DYRKINA ke ©(x) B NEpBEIX MBYX

COy4asx SBISETCH SCCKOHEYHO MANOH, a4 B TPETHEM cllyyae —OecKOHeuHO
GonbuIon.

5.362.

im
Cr\ctgx

Tocty obpazom  Jlor:
»=C( f(x))"”, NOsiyHaEM  PABEHCTBO

Iny=(x)Inf(x) [
¥ HaxoguMm mpegen ln y, nocne wero Haxomwrcs B mpegen y. Bo scex
Tpex clysasx Iny B cHy (2) SBNNETCH HEOMPOIETEHHOCTHO THTa 0 0
(nposepbTe!), METOA PACKPBITHA KOTOPOH H3IOXKEH BhIlle.

Mpumep 6. Haiitu I"l' l+—) (PACKpBITHL HEOTIPELeNeHHOCTh
THna %), N
> 1
<1 BseneMm obosnaverie y=(l+f Torna Iny=2x1n{ 14~ | smaserca
X X,
HeoupeesneHHoCTE0 THna o0 - 0. Tlpeopasys Bhpwkenve Iny Kk BHIY

1
(i)
)

Iny=
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jaxomumM no upasuny Jlomurans - Bepuysian

LAY
i\
e 1
Lim_Iny=2 lip — =2 lim —=2.

=t 1 E P

CenOBATENBHO,

1\
lim y= hm (I+~) =
[ s A

PackpeiTh HeonpenenennocTH rama 0°, oo, 1%:

5.364. lim x™°*. 5.365. lim (arcsinx)®*
<%0 o
x 1
5.366. lnp a(n—Zx)“", 5.367. hmom
xmge
5.368. lim x'™. 5369. lim (x-+2%)""
' —tw —tw
5.370. lim (ctgx)'/"x 5371 lim (tgx)>
x=t0 . x—3-0 .
5372, lim x "1, 5373, lim (1+i1).
st P R
5.374. lim (cos2x)". 5375, lim (e*+x)'~
'K x\ 1=
5376, lim (2—~) h. 5377, lim (‘l*—"—) .
= o\ e

\
5.378. lim (““")’.
ST\ %

3. ®opmyana Teinopa. Ecin (pyuxunn y=f(X) HMeeT mpOM3BOAHbIE
70 (n+1)ro nopsxa Bk Us(a)=
—{xl[x-u|<§l) ToukH @, TO Wi noakoro xeUy(a) cnpaseimipa
dopmyna Tehinopa (nopsaxa n)

1()=1(a) +/~'l(!i) (x—a]+»£;—(!”—) (e=a) . 4L “'f"’ (= a4 Ry (x),

194 9(a+0(x—a))
(!

Rya1 (%)= (x—a)*t, o0<b<l
(octarounmiit wien B opme Jlawrpawxka) Taxum 0Gpasom,

pmyna Teinopa nopsaka »n NO3BOMSET NPLACTABHTYL ynKkwwo y=f(x)
B BHAE CYMMbI MHOTOYJCHA M-l CTENCHH ¥ OCTATOYHOrO WJieHA.
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=
=
i
2
=

0<0<! (@opmyna Maknopena).

5.379. Mrorousniert 2x>—3x?+ 5x+ | pasnokuTh MO cTereHsm
nmBywieHa x+1.

5.380. Jins muorownena x*+4x%—x+3 mamucats opmysy
Teiinopa 2-ro nopsaka B Touke a=1. 3amucate OCTATOYHBI
uneH B Gopme Jlarpamka u HaliTH 3Hauenue 0, COOTBETCTBYIOIIce
CIIENYIOUINM 3HAYEHMsSM aprymenTa: a) x=0; 6) x=1: B) x=2.

5.381. Tlycre P(x)—mmuorowier 4-ii crememm, P(2)=—1.
P'(2)=0, P"(2)=2, P"(Q=-12, P™(2)=24. Buiumcmurs
P(—1), P'(0) u P"(l).

Jns sapanseix  dysxumii Bamacate Qopmyay Makmopena
7-TO MOpsKa:

5382. y=e*.

5.384. y=cosx.

5.386*. y=arctgx. 5. 387 y=(1+x)"

W I

B 3ajaqax
5.382—5.387, mamucath nepBhie n 4ienoB GopMyis Maknopena
(6e3 ocTaToyHOIO 'mex-m] JUISL CTIeYFOIMX  (YyHKIi:

5388 y—e~7. 5.389%. y=sin’x. 5.390. y-—sm%.

5391. y=In(4+x?). 5392, y=3/8+x2.

5.393. Hanmucats ¢opmyny Teinopa 3-ro nopsaka mans
dynkumn y=x/(x—1) B Touke a=2. TlocTpouThb rpahmkn HaHBOK
dynxumu 1 ee mMHOrowrena Teinopa 3-ii crenenm.

5394, Hamucats ¢opmyny Teiinopa 2-ro mnopsuka s
dymxmn y=tgx B Touke a=0. ITocrpoutb rpadmk JamHOH
¢yaknun u ee MHorowieHa Teinopa 2-it crenenm.

5.395. Hanucath ¢opmyny Teitnopa 3-ro nopsaka Lis
dynxuun y=arcsinx B Touke a=0. IlocTpouTs rpapuxu naHHOi
dyskimu M ee MHOrowiewa Telinopa 3-H cremerw.

5.396. Hanucare Qopmyny Teitopa 3-ro nopsmka s
dyrkmun y=1 /\/; B Touke a=1. [ocTpouts rpadmkn HaHHOH
dyukumi M ee Muorownesa Tefimopa 3-if cTenesu.

®opmyna Tefiniopa WMPOKO HCTIONB3YETCS NIPH BEIUCTEHHY 3HAdeHHT
GYHKIHH C 3aNaBHON CTereRbIO TONHOCTH. T1yCTs, Hanpumep, TPEOYeTc:
BLMHCIHTL 3HaucHHE (yHKuuH f(x) B TOUKe Xo ¢ abGcomoTHoli morpe-
HOCTLIO, He MPEBOCXOASALIEN € €CM W3BECTHO 3HAueHWe 7Tol (yHKUHH
H ec NpOM3BOAHBIX B Touke a. M3 Qopmyner Teiniopa cienyer. 410

Foar @ o AT e,
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17€ Mg ~—MHHHMAIBHBIH W3 HOMEPOB f, [ISi KOTOPBIX
IRy i1 (xo)l<e.
Tipnmep 7. Boumcanm, wucio e ¢ abCOMOTHON MOrpeIsHOCTbIO,
e mpepocxonsweri 0.001,
< Hpumenss dopMyty Maxsopena k QyHKkiuu f(x)=e*, nonysaem
1 e

e=f()=1+ +z' e <0<k

HaMicubiiiee SHatCHHC , YAOBIETROPAIONICE YCIIOBHIO

K
ot ‘ﬁ<0v0()l,

e 0<8<1, pasHo mo=6. CleAOBATEABHO,

. 1 1
exial et

=2,718. &

5.397. Beiuucnutb ¢ aGCOMOTHON MOrPELUHOCTBIO. He TPEBOC-
i 0,001, CACAY'OLIMX  YHMCeN:
a) sinl: 6) \/e; ®) In1,08; 1) /33,

5.398. BLIsICHMTL NPOMCXOX/EHHEe NPUOJIKEHHBIX PABEHCTB:

— 1 1
a) /1 xaldgx—gat lal<t,

1 I
6) ,3/l+le+§x——§x2, Ix|<1,
M HalTH MX npejesbHbic aGCOMOTHBIC MOrPENIHOCTH.

Ocratounsiii wien & GopMysie Teiliopa Moxer 6bim, 3anuca
B hopme Meano

Rpvy (x)=0(lx—al"),
UCTIONB30BARME KOTOPO TIONE3HO 0 Iy astuAEHI Tpeneron.
Mpumep 8. Haiitn lim —;
P P x20 Sx24 7
< Tak xak [ —cos? x=(l —cosx) (1 H:ns.v#—cos’x), 4 5x24+7x3~5x2, 10
1—cos*x

. 3(1-cosx)
x=0 §x247x3

5x?

daveisy cosx ero. pusioxemieN 10 Gopuyie Maxropaia cosx=

=1-> TR (x*), nonyuaem

fim 1S
x=0 5x2+7x

& Ton pen. A. B. EQumova, b. M. [emunonmua. «. 1 25



32 X2
TIOCKONBKY —ZT+o(x1)~ i x—0. OKOHuATENHLHO

o 10853
2o Sx 47 107
x~1-sm(2x—2)
Tpumeps. Haimn Jim St
< Tlo dopwye Teitopa
sm(Zx—Z)‘SmZ(x—l)»z(x Fo(lx—11),
sin(3x—3)= (X )+0[|x—l|)
Crenosatensro,
x—l=sin(2x—2)  —{x—I)=o(lx—1|)

1in lim
S X T sin(x—3) 2t A(x—)to(lx—1])

Olﬁpduslndn Secs\ouetmo Ma.nue BLICIIHX TIOPS/KOB, T.e. HEpexons
MaTBM

npu x-0, nony\ueM
g X1mSn@E2) L (D)
A x—l4sin(3x—3) *—1 4(x—1) 4

5.399. [loxasath, uTO no A
ans bysmkipit sinx, tgx, arcsinx, arctgx, e*—1 u In(1+x)
MOXHO 3amucath B Buae x+o(|x|) m 4to mpn x—0 BCe ITH
YHKLMH IKBHBaJEHTHBI GECKOHEHHO Masol o(x)=x (H. Creno-
BATEJILHO, JKBHBAJICHTHBI MEXIy COGOif).

5.400. U no ¢ Makxsnopena,
BBIYHCIIMTD [pe/Iebl.

a) l1m R Lx—y ; ©) Ilm :, B) i w
0 3w
§4. ynxumii 1 rpaduKoB

1. Bospacraume w yGuimanne dymwum. 3mpemM. Dynxuus y=f(")

13
HEPABCHCTBA X, <Xy, TAE X1, xze(n‘ b), cnenyer HcpchHmO](\’l)<f(X1)
(cootsercracamo 1 )of (%)

Ecnu dysKwis f (x) Tddepennmpyema wa wireppare (a, b) w f*(x)>0
npu_scex xe(a, b), T Gdymkums f(x) sospactact Ha (a, b); o xe
)0 npw e xelar b, 1o (%) younacr na stow wmerep

NpoCTeHUIX  CllydasX o6NACTh OMpeAENeHHs QYHKUMH p= (x
m»mo Pa3BHTL Ha KOHEUHOE UCIIO UNMEPsaios Moromoknocm. Ka
WS WNTCDRATOR | MOROTOHHOCTH OPANYCH  KpUMIMECKUNY  MOUKGNU.
B xotopeix /'(x)=0 Wi J'(x) me cymecinyer.
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Ecnu C)ulcc’mye'r Takas oxpectHocTh Ug(xo) TOWKH Xo. Wro ans
Tol

'>f(\o) (mm /(v)</(\',,), TO TOUKa Xo HAIMBACTCH MOYKOT MUHUMYMA
(aw vyma) Gynki y=f(x). a w0 f(xo) - mamusymon (max-
cusymor) OTOH ynxmuu. ToYKM MuHMMYMa H Makcumyma GyHKumH
HAIWBAOTCH €€ MOUKAMU IKCMpemyma.

Heobxonumoe ycnosue >kcTpemyma Ecam xo——Touxa
skcTpeMyMa  hyHKWM £ | d() o [’ (x(.) 0 mm ' (¥o) He cyuectsyer.
T.e. Xo KDUTHHCCKas TOMKa ITOM

O6painoe, BoobIEe TOBOPS, Hesepuo

JlOCTaTOMHLE YCAOBMA HKCTPEMYMAd HEMPEpHB-
poit Qynkuwuu 1) Mycrs dynxuus f(x) nuddepenmpyema B He-
KOTOPO#  OKPECTHOCTH  (Xo—8, Xo+3) KpHTHHCCKOW TOYKH Xo, 34
uekMmoucHueM, ObiTh  MOXeT, camoii 9ToH roukd. Ecim apu oTom
B mHTEpBANAX (Xo—d. Xo) M (xo, xo+8) npomssonmas f'(x) wmeer

TPOTHBOTIONOXHME 3HAKH, IO TOMKA IKCTPEMYMa, NpHICM, cclm
{(x|>0 npu xe(xo—3, Xo) b (\g<0 apu  x€(xo, 0+§)

Xo ~Touka makcumyma, a ecan f'(x)<0 npu xe(xo— = Xo) $Y)>
>0 mpu Xx€(Xo, Xo+d), TO Xo—rouxa Mumamyma. Ecom ke

npn Ye(ro—8, Xo+3), X#th COXpamseT 3HAK, TO TOuKd Xo
ABAACTCSH TouKOl IKCTpE?

2) Tiyers dynxnus f(r) @K nuq)lg:pemm YeMa B KPUTHHECKOH
TOUKe Yo M B HEKOTOPOHi ee okpectHocTH. Ecim f”(Xo)<0. TO xo -Touka
e ?)yuxunu f(x). ecnu *(x0)>0. T0 X, Touka MuHHMYMa.
Ecin e f

H TOUKH

npu xe(—w. U, 1),

npu xe(l, +o0).

Npupasnusas ec nymo, nonyuaesm x=2. TakuM 06Pa3OM. KPHTHYECKHMH
Touxami (¢ Jierom_1ex Touk, e mpowmonias e cymecrnyer)
ARRAOTCS: Onu pasbusator obacts aupeenciu
£(x) na ‘|c1upc um‘cpnalm owoToRHocT: (<0, 0). (0. 1), (1, 2) w
Q +a). Tax «kax f'(x)>0 npu xe(—co, OU(L. 2) u r (x)<0 o
xs(o I)U(Z +m) 10 f(x) Bospaciaer Ha wurepwanax (—oo. 0) u

(1,°2), yobisaer Ha wmreppanax (0, 1) u (2, +0o0) B TOWKe Xy=2
Rocruract makcumyma (f(2)=1/4), a n rouxe x;=1  munamyma (f(1)=0).
Tonyuennpie pesynbratsl ynoGHO ceecTH B crenyloutyro TaGauuy:

Tabnuna 4.1
| (-0 0 ©n ' o2 2 | @ o+x)
f(x) » +0o0 N 0 z 1 N
4
f'(x)| >0 |we cym.| <O |me cym. >0 [ <0

227



3aMETHM. 4TO B PACCMATDPHBAEMOM HPAMEpE KLEPBOE NOCTATONHoe
YCHIOBHE NO3BOJNSET OMPESICAHTS XAPAKIED KAKIOH U3 KPHIWUECKAX Touck
Jannoii  (yHkumM. B TO e BPeMA BTOPOC JOCTATOMHOC YClOBMe
HEUPUMCHAMO B TOUKC Xz, TAK Kak B JTOH TOuKe HE CymeCTmyer
NepBas UPOMIBOAHAS. B
. 5.401* [oxasats crexyromee 0606LIEHAE BTOPOIO JOCTATOR-
HOro ycnoBus okctpemyma. IlycTh Xo- KPHTHuECKas Touky
ynxuan f(x), W nepsad W3 He DABHBIX HYJIO NPOH3BOIHBIX
JTOK (pyHKIMM B TOMKe Xo mmeeT nopsnok k. Ecnu k-—ueinoe
9HCHO, TO Xo SBIMETCS TOWKOH 3KCTpeMyma, MPHYEM TOYKOH
Makcumyma, ecan [ “"(xo)<0, W TOYKOH MHHHMYMA, ecng
Wixo)>0. Eciu e k-—HeYeTHOE YHCIIO, TO IKCTPEMYMA B T04Ke
Xo HeT.

5.402. Uccaefiorats Ha IKCTPEMYM B TOUKE Xo QyHKIMo
S(x)=(x—x0)* @(x), rne keN u @(x) HempepeiBHA B TOWKE xo,
npReM @ (Xo)# 0.

5.403*. Mycrs
P
=%,
xe VF x£0,
g(")_{o, x=0.

Jlokasate, uto Qymxums f(x) umeer B Touke Xo=0 MHHEMYM,
a Qynkmus g(x) He HMeeT B TOWKe X, IKCTpEMyMa, XOTs
J%(0)=g™(0)=0, keN.
Jns yxazawebiX (QyHKIMH HaliTH MHTEpBabl BO3PACTAHHA
¥ YOBIBAaHHA H TOUKH 3KCTpEMyma:
5.404. y=x,/1—x2

nx—arctgx. 5.416. y
x 5.412. y=ch3x+1

) swavene i ynwm f(x)
Ha JHHOM OTpeske [a, b} JOCTWracTCs WIM B KDHTHYECKHX TOWKaX.
WM HA KOHIAX 7TOTO OTpE3XA.

O Th 6 M u m  3pAYEHAR
cnenyromux (Gysknuii Ha yKasaHHBIX OTpe3Kax (a ecam OTpe3oK
He yKka3saH, TO BO Bceli 0BiacTH onpe/cneHns):

5413 y=—3x*+6x% [-2, 2). 5414 y=x+2/x [0, 4}
I—x+x

— [0. 1)

1+x—x?

5.415. y=§—:; [0, 4]. 5.416. »

28



5417, y=Yx+1-Yx—1; [0, i}

1-x
5.418. p=arctg T—x’ [0, 1].

5.419. y—

2+1 5.420. y=xe ¥

Jloka3aTh CNEnyrOIME HEPABEeHCTBA:

2
5421% > 1+x, x£0. 5422 cosx>1~i2—, x#£0.

x =% 2
sans. S0 ST xso
2 2

5.424. sinx+tgx>2x, xe(0, n/2).

5.425. J'sa Tena [BWXKYTCA C NOCTOSHHBIMH CKOPOCTSMH
vy M/c B v M[c. [iBMXKEHnC DPOMCXOMHT M0 IByM NPSMbIM,
oBpasyrolMM yroy m/2, B HaUPABNEHHH K BEPIIHHE ITOrO yIia,
OT KOropoif B Hauiie ABWKEHHs lEPBOC TEJIO HAXOMWIOCh HA
PACCTOSHMH @ M, @ BTOPOE——Ha paccTosituu b M. Yepes ckonbko
CEKYHII HOCJIE Hayala JBWKCHHS PpacCTOSIHME Mexjy TelamMu
OysteT HauMeHbIM?

5.426. Insi  [QOCTAaBKM NPONYKIMH 3aBOZa N B T[OPOA
A (puc. 40) ctponTes mocce NP, COSIMBSIOLIEE 3aBO € KENE3HOH
noporoit AB, npoxopsiueit wepes 10poa A. CTOHMOCTL NEPeBO3OK
no mocce Basoe Gonbiue, YeM no Jkesaesnoil nopore. K xaxomy
MyHKTY P HYXHO NPOBECTH ulocce, 4TOGLI OBUlas CTOMMOCTH
[CPEBO3OK NPOAYKUMM 3aBoxma N B ropox A mo iuocce M o
Kenessolt jopore Guina wamMmeubluei?

500 w1 B

z
Puc. 40 Puc. 41

5.427. Okno umeeT GOpPMY NPAMOYIONbEYKA, 3ABEPIEHHOTO
nomyxpyrom (puc. 41). 3anan nepumerp p 970l Gurypsl. Tpu
Kagux pasMepax X M p Oxuo Oyner mponyckarb mauGossliee
KOIH4ecTBO CBeTa?

5.428. U3 Tpex Mocok i WHPHHE!
xeno6 s nopasu Bouwl. Ilpu Kakom yrsie of HaKIOHa GOKOBBIX
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CTEHOK K JHHILY Xejnoba Iuiomanb [oMepeyHoro ceveHns xenoba
Gyner wanbonbei?

5.429. B TpeyronbHHK C OCHOBAaHHEM @ H BHICOTOH h BIHcan
NpPSIMOYT'OJILHHK, OCHOBAaHME KOTOPOIO JIEXHT Ha OCHOBaHHK
Tpeyronmma, a nse —Ha 6 P Haiitn

oA 0 TIPSMOYrOJLHAKA.

5.430. TlepuMeTp OCEBOIO CeueHHsl HMJHHApDAa paBeH Ga.
Haitre Haubornplmmit 06bEM TaKoro INUIHHApA.

5.431. Limmsap nnucaH B KOHYC C BBICOTON h ¥ pajmycom

r. Haiitn ob1eM 0 IWHIMHADA.

5.432. HaiiTi Haumensumii 06beM KOHyCa, ONUCAHHOTO OKOJIO
mapa pamHyca r.

5.433. Haitru Hawbonelumii 06beM KoHyca NpH 3aIaHHOH
mmne | ero obpasyrorei.

5.434. Onpegenuts HAUOOJIBIIYIO TUTOLIAAL NPAMOYTONBHHKA,
BIHMCAHHOTO B KpYr pajHyca r.

5.435. Ha napabone y=x2 malith Touky N. HauMeHee
YHAJEHHYIO OT TpsMON y=2x—4.

5.436. B monykpyr pajmyca R BONCaH NPSMOYIONBHHK
c G wiowaaso O Tb €ro X | Bbl-
coTy y.

5.437. Otpe’ok [UMHBl @ Ppa3jileNTh HAa JBe YacTH Tak,

uToBBl CymMMa MUIOW@ei KBaapaToB, MOCTPO-
2, €HHbIX Ha OTHX 4acTsX, Owula HamMeHbLueH.
5.438. Kowmmueckass BOpOHKA, PpajHyc oc-
" HOBAHMS KOTOPOH R, a Beicota H, HanoyHeHa
BOOH. B BOpOHKY norpyxaercs map. Kakum
nomxker ObITe pammyc wapa r, 4robel oGBeM
BOJIB, BBITECHEHHBIH H3 BOPOHKHM NOIPYKEHHON
\ﬂ ¥acTeio Wapa, GbLn1 HauboMBIIHM?

5.439. OnpenennTh HAHMEHBLIYIO BBICOTY
h=|OB| nsepu BeprukanbHOl Gammu ABCD,

Puc. 42 4TOBbI Wepe3 ITy aBeph B DAlHIO MOXHO

6eui0 BHECTH XecTKHil ctepxens MN Al
I, xoHer x0Toporo N CKOJIB3HT BAOJIb I'OPH3OHTAJILHON NpSMOil
AB. lllupuna Gawmu |AB|=d<l (pwc. 42).

2. Hanpasnewse Bumykaocrn. Touxn neperwba. Ipadmk amddepen-
IMPYeMOi (yHKIMH =/ (X) HA3BIBACTCH 6bINYK.I6IM 6HUZ (MIH 602HYMIbIY
esepx) Ha umcpﬁanc (a,b). ccni qyTa KpHBoil Ha ITOM NPOMEXYTKE

i K rpaduky QyHKIMH

SF00 b moboii Touwe xe . b

Ecom e ua mteppane (q, b) peskas kacatelnhas pacriosaraetcs
BHILIIC AyTH KPMBOH, TO TpaQuK AudBCPCHIKPYEMOTi GyHKIMK Ha FTOM
WHTCpRATe HABWBACTCS abinmyKavis deepx (win  eozuymbiv emus) (72
prc. 43 rpaguk yHKIMH y=/(X) SBTHCTCH BHIYKIIBIM BHIY HA HHTEPBATC
(@, Xo) M BHUIYKIEIM BBEPX HA HHTCPBATC (Xg, b)).
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y=F(x)

flz;)

0 a z5 b z
Puc. 43

Ecin ynkuns msaxgue smddepenmpyema na (¢, ) £ (x)>0
(1"(x)<0), T0 ec rpaduk sBISETCA BHUIYKIBIM BHH3 (BBEPX) HA F1OM
MHTEpBAC.

B cTeifmx  clywasx  obnacth  onpenesienus  dynkuwan [ (x)
MOXHO pa3bMThL HA KOHCUHOE WHCIO WHICPBAOB C TOCTOSHHBIM
HANpABICHHEM BLINYKIOCTH. KaXapiil W3 3THX HHTEPBAJIOB OrpaHuuCcH
Toukamk, B KoTophix /" (x)=0, mmbo f"(x) He cymecrsyer. Touxa
(Yo /(Rg)), B KOTOPOii Hampapiichue BHIYKIOCTH Ipaduka yHKImi
MEHSCTCH  Ha  NPOTHBOTIONIOKHOE, HAIBIBACICH MONKOR nepezuba  (CM.
pic 43).

JlocTaTouHOE yenoBKe Tourn neperu6a. Mycm Gyn-
Kunst f(X) nBaxun Uy (xo)
TOUKH Xg, B KOTOPOR [ (X0)=0 ik [“(xo) He cywecrsyer. Eciu nph
9TOM B MHTCPBATAX (Xo—d, Xo) M (Xo» Xo+d) mpowssomias f”(x)
MMECT NPOTHBONIOAOKHBIC 3HAKH, TO Xo— FOuKa Tcpernba.

pumep 2. HailTn MHTepBajhi BBUTYKNOCTM M TOMKM meperu6a

Ix—1]

rpaguka QyHKuuu y- 32

< Haxomum BTOpYIO NPOM3BO/NYIO:

3; 20

re=4,0
x* ’

. xe(—o0, U0, 1),

xe(l, +c0).

CrIeN0BATEILHO, KPHTHNCCKHMH TOMKAMH 1ICPBOH TIPORIBOTIHOR ABIROTCA
Toukn x,=0, X,=1, x,=3. Ilpn 3T0M B TouKax x,
He ® P

W
AT APA iy

a4 b TouKe X, ONa paBHA HYmO.
Horywen: wetipe wireppara, syt (~o, 0, 0. 1) (13,

(3, +w). Mccnenyn 3Hak BTOPOH NPOMIBOMHON B KAXKJIOM W3 ITHX
MHICPBANOB, BHIBOMM, YTO rpd MK QYHKIUKK SBISEICH BLUTYKTHIM BHW3
Wa mreppanax (— oo, 0), ) (3, ) W BLNYKTbIM  BBEpX Ha

wirtepsanc (1, 3). Cnc]mnatcnwo TOUKH X, M X, SBASIOTCH TOMKAMH
Nepernba rpadmka Gyskuw, a x, He ABIACTCA. TIONYWEHHBIE pesybTaTh
Yio6Ho cBCCTH B ClieAyrolyIO Tabmmiy:
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Tabnuna 42

2 {2 | 0 fen 1 oy ER )
S| B | oo | BB o BTl 2 BRI,
BHH3 B3 eepx | G | Baw
Rl >0 ke {50 we <0 0 >0
cyu. oy
=

Haiiti usteppas! BeinykaocTy rpadmka dynkomu j=f£(x),
Toukit mepernba M yrioBbie ko3hHUHERTH Kk  KacaTeTBHBIX
B TouKkax neperuba:

5.440. y=x7+Tx+ 1. 5441 y=x°+6x7.
=25 +3. xH1-3/x=1.

VP
y=xIn|x]|. 5.447. y
448. l'lpu Kaxux 3pavenmsix ¢ u b touka (1,3) sBisercs
Toykol mepernfa KpHBOil y=ax®+bx??

5.449. [py xakom BeGOpe MapameTpa h Kpueas eeposmuocu

-me g

umeer rouku nepernba ¢ aGeumccamn x= +67

+1
5.450. Tokasats, 9TO KpuBas y= x2+|
X

neperuba, ieXauHe Ha OAHOM MpPSIMOM.

5.451*  [lokasath, 4TO TOWKH lepernba KpHBOH y=XSsinx
sexaT ma kpusoit y?(4+4x2)=4x2

3. Acnmmrori. [lycth aas Qywknsm y=f(x) CymecTsyer Takas
npAMas, 4T pACCTOSHMC OT ToukM M (x, f(x)) rpadwka (yRKuMH /1O
OTOH NPAMOH CTPEMHTCA K HYmO NpH OCCKOHENHOM y/laneHun TOUKH
M ot navana koopuunatr. Tor/ia Takas NPAMAR HA3KIBACTCE ACUMMMOMOL
rpaduka GyRKimH.

Ecam nipn 310M X Toukn M
yHCRy @, TO RONYRpAMAZ X=a (>0 160 y<0) SRIACTCH ncpn MKaTLHOM
ACHMITTOTOM. JL15 CYICCTBOBANMA BCPTMKATHHON ACHMITOTH B TOMKS
Xx=a HeoOXONMMO H NOCTATO4HO, 4TO6H XOTf Obl OMH W3 MPEAE/OB

fim f(x) 6uin pasen Gecronemocn.
xoato

chpcpbumuc YHKITHM HE MMEIOT BEPTHKATHHBIX ACUMITOT.
ECIM e KOODAMHATA X TOuKW M CTPCMMTCH K +00 WM —0C,
TO MMeeM Hammmym acummTory y=kx+b, nus cyulccwonamu KoTOpO¥t
BYX WPEAENon
fim ’L?-k W lim (f()—kx)=b.
xeo

X0
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Tlpn TOM YKA3ANHLIC NPEAEAbl MOFYT GbiTh AsiMuHBIMK NpH X-» +00
5 NPABOM HAKIOHHOW aCUMITOTH) M WPH X——c0 (Li% JIeBOH
Ak IOHROH aCUMITI OTI).

Mpumep 3. Haitn acuvmtotsi rpagwke dysxumn y

< Tax xax Gyucus Henpepwmna ma bec ocH. Kpome TOwD x=
0 bep‘["kanbhaﬁ ACHMIITOT2 MOXKET CYIICCTBOBATh _(HWL B 10§ Touxke.
Himeer

Ix-1]
Lm s =+%,
10 x

W CIIOBATENHO. NPANAS X=0— BepTUKATA ACHMITTOTa.
Harinem Hak:tonmbie achmnroTel. Tak ka

ix—1

,

—1

lim S =0=k nm('-‘ L
o

Xk X

10 npAMas y=0-x F0=0 SWTRCTCH OZFOBPEMEHHO W NpaBoii i NEBOF
WAKIOKHOW (B JBHAOM CTyuac TOPHIOHTALHON) aCHMNTOTOR. B

Haiitin acuMnTOTH IpadHKOB yKa3aHHbX (yHKumil:

l). 5.459. y=xarcsecx.
X,

5.460. [loka3aTs, 4O rpadMK UEJIOH PauHOHANBHOH QYHKIHH
P=aoX"+a, X" '+ ..+ ty- 1 X+a,, n>2, HE HMECT HUKAKNX ACHM-

rpadwicon_ ymuwii. Jl18 nocrpoenss rpaduka ¢yu-
(x) © HenpeprisHO# BTOpOI NPOHIKOAHON (BCKONy B OGMACTI
onpmcmum UKD KPOME, GhITh MUXET, KORCHHORO ena ru-acn)
cHay
Ucoﬁumucrvl Pyvkumn (ecmu o 3 P 3
VOCTORHCTBO  3HaKa, Hy.iH, Touri - nepeccacis ¢ octo Oy. TOuKH
Pasphia M T. WM. 3aTeM, HCNONB3YS UCPBYIO M BTOPYIO NPOH3BO/HBIE,
HAXOWM  TOMKH W meperuba,
K BLIDYKIOCTH, @ TAKKE ACHMIITOTHL.

x—1
Mpumep 4. Mocrponss rpadux dymawn y=5r1t

< DyHKUHS ONPE/IC.ICHA W HENPEPHIBHA BCIOY. KPOME TOYKH X= 0
BCIOJY HCOTPHIATEALHA M PaBHa HMO  JHILb > Towe x=1.

HCCIIIORAHHE NIPOBENCHO B NPHMEPAX 3y aToro m:cncnona-
UL DONIE3HO CBECTH s ONIHY TAGIIMILY — OB cnuce TG 4.1 n 42,
Tlpu 91oM CrieniyeT BBIMMCTHTL ¥ 3AIMCATH B COOTBCTCTRYIOULYIO KACTKY
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/4]
F T -
o 7 2 3 z
Puc. 44

Tabmu f”(3)= —1/27— yriosoii korbdmiment Kacatensnoit K
byHKIIR B TOUKE MepernGa. PeKOMEHIYETCS TAKKE BIMHCIITD £ ?’)—
u f(1)=1 -yrnoswie xodddmuunenrii nesoil M npasoit xacamsuux
B Touke (1,0) rpaduka DTH JAHHHIE TOMOTAKOT TOWHCE NOCTPOHTH
rpadyK yHKIMH, NPHMBE/CHHBIA Ha phc. 44, o .
Mpumep 5. l’locrpoum rpaduk ey =3/x(x=1)2.
< Dynkuus q,y e i ocu
i oBpallACTCR b Byh B Toukax =0 W g
HaxonuM 1iepBylo  NPOM3BO/HYIO

3x?—4x+1

Mipkpastnsas oc nyo, nonyaent /3. Tukiiu OGpasom, KpHTwiccruny
TouAMC Y ammoren: =0, =13, xy=1 (b Towax x,=0
W xy=1 ) B o s

Ha 1upc {'
(1/3, 1), (1, +c0). Tak kax y'(x)>0 npu xe 5 o)uo \/3 U(l poo
10 y(x) nospacract wa miepatax (—co, 1/3 F o). Ananorniso
paccyxnas, Haxo/mm, to y'(x)<0 mpu xe 1/3 ) W, CiENOBATENBHO,
Gyskums Ha IToM uHTepBase yObiBact. B Touke x,=1/3 dynxums

1
JIOCTHIGET  MakcHMyma y,,..,“/:i)—-i’\/qtﬂ,SZ?), a B TONKC

X3=1 —MHHIMYME (Yinun (1)=0).

HaXxo/uiM Teniept BTOPYIO NPOU3BONHYIO J”

— . Kpu-
oY% (e 1)*
THYCCKUMH TOYKAMM TNEpBOH NpOM3BOAHON ABNSIOTCH X3 =0 M x3=]
(BTOpas mMpeM3BOSHAR B THX TOuKax He cymectsyer). [lonysaem TpH
MHTEpBATIA BRINYKIOCTH HCXOJHOI (pyHKImm: (—a0, 0), (0. 1) # (1, +)-
B TcpBOM MHTCpBATC QYHKINS BHYKNA BHW3 (TAK Kak y">0 TPH
x<0), a BO BTOPOM M TPeIbeM-—BhMyKna mBepx (3" <0 mpn x>0,

234




kpove Toukw x=1). Crenosatensho, (0, 0) ABASETCH TodKol epernba
\,—pa.jmxa q:)uxlu«m (¢ BepTHKANBHON KacaTesnbHO).
cBoymM B Tabnmuy

(ru6. 4.3)
Tabnuna 4.3
P N o ey v any 1 @ 4+%)
y | >0 |mecym | >0 0 <0 |mecym | >0
¥ >0 HE CyulL. <0 HE cyu. <0
» ” N »

y 0 0

BbITL. BB

poiees BBITI. BBEPX i

Mo yrouHeHHs, mwcnenuw YHKIHH B OKPECTHOCTH TouwkH x=1
3aMETHM, 4TO )=—c0, f(1)=+o, T.¢e. 8 Touxe (1,0) rpadwmka
GyHkunmn nesas " npasas obpasys
HYIO KACATEbHYIO.

HakoHell, ONpeneTuM acHMITTOTHL Tax Kak (yHKUMS HEnpepbisha
Ha BCeli OCH, TO BEPTUKANLHBLIC aCHMMIITOTH OTCYTCTBYIOT. JUnsi onpenerne-
HUSL HAKSOHHBIX aCHMITOT HAXOMMM CHadaia

, 3 /31
lim A’l: lim Vxbe))?
xotw ¥ xao *
a 3aTem
Im (y(x)—x)= lim (’,/X(X»Wi—x
AR T X+t o C2xPix

—_— -,
v /X =) x 3 x(x— 1)+ x2 /

CriesoBaTensHo, Ipasas ¥ Nesas Ha-
KNIOHHBIC ~ ACHMITOTHI  COBNANAIOT
M ONPENCISIOTCR  ypaBHCHHMEM
2
p=X—,
T
Fpaduk dywkumyu npupescH Ha
pHc. 45, ©

Tlocrponts rpaduki cieny-
oumX  hyHKimii:

5
5.461. y—(—x 3

5.462. y=:

125
x?(x2=3)2




5.463. y=é X 2-5). saed g T

5476. y=3/x¥1-3/x~1.
S48, y={/ e+ 12+ /- 1)
- 5480, y=3/1—x3,

1
5479,y
y= \”I

x
—— 5.488. y= =.
Y3 +2)? ’ X141
ey
5489, y=YX+2 5490, y=— %
x +1)
1_7) 2
5491, y=¥I¥'=31 5492 y=_ X
x ViF-n
5.493. y=3 lx—1]. 5.494. y—,/lx 2134
5.495. y=sin x+cos x. 5.49. y
.\\nx+co:x
5.497. y=»x arctg x. 5.498. y=§+arcclg X.
5.499. y=e2x2?, 5.500. y=xe~*2,

5501, y="le-1x. 5502, y=},-e"‘/*‘.
X ;



\

\ 5.503. p=xe''™.
5505, y=(x—2)e .
S.gm. (x2+1)e 2
5.509. r=x3e >
ssiL. y="%
x

5513, y=x%Inx
5515, y=x?In’ x
5517, y= xln’lxl
5519, y
5521% y=x', x>0.

- a5 p=S0X

LY~
5504, y= eV
5506, y=(2x—1)e?~.
5.508. y=x2e*~.

5.510. y=In (x+/x2+1).
5512 y=—
5514. ,_'L‘

5516, y=x ey
5518, y=In|x?—1].

5.520. y=x*. x>0.

5.522. y=(1+x)'", x>—1.

TOCTPOUTL KpHBBIE, 3alAHHBIE NaPaMETPHYECKH:

5.524. x=te', y=te

7, teR

< TIpOBEAeM BOTOMOFATETBHHIE BHITHC.ICHNS:

. - 3
=(l+0e. yi=(1=t)e™ =l|He x,
" ' » ~t -2 -3t
xp=Qr0)e, yi=(t=2)e™, J»—Z“MP 3

Tax kax x;=0 mpy =1 1 xi(=1)=1'¢>0. T0 Xpn=—1/e. Tax xax

[ 1
Ye=0 npu t=1 n y.",(l):-—;<0, O Vam=y: Orcioma  crenyer.
ure KpuBas ACTIONOXEHA
v oo e e " 5
Jq/a +c) ve(~o, lfe]}. —
[3 BLIaKEHUR A NIPOM3BOWHON _ T7 3
Y OTpeAensieM KpHTHYECKHE TOU- €|
Weoon=1040)=0) w6z
=—1(vi(—1) me cymecrayer).
PHTHHECKHE TOUKH TIEPBOH 1PO-
W3BOAHON HAXOJMM M3 BBHIDAXeE- L1-e
HUS 18 BTOPOH  NPOM3BOJHOM
Yar =2 (n/2=0
v’l 05(=v2)=0) »
(yn(~l) He oy
CriesloBaTesibho, A
A( \/Z/e“ —V2e%)
L J2/e D) —toun e
Puc. 46
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Hakonen, Haxomum acummntoTel. Ecu 1 —00, 70 x-0, 2 y—»>—x;,
T €. x=0— BepTHKALHAN ACUMITOTA OTMCTHM, STO NP NDHOMWKCHs
TOMCK KPMBOH K OJTONl ACHMITOTE WX KOOPAHHATA TO X OCTACTCH

MATENBHOM. ECi [+ 00, TO X—+ %, a y—0, T. € y=0—-Topj0H-
TAIBHAR ACHMITOTA, TOMKA KpHBOH NpH MpUOMMKENHH K Hel Hhicior
TIONOXHTENEHYIO KOODAMHATY TIO .

PeaynLTaThi HCCACAOBAHHA CBOXMM B Tabawmy (Tabn. 4.4) M [iemaem
BCe Hooéxommm BLIBOJLI B TpaBoOif ee konomke. Kpusas npusenena
Ha puc. 46.

Tabauua 44
i x y | v Tionencme xpwsoli
(o0, —v2| <0 <0 <0 | <0 |Bunykna BBepx, y6u~

L x=0-Beprn-
Katiwan scnmTOT
/2 =
1% —J2e? >0 |Towa meperuba
(=2 -] <0 <0 <0 | >0 |Bumykna smw3, y6u-
BaeT
1
-1 — —e we | me |Towxa posspara
€ cyug | cym.

(-L 1 >0 | <0 |Buinykna Beepx,
pacraer, Touka (0, 0)
aexuT Ha Kpasoli

1
1 e - 0 Maxcinym
e
1, V2 >0 >0 <0 | <0 [Bumykna bBepx, y6ul-
Baer
Viio|Vee? 0 |Towxa neperuba
W2 +o)| >0 >0 <0 | >0 |Bemykra puus, you-
Baer, y=0—ropuso-
Talbhas acHMITOTA
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=1242, teR.
2t+e” % teR.
asin®1, 1€[0, 2n).
=1?—6arctgt, teR

CTPOMTH  CJICHAYIOIMWE KPHBBIC, 3aJaHHbIC B TOJAPHOR
CHCTEME  KOOPJMHAT:
. r=asin3@.
5.530. r=a(l--cos o).
5.531. r=y n/(p
5.532. r2=2a’cos2¢.

§ 5. Bextophble M KOMIJIEKCHBIC QyHKimH
JIeHCTBHTENILHON TiepeMenHol

1. ¢ P it i, Ecmn
KaXK/IOMY  3HAMEHUIO JIEHCT) ii teDcR
B COOTHCTCTBIC ReKTOp a(t)e? 5, TO TOBOPHT, 4TO Ha MHO)Ktbtl‘Bc
D wzana P s a= a(/i

3aAHHI0 Tpcx e
sonsax. by a,(,}' ), ) —koopnuuar bekTopa a:

a=ay(t)i+ay(t)j+a.(1)k,
WM. KPATKO, a= ‘ax((l] a,(lh a,(t)) Ecnn Bexrop a smnsetcs pamyc-

BCKTOPOM  ToukH M (x, z), TO COOTBETCTBYIOUIYK) BEKTOP-DYHKIHIO
NPUHATO 0GO3HANATD.

r:r(l)=x(l)l'+}(l)j+1(i)ln

I r=r(t) 2 HHMA, OTMCHIBA-
emas B NPOCTPAHCTBE xouuom BeKTOpa r BCsKyIO JMHHIO B NPOCTPAHCTBE
MOKHO  DACCMATPHBATH KAK TOROFPAd HEKOTOPOH  BCKTOD-hyHKIIMH.
Tlapamerpuyeckue ypaBHCHUS roporpada:

x=x(() y=y(t), z=z()
Ipumep | Haifru ronorpady mextop-dymkiun

teR.
Wmeem
| 2t
e YT

Vickiowas napamctp f, nosyuum

1132412

S
(1+1%)
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CrenosatensHo, ronorpagoM BEKTOP-QYHKIMM r(f) SBASCICH OKpy-
KHOCTH

xpi=1.

u3 KoTopoil uckmoucna Ttouka (-1, 0, 1), nomyuaousascs B npenene
npu 1-+w. o

Haitti rogorpadpsl BeKTOP-DYHKIUMA:
5.533. r=(2t—1)i+(—31+2)j+4rk, teR.
5.534. I—22i+/1+1%], 1€[0, 1].
5.535. r=4cht-i—j+3sht-k, teR.
3ti+(2t—1%)j, teR.
cost-i+sint ,+tk teR
=2cos>t-i+2sin¢-j, te[0, 2r].
n+r j+°k, 1eR.
cos?-i+smtcost j+sni-k, IE[O 2n].
5 5cos t-i+4sintj+2k, te[0, 2
5542, r=(sht—1)i+ch?r-j+3k, teR.

2. [lwipihepesnponanme bexTop-bymwn. [poussoduoi_sexmop-gynx-
yuu a=a(f) N0 APTYMENTy | HAIWIBACTCH HOsAx BCKTOP-yHKUHS

da Aa a(H Ar) a(l)
ERTI

Eean a(t)=(ax(1). a,(). a:(1)), 0

da=(zla,|l) day(r) da,(lJ)

@ \d T

dr
Bemn r=r(t)=(x(), v(). (). 10 wpowmomuas 7 ecte nextop,

i 1o it x pady  vexrop-dy ()
B CTOPOHY BOSDACTAHHA APFYMEHTA 1.

) ir
Ecom 1 —spems, 10 E=n €cTh BEKTOP CKOPOCTH KOHIla BEK10pa 7.

(o= ,(5

1) 7 =0, rae ¢— NOCTOsHHbI BEKTOP
d

dxsu:m AuddepeHuHpoBanMS BCKTOP-pyHKUMH

» Hayma .
Silea)=a, tre - nocrommuii cxasp.

da db
it

3 -1 +h)= o

d
4) —(‘M)»—a+cp e ©=0(t)—cxanspuas Qynkims o1 I
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5 Sta, b)=(§. »)+(n. g)
#)\:l a, b} :[Z_’," b]f[ﬂ.

7 —"((P(i)) @ -‘; rie ¢=9(1) -craisphas QyHKHS OT f.
da
5.543. Jlokasatb, uTO (a, Ea>=0, ecnn |a|=const.
5.544. Itano r=3ti—44. O b

TPaeKTODHIO M CKOPOCTb JIBIKCHHS.

5.545. [lano ypasHeHWe ABWKeRMs r=3fi+(41—1?)j. Onpe-
IETMTL TPACKTOPHIO K CKOPOCTS JBIKeEHs. I1oCTpONTE BEKTOPHI
ckopocri s momertoB (=0, r=1. (=2, 1=3.

5.546. [lano  ypapHenue  JBWXeHMS r=2(1—snf)i+
+2(1—cost)j OnpenemiTh TPACKTOPHIO M CKOPOCTL IBWKCEMS
TloCTPOUTE BEKTOPBI CKOPOCTH /LI MOMEHETOB [=T/2. (=T.

5.547. Haiitv eIMBRYHLIT KacaTeNbHLiH BekTOp rozjorpada
Bekrop-pyHKIM r=e2i- (1+8)*°j npun 1=0.

.548. Haiitn emum'-mb.“ KacaTeJLHbI BEKTOp roaorpada
BekTOp-OYRKUMM r=(1>+0)i+1% mpr 1=—1.

5.549. Haiitn npomno}:ume BEKTOD-QYHKIHIL:
in t-i+cos?¢-j+sin rcost-k;
cost-i+tsing j+tk;

B) r=(t+cost)i+(j+sint-k.

5.550. Hairrn npomsom-me BeKTOp-QyHKIHit:

a) ‘i+cost-j+{t*+ 1)k B Touke (1, 1, 1);

6) r=13%+(t+1)%+/1* +1k npn 1=

5.551. Hairn di(a B. ecm
A

a=ti—1%+1%, b=i+tj+1%k.
d
5552 Haiitn - [a, bl ecnu o=i+(+1%k, b=titj+ik.

da .
5.553. Haiftn o com a=ui+u¥+uk, roe u=sint.
Eom r=r(f)=(x(), y(), z(n). 10

d’r (dr) (d*x d% d*z\

@ a @t dt art

d* dv

Ecin 1— — =
A t— wpewn, T0 5 =2

=©-—BEKTOD YCKOPEHUS KOHUA BEKTOpa r
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5.554. Haiitu BTOpblc NPOM3BOMHBIE BEKTOP-PYHKIINI:

a) r=cost-i+ej+(t2+1)k,
6) fi+tcostj+isint-k /

TpY NPOM3BONBLHOM ¢ M mpu t=0. /

.555. Jlano  ypaBHeHWe  fBIKCHMS:  r=2(f—sinf)i+
+2(1—cost)j. O b Tocrponrs
BCKTOPBI YCKOPCHHS JUISi MOMCHTOB [=T/2, [=T.

5.556*. lano ypaBHCHMC IBWXenus: r=3ti+(41—1%)j. Onpe-
JIeNMTh YCKOPCHHE W [BWKEHHS W Cro TAHICHUMAJBHYIO w,
M HOPMAJIBHYIO W, COCTABISIOLIME B MOOO0H MOMEHT ¥ NpH 1=

5.557. Jlano ypaBHeune ABWKeHHS: r='/,t%+ /s(21+1)3/2'

™ M €ro TaHr W HOp-
Manbﬂylo cocTapnsiolme B Mo6oii MOMEHT f u mpu 1=0.

3. K W KpHBOH 1
Vpasenus TACATENEION X npompanascnnon kpusoit x=x(1), y=y(1).
z=z(f) B TOuKE My (Xo. Yo, Zo), KOTOPOil COOTBETCTBYET 3HAYCHHC
napamerpa f,, MMEIOT BHI

rae X, y, z—TeKyliHe KOODIMHATEL To-nm KACATEJILHOI. Y paBHEHHE
HOPMATLHONl TJIOCKOCTH B TOH e Te

(%] _, 1

=1,
Tipumep 2. JlokasaT, WTo KAcaTeibhas K BHNTOBOM JMHMH

r=(acost, asint, br) oBpazyer NOCTORHHBI yron ¢ ocho Oz

< Haiizem BekTOp, Kacatenbhbiil K ronorpady sekTopa r:

asint, acost, b).

Orcrona

T.e. y=const. &=
Mpumep 3. H

NOCKOCTH K KPHBO# L oy=t+1, z—:’ B TOYKE Mn(o 2, I)

< Jlanno#t  ToukKe x.oomncmym 3uavesne napamerpa t=1. MmeeM
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floncrabass 3havenne (=1, nomyvaem

N dx L4 —
di|,.y T dt
Vpasuenus xacatenuHoii:
x_y=2_z—1
2 1

YpaBHeHHe HOPMAJIBHOM ILIOCKOCTH:
2(x—0)+1-(y—2)+3(z—1)=0,

2x+y+3z-5=0. &

Jins Kaknol M3 CNEAYIOUMX KPHBEIX HANKCATh ypaBHEHMS
KacaTeNbHOH W YpaBHCHWE HOPMAJIBHOH MJIOCKOCTH B AaHHOH
TOUKE:

5.558. x=4sin?t, y=4sinscost, z=2cos*! npn t=n/4.

5.559. x=% 2y

1o .l -
31 , z= 1% upn t=2

5.560.x m.ht y= sht z=at opu t=0.

5.561. x? +y =10, y +2z2=25 B ToKe M, (1, 3 4).

5.562. 2x24+3y24:%=9, 3x24p2—22=0 TOYKE
Mo(1, —1,2).

4. Jludpepenumanibic  XapaKTEPHCTHKH MIOCKHX  KkpubiX. [TycTs
KpHBas B TJIOCKOCTH OXy ABISCTCH TOJOTPA(IOM  BCKTOD-(pYHKUHH
r=r(s)=(x(s), y(s)), TR $— AIMHA JYI¥ KPHBOI.

Kpususnaii. xpusoii » Touke M, HA3LBACTCH “HCIO

Jie ¢ yro1 NOBOPOTA KACATeSBHON, COOTBCTCTBYylomwit Ayre MoM

wc. 47) manoii Kpuo, a As—nmma ool ayru Bemmmma R=1/K
HasLisactcs  paduycom  xpususm.
Kpususna K onpenensercs co-

OTHOWeHHEM ~
- P 7s),
ds M
D st KpH- R/ fd

BH3HLI l) ©CIM KPHBAS 3AJAHA ypaB-
Heimem B ABHON dopme y=£(x), T0

Puc. 47
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2) ccan KpWBas anaHa YPABHCHHCM B HCSBROM (Gopme’) F(x, y)=0, To
Fl Fh, Fi
Fyy Fy Fy
F, F, © .
|

3) €N KpHBAT 3A/AHA NADAMETPHWECKWMI YPABHEHMAMH X=X (1),
y=y@), T0
Xy
- x|
= (sz+yr7)3/z M
4) ecam KpHBam 3aJaHd B TONSPHEIX KOODIMHATAX YPABHEHHEM
r=r(g), To

2t —”
o

Oxm Kkpususme ( y ) xpuBoit
B €¢ TouKe M Ha3bIBACTCSH
Hoii_uepes Touky M H Be Apyrie TOukH KpBOH P i Q, Korma P-rM
u QM.

Paznyc OKpyXHOCTH KPS PN pUMYCY KpUbISH B cooT:
seTeTByIowWei Touke M, A Hew
HAXODMTCS H4 HOPMAIM K kpm;oﬁ NPOBEACHHON B 'I'O'lke M B CTOpOHY
BOPHYTOCTH  KPHBOI.

Koopausatsi X M ¥ LCHTDA KDUBH3HBL DABHE!

e 14y?
L N L
y J

K=

X=x—

Déomomoii KPABOH HA3LIBAETCH JIMHWS, ONHCHLIBAEMAS LCHTPOM Kp-
BU3HBI NPH JIBHKCHWH TOYKH TO KpuBOil DOPMyNbi WSt KOOpIWHAT
UCHTDA KPHBUSHbI OPCAENAIOT MAPAMETDHNECKHC YDABHEHHS BOMOTHL.

Tpumep 4 Haiu ypastesie spomoTH: napaGonst y2=2(x+1).

< Wimeem 2

2, ey

. Tlocrne moBTOpHOTO AMGdCPeHIAPORAI
N

¥
nonmyuaem y'>+yy”=0, otkyna y”"=—
LEHTDA KPHBU3HLL

1
—- Haxommm koopausatsl
¥

X=x—

Y=y+

') 3necs “acTHE ymkumm Eyx e
peveHRL: OnpaenCHAE . B M3 § | T T
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7o CAMBIM. HAWICHY ADAMETPIMECKHE YDABHEHHS JBOAOTE:

VICkiTiouuB  mapaMeTp y, HaliieM )PaBHEHHE JBONIOTHI B BHIE
8
Yi=—X3 o
27

BuIMMCTINTE KpHBM3HY JAHAOH KPHBOM:

5.563. y=x2 B mauane xoopauEaT u B Touke M (L, 1).
5.564. x2+9y2=9 B Bepumnax ommnca A(3,0) u B(0, 1).
5.565. x2—xy+y?=1 B rouke M(l,

5.566. x=12. y=1—'/3t> upu t=1.

5567, x="/y1%, y="/21? b towe M('/y '/

5.568. (1—cos@) B moboii Touke M npn (p:rr.

5.569. r2=a’sin2¢ npu @=n/4.

Haiitn pdmtycu wpnnuznu (n mo6oi TOUKE) NaHHBIX KPHBBIX:
5.570. a) \'—\/x 6) :

5571 4) x*+y*=a*; 6) x=acost,
=a(t—sinf), y=a(l—cos?).
a) r?=a%cos2q; 6) r=ay.
5.574*. Bepwunoii KpuBOil Ha3bIBacTCs Takas €c TOUKA,
B KOTOpO# uMeeT Wi /M. Haiitn
BCPIIHY KPHBOH y=e *.

5.575. Haiity BepumHy KpuBoit y=Inx.

B Th THI  LEHTPOB 1 W Hanicatb
it kp JIQHHBIX KPHBBIX B YKa3aHHBIX
TOUKaX:
3
a
= B roake M (0, a).
P ©a

e B touke M(0, 1).

xe* B touke M(—1, —1/e).

sinx B Touke M(m/2, 1).

a(t—sint), y=a(l—cost) B Touke M (na, 2a).

Hailitn 2BOMIOTHI xpm:ux
5.581. a

1 B) x2P4p2i=g??,
5.582.
5.583.

bix.
Bo neaxni 1eocoGoit Touke M (¥, X, 7) MpOCTPANCTBCHHON KPHBOT r=r(r)
MOXHO MOCTPOMTH TPH B3AMMUO NCPNEHMKYJIAPHEIX BCKTOpA:
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BEKTOD it),

dr

dr d&’r N
=[E‘ F] (wanpanstonutii BekTOp GutopMa).
N=[B, T] (sanpasnsiouwii Bextop 2aasnot NDpMﬂﬁu] WA COOTBeT-
CTBYIOUHE MM OCHOBHBIE €OUHUNHVIE 6eKMOpWI:
T B N
[T AT

KOTOpbIE MOXHO BHNHCTHTH TAKKE TIO (OpMyTAM:

dr du)ldt
=L =[x v]
alla] -1
TpexTpaHHUK ¢ BEpUMHON B rouke Mo, pebpaMi KOTOPOrO ciykar
KACATCIIbHAS, T/IABHAS HOPMAJb 1 HA3bIBAC TCH
ii kpuBoi. [pamsmu cro

ABIBOTCA  ILIOCKOGTH: | CONURACGIOAcA  (TPOXOSMT  4Epes BCKTOPb
T w N), nopmassnan (upoxonwt uepes sextopot N u B), cnpamamowas
(npoxosmt uepes Bektopui B u T).

VpABHCHHS TJTABHOH HOPMANH MMEIOT BHI

x—Xo
Ne

Yo z
N’

e X, y, z—TeKyllle KOODJMHATE TOYKM INABHOA Hopmamd, Ny, Ny,
N, KOOPZMHATHL BEKTOPA
VpasHeHus GHHOpMATH:

By (x—xo)+ B, (y=yo)+ B (—z0)=0.
Vpabrenne CpAMAstOWER MJIOCKOCTH.

Ny (x=%o)+ Ny (v=y0)+ N; (z=20)=0.
Tlpumep 5 HaiiTu 0CHOBHbIC EHHHYHBIC BEKTOP! T, V H B KPUBO
—SIn 1, y=cost, z= TOuKE M, KOTOpOIi COOTBETCTBYeT 3HAYEHHC

1=0. H : KACATCLHON, TNABHOF HOpMA!
u wiopwanu 5 SroR Toue.

x=

r=(1—sint)i+cos t-j+tk,
dr

— = —cos t-i-sin{j+k,
dt

dr  rimcosti
= i—cos 1.
dt* 7
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Mpu =0 nonyuum

r .
i
- ik
:[T d—f]= —1 0 1|=itk
bt 0 -1 0
ik
N=[B T]=| 1 0 1]|==2
101

CriefloBaTebHO,

Tax xax npn

2 ypantiens Guropmam.

Ecnu npocxpancmeﬂﬂan KPUBas 3a/ldHa KAk nepeceveHne JByX
| noBepxrOCTCH

' {F(x, ¥, z)=0,

G(x,y, 2)=0,

dr d*r
TO ynoGHee BMECTO BEKTOPOB z " PACCMATPHBATL  BCKTOPBI

dr=(dx. dy, dz) w d*r=(d’x. d%, d’z), npHYEM MOXHO CYHTATH OMY
M3 TIEPCMEHHBIX Y, y, Z HE3aBUCUMOW W cc BTOpOil nuddepenimnan
PABHLIM HYJTHO.

pumep 6. Hanucars,
W CIPIMISIOWEH  MIIOCKOCTeH  KpHBOIT

xX2pytez
x2eptaz
B e touxe M(I, 1, 2).
-2 JNAHHBIC M CUMTAR X TIepEMEH-

HOW, NOayuuM:
vdx+ydy+zdz=0,
xdy—ydy+zdz=0

dx? v dy?+ydiyt dz?+zd’z=
dx?~dy*~ydy +dz? v zd*z=0.
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Mpn x=1 y=1, =2 nneem

dy

1 2
dem—ydy dy=0, dz=—gax®

1 3
CrienosatessHo, dr=(dv 0, —3dx) dr={00, —§de> Javtciy
)

3TH BEKTODBI BCKTODAMM, WM KOJITHHeapHEMH, (2 0, u© 0
—1), omkya
=2, 0, -1),
ij k ] Jj
B-|2 0 -1 ={¢ 2 =2(—i—2k)
00 —1 20 -1

Ortcropia Haxoaum

-~ ypaBtieRUe HOPMATHHON TIIOCKOCTH,
X+2z—5=0  ypaBHCHHC CTIPAMISIOWCH MUIOCKOCTH &

HailTi ocHoBHMBE eJIMHMUHEIE BEKTOpH! T, Vv, B M COCTABHTL
YPaBHEHHS KacaTeNLHOM, TNaBHOi HOPMANM M GHHOpMAa JAHHBIX
KPHMBBIX

5.584. x=¢', y=e™', z=t npu t=0

5.585. x=t—snt, y

5.586. v ¥ 1 v mpn t=1
5.587. y=x, z=2x* B TOUKe x=1
5.588. HamycaTh ypaBHennsi TUIOCKOCTedi, oOpasylommx ecte-
CTBEHHBIl TPEXTPANHUK KPUBOH x=1%+1, ) =cost, z=¢' B TOWXE
1L D
5.589. Hanucats I 1ei, oGpasy ecre-
CTBCHHBIH TPEXTPABHAK KPHBOI x=t/\/2, )':l/VE, z=Insm?
npH 1=m2
5.590. Hait1i BeKTOpHI T, V. P ¥ HANWCATL YDABHEHWs BIEX
peSep M ILIOCKOCIeH, oﬁpasymumx ECTECTBEHHbIH TpEeXIpaHHEK
kpueoit x=(t+1)%, y=r3, z=./>+1 B Touke (1, 0, 1)
5.591. Halith mexTopnl T, v, P M HammcaThb ypaBHEHHS BCEX
pebep u nnocxocren, 06pa3ylolHX eCTEeCTBEHHBIH TPeXrpaBHHK
Apyra =14,
xX+2v—-z

1
—cos 1, z=4slni mpu (=T
»

KPHBOK B Touke (I 2, 3)

Kpususne HBOH ananoruio
KpuH3ne nnocxoﬁ xpyBoli Econ kpuBas 3ajana ypashemucm r=r(s) TO




B ciyuae 00Liero NapamMeTpHHCCKOrO 3aJaHMsi KPHBOI MMeCM
dr d*r
dt’ dr?

S
[EI

y; (smopait i) KpWBO#H B TOUKS
M HazbIBACTCH WHMCIO

Fre © —yrox moRopoTa GuHopMam, cootseTcTByioumii fyre MN. Bemn-
i p maneTen paduycom kpyuenus Wi paduycoss emopoii Kpueusmsi.
Ecmu r=r{s), 10
dr d’r d’

The 3HAaK MuHyc Gepercs B TOM Clydae, KOTHa BEKTOPBL i—p WV HMEOT
ONMHAKOBOC HANPABIIEHHE, ¥ 3HAK TUTIOC —B TPOTHBOTIOJIOKHOM ClIydac.
mu r=r(f), Ine t—NPOM3BONBHEI TApaMeTp. TO
dr &r d'r
@t a? a
dr d>r ||
5%
Mpamep 7. Haittn KpHBU3HY W KpyducHHC KpHBOH x=e’cosf?,
y=e'sint, z=¢' B moboli rouke.

< Mmeem
r={etcost, e'sint, e'),
(¢ (cos t—sin 1), e'(sin t-+cos ¢), e*),
a2
il—:=(—2e' sint, 2¢' cos 1, e'),
o (~2¢*(sin 1-rcos 1), 2 (cos 1—sin t), ¢*).
Orcropa
i k
a dv) | ) ets L.
warl” e'(cost—sin 1) e'(sinr+cost) e
—2e'sint 2e'cost e

=e¥(sinf—cos 1, —(sint+cost), 2),
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dr dr d&r e'(cost—sint) e'(sinz+cosr) e
G e | s 2t cost o | =2e%
di dt® | _oetsini+cost) 2e‘(cost—sint) e
Crieposatensho,
e /(sin1—cos1)?+(sm1 rcos1)’+4 \/ie-/
e /((sint—cost)?+(sint+cost)?+1)° 3
2 ot
#{(sint—cost)?+(sinr+cos1)>+4) 3

BoMHCIMTL KDHBH3HY W KDYHEHHE KPHBBIX:

5592. x=¢', y= =¢ o oz=ty 2 B moboit Touxe npu 1=0.
5.593. , y=t% z=1> B moGoii Touke ¥ mpu r=0.
5.594. (—13 v=3(% z=3t+1> B moboil Touke M npu

5595 x=2t, ,—lnl z=t* B moboii Touke W mpH t=1.
x? x?
5.596. y=-r, z=" =L
Y="3 Z=7p TpH x
5.597. 2x=y?, :=x? B moboit Touke u npH y=1.

5.598*. Nlano ypaBHEHHE NBHXKEHHS r=li+( 2jw}-% 13k. Onpe-

JenuTh w JILHYEO W, H HOp-
MalbHYKO W, COCTABISIOIHE YCKOPERMA B JIOGOH MOMEHT
t v oapu (=1

6. ynrui ii i, Ecmu wax-
nomy i i i rteDc
B “MCno z‘x+ny‘ TO o%-'
& dyniyue dei wihoi

NacTbio  onpefiesienus D:

z=:(r)=.;(ti+:)-(:),

PaBHOCHIBHO 34/@HMIO JBYX
WK 3aflaHHIO BEKTOP-ysKuin

< Tax xax z(:) e--(cospy+.s.nn,) 10 Iz(l)l—  w argz(1)=pr. Mo~
narag =P, naxonum, ecnu B0, = Crenosatensho, r=|z((}|=

=o® (~0<@<+w), W Mbi HONYHWI ypaBreHHe JOrapupMuueckol
cmpan (rn.2, § 3, n.S, u Takxe puc. 13, cresa), ecim af#0. JipH
=0 okpyxHocts =1, npu P=0--myy ¢=0. &
npoumo«)mm KthulechoH dynkuny z(f) najeiBacTes KommEKCHAR
'

dysxuma z'(1)= lim X'(1)+iy'(1). Ha xomusexctpie QyHKusH
a0
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7 i o6braHBIe NpaBUiIa IH(-
(Qepenmposanua (em. .1 § 1).
9. Jokasats, uto (¢M)=MAe", rme A=o+iB-—npomus-
BOTIBHOC KOMILIEKGHOC SHCO.
< Tyers z(t)=eM=e= 0",
Otciofa Haxomm:

torma xlf)=e*cosPr w3 ()=esinpr.
' (1)=ae® cos pr—Pe sin b1,
' (t)=0e* sin B+ Pe* cos pr.
CrenopaTenbho,
2()=x' (1) + i (£)={oce™ cos Br—Besin pr) + i (e sin P + e cos pr)=
=ae™ (cos Br-+isin Pr)+ife* (cos Pr+isin Pr)=
=B i (o 4 )N oM, o
( TTOCTPOHTH KPHBbIC, 3[IABHbIC YPaBHEHHAMH z=2(t), H HaliTH
z'(t):
5.599. z=1+it, te(—ou, +oo)
5.600. z=|~i+te’§, te(—o0, +o)
5.601. z=2¢", 1[0, n].
5.602. z=3¢"+e™", 1e(—o0, +o0).
5.603. z=(2+i)e'+(2—i)e ™" te(—o0, +)

5.604. z=1+it*, te(—o0, +o0).
5.605. z=r+i—ie ", te[0, 2n].
5.606. z=ae"(1—ir), a€R, te(—o0, +oo).

5.607 *. - W3BectHO, ¥TO Z= z(l) OnpenenseT 3aKoH JIBYKCHMA
TOYKM Ha MIOCKOCTH. HalTH KOMIOHEHTBI CKOPOCTH M YCKOPCHHS
MO HANpaBNICHUEO KacaTeNbHOH K KPHMBO#H z=z(l) U nepneH-
JMKYNSAPHOMY K HeEMy.

5.608*. Touka z b|z|]=Rc¢ i
YTJIOBOH CKOPOCTBIO, paBHOW enmmmie. Hadmn BeKrop ckopoct
TOYKH W, [OBHXKYHIEHCH BMECTC C Zz MO 3dKOHY M'=f(:),

Tyers D=~—--ompd10p nddepemmpovanns, T.e  Dz(r)=z'(1).

Hbii OnepaTop ¢ wooim-
entamu p(D)=a,D"+. +u.I>+uD onpefiensiercs cneayoumdM obpasom:
PD)z(1)=anz® (1) . +u,z(/)+uo‘(l)

5.609 *. [lokazath C v -

(eperIManLHOroO OnepaTopa ¢ MOCTOSNHHBIMH KOMpdHUMEHTaMH:
a) p(D)e*=p(2)e*;

6) p(D)(e*'z(1)= e" (D+Mz(l) rue z(f)- - mpousBoNBHAK

5 npH

suobom te(— co, +co)
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Jns 3a7aHMBIX  QYHKOME BRIMHCIMTEL  yKa3aHHbiC TruHefinL
KOMOHHAIMH  MPOU3BOHBIX:

5.610. x"(t)+3x"(t)+x(¢), ecomn x(t)=re " cos 1.
< Jamernyv, wto  x(r)=Ref(te"'*?).  Tlogtomy  x"(i)+3x’'(r
+x(1 =(Dz+3D+l).t(l)':)ke(Dl+3D+I)le“""‘, Vlcrmnh;y)n pczfy]);:.
TaT 327494 5. ), HAXOLMM:
(D243D+ 1)1l 1491 = o 10 (D 4 i 1)2 £ 3(D i~ 1) 4 1)i=

=D 242 (i 1) Do+ (i— 1)+ 3D+ 3 (i~ 1)+ )=
= D2 (14 20) D+ (=2 e =" (1 = 2) 4 iR +1) =
=e " (((1 ~2r)cos 1—(2+r)sin 1) +i{(1—2)sin £ +(2+F)cos ).

Oraions monyuaem:

X" (0)+3x" (1)+ ¥ (1) =Re(D>+ 3D+ 1)t =

“t((1—21)cos t—(2+r)sint). >
5.611. x™ (1)+46x(t); x(1)=e*cos3r.

5.612%. x"(1)—x'()+5/ax(t) x(t)=e"*sint.

5.613. x"(t)+2x' (t)+2x (1), x(t)=e'sn2¢+e " cost.

5.614. x”(t)—x(t); x(z)=r sint.

5.615. x"(1)—2x"(1)+5x(t); x()=e'sin2e /1412

5.616. '/,x"(t)—x"{e)+x(t) x(t)=(1+1%)e"cos .

§ 6. Uncnennple MeTomnl QyHKUEH OOl nepeMeRHOIN

1. Mncnewnoe peuwenne ypasnewwi. Kopen, £e(a, b) ypasuenns
S(x)=0 usoumpasan wa orpeske [a. b], ecnim Ha oM OTpese He
COACPKUTCR ApYluX KOpHEH YKaiaHHOrO ypasmewns. OTpesok [a. b)
Ha3LBACTCA OMPESKOM USOAMfUL KOPHA.

eton xopa Ilycts ma orpeske [a, b] wsonsumm kopma
ypassienus [ (x)=0  BHIOMHAOTCH yenoBHA:

@ gyt 10, J(3) /() nenpepsmans

6) fla)-F{b)<0;

B) bymapm f'(x) n 7(x) He mvesior_caoero swaxa
Onpenennm sucia x, (r=1, 2, 3, ..) pasencTBamu

(1@ )
e )~rla)

R,

)T )

. xo=b,ecmn fla)-f(x1)<0,

n-1

)

Xo=a, ecma  [fla}-f{x,)=>0.

TOr/d NOCHENOBATCIABHOCTD (X,),en CKOMUTCH K KOPUIO & MPH 70>
B I8 BEX HATYPAJBHLIX N BHUIONHSIOTCS HEpapeHCTBA

1£ (%) I

m

Ix,—gl<

M—m
1x=Xol,
m

e m= min |f'(x)] u M= max |f(x)].
i aseen

{x,—El<
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fipumep 1. Haitsu kopun ypassenus

x-arctgx—1=0
METONIOM XOpA € TounocThio a0 0.0001.
< Tloctpous rpadmxe ysknuii y=arclgx u y=1/X, N0 PACHONOKEHHIO
TOYCK NEPCCEdCHHsS 3AKIIOYaeM, 9TO YKA3aHHOE YPABHEHME MMCCT JBA
xopus &, M &, paBHBIX 1O BSJIMYMHEE M pa’
3naky. Hafinem nozoxurensubii kopes &,, BrBpas oTpe3koM wonsimu
ar0r0 KOpus otpeiok (1, /3] zuﬁ Gynxumm f(x)—x-arclgx~l nteenm

P 6

F NG (v—l)(j— 1)- —0,2146019-0,8137992<0,
V3

[07ToMy_yciomns a), 6) W B) pemommstorcs. Tak xak f”(x)>0 npu

xe[l, /3], 10 m<f'(x)<M. tae

0,1515577. Urobhi onpenenuts snak npomssenennus £(1)-f(x,),
Hahnem x,. IMockonsky

3-1)/(1
Xy = (‘/ ) )—LI527608

T3~/ (1)

u, cnenosatensho, f(1)-f(x,)>0, 10 WHcna X, CCAYeT BHIHCANTH 1O
PMyNE

(V33 1)
IS (1)

Xn-1—

CreneM Bbluucnenms 8 tabmity:

" “ e ) R “ M

1 —0,2146019 | —0,1527608 | 1,1527608 | 0,0231520
1,1527608 | ~0.0129601 | —0,0090807 | 1,1618415 | 0.0013762
1,1618415 | ~0,0006758 | —0,0004730 | 1,1623145 | 0.0000716

w—

T norpen-
o), Tasns Bﬁpa:mM &, = 1.1623+0.0001 1 &;=—1.1623£0.0001.

‘) 3jeCb M BO BCEX MPUBEJICHHBIX Jajec PACHCTHBIX 3AjauaX Mpo-
© TAKHM WHCIOM JCCATHWHBIX
3HAKOB, KOTOPOE OGCCTIEYMBAETCA HCTOMb3yemof DBM.
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MeTon kaca‘renbﬂux Tlycrs na o1peske [, b] w3onsmuy

xopus & = BLILIC  YCTOBLg
a), 6) ¥ B) W uHciA x,, (n=1, 2. 3, ..) onpenensiorcs paseHCTBOM
)
T )
TpHsem
o e fla):£(0)<0. b-a)fe)
=<5, 1(a)- 0, e
A { o ST ey

Torna NoCieNOBaATENbHOCTE (X,)pon CXOAWICA ¥ KOPHIO & TPH n-scc.
M JLI8 BCEX HATYPATBHBIX 1 BBINOJHSIOTCA HePABEHCTBA

(X0, M,
5|<'ﬂ g 158 1< )%
m
TRe
m= min [f'()l, M= max |f"(x)|
a<vy<h a<v<h
Mpumep 2. Haiitu Kopenb
x-arctgx—1=0 METOZIOM KacaTelbHbIXx ¢ TOHOCTHbIO 1O 0,0001.

< Kak W B NpeSuUymwieM TDHMEPC, OTPE3KOM H3ONAIMH  ABISETCH

} /3], Mockonsxy ansi gymxuun f(x)=x-arctgx—1 mveent
(NERIVIQ]

131

fo dopmye

N 1,1527608 >0 u £(1)f(c)>0. To “mcna x, BbraucAsEM

L)
IR y Vv

Oymawm f'(x), f"(x) w suavenve m=1,2853981 maiitenst B npumepe
1. [lanee, My 1" (1)=0,25, notomy uTo £ (x)= —

ﬁ<0 Ha OTpe3ke
x

My

wsonsmmn  Hakonen, Z;:&O?ﬂ%l.

PesyMbTaTsl BHMHCICHWH CBEZIEM B TabTLY:

ol m L ) | e B
1 {1,732050810,81379921 4802102 0.5497862 1,1822646| 0,0534645
2 |1,1822646(0,0270628(1,3617976{ 0,0198728  [1,1623918] 0,0000384

Crenopatentiio, koperb ypaprichis E=1,16239+0,00004. o

VGenuTbes B TOM, 9TO YPaBHEHHS! HE HMCIOT JEHCTBHTCIBHBIX
KOpHe#i
5.617. 2*—x—"'/,=0 5.618. x2—arctgx+1=0.

1
5.619. (x2+2x+2)2=0. 5.620. ./Zx—l+lg;
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5621 x*—x?4+1=0.

5.622**. Kopenn & ypaphennst f(x)=C w3onupoBaH Ha OT-
peske [a, b], dyskums f(x) penpepwsra m f(a)-f(b)<C Co-
c1aBaTh WA  (OPTpaHe NOANPOrPaMMY YMEHbLICHHS OTpe3Ka
w3onmuKH B 2" p83 MCIIONb3ys MOCNEAOBATENLHOE nencl-me oT-

peka BbIOpa s F, A, B,
N, roe F— TOp HOAMPOL P: ¢ U BBIMHC-
JCHUS 3Hadenui  QyHximH | (x) A M B—KOHIb MCXOIHOTO
01pe3Ka o ¥ KOHIbI MOy © OTpe3Ka
B +OJILUH noce BH'IHC)'eH"ﬁ N —noka3aTensb CTeneHn B BbIpaxce-
Hin 2", xapax Ka

oTpes
5.623. Pewnrs ypasscHue x> +x?—3=0 KOMOGHHAPOBaHHBIM
MZTO/IOM, MPUMEHSS METOIl XOPA H METOJI KacaTeNbHbIX W CpaB-
HHBAA Pe3YJIbTaTHl

< Moctpons rpadukn yvkuuii y=x*  y=3—x?, NPUXOZMM K BRIBORY,
Y10 YKA3aHHOE ypABHCHWE HMEET ONMH JICHCTBHTETbHBIA KOpeHb & HA
opeske (I, 2], Ve otpesox wsonauuy v 4 pasa, Menosisya
I TOAL MOIOBMIROLO ACAcHiA. AN f(x)=x+x2~3 nucem f(1)=—1<0

21
W /(2)=9>0. Haiinem f(1.5)="->0, novromy Gonee yawum o1pessom
WIOTSIWMH  SABISETCH  OTPCIOK [1 1,5]. Haiina £(125)=0,515625>0,
vouyim otpesok (1, 1,25]. Tak kak

(1L25-1)/(1) _

S(1.25)— f(l)

(164948450 w  f(1)f(c)>0,

10, MPUMEHSS METOA XOPA, HEOGXOMMMO HCMOMB30BaTh GopMyny

L (1255
BT ()

) (n=1. 2.

X

A, TPHMEHSS MCTOR KacaTenbHix,— popmyny

fo=125.

/'(;“_,)) (n=1. 2, 3,

Peaynbrarsl BblMHCIICHMI CBeneM B ABe Tabnuubn:
a) JUI METOMia XOpJI:

" T S5y “(=% i) £

1 1 =1 —0,1649484 1,1649484
2 1,1649484 —0,0619384 ~0,0091209 1,1740693
3 1,1740693 —0,0031786 ~0,0004651 1,1745344
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6) /LIS METOA KACATETBHI

" % &) 3 -t ) %

1 1,25 0.515625 7,1875 0.071"739] 1.1782609
2 1,1782609 | 0,0240767 | 6,5214179 | 0,0026919 | 1,1745690

TIpu BEMMCIIEHMM METOJIOM XOpI MOAYHITH BOSPACTAIONLYIO NOCHE-
noBatensyocrs (X,) npubmukennii xopHs &

1<1,1649484-.1,1740693 < 1,1745344 < ... <E.

a npu METO/IOM Ka
Woets (%)

£<...<1,1745690 <1,1782609 <1,25.
Copnazatonyie AeCATHYHBIC 3HAKH WIEHOR 00EWX MOCTENORATENLHOCTEH
SBIRIOTCH TOUMLIMM 1115 KopHA &. [0 3a7aHHOR TIpeneTbHOl aBCOMOTHOI
NOTPENIHOCTH & 3HAuenue n, TPR KOTOPOM JIOCTMraeTcs Heobxomumas
TOUHOCTh, HAXOIMTCH W3 HEPAabCHCTBA

K=l <5

npy 910M E=_(X,+X,)te. Takam obpazom,

£=1,1745540,00003. >

Borauciut, OHHM W3 YKa3aHFBIX MCTOLOB C TOMHOCTBIC
no 0,0001 neticts KOPHH a) XopA,
6) MLIODDM KACATENBHBIX, B) KOMOMHMDOBaHHBIM METOLIOM:
5.624. x* +2x—8» . 5.625. x34+x+1=0.
5.626. 5.627. x>+ 2x— 3
5.628. x 5.629. x*—2x—5=0.
5.630. 5.631. 2x*—5x?+7x—2=0.
5.632. 5.633. x*—2x—2=0.

5.646. x-+sinx—1=0. 5.647. x—cosx=0.
5.648. x?=cosx. 5.649. x= arclg\/_

5.651. x> +Inx—4=0.

5.652. x*-arctgx—1=0.
5.653. CocrasuTh Ba (OpTpaHe NPOrpaMMy PpEIUEHHH CJe-
ﬂylol.ucﬁ 3aauM: HaliTH METOMOM XOpA KOPHH YDaBHEHHS
" 2—x=0 ¢ TouHocTHIO 10 0.0001.
< TlporpamMmy clieiyeT nNpefCTaBHTh Kak COBOKYMHOCTH TpeX Npo-
TPAMMHBIX €IMHUIL OCHOBHOIl MPOrPaMMBl, TMOANPOr PAMMBI-DYHKIHH
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jaxoXeHin Kopus  ypasucnys f(x)=0 MCTCIOM XOpI Ha OTpeie
{0 KCPHA [a. b |, MOANPOrPasMI-GyHKINH BbIHCACHHS IHaCHMT
Gy f(x).

Todnpozpas wa-Pynxyun sorucaenin suaseni Gynsyui.
FUNCTION F(X
F=LXP(X—2)—
RETURN
END
Tlodnpozpasma-Pynyun naxomcderun xoprs semodom xopd. Tapa-
merpor: F, A, B, S, EPS: F - UMs MO/NIpOrpamaibi-(hyHKIHH BRAMCTEHIS

avatcHuii GyWKIHR f(x), A B B— KOMI OTPCIKA WIOTAIIT KOPRS,

S—anmentinee wasenme £ (¥)] wa otpesxe mionmwm, LPS- npe-
CTBHAR ABCOMIOTHAR MOTPETINOCTH.

FUNCTION CHORD(F.A,B,S.EPS)
FA=F(A)

(B)
A~ (B—AWFA/(FB—FA)
F(X

IFFA*FX.GT 0) GO TO 2
1X - -A)aFXI(FX~FA)
BS(FX)/S.GT.EPS) GO TO 1
ORD =

~

RETURN

X=X —S(B— XpFX/(FB—FX)
IFSXBSISF )/SGT.EPS) GO TO 2
CHORD =

RFTURN
END

Ouepatopsi FA=F(A). FB=F(B) # FX=F(X) ncnomsyiorca  yxa-
3AHHOMN NOANPOTPAMMC JLTA TOFO, YTO6HI HIGEXATh JMUIHUN BRIHCICHMI
Inavienuii Gy f(x); npu  MCMOJHCHHM nporpaMsannch F(X)
BaACHET X ToAnporp Gy cooTBeT-
CTBYIOUICTO 3HAYEHHS HTOH ByHKIMA.

Oz(uum«m rpozpamya. Amumupyn TIOBE/IeHe ¢yum.u-u fl¥)=
e*

=e*

>o i

5= 1</’ i 0817316 s xe[0. 03],

7|828|-p—|<f (x)<e™-1=2320116 rm  xe[. 32).  Hooomy

1/ (x)|>0,8173 B nepsom crysae u |f'(x)[>1.7182 8o Bropom. DT

4HCTA BMECTE C KOHUAMHM OTDEIKOB M3ONALMH M 34NAHHOH npem:nbuou
b P 3HaYCHHS

}~ —¥=0 uvicer B koiﬂn fsa orpeaxax [0, 03] n 5, 32), Tlocronmiy
(x)=e* v

KAk TOBOPAT
CHORD. OcHoBitas nporpama MMecT BUp:
EXTERNAL F
ROOT! = CHORI’1F00 30817300001
RD)|

P e,
s nolmpol\':aMMu

ROOT2=CH
WRITE(3,1) ROOT1, ROOI
IORMAT( KOPHH YPABHEHMX' F6.4, u ', F6.4)
STOP
END

9 TMon pen. A. B. Edumosa, B. Tl. [lemunosusa, 4. 1 257



Cocraute Ha GOPTP: no:mporp. NS Ha-

f(x)=0 sa
OTpe3Ke  M30JIALMK [a,b] l'[apaMerpu F, A, B, S, EPS;
F—uMsi moanporp: Gynk-
mwan f{x), A u B-- KOHIB OTpe3Ka H3OSIAH KOpHS, S—

mapamerp, i Huxe, EPS—

norpemHocTs. [lapamerp FD—uMA  moamporpaMmbi-QyHKIHu
Boramcnenns [ (x).

5.654. Meton xopa. Iapamerpst: F, A, B, S, EPS, S—%,
rae M=max|f’(x)] m m=min|f’(x)] ms xe[a, b].

5.655. Meron kacatenbubix. Iapamerpe: F, FD, A, B, S,
EPS, S=%, rae My =max|f”(x)| ¥ m=min| f'(x)| a1s x€[a, b].

5.656. K # meron. I : F, FD, A,
B, EPS.

5.657. lns ypasnenusi f(x)=0 onsoif u3 3amau 5.624—5.652

cocTasuth Ha QoOpTpaHe NOAMPOIPamMMy-QYHKIHIO BBIYHCICHHS
suavenuit Gysxummn f(x)

Cocrapurh Ha QoOpTpaHe NPOrpaMMBI PeIUCHUs ONHOH H3
3amay 5.624-—5.652 yKasaHHBIM METOIOM:

5.658. Meron xopn. Mcnons3opath peilieHMs 3ajay 5.654
u 5.667.

5.659. Meron kacatensHbix Vcmonb3osaTh pellieHHs 3anay
5.655 n 5.657.

5.660. K meron. M T PeLUeHAs
:ﬁmau 5.656 1 5.657.

2. Mintepnonmposaine dpymuu cre Gysxuns y=/f(x) & yzax
uumepno,muuu x.e[a,b] k 0, Ll n. llpHHPIMaC’I‘ IHAYHNHS (%)= Yir
Toraa

Y Vr+1

L
e

Ay Fart)— Ay (e,
PO L . 051 . SIS T

X~ X4z
Ay (¥ Xice 1 s Khrims Xuar)=
Ay (s e s s Xar1-1) =AY i1y ooy Fard) (k+i<n),
X~ Xk+p =

a unmepnoasyuonnuil noauns yexts £(x) wa orpesxe [a, b] umcer Bux

P =pot 3 (o) i) el D
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TIpk 3TOM B Cryvae it B "D (x)
na [a,b] semonusercs HepapeHCTBO

- et | 1 e

@

Myor= max, [f*0(x)l-

Mpumep 3. Haitrn ﬁ c TouHocthio no 1074, moctpoms s
Gymags f(x)=/x unTeprONSHORHLI nOMMHOM Ha oTpesxe [1,69, 2,25].
< Bubepem n=2 i yaisi HHTEPTOAAIH Xo=169, X, =196, x;=2.25.
Onemina Townoets o dopwyne (2). Tax xax f™(x)=—2x~"2<0,

Gynrmn I”'(x):zx"‘z yGuisact Ha otpeaxe 7=[1.69, 2.25]; nooromy

Torma nns paswoctH rz(x'—f(x)—p;(x' nOMywHM HepaBescTBO
11,(x)|< ](x 1,69)(x—1,96) (x—2,25)],
OTKYNa CRENyeT BLMOJNHEHWC HEPABEHCTBA
0,1009984
[r2(x)1 <=———0310.04-025=0,0000521
¥ JIOCTHXCHUE 3afaHHON TOYHOCTH

Hatinem
PA3/IENICHHbIE PA3HOCTH M TIOMECTHB PE3yJIbTaThl BRIMHCICHHI B TaGnwuy:

s Al 5., Al 5 %)
of169| 13
0,3703703—0,3448275
169225
1[196| 14
= —0,0456121
2|225 | 15

TMomHoM wmeeT BT
Pa (x)=1,3+0,3703703 (x — 1,69)—0,0456121 (x—1,69) (x—1,96),
P2(2)=1.3+0,3703703-0.31 —0,0456121 - 0,31 - 0,04=
=1,3+0,1148147 —

,0005655=1,4142492.
Orciona

J/2=1,414240,0001. &
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Konewwie pasnocmu A, (k=1. 2.

1=0. 1. 2...) onpenesstorcs
PABEHCTBAMH:

Aly,
2

Aty=A

Fer—A 1y,
s pasnoomemosugux 33108 x=Xo+kh (k=0, 1, ...n) ¢ warom
p h>0 nommsoM (1) B
£(t=1)..(t=k+1)
Pa(x)=yo+ 2 —(——)T—Ah-m &)

X%
rne 1=

e R
@~ sun

¥ A* vy —KoHEHbIE Pa3HOCTH K-TO TOPAIIKE. @ HCPABCHCTBO

Most i
If(X)—p..(X)IS'n* 1)‘."

Mpumep 4. dymxuun y=f(x) samana Tabmaelt

11 (1~k)|~ @
k=0

kY 1,0 L1 1,2 1.3

y 27854 28330 28761 29151

¢ (OKHO

yrasaiyio yikumo wa orpeske [1, 1,3], 1 poracumts £(1,15)
BLIHIHTD SHAYCHHSA QyH-
Pt J(). He nammnic B TaGuume, Gymem MCKaTh B BHE HOJHHOMA

saneris KoToporo ¢ ynup,
T.e. B BN (3

P (x)=/1 (x.‘) npu k=0, 1, 2, 3. EAMHCTBEHHbIM TNIOJAHOMOM C TaKHMH
cBOfiCTBAMY AAIACTCSH TIONHHOM s (2

paeHcTBOM (3). HajilleM KOHENHLIC PASHOCTH, CBOIA BLMMCICHWA & Cie:
Aylolityo TadAHKY:

LRI n | A A%y, 8%,
of 1 | 2785

g 0,0476
1] 11 | 28330 | 9 —0,0045
2| 12 | 28701 | SOBY | —o0ar| 00004
3] 13 | 2ois1 | O

MNpamensis gopmyny (3) mpu h=0,1, n=3 u xo=1, nomzyunm
P3(x)=2,785440,476(x—1)—0,225 (x~1) (x— 1.1} +

+0,0666(x— 1) (x—1,1) (x—1,2)-
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Torna
l’s(I.|5)=2,7854+0.476'04!5v0,225-0.l5*0.05+
+0,0666 -0,15-0,05(—0,05)=2,7854+0,0714—0,0017+0,0000 =2,8551.

e £ (1,15) sametnm, uto f(1,15)=ps (1,15), w npeaensnoi
/ [x)=. p,,(x), CCIH_MPOMBOMIAS

e
omx s eynivy (3. Tostonty m 15)=28551.

5.671*. [loka3aTb PaBEHCTBO

«
=Y CH=1)"Neri-vs
o

k!
Y= 0!
e CY =) 0!
5.672*. Jloka3aTb DPaBEHCTBO

Ay (xy, oy X)= Z

o
Swl)

5.673. [lns Qynxumn [ (x)=cos‘12x [OCTPOHTH MHTEPHOISLH-~
OHHBIH nummoM, BBIOpaB yutbl xo=0, x;=1, x;=2, x3=3.
BoiuucuTh cosﬁ

5.674*. Jins dynkumm f(x)=Inx HOCTPOMTH HMHTEpHOMSLH-
OHHBIH NONMHOM, BBIGPAB y3bl Xo=9, x;=10, x,=12, x;=15
H MCTIONB3YS suavenus  1n2=0,693147, In 3=1,098613
¥ In 5=1,609438. Boriucmars Inll.

@ynxmus y=f(x) 3a,aam Tabnuaned. Haiity 3Havesust 3710#

¢ upu B TaGnuiy 3HAYCHUHX

Xi M X; apryMeHTa X.
5.675.

x | 1,0 L1 1,2 1,3 14 15 L6 17

) |L042 1,061 1,087 L119 L1160 1212 1,274 1,350
x, =126, x,=1,58.
5.676.
x | 1.8 L9 2,0 2,1 2,2 2,3 24 2,5

v 1958 2107 2268 2443 2632 2841 3071 3324
x =189, x,=243.
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5.677.

x |0,75 080 0,85 0,90 0,95 1,00 1,05 1,10
y |0,742 0.789 0,835 0.880 0924 0.967 1.008 1.046
x, =083, x,=097.
5.678.
x ll,70 1,75 1,80 1,85 1,90 1,95 2.00 2,05
¥ ll,Z]ZZ 1,2097 1,1789 1,1389 1,0888 1,0281 0,9558 0,8713
xy=1,74, x;=197.
5.679.
x |2,70 2,75 2,80 285 2,90 2,95 3,00 3,05
y ||,5827 14865 1,3721 1,2383 1,0838 09071 0,7069 0,4817
X1 =272, x,=293.
5.680.
X I 10 15 20 25 30 35 40 45
> 10,985 0,966 0940 0906 0866 0819 0,766 0,707
x;=23, x;=41
5.681.
x 11,1 1,6 2,1 2,6 31 36 41 46
v 1029 13890 1689 1800 1852 182 179 1,632
x=13, x;=40.
5.682.
x |0J3 0.18 023 0.28 0.33 0.38 0.43 048
v 10129 0179 02280 02764 03242 03712 04173 04626
x1=0,20, x;=041.
5.683.
x |L| 1.2 13 1.4 1.5 1,6 1.7 18
¥ TD,H?B 0,0897 0,0660 0,0477 00339 0,0236 00162 0,0109

x =125, x,=1,76.
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5.684. )
x J 50 55 60 65 70 75 30 85

y [0,285 0319 0223 0,042 —0,148 —0,273 —0,283 ~0,178
x; =58, x;=T9.

5.685. Th cunyca  Si(x)

=J.s'/£dt npu x=0,26 u nps x=0,45, ucnonesys TaGmaiy
°
ero 3HaYeHui:

x 10. 17 0,22 0,27 032 0,37 0,42 047 0,52

Si(x) [0.16973 0,21941 ©,26891 0,31819 0,36720 041591 0,46427 0,51225
5.686. b

x

-meil

2

?(x) J‘e“'zdl mpu x=027 u npu x=0,58, ucnons3ys

o
TaGJHIly €ro 3HaueHHi:

X ID,OS 0,15 0,25 0,35 0,45 0,55 0,65 0,75

Q(X)H05637 0,16800 0,27633 0,37938 0,47548 0,56332 0,64203 0,71116
5.687. I, o PpelwnATh

x-lnx—1=0.

Ha orpesxe I=[1,6, 1,9] usonsumn kopst s dyskums y=2x Inx—1
nmeem:

x ' 1,6 17 18 19

yj~0,24’l9952 —0,0979324  0,0580148  0,2195226

@ynkus  y=xInx—1 Ha orpeske [ BOIPACTAET, TOCKONBKY
Y'=Inx+1>0 npu xe/ CreaoBatejLHO, CylieCTBYeT 0BpaTHas (pyHKLMS
x=@(y), AN% XOTOPOH, CUMTAS TENEPh y APTYMEHTOM M X 3HAYEHHEM
(yHKLIM, NOCTPOMM MHTEPHONAUMOHNLI NOAKHOM X3 (). [lauubiii npuem

C: i i lOMeCcTHB BbIt]

Heif B Tabnumily, NONMYYHM:

B » 3] Aximen) | et rere ) | B¥Gu s dien i)
0{ —0,2479952 | 1.6
Y " 0,6663876
1] —0,0979324 | 1,7 9 —0,0821705
2| oossouds | 18 | SEH226 | 00605052 0,0270049
3 0,2195226 | 1,9 ”
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Otcrona MCKOMBIH NOJHHOM HWMEET BHI
X3 (7)=1,6+0,6663876( v+0,2479952) —
—0,0821705( y-+0,2479952) { y +0,0979324) +

+0,0270049 ( y+0,2479952) (y+0,0979324) (y—0,0580148).

pitts KOPHA HYXHO y=0. Tl
x3(0)=1.6-+0.1652609 —0.0019956 —0,000038 = 1.7632273.
CrenosatenbHo, KopeHs paseH 1,76323+0,00004. rae mpenénshas a6-
nor BHOM it

e
5 s x:(0). >

5.688. Tl i i y=fx),
HAlTH 3HAaYeHue Xo, OpH KoTopoM f(xo)=0.569:

x I 1,50 1,55 1,60 1,65 L70 1,75 1.80 1,85

y l‘l.lZS —0926 —0.704 —0,458 —0.187 0.109 0432 0,782
5.689. 11 r=f{x).
HaiTH 3HaveHWe Xo, NPH KOTOPOM f(Xo)=4,498:

x l 11 1.2 13 14 1,5 16

y | 2431 2928 1497 4144 4875 569

5.690. Mcriome3yst TaGmuimy, METOAOM OGPAaTHOTO HHTEPHO-
JMpOBAHHA pewmThL ypasuesue sh x=4,9370

x | 2 22 24 2,6

y | 36200 44T sasez 96947

5.691. Vicnombsyst Tabnuuy, METOAOM OGpPAaTHOTO HMHTEpIO-
JIMPOBAaHUS PEWMTh ypaBHenwe g x=1,767:

60° 61 62°

y 732 804 1.881

Coctaputh Ha (OPTPaHe YKa3dHible [ONIPOrPAMMbL

5.692. [ToanporpaMma BLIMHCIEHHS pPa3feNeHHbIXx pasuocTed
Ay (X1, X2y e i), k=1, 2, .., n, Ap(x;)=y(x,). Tlapamerpst:
X, Y, N, rne N-—uucio snemenroB maccusos X H Y,
COEPXAUIMX COOTBETCTBEHHO 3IHAYCHHA APIYMEHTA H 3HAYCHHS
dyrknun. PesynbTar BLMMCNEHHI cojepxuTcs B Maccue Y.

5.693*. II pasHocTei
A*yy, k=1, 2, ..., n—1 I[lapamerpm Y u N, rme Y-—Maccus,
copcpxaumii N 5JeMEHTOB —3HaueHWs (YHKUMH IpH  BXOIE
M KOHEYHBIC pA3HOCTH MNPY BLIXOJAE M3 NOANPOIPAMMELL.

5.694*. Tloamporp: i) ¥H-

0 nns ¢ i
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Mapamerpei: X, Y, N, KEY, ARG, rae X-—mMaccus 3uaueHuit
aprymenta, Y-—mMaccu 3HaveHuir Qyukums, ecmi KEY =0,
M MACCHB pasfienieHHbiX pasHocTed, ecmu KEY #0, N—paimep-
HocTb Maccusoe X ¥ Y, ARG -3HaueHye apryMeHTa NOMHOMA.

5.695. TNoanporpaMma i
OHHOTO TOJNMHOMA (yHKUEH, 3aMaHHOM 1aGmuuHo. [lapamerphi:
X, Y, N, KEY, ARG, P, EPS, rue X -MaccHB 3Ha4eHWi
aprymenta, Y-—maccuB 3uauenwii  gymkumm, ecnmm KEY =0,
¥ MAacCHB pasieneHHbix passoctedl, ecnu KEY #0, N~ pasmep-
HocTh MaccusoB X ¥ Y, ARG —3HaueHHe apryMeHTa MOJMHOMa,
P—3Hauenne nonusoma, EPS-  Momynb nocnesero ciiaraemoro,

0 B WHT L
5.696. ﬂonnpor,, ¢ it mH-
i , TIpH
y3nax MH II : X, H,

, KEY, ARG e X- na-mm,ﬂuﬁ y3eIT MH feproNHPOBAHHS,

H--war, Y —-maccus 3nauenv#t pyrximn, ecm KEY =0, u mac-

CcHB PA3HOCTEH C COOT TaMH.

ecnmi KEY#0, N- pemumsa maccuBa, ARG -—3uauenme ap-

TyMeNTa momioMa.
5.697.

ANpPOT pamMmy-¢ y
B 3ajaue 5696 pemm'b ¢ momoweto IBM  ommy m 3afa4
5.675—5. 686

5.698. ¥ ysi  MoAnporpamMmy-GyHKimio,
B 3agaye 5694 peuwnTs ¢ ToMoinbio OBM  omHy m 3azla\|
5.687--5.691.

5.699. Mcnone3yst NOANPOIpaMMy. MNONYHYEHHYIO B 3ajave
5.695, peunte ¢ momowkio IBM onny H3 3amau 5.688, 5.689.

@

B p P

OHHEX BOPMYIT:
S (x)=ph(x) =By (x0, i)+ ((x=x0)+(x=x1) Ay (Xo, x1, X2)+
H((x—x0)(x—x.) +(x=x0) (x—x2)+
H(x—x1)(x=x2)) Ay (X0, X15 X2, X3)+ oy

s 3TOM TIOF F1(x)=pi(x) passa
NPOIBOAHON OT MOFpewIHOCTH 7, (x)=f| (;)—p,,&]x)

B Cllytae PABHOOTCTOSIAX Y3/IOB X, =Xk 1 +. oy ). xy€[a. b]
¥ f(X)=)\ CIDaBEIHBEI COOTHOLICHUS
—1 32— ¢ —61+2
S (x)~ -(Ay..+ 780+ Ao+
202-92 +114—3
+TA‘;@+A.. L (5)

©6)
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1
e 1= {x—xo). Popuymi (5) w (6) conepxar cooTmercTRCHNO IO

7w n—1 craraemomy.

Mpumep S MarepuansHas ‘ro'ﬂcﬂ M ReMXETCS TPSAMONMHEHHO,
3aKon =f(1) TaGnyE (T— Bpems
B CCKyR[ax, x—nyu B MeTpax)

,|0|1!2,3|4|s|6

ﬂo'zllolmlexhwtzzz

Ha#iTH CKOpOCTH © M YCKODCHHE W TOMKH M B MOMEHT BpeMeHH T=3.5.
<0 Cocrapyisem Tabyimlly KOHCWHBIX pasHocTeli (yHkumm s=f(t):

T ki As A Als Ats
0] o

1 2| 26|
208
3030 20(® 8]0
4| e B8

5 1130 30

6 |2 | %2

TIpWAMMAs 32 HAYATLHbIE MOMEHT BPEMCHH MOMEHT T=3, GmipKaii-
muit kK 1=3,5, Gynem mmers

Tlpumensist popmynsi (5) 1 (6), momyuaens:

. (0.5)7—6-
2 o,zs Lyey 30 66 05+2

v=f"(3.5)= }( 84 46)=37‘75 ),

6-(05)2—18-0,5+11
12

w={"(33)= 15 (u+(os 1)-6+ 0)=21 (/c?) &

f(x) 3anasa b TpoH3-
Bo,uﬂoﬁ f'(X) B ykasamHLIX EBYX TOUKAX X; W X3

[ 19 20 2 22 23 24 25

f(x) |I,44OI3 1,54722 1,67302 1,81973 1,98970 2,18547 2,40978 2,66557

x1=2,03, x,=222.

Py



5.701.

x I 1,0 1,1 1,2 13 14 15 1,6 L7

](x)II,DO83 1,1134 1,2208 13310 14449 1,5634 1,6876 1,8186
xi=1,14, x,=1,42.
5.702.

x | 2.8 29 3.0 31 32 33 34 35

f(x] [3.92847 4,41016 4,93838 5,51744 6,15213 6,84782 7,61045 8,44671
=302, x,=331
5.703.

x | 0,75 0,80 085 0,90 0,95 1,00 1,05 110

(%) 10,2803 0,3186 0,3592 0,4021 04472 04945 0,5438 0,5952
x =082, x,=103.
5.704.

x ll,l 1,2 13 14 L5 L6 17 18

f(x)‘O,BSOZ 09103 0,9340 09523 0,966 0,9764 09838 0,9891
x =134, x,=1.65.
Buiducants 3uadenus f'(x) u f”(X) B ykasauroii TOuKe:
5.705.

x |1z 3 4 s 6
1 s 2 s oo
x=2,
5.706.




CocraBdTh Ha tpoprrpaue YKa3aHHbIE DOANPOTPAMMEL
5.707". Momnporpamma-dy nep-

BOii NPOM3BO/HOM NONMHOMA W, ()= ﬂ (t—k). Mapamerpe:: N, T.
k=0
5.708". INoanpory ) i BTO-

poit mpoussomuoii  nonmuoma w,(t)= [ (1—k). Tapamerpr:
k=0

N, T.
5.709. TIomnporp: ) i nep-
Boit i U 0

PR — zwu

Tapaserpe: X, H, Y, N, KEY, ARG, rze )x-—na'lanu-u,m
y3en HH Y ~MaccuB ¢ TpH

1
KEY=0 wu maccu, cofepxkammii BEIHYMHBL Yo, EA";‘O

(k=1,..,n) npn KEY#0, ARG—3maucHue apryMeHTa, npH
P N ectp n+1.

5.710. Honnpor,,‘. by # BTO-
poii mp ny Pal(x). Mapa-
MeTphl Te xe, 4TO B 3ajaie 5.709.

5.711. VA TIOPOTP: y-

B 3ajave 5.709, mHanmcaTh Ha tpop'rpane nporpaMMy perenys
OOl W3 3ajau 5700~S 704

5.712. W pOrp: b;
fpH PCLICHHH 3ajaq 5709 " 5710 HamHcaTh Ha Qoprpane
nmporpamMMy peilicHHs OJHOHW u3 3ajau 5.705, 5.706.




Tnasab \

MHTETPAJBHOE UCYM: @YHKLHA
OJHO¥M NEPEMEHHOM

§ 1. Ocnosubie METOB BLIMHCICHUS
HEONPENEIeHHON0 MHTerpaia

1. TlepnooGpasuan 1 weonpenesiemit mirerpan. dymxuna F(x) wa-
upacTes nepeooﬁpamm: Gynxian f(X), 3aMAUHON Ha_ HEKOTOPOM MHO-
xecroe. X, eom F-(x)af(x] mm eex e X. Ecn F{x)-neproobpasman
dymxmn f(x), TO ua(x) SBNSETCA MCPROOBPA3NONM TOM K¢ (yHKIMK
BIOM H TOAIBKO B TOM Cyuac, mma (Y] ~-rr‘)+ C. rne C— HexoTopast

C dymamn f(x) Hasbiea-
eten neonpedeacnnvin umm’zpa'mu oT >ro (yHxmM M 0Co3navactes

cumponom | f(x)dx. Taxum ofpasom, no onpenenenmio

J}(x)dx:(l-(xh(‘}. (U]

rie F(x)—oma w3 neppoobpazumx ¢yﬂl(uvw| /(x), a nocrosmmas
C npuunmacr NEHCTBHTENBHBIC 3HAYCH)

B cuny 1pmmuvm 2 [ a
6e3 mmoro 06Oo3HAUCHHS MHOXECTBA CTpaBa, T. €. B BHIE

Jf(x)dx:F(xHC,

npn rom C of i
Cpoiicrsa uconpencneuuoro HHTerpana.

1 (Jf(.r)dx) =f(x).

2. If’(x)dx: f(x)+C.

3. {af(.r)(lx:uj‘f(x)tlx. a%0.
& [ [ [

Tabnnua OCHOBHBIX HCONPENENCHHBIX HHTEI-
panos.

: e
il. jx d.x=~"+—l+f (n%—1).
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dx
2. J’A =Injxj+C.

x
3. Ju*dx=l_'l:_a+c (a>0, a1); Ie‘dv:e’+€.
4. J.sinxd.x=~oosx+c.

5. jwsxdx=snnx+ C.

dx
6. =1 C.
_(cmzx Bxr
dx
1 =5 =— D
Linzx gx+C

x
‘gi

x T
o(2+3)

arctg> +C  (a#0).
a

In|tg2 |+ C=Inlcosec x—ctgx| +C.

+C=In|tgx+secx|+C.

9 -{A’E—ﬂn
cosx
dx

1 x+a
—n| 22
a a

+C  (a#0).

x—

arcsin® +C, [xI<fal.
a

In|x+/x2—a?| +C, |x|>la|>0.
A e JEFE)HC (a0).

1s. Ishxdxzchxw.

16. J‘chxdx:shx-}(ﬂ

dx
7. Lh,x:mxafc .

dx
e c.
18. _Lh’x cthx+



L Haiitn Oj i

6.1, 2x7. 62. 4~ Ne63 i3,
P
55ty 1y
PP e PP ) PR Ry
x xy/x 2
1
67. ———. 68 02>
Ja+bx
.
610 —— 61Tt 612 1-8sin?2vcos?2x.
cos?4x x=1

2
x X x x
6.13. | cos®= +2sin>cos> —sin?> | .
( 3 Fasingeosy 2
6.14. cos (ou+x)cos (o— x) +sin (o+x) sin (o — x).
OThICKAHHE HEOTIPE/IE/ICHHOTO WHTETpana ¢ TIOMOWIbIO  TaGmHITst

OCHOBHBIX MHTETDAJOB M
M HTer

dx

Tpumep | Bbmnc.’mrbj
- ds dx |—x’+x1d
= | =
(i=x?) " )3 (1=x7)
dx
=5+

Vicnonmb3yss TaGnuily OCHOBHBIX HHTEIpanoB. HaiiTH Cieay-
FOILME MHTErPabl:

1 2x+3
6.15. I(3x2+2x+;)dx. e.w.j *lax.
P’

617 fmh. 6.18. -[%

6.19. f(#v%)dx

- 2 3
620. jﬂf_"’_dx. 621. j 2
Jor *

6.22. J‘Z"c"dx. 623, Jz*(1+3x2~2-*)dx.

Peil



6.24. I(2x+3mx)0.

3—2ctg? [ 2
626 | 2208 Xy 627, | ==
cos“ J €os” xsin“
628, |sin?> dv. 629%. a) J‘(gzxdx: 6) J‘lh’xdx.
[ dx
6.30. J» ———. 6.31. J‘(arcmn)h»amcosx)d\z
Ccos2vrsintx
~ L x V)2 dx
652. J‘(s.ni——cmz) dx. 633 J‘X,HA
635.
2
637, [UE 4
¥(1+2%)
6.38. [(x +a)(x+0)dx. 6.39. f(a"*+x") dx
6.40. fo;‘wvlwix:}‘b.
6.41. a) fctg?xdy: 6) fcth? vdx
fer
642, |2 6.43. J = .
/T **-8
V
2. Meton sumensa [

aBa BapH-
auTa 310r0 MeroNa.

a) Meton noamencHHs Hon 3HAK Anddepenunana
Tlycrs TpebyeTcs BumMCANG MHTErpan | f(x)dx. Iipemonoxms, 41O
cyuecruyior uuddepeniapyemas pynkvis u=@(x) u dymxums g(u)
TAKHE, YTO WONBIHTEl PALLIOC BhipakeHue f(x)dy Moxer GuiTs 3aumcaro
B BHAC

() =g (" (3) dr= {u)

( u=q(x) non snax
nndipepernmana). Toraa

J1(x)dx= [0 (x) o’ (\dv= [e(u)dulu- gunrs



Jglu)du (xo10pHIA MOKEL
101 aHOBKE 4= (X

umep 2. Bersenuts wHTerpan\|fsin® xcos x dx
< Wmeem:

1. €. BBIHCIeHRE MHTerpana | f(2)dX CROAMTCH K BHIMHCICHMIO HHTCrpaia
3 Tpoiue c: i

Ism%cosm\;fgn!xu(sinx) ju’du—

2x+1
Hpusep 3. Busmcmme wmerpan J,—X—dr.
x*4x—3

< Wmcem:

241 d(x*+x—3) (du
= |2 ===
x?4x-3 x24x—3 u

=Inju| +C=Inlx?+x=3|+C. &
fo=xerx-3

Ouepannsi nonsenenus dynkumn ¢(x) non 3unax muddepenimana

OKBWBATIEHTHA 34MCHE MEPEMEHHON Y HA HOBYIO nepemeHmyio u=q(x).
' '

Ipumep 4. BouucIuTe MHTCrpan

YBar1)
< flpomsseniem 3ameHy nepemeHHoil no ¢opmysne
u=3x+1.
Toa du=3dx, T.ec.
1
dx= 3

dx

Yoty

LATO TH
Audibepenumana Qyukumk u=3v+1. e

=u'? +C=3I+1+C.

u=3x+1

u

noa 3uax

BulMHCIMTL MHTErpanil C NOMOIIBIO MOAXOMSIel 3aMeHbI:
6.44. |/3+xdx. 6.45. [(3—4sinx)"3cos xdx.

6.46. [chxshxdx.

.
6.48. J"—‘z 649, |-=
xIn®x
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sec’x

650. a—btgx

dx.

6.52. [ctgxdx.
6.54. [cos(ax+b)dx.

6.56. j siny/x %

dx
s [

6.60. [x-57%dx.

6.62. |-< " _ax.
T
dx
6.64. .
=
6.66. I’s“"

B

6.68. L,iﬁ
6.70. {ch?xshxdx.
6.72. ftgxdx.
6.74. J‘% dx.

dx
6.76. | — s ——
La—b'xz—(zﬂ»b)
dx
6.77. LX_H
274

/

/

.
COs—=
651. —‘/vad)u
2-3sin—
7
6.53. [3*dx.
6.55. Isin(lnx)ﬁ
*
657, I——d‘
(9
6.59. -[J-_dx
N
o1 |5
1—4x?
dx
663 |2
J5-32
665, |Smxdx
Jeos?x+4
xdx
6.6. .
.[ N
6.69. | o g
7" Jcosdax

o
671 fmdx
6.73. [cthaxdx.

xdx

6.75. Jm—j

(0<b<a).

xdx
6.78. j\lxl pal




680. |2 _ax

TlpuMensis pa3MYEbC NPHEMBI, HAHTH HEONPEMEIEHHbIE HH-

Terpasibl
. _
6.81*, '[( +2]2
6.83. X243,

4

X
6.85. Imdx.
6.87. [x*$/5x*—3dx.

x+1

689, | ——adx
J</|—4Xz
dx
691 | =
_L/;;

ox
6.93. | ———dx.
.[\/e"+4

~

6.95.

X2
682 3+x1dx

w.[ xdx

a’x*—b?’

x*+1
686. J‘x S+ 5x— 8

o (- >F

o

6.92. [e*Y/4+e%dx.

a?+b7x*
a’+bx?

694" x+1

arcsinx JxI=1 l
e XL o, J' e

J1-x? Vxi=

6.97. [/3—chxshxdx.

dx
698, | ———=.
.[x./l—lﬂnx

6.100*. (sin? xdx.

6.102. J &

si

dx
699. | ———.
Ix,/l—4ln1x
6.101*. [cos® xdx.

6.103. [(sinax+cosax)?dx.

(1+cos 2x)*
6.104. (;s(—‘)dx 6.105. J‘“—wslx dx.
6.106.‘[. sin2x 6107 J'» sin2x
3—cos?x cos* x+3
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6208+, | . 6100, [
$in X Cos x ctg /3x

6.110. [thaxdx. 6.111. [tg?(ax+b)dx.

6.112. {x?cig?(x*—3)dx. 6113, fe**1gxsecxdx.

6) Meton monctanosxu Iycrs rpesycrcx BHIYHCTHTD MR-
Terpan [(x)dx, rne dysas f(x)

~ BBe/leM HORYIO NEPEMCHHYIO 1 ¢opmynon

x=¢(u): U-X,
e yuxuns ¢ (u) Ha
B3AUMHO

U w ocy-
UK T e e

obpatnyto
u=¢7'(x): X>U.
TloncTasuB x=¢ (1) B HCXONHOE NOMBIHTErPATBHOE BHIPAKCHHE, NOTYIACM
S(x)dx=flo(u)) o (u) du=g (u) du.
Hlanee. Cnpare/TMBO PABCHCTBO
JAXY =@ 9" (W)l ymg 1en=Tlu)dul g1 (9

7. ¢. Bemmcacune wnTerpana (f(x)dy cromTon K e wTerpa:
J&(u)du (xoTopwiii M?*;,'I‘ npotie
x

TIoACTAHOBKE U=

T+x

dx

Mpumep 5 BuamcmTs wuterpan _[

<1 B pacema MBaCMOM crywac 06MacTh ONPEIENEHHS TOMBIHTET PATBHOH
dynzmmn X = [0, + oc). Tlpomssencm moicraHoBky

x=¢(u)=u?, ue [0,+ ).

Torma dr=2udu, u=¢~*(x)=\/x, omcyna

, s
I *Lu:zj" +"du=2jlu2—u+2)du—4j—d"~:
Yoy prs] pre]

1, 1
=2(§u3—2u’+2u>~—4ln(u+l)+Clr';=2( XV 2xE )
—aIn(\/x+1)+C. =
T HAHTH WHTErpajbl:

dx
6114, | ———, x=(1-1?)',
L./x—x ( )
6115 IL x=2.

xJa—x2 Tt

dx
6.116. |——,
Ix+ﬁ x




o
6.117. | ——dx, x=In1
e*+1

I
6.118. [x(5x—1)""dx. 6.119.
x+2 x
1 dx. 6.121. | ———dx.
o, [ 22 =
dx dx
6.122. . 6123, | ———
Jl\/s-u»‘ ,’..r\/x’i»l
3. Metox wnerpupopamus mo wactam. Ecam u(x) m c(x)ﬂmq»
PyHkumn, TO dopmyna wR-

TETPHPORAHNS N0 HACTAM:
Ju(x)v (x)dx =u(x)e(x)— fo(x)w(x)dx,
W B KpaTkoii 3ammon
fude=w—fodu. ®

O pMya WCMONB3YETCR B TeX CHy4asX. KOU/Ia TOLIRTErpambHOE
Bhipaentic f(X)dx MOXHO Tak NPE/ICTAaBHTH B BWTC ude, 9TO CTOSI
B UPABOA YACTH (2) MHTErpAT TIH HAATEKAUICM BLIGODE BLIPAXCHRI
# W dv MOKET OKa3laThCs TPOWE WCXOAHOro wHrerpata. [lpm sTom
3 u ynobwo mp KoTOphIii npn
Juddepesnuposannn. Hanpumep, ecas noj 3Hakom HMHTErpaia CTOMT

E YIO HIN TOKA3ATCIBHYIO
dynxkimio, To K 4  ClelyeT OTHECTM MHOTOWIEH, @  OCTaBUICCCH
BbpaXennc Kk do Ilpm 3ToM (GOpMyTa (2) MOXCT NPHMCHSTHCH
HEONHOKPATHO.

Mpumep 6. Haiim [xcosxdx

< TMonaraem u=x? u dr=cos xdx. Torna du=2xdx n v=[cos xdx=smx
(noctosmnyro C 31ech TIonaraem paBHON HymO, T. €. B KavdecTse v Gepem
onny w3 nepsoobpasunx). ITo dopmymne (2) mmeem

fx?cos xdv=x2sinx— [2vsin xdx.

K Croswemy cnpapa MHTerpany CHOBA TpuMeHsem (OpMyTy WHTer-
PHPOBAHMS TIO HAaCTAM, MPHYCM K u CHOBAa OTHOCHM MHOTOWIEH (T.e.
2x). Mmeem: u=2x, dv=sinxdx. Otciona

du=2dx w v=sinxdx=—cosx.
Tpuvensn gopmyny (2), HOMy4aEM OKOHHATCIBHO:
fx2cos x dx=x"sinx—(—2xcos x— f(—cosx)2dx)=
=x?sinx+2xcosx—2sinx+C. o

EcH TONBIKTErpatbHas QyHKIHS CONEPXHT COMHOXHTENEM TOTapHd-
HKUMH, TO MX CAEAyeT
NpHHMMATE 32 u, TAK KaK B pesymbTate  addepeHnnposanus 3T
Gysxuun  ynpoatores
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Mpumep 7. Hairu finxdx.
dx
< Monaraem u=Inx, dv=dx. Torma du=— u v={dx=x Tloncrasus
x
B QopMyry (2), Haxomum
dx
Inxdx=xInx— | x-—=xInx—x+C. &
x
Hrorna nocsie asykparroro mpumererms Gopmyset mHTerprpoBanus
TO ¥acTAM TNpPUXOAHM B TpaBoil wHacTH K BBIDAKCHUIO, COAEpXKalieMy
MCXOIHbI MHTErpaJl, T. €. NOMyddem YPABHEHHC C MCKOMBIM HMHTEIPAJIOM
B KAMCCTBC HEM3BECTHOFO.
Hpumep 8. Haitm [esinbxdx.
1
< TMonaraeM u=e™, do=sinbxdx. Torma du=ae** dx, v=—;msbx.

Honcrasus B (2), nmeem

1
Je“"sinbxdx:—Zr"a)sbx+%-|.e"'cosbxdt.
1.
Teneps nonaracm u=e, do=cosbxdx. Torma du—acdx, v=sinbx

e smnbxdx=—~e*cos bx+—( —sinbx—~ | e*sin bx dx
st e

B mrore nonyuco wirerpana
Je™sinbxdx Pewas 310 ypansenne, Haxomm

a\ [ L. asinbx—bcosox
H’E e™sinbxdx=e T*'C"

wm
e™(asinbx—bcosbx)
eFsmbxdyv=——— 0 o
a’+b’

17, dop! HHTET MO 4YaCTsM, HailiTH
HMHTETpaibl:

6.124. farccos x dx. 6.125. {xcosxdx.

6.126. [xInx dx. 6127 | gy,

7

6.128. f(x>—x+1)Inxdx. 6.129. Jx?sinxdx.

6.130. [x2e = dx. 6131, [x3evdx.
.
6.132%, [x3e < ax, 6133 |54
*
6.134. {xarctgxdx. 6.135. J‘ I g,
cos” x
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6.136. {e™cosbxdx. 6.137. [e™ee*dx.
6.138. (In(x+./1+x?)dx. 6.139. {x>Inxdx.

6.140. {x3*dx. 6.141. {(x*—2x+3)cosxdx.
6.142. j xd 6.143. {cos(lnx)dx.

cos?x’
TlpuMensisi pasyHvYHbIE METOJbI, HAHTH HHTEIpajbl
6.144%. fer*dx. 6.145. | x(arctgx)?dx.
6.146. “”—‘3’ X dx. 6147, {xcig? xdx.

cos?x 2

6.148. 6.149*.
65

6.150**, BhlBecTH PEKYppeHTHYI0 (GopMyJy sl HHTErpajia

dx
L= i .
e Haiitu 1, u L.
Hajitu wunterpab
6151%*. [ /X Yadx.  6.152*%. J;__zdx
a®—x
In(Inx)
6.153. | xarcsm xdx. 6154, | ——="dx.
6.155. { x?arctg xdx. 6.156. amm‘/;dx.
x
6.157%, | /a*—x*dx.
§ 2. VinTerpupoBan#e OCHOBHBLIX KJIACCOB
3seMeHTAPHBIX  (ymicmii
1. Murrer npobeil. Hlwrer npo-
P, "y tb
M3BOTBHOI paumonaneioit  apobu ' (x) buX" by x+b

Q,(x) ax"+..+ax+ay
¢ pelicraurenbubiMK koadduumentamu B obiem cnywae NPOMIBOAUTCH
creyioumm  oGpazom. )

Ecam mZn. T, €. ucxonnas npob -”‘—(— Henpasuabnan, To creayer
NIPEBAPKTEABHO BBLACIMTH B ITOH NPO6H ue/tym uacm, 1. €. MPEACTABHTL
cc B BHAC

Q()

My ,(XH (O]
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tae My_o(x) u R(x)fuuom'mcnu Creneneii m—n>0 u r coorser.

CTBeHHO, MpHdeM r<n, 1.C. pobH
Beunesientie uenoli %acTi B APOGH ) NPOWIBOMATCH ZenCRMCY
- 0,(x)
Tpusep |. Buemrs UEVIO MacTh APoSH
Pix)  (P+1)?
Q,(x) x(x*=2x+1)

< Jipobe HempasstbRan, TaK Kax m=6>n=3. U1 BHICTCHMA UEnOH
wacTn u s Biac:

(X2 1) =x"+3x*+3x2+1i,
X(x2=2x+1)=x3=2x2+4x,
u Jance, nencHH 1epBOrO Ha BTOpOIL.
nONywAEM B ACTHOM X +2x‘76x+10‘ a B octarke 17x2—10x+1.
Crejosarenbuo,
2, )3 2
x?+1 17x2—-10x+ 1
'—)=x3+2x’+6x+10+,—.
x(x*—2x+1) P-nitx
M BLUICACHHME LENOH 4acTi 3aKOHYeHo. o
Kax noxasssact Gopmyna (1). omepauns shulefiesus uesoit uacti
cBOAMT ¥i_npobu k mHTCr-
¥ palMOHAILHOH ApOGH.

Tl Toro urobet

. M<n, CAEYCT NMPEOBAPUTE/LHO PAMIOKATL €€ B CYMM)

npobeit. Iro
cﬂe):kymlmm oGpasom. Ilycte 3nameratens Q,(x)=a,x"+...+a,x-+do
MMEET ACHCTBUTENLHBIE XOPHH Uy, ..., Oty KPATHOCTSH 5y, .y $; M KOMI-
IEKCHO-CONPSKCHHbIE TAPLI KOpHEH B, ﬁ,,- By By kparrocTeii 1y, ..., £
COOTBCTCTBEHHO (S +...4 8,420, + ... , T.€. CTIpaBe/UIMBO pas-
noxense

Apobs
0,(x)

Q. (x)=a,(x—

=7 +prxtgn )t (P pax b

e

x4px+g=(x-B)(x—-B.). v=

Po()
Toraa pasnoxeuue pobu 2 E ; B CYMMYy MDOCTeliIMX HMECT BHI
()
Po(x)  A® e AW
e BT S s S
Oatx) x—oy (x—a,)™ @

A0 b;‘,"x-f o, EDxecp .
(x—o)" x> +pix+q (X +pix+a )"
BYxCP BOx+CP

S W s 2)
X24pX+ae (x +pxtag) ¢
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Koappmmenrn 47, B? u € 5 srom panoz«cuuu onpenesioTes
ny'mw crenensix
Po(x)u ek, voTopit 1Oy ®

“panoﬁ MacTH (2) NOCTe MPUBEZEHHS €€ K OOILeMy IHAMEHATETIO (METOR

HCONPENETERIbIX KOXpdHIIEHTOB) MOXHO TAKKE OMENEAsTh ITH KO-
b, nONATas B (2) mom emy oK X PaBHBIM

PO/XONSME TOZOGPAMMBIM HCTAM (B TIEPBYK) ONYEENb HAYCHUAM

JCHCTAMTENBHBIX KOPHCi 3HaMERaTes Q. (x).

o1 P By npocTeiiumIX.

<1 UckoMoe pa3iokeHue HMeeT BT

(x+2? 4 B C
=12 x X1 (x—1F

TMpusons NpaByto wacrb k oOwEMY 3HAMCHATENO, TIOJYYAEM TOXIECT-
BCHHOC PABEHCTBO

x3+4x+4=4 (x—1)2+Bx(x—1)+Cx. 3)

Mpumep 2. Jipobs

npu crenensx x naer
cuctemy ypasiiciuit

A+B=1, —24-B4+C=4. A=4.

orkyna monysaeM A=4 B=-3, C=9 CienoeareasHo, HCKOMOE

Pa3OKEHHE UMCCT BUJL:
x?44x+4 4 3 . 9
(x=1)*

Moxo onpenennts kosbbummcntsi A, B, C npyrimm cnocoGom.
nonaras MocncAoBaTeNbHO B TOXAecTBe (3) x=0, x=1 u, HanpuMep,
—1: npu x=0 waxomm A=4, npn x=1 nonysaem C=9, a mpu
=—1 nmeem 44+2B—C=1, 1.e. B=-3.

TIpH peliicHUM HTOFO NMPUMEpA JTyHmIE BCero G0 Gbi KOMBHHHPORATE
o6a criocoba. T. e. Haitrn A=4 upu x=0. C=9 npu x=1, a B onpeacuTE
13 pancicsa  koodpuuHCcHTOB TPH Xx? B (3), T.C. M3 paBceCTRA
A+B=1. &

Dopmysia  (2) MTO  MHTCT HOIt
PAIMOHANBHOI NPOGH CROZTCA K MHTErPUPOBAHMIO TMpOCTEHLIMX APOGeT
CHCNYIONIMX  HETBIPEX THIIOB:

SN x x—

n—». '[—dn/nnu ol +C.
4 1
. _ 1 L
Rl u)"( 2,3 [ [
A
3 B e <o

+px
Meron unTerpupoBanmus Apo6eli 1TOro THNA PaccMOTPHM Ha WU~
Mepe.

x—1
Mpumep 3. Haifru

-
P
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< B pamvm cayuae o 'rpeancm

P -—l— =-3<0, T.
uMeeM npoﬁ'b Tpetsero Tuna. Tak kak (x? +x+l) =2x+1. T0 wucnmem,
Apobu mpeoGpasyem crenyiomEM obpaszoM:

3
x— l—‘(2x+l)—~— (x2+x+l)'—5

(70 B MMCIIMTENE NPOM3BOLHON
B Tloyromy

x—1 1((xc24x+1y  3( dx
(Rl A NI o 7 N L S
Ix’+x+l 2) Xl 2 )X rxtl
1 3 dx
=zIn(x?+x+1)- | 5——
b al) 2.[)62+x+l

O UHTC TIONHOTO KBAAPATA B KBal-
par
PATHOM TPeXwIEHe:

4

J dx f dx 4f dx 2 NG
2 - 2 3 1 =
Xixtl (x+%) 233 Z(x+§) : 3 2(x+%) ;

B pesynerare 3anaHmblii HHTEIPali pPaBCH

J’—xldx=—;—ln(x’+x+l)~\/_

X2 x+1

Ax+B
& T pag<o, k=2,3,..
(x*+px+q)*
Meron wererpupoBanus apobeil 9TOr0 THNA PACCMOTPHM Takke
Ha TpuMepe.
+2
4. H: P T L
Ipamep [aiiTu LX +2x+3)1
< 3necs p?—4g=4—12=—-8<0, T.¢. mmeeM npocreiiuyro ApobE
uerBeproro Tuna. Chavana B xBal-
PATHOFO TpexwieHa:

xX+2 o (x?+2x+3)+1
(x?+2x+3)2 (x*+2x+3)?

LIS (. S
2(x+2x+3) " J(xT+2x+3)*
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s nirerpana
eo K C‘rannap'rnoMy BHAlY, BHUENAS NONHBIA KBALPAT B KBALPATHOM
TpexuJIeHe:

[ dx 1 dx
JeF a3 J((x+ 7427 4 (l+(x+|)1)=

N
(x-H)
2\/“ (x+l)2)2 2fj(|+u’)’
Jlanee uCnonmb3yeM METOA MHTETPHPOBAHMA TO HACTAM:

.{(lf:’)’ j‘l(ﬁ:; Il+u I(uul)?

=arcty +— -1
arctgu+ | u

—arctgus

2|+2

1
—jarctgutC

‘OKOHYATENBHO TONyHacM:

x+2 1

(R e
A3 2(xi42x+3)

1 x+1 1 x+1
N AN AT
B obmem ciywe k>2 pacemorpensmii § 4 nprem
nossomer erecrn mmcrene foterpata |(14+140) Uit mc o

wunterpana [(1-+u?) **!du, T.¢. naer pexyppeHTHIH METON BHMUCICHMS
MHTEIAjios 3TOr0 THIA.
Tij

METONl MHTer nmpobeit
B IETOM HA CEAYIOUICM NpHMEpe.

Mpumep 5. Haitrn |-
pustep > Hal LG
1
= ce B CyMM:
ipobr Y yMMy
Apobein umeer BUA
1 A4 Bx+C  Dx+E

x(x‘+|)‘=x X241 (x241)2
Wimeem
1=A(x?+1)2+Bx?*(x2+1)+ Cx(x*+1)+ Dx*+ Ex.

Tonaras x=0, naxomm A=1. Tlpupasuusas xosdduimenTsr npu
8nunakonblx crenensx x, momysaem 0=A+B, 0=C, 0=24+B+D.
=C+E, T.e

B=—1, C=0, D=—1 nu E=0.
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Crenosare:isho,

dx I x
fx(x:+|)2=j(€'x—ﬂ_u_»f1)l)
[ 1
=ln|x]—-—2-|n(1 +I)+m+c
Jamerim, wro spos — (x’l+l)‘ wa Moo
nonyuMTE M HE MeTona b
a umeHno
1 (14x7)—x2 1 x
SRR X1 xxiHD) (1)
(1+23)=x* x 1 x x .
SaIH1) (o) x ol ey o

Haiiti uHTerpans:

de
6158, L*Mx—s‘ 6155, [2x’—4x+5'
xdx xdx
G160 | e161. _[x —3x+3"
6.162. j L, 6.163. f 3
x*_6x x ——Z\'+6
xdx Pdx
edol fﬂ 0165 fﬁmm-
dr 2x*-1
6-166. _[(x—3)(x+4j‘ 6167. Jx’—5x1+ﬁ.\'dx'

W1,

x*43x3 3525
6.165. fxusxu 3x+1 o

',((

e [ty
(x—1)dx
[EaE

dx
6.176. '[m

x—1)*(x+2)

6.174*.
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n-s

6.171. LXZ_SH“, x.

6.173. J‘

6.175*. -[

.

6177, | x4
7 Lxm( =

5x—13
6179. f?:m

1
xdx
=D+ 1)’




x*+1 dx
6.180. L,_l 2 6.181. Jm
HalitH uaTerpassl, He Merona
K03 PHIHERTOB:

6.182*. -——‘d4‘ . 6.183*
x*+a’x?
dx
*
6.185%. L(x6+”1.

o [

r s 2
xax
6.189. J e

u Gymunii.
a) Mmupa.w BUIA jsm xcos" xdx

Ecii X018 Gbf O[O M3 YHCEN /M WIH M-—HEYETHOE NOJOKHTEILHOE
UEMOE WHCTO, TO, OUICIAR OT HEHETHON CTEeHM OZMH COMHOXMICIE
W BbIpaxas ¢ MOMOILLI0 (OPMYITE) sin? x+cos? x=1 oc-mnulywcu HETHYIO

crenens uepes ynrao, y
uiTErpasy. X
Mpumep 6. Haitn f dx.
Yeosx

< Hmeem:

1—cos®x

o
Yeosx

J’dm“ { cos?x

4 N Pyemn—
—dcos x= —;:loo x+—‘—l\‘/cos“x+C, =

Yeosx J¥cosx

ECtn X¢ M W n—NeTHbie WCOTPHIATESMHBIC MHCIA, TO CTENcHi

nepexosia K APryMeHTy C MOMOIILIO
TPHI OHOMCTPHHCCKUX  (JOPMYST:
o l+cos2x —cos2x 1
cost x=——"—, X - smxcosx:;mnlx.

Tpumep 7. Haitr fsin? xcos® x dx
< Mme

Jsinlxcos‘xti.v:f(simoou)*m' xdx=

an?2x 1
=F’%<'Lm—”d —ljsinZZXdX\LEIsin’Zx'costdx:




Ecm m+n=-—2k, keN, T.c. m-+n HBASETCA NCIbIM HETHkmy
uc.nou, O b

tgx=1 ¥ clgx= "
Mpumep & Haitmu fom'xcos™ 13 xdx.
< Tak xak 373" —4, TO BHMMCIIECHMC MHTErpana CBOAMTCH K HHTCr-

PHMPOBAHMIO CTCHEHCH TaHTeHca:

dx
st/ xcos ™M xdx= | (g1 x — =
cos” x

g xdigx+

=.[(g”’x(| +1tg? x)

Il
—

cos?x
3
Jlg”’xd(gx: ("3,\+—tg‘°”x+c, =

Jlan  bravcicHMs  uHTCrpanoB suia  [tg"xdx, [otg"xdx, e
m=2,3, ..., MCHONB3YIOTCA TPHTOHOMETPHYECKHE (HOPMYITH
tg2x=sec’x—1. ctg?x=cosec’x—1.

ﬂpumep 9. Bormcnmrs [ctg® xdx.
< Wmeem:

etg® x dx={ctg? x(cosec? x—1)dx=
=—fotg? xdotgx—f(cosec? x— 1) dx=

ctgdx

+etgx+x+C. o=

B obiem cryyae nmerpam Buga [sin™ xcos” xdx, e m u n—uease
dopmys, xoTopsie
Busomm:! nyTem ummuposanuﬁ no 4YacTamM
Tpumep 10. Buisectn pekyppeHTHY!o (opmyiy s J‘T
cos’
dx
cos®x”

M C ec moMOWRO malTH

< Vmeem

dx 'sin® x+cos? x @
poveTe yll e Tyl
cos®Fix cosHT

2 .
s’ x dx sinx

= Frodet n dx+Ln-s-
Ims" Yx Los""x f cos®*tx

Loir

. sinx
Tonaraem  u=sinx, dv=—7p r—dx. Torma du=cosxdx.
cos®FTx
1
M MHTET 0O 4acTaM ly

2kcos®*x’
smx Ix
ERrTres ey e



sinx 1
luu=m+ l_i To-y

(pexyppenTHas GOpMya).
B uacthocTh, nph k=1 mmeem

J’dx sinx 1(dx  sinx
I

1
= = +zIn|tgx+secx|+C. =
covx Zeosx 12| cosx Zcostx T2 !

HaiitH HMHTerpaisn

6.190. fsin® xdx. 6.191. .[s'" X .
WS X
6.192. fcos” xdx 6.193. .[ ws‘%dx.
6.194. fsin? xcos® xdx. 6.195. fcos? xsin® xdx.
6.196. I"f . 6197, [0 4
nx o x
6.198. 6.199. j-T’fiT
sin® xcos® x
6200. [——ax. 6201
SIn XCos x cos X
6202. f1g* xdx. 6.203. j(ctg’§+clg‘§>dx.
6.204. IW 6.205. fcos® xdx
6.206. 6.207. [sin® 2xdx.
6.208. I l‘}. 6.209. .[ R
costx s i
cos3sin’]

6.211. fcos xcos? 2x dx.

) [Inn  MHTCTPHDOBAHWA NPOMIBCHCHUA CHIYCOB W KOCHHYCOB
PACIUHBIX ApryMeHTOB Tpur
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dopmyim:

coseccos B :%(cos(u— B)+cos(x+B)),
sinasin p=3 cos(o~)—cos(a+ ).

1
sin tcos p=(sin () +sin(oc+ B)
Mpumep 11 Haiiu fcos9xcos Sx dx.

< Hmeem

1 1 1
jcos9xcos Sxd\-zii[(cns‘ix-i»cos l4x)dx=§sin 4x+i in 14x+C. o

Haiitu WHTerpassl:
6.212. {sin3xcosSxdy. 6.213. [sin 10xsin 1Sxdx.

uu.j Zoostdr  ens. I ZoosZa.
6.216. fcosxcos?3xdx. 6.217. {sinxsin2xsin3xdx.
») Unterpans Buna

[ R(sm x, cos x)dx.

me R(u,v)  paunonamsnas (GyHKIUS NBYX TEPEMEHHBIX, TMPHBOMATCH
K MHTCTpajiaM OF PAauMOHILHOH (YHKUMH HOBOTO aprymeHta f mojt

x
cranonkoit tgZ=r. Tlpn 70w weriomayiores. dopyym

2dt
140"

dx=

e
Mpumep 12 Habit o
pumep 12 Acos x4 3nx S

x
<1 Tonaraem lgf=” Tornma

Ix 2.[ dr
Acos x+3sinx+5 1—
4. 3.
( et H_’z+5)(l+r‘)

dr dt 2 2
=Zf7ﬂm=2 o T e
m5+3

EC/M NOA MHTEIPA.IOM SINX H COSX COACPWATCH TONBKO B WETHBIS
cTenenax, TO yA0GHEC HCNONB3OBaThL NOACTAHOBKY tgX=1.

n 13. Hair
e 5. s [

288



< Pasnenms -mcnuwub M IHAMCHATC!S HA COS? X H MCTIONL3YS NONCTAHOB-
Ky 1gx={, TO.IyuM

dx ( dtg) (ar
i T+igix—Stg?x J1-ar

1 1+2t 1 ]+Zlgx‘
=~k =] .
o 2'la-c 3 | x| T
Haiitu wHTerpams
a8 [ 619, |
Jcosx+2” 3—2sinx+cosx
6.220%, f £ 6.221. [ .
1+ J Tcos® x
sinx - an2y
6.222. fms’x—lcosx-(».i - 623 1+4cos?x
dv
6. 2250, |
24 I prr 6.225 _[(sanxn)(sanm)
T+ctpx dx
6226. fmrx"-‘- 6221, f—“—xmmcmuzmu-
v} Wurer ot ymwrii ana-

_1oTHTHO WHTETp) Qymkui, npmeM e-
TomaoTen caTome bopye:

1
ch? x—sh?x=1, shxch,\=§shlx.

1 1
h2x=§(chlx+l). sh’)\:i(chlx~l),

1 1
—th?x= ——
1—th’x e cth?x—1 preye
Haiitu mHTerpans:
6.228. {ch?3xdx. 6.229. (sh®2xdx.

6.230. fsh?xch?xdx. 6.231. [ch®xdx.

dx . d
6.232- Lhzxchlx' 6233% _[shzx—mﬁx'
T L 3
6234 thl, 6235, § Jchx+1dx.
6.236. fcth® xdx. 6.237. fth* xdx.

10 Ton pen. A. B. Edunosz, b. M. Jlemunosuua.

‘
H



3. Vinter ynxumii. a) Wnrer-

paisl BHAG
™ m
&l ax+b " ax+b = Y
cx+d, ex+d,

e R{x, y, z, ...)— pausonanbaas dynxius clmux apryMeHToB, my, n,,
Mg, Mg, ..—UENbIE  HHCIR,
axtb my my
=15 rae s—oOumi 3HameHaTens apobeii —, —, ..
o+d noon

Mpuwmep 14. Haiitu J‘
(‘ -l),/x+

<z Flpowssoum moscranosky x+3=1* Torna dx=4r3dt, w, crenosa-

TembHO,
dx £at tdt (t—1)+1
4|4 4 |
.((.‘/x+3—l)./x+3 J((f—l)fz L I!vl !
=4(t+In| =1+ C=4(Yx+3+In|¥x+3-1|+C.

HaiiTi unTErpassn

dx xdx
238, | ————. 6239, | ——
.[(5+x),/l+x 32x—-3

dx ket
6.240. 6.241.
,[ N (c+a)(1+xta)

x+1  dx dx
6.242. f"ﬁ G 6.243. fm

6.245. fl 2] g,
x\ x+1

dx
6244, | ——.
.[(3/}+4)ﬁ

6) BoruCICHHE WHTErPaioB BHAa

[ R(x, Jux*+bx+c)dx,
He R- pAMOHAMbHAR (YHKUMS JIBYX APIyMCHTOB, NPOMSBOTHTCH C 110~
MOLIISIO TPHT obpazom. B
JICTICHHEM TIONHOTO KBajpata B u

aamenoit u=xts wirorpan X -
a

Terpany ONHOTO M3 CHEAYIOWMX TPeX THIIOB:
1) R, /PP —u?)du,
2) [R(u, /PP u?)du,
3) [R(u, JuP=1)du.
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I MHTETpaTH TS PHYCCKOH HitH € # non-
CTAuOBKOH COOTBETCTBEHHO

1) u=Isint wm u=I[tht,
2) u=Iltgt wm u=[shr,

3) u=Isect wan u=Icht

DPUBOAATCH K WHTErpanaM Buia
Mpumep I5. Haima |

int, cost)dt wm [R(sht, chi)dt.

a

< Tpoussopmv  monctanosky — x=ache.  Torma  dx=ashtdr,
Jx*—d*=asht, u jasec

dex a .(Sh rd/—fj(chh—l)dh (ihﬂ—t)irc—

2
—~(shrch1—:)+C7§ /x* —%ln|x+¢x2~a2|+c.>

dx
,/(x’+4x+7]3.

< Bbinensis NONHBIL KBaApAT B KBAJPaTHOM TPEXWIEHE, MMEEM

Mpwumep 16. Halitu J’
J dx ( du 2
—_——=|———, e u=x+2.
V(2 +ax+7)3 S 2 +3)°

A
Tlpowssons Temeph moncTanosky u=y/31g1, ¢4=~‘£;'dl, Ji3=
pos

= /3sect. nomyuaems:

dx
B 2 4=
I/(v‘+4x+3}’ .[cos’:\/S—sec’r 3

1 u

1 2
=zsint+C=g ———= -i—-rc =
3 3 /i3 3 i raxyt
Tpu BBIMMCIIEHUA MHTEIPasnoB BuIa
_ mxtn

Jax? +bx+c

crenyer BHIIETHTL B xBan-
PATHOTO TPEXUIICHa.

Mpumep 17. Hatru J

x
dx
V1—ax—x?



(1—4x—x? J
\/x-u x? = (x+22

—_— +2
= — /T dx—x?—3arcsin X—f+c
5

3aMETHM, ¥TO B ITOM TPHMEPE HET HEOOXOAMMOCTH MPOM3BOIMTE
< TONHOTO KBa1-

P
pata cpasy NpuMBOAMT K raGiMuHOMY MHTCrpany. o
d:
Wuterpanw Buaa | ———————z (r=1.2) cBonstcs
J (mx+n) Jax?+bx+c
K PAaCCMOTDCHHBIM  BLILIC MNTCIPAlaM C TIOMOUIBK  TIOACTAHOBKH
mx+n=-.
t
dx
Mpumep 17. HanmJ‘
Jxi-2x
1
<3 TNMonaraem X=T Torma dx=——, /x’-2x—1=

I dx '[ dt -
RN T I S B b s JJZ-(HI)’

Haiitn unrerpassi:

@m.f LYY 2 I LN
(=3 ya—x* D41

3

6.248.

6.249. J‘ x

6.251. f- L
VX 4px+q
+4

x
6253, | - dx.
.[ N/




x=3

254. | ————=dx.
& NoEoT
d
6.256. _[-——’——_
xJxE8x+1
dx
6.258. | —————
.[x’./l—x+2x2
6260. [/1=2x—xdsx.
x2dx
6.262.
JJ(X B

6264, [ /x?— 21 10dx.
3
6.266. j’A—V’;z” dx.

oas. |

_dx
NC=T

6.255. J

6.257. I
6.259. J

6.261. [\/(3—2x—x*)*dx.

&
VEiarl
dx
(x—1)/Er—a15
dx

D

6.269. f./(x*—1)*dx.

§3. C» 38184

Haifr uHTErpasL

HA MHTEr

x+3 x
6.270. .[m Ix. 6.271. fx‘ — dx.
dx dx
6272, j e S ,[17’71)7
dx xdx
6274 .[Wx‘TIT‘ oms. | 2
6.276. j Inxdx 6271 .[ &
x/6+4Ina—Inix PN
PR

6.278. [x./x*—4dx.

6.280. §/x7+4x-+5dx.

6.279. [x/x*+4x—5dx.

dx
6281 | —————.
,[ww)y/m—x*

dx
6283, | S
,‘. NN



a
6284, | ————.
If—fﬂ
6286.J sinx
—onx

cosx
6.288. I (e

d>
6.294. _[-‘—~
ey

6.29. I ax

sindx’
6.298. J’\hxchx'
6.300. [th®xdx.

xdx
6.302. jch’

6.304. [ xe™dx.
e*dx

6:306. J raer-s

6.308. ferreinrdy.

6310 J‘artmx 14x2

6312 J'x aregx
T4 x

2
6314, J‘l"“"—”"’ dx.

(1+x)?

6.285.

4x,
(I+x)2 dx.
6287 J‘ xdx

I+cosx’

6.289. .
2+cosx

=
6291, J’z—id x.
cosx
cos®

6.293. J X gy
sinx+5

6.295. I .

cos®x

6.297. fxsinxcos2xdx.

dx
6299 Jsh=x+.ch=x'

ch/T+x
6.301. | ———dx.
_[V/l+x

6.303. [sin®(In x)dx.

6.305. fxe™*'dx.
(@ —17")l

6.307. f o

6309. {,/e*—1dx

. 6311 Im dx.
.

6313. fx(1+x?)arctgxdx.

6.315. {xIn(4+x%)dx.



6316. §x/x?+1In/x*—1dx.

6317, | —Zin

J.\/ 1-x2 J1—
o

6318. [x~(1+Inx)dx. 6319, I arctge

e (1+e)
§ 4. Onpesienedbiii MHTErpas M METObI €r0 BLIMHC/ICHHS

1. Onpesenenmiii WATerpan kax npenen WHTerpatbhoi cymmbl Ecim
ynxuus f(x) onpenenesa Ha OTpe3ke dSX<h H a=xg<X;<X2< ..
< X1 <X,=b-—Tpou3BONBHOC pa3bueHne ITOro oTpeska Ha n wacredt
(puc. 48), To uHmezpanbioil - cymmoit
Gyskumn f(x) wa [a, b] Haswmbacres

I

5= 3 fE)An,

e X1 <E <X, Ax=xc—x-1, k=1,
2, 3,..,n. CeoMeTpuseckn S, ecTh an-
reGpamieckasi CymMma IJIOIAAEH MPAMO-
YTOJILHHKOB, MMEIOIMX OCHOBaHusi Axy
W Bbicot (5.

M OmpesielienHan Ha  OTPE3Ke
fa, b) dymxuns f(x) Taxosa, ¥TO Cyme-
CTBYCT ~KOMEWHBIH MPE/CT TOCICTIOBa-
TELHOCTH MHTEPAJLHBIX CYMM S, MpH
YCHNOBHY, YTO BHaubONLIAs W3 paiﬂoc!cﬁ
Ax, CrpemmMTCs K HYIO, NPWYEM ITOT TpCAE] HE 3aBUCHT MM OT
criocoGa pasGueHis 0Tpeska [, b] Ha OTPEsKM [Xy-1, %), Hi OT BrGOp
TOYEK &, HA ITHX OTpe3KaX, 10 dynkimus f(x) HA3KBACTCA wnmezpupyemoii
Ha otpeske [a, b], a cam npenen
or dymaum f(x) B npeaenax o1 a 10 b u 0603navacTCR CHMBOJIOM

l f(x)dx. Taxum obpasom,

.
[f(x)dx=_lim Z/(;)Ax. m

maxdx—0

Henpepuisras 1a otpeske o, b) dynkuns f(x) wnrcrpupycma ma
IMOM_oTpeske.
I coMenm-lccxu ONPECIICHHbIH u:;:crpan (1) npencrapnser coéou
MMy ryp, orpai
dynxan y=7 (x). uu.m Ox M TIPAMBIMU X=a 1 A=b, NPHYEM TUIOLAMH,
PaciioniokenHbie Buie ocH OX, BXOAAT B ITY CYMMy CO 3HAKOM ILTOC,
3 LIOWA/M, PACTONOKEHHbIE HIKE OCH OX,—CO 3HAKOM MUHYC

2
Opumep I Buumcmurs  [x?dx, paccMatpusas ofpeesieHHbii
i

MHTerpan Kak Npefesl MHTETPANBHLIX CYMM.
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< l-icmocoh. Payiennm oTpesok unterpuposanus (1, 2] Ha n paenpx

wactelk jumHel Ax=-. Touku nesncHus
n

n—1
Xy =145
n

1 2
xo=1, x;=14-. u=1+-. Xp=2.

n n
B gavecThe TOWEX & BHOCpEM, HampPHMEp, JIEBBIC KOHUbI KaXIOro
4ACTHYWOro OTpeika. Torna

. . _
f(x.)=<|+1) . /(m=(l+3) . ..,/(x...\:(uu)'.
P " -

f(x0)=

Crnenopatensio,

(o(o Y o (12) oo

1

Su

+

si-

Tpumctsisi GOpMyNTy CyMMB KBAJPATOB LEBIX HHCEI

L) r(n+1)C2n+1)
K=
Z 6
HaxouMm
oL (@r=D20@n—1)_@p=Dn@n-1)_ l4n?-9n+1
" n 6 6 ] 6n?

14n?—9n+1_7

6n? 3

24 cnoco6 PaioGbem orpesok [I.2] Ha wactm Tak, ¥TOOM
aBCUMCChl TOWEK JICJIeHHsi 0GPAIOBATH TEOMETPHYCCKYIO TPOrPeccHio.

Xo=1, X1=q. o Xp1=G"", xa=q"=2,

e g=2'" Touxy & BuibepeM Ha ieBom KoHue k-ro orpeska Torad
)=l fO0)=a% [(x2)=6% oS (Xp-1)=¢*""",

Axy=q—1, Axz=g*-g=g(¢—1). Axy=g*(@—1), ... Ax,=¢" " (g—1)

S=1(g=D+g*@=D+¢°(@=D+ .. +¢*" V(g=1=

3n

=G+ g 4 =)

a¥—1
g +g+1

2—1

7
J e ]
P e ]



CrieosaTensHo,

7 7
M=l sy

———

BhMUCITHTS ONpe/ieNieHHble HH1ETPaibl, PACCMATPHBAA HX KaK
OpPEACBl COOTBETCIBYFOLIHX MHTCI Pulibiiian CYMM:
s wz
6.320%. f(1+x)dx. 6.321*. | cosxdx.
o o

"
o foae e [%
o v

2. B wnelparon ¢ @opmyma Hto-
oua— JleiiGuuta. Ecli £/(x) — uvjdHa M3 EPBOOOPA3HBIX Hetiywpblbhoil
Ha [a,b] Qyskumu f(x), 1O (OPABCUMBA Chciyriuasi GOpmy.Aad
HeloToHna — JekGuuna

°
[ (x)dx=F(x)li=F(b)—F(a).

dx
Mpumep 2. Botmeants

Xnx’
< Umeem ‘
o o -
ax i“i".’:lnunxll ~In(ine?)~In(Ine)=In 20,69, &
Sinx [ Tiax 8
4t il Huotona — o b HH-
Terpasr
N
2
@
6324, § x%dx. 6.325. .[ =
2 7

1

2 \
6326. [(x?—2x+1)dx. 6.327. [(Jx+3/x%)dx.
i °

8

2+53/x ' °
6.328. I—X%ﬂix. 6329, [Yx—Tax
' 0
.
6330, { sinxdx. 6331 J o
EA cos?x

~nl4
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2 3
6.332. [e*dx. 6.333. [2%dx.
1 o

N 2

dx dx
6334, | & dx_
= 6.33. f P
2 1
f
“dr w
6.336. f e 6.337. { sin @ de.
]
3 2
6338, [ tg*xax. 6339, [shxdx.
6 o
1 1
dx dx
6340, nf&zm. 6341, f —
)
s o
.
6.342. f 3 6.343. f .
x=2 ¥
3 -2
.
-
6344, fiT dx. 6.345. f o) 4
B X
1 .
p
& 6347, | costads.
6.346. I;(m .347. ‘j"cos odb.
! 3
o dy
6348, [ o3rdx 6.349. L‘Lzy_s
o
2 :
dx 2x—
6350, | - 638 [ 2=
.[ V243x 2x+
34 0

x?43x
6.352. J‘ (WT) dx.
o

C  uomompio ONpELIENICHHBIX HMHTErpaoB HaiTu npeziens
CyMM:
n

(o n
3534+, ot e b ),
638 nh—"fo(yﬁ+|1+nl+zl+ +n1+n’)
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6.354.\ lim i(l +cos £+c052 1+ o cos(m—1) %)

6.355. hm— l+ l+ + ot l+)

dmryn orp:
6.356. y=_xz, y=0, x=2, x=3.

6357 y=3/x, y=0, x=1, x=8.
6.358. y-—6 xX-2x2, y=x+2.

6.359.
6.360.
6.361. y=e¢7*,

6.362. }-é, y=0, x=2, x=3.
3

6.363. y=3

3. C-oimn onpejieniensioro wwrerpana. 1) Ecmn f(x)>0 ma otpeske
fa,b], T0 If(x)dx>0

2) Eom f(x)<g(x) wa fa.b), 1o j/(x)dx<.‘g(x)dx

3) U/(X)dxlsflf(x)idm

4) Eomn f(x) a. b, M—wa-
W6omiIce. awaveHa f (X) [a,b}. o

m(b~a)sjf(x)deM(b-a)

(Teopema 06 OUEHKE ONPCAENEHHOTO HHTErpana).
Mpunmcp 3. Ouenuts murerpan
'

dx
NoTa
o
< Mmeem: L<1+x*<2 npn 0<v<;
1

1
<<,
NNIEST

1
, M=1, b—a=1. CnenosarensHo, 7<lsl. [
2

I=




5) Ecim f(x) wenpepripra, a g(x) nnTerpupyema wa [a. b L g(x)zo
W M- nammenviec W wawGonmuee swavcwas f(x) ¥a |4, bl To

m[g(.\')dxsjf(xDg(x)dst[g(x)dx
(06o6mennas Teopema ob6 OmncHke ompedeNeHHOTO
HATerpana)
Ecru f(x) wenpephptia Wa [a. b]. To CyliecTayeT Takas TodKa
ce(a, k), uTO CUPaBeMBO PABEHCTBO

»
[ =1 () b—a)

(Teoqpeua O cpenHeM 3HaYeHHH).
Heio

HasMBarTCR cpeduum maenuem (ymkum f(x) wa otpesxe [a,b].
7) Fenm f(x) wenpephipha, a g (x) mrerpupyema va [a. b] u g (x)>0,
TO CYWIECTPYe1 Takag Touka ce€(a, b), 4TO Cnpape;uBO PABEHCTBO

. "
f/(x)g(x)dx:f(t)]')l(x) dx

(o6g6menuan Tcopena o ¢oenncu)
& Ecmn f2(x) n g?(x) murerpupyemn wa (g, b}, To

5 5
Isfmg(x)dxls / 12 (x)dx g2 (x)dx

(mepapencTpo Kown - ByHaKkoBCKOTO).
9) MHTErpHpoBanKe YeTHHIX W HEYCTHBX (yukuwit B CHM-
METPHUHEIX mpesesiax Ferm  dynwxms  f(x)  verHas, 1O

§ f(x)dv=2{ f(x)dx. Ecnu dywsams f(x) wevernas, 10 j'f(x):lx=ﬂ

' 10) Fenn"ymxums £(x) Hcllpepumm Ha otpesxe [a, b], o unmezpan
© nepemennbix Bcpxiun npeden

o=f
ABAACTCA NepBOOGPaHOH NiA dyHKIM f(X), T. €.
' ()=(ff()dt) =f(x). x€[a, b).

11) Econ dyskimm @ (x) 1§ (x) nuddepermpyemsi b Touke xe(a, b)
¥ f(t) wenpepbibia npn ¢ (a)<t<y(b), 0

o
([ S@Od)=f b DY ()=f (@ (x) ¢’ (x).
ot



Mep 4 I(x)= jw’m, Haim I'(x)
= Venonigys cnoiicrno 1) w0 ywmasas, w0 9E)=0, T.e. ¢'(x)=0,

Ix)=e & (x2y =2xe™" &
6.364 Onpenemts mam mrrerpanon. He BBIMHCIAS HX:
a)* j 3/xdx; 6) jx’e"dx ) jllnxdx
6365 He mecmﬁ MHTerpajios, BHﬁCH‘VITb, KaKO# W3 MH-

Terpaios Gombuie:
2 2

2 2
dx dv dx dv
e | —; 6) | 5 wm |
Y1+ x x x
1 1 1

1 1
) fe *cos?xdx wm fe * cos?xdx.
o

o

6.366. Haiiti cpentee 3uavenyie GyHKIHN Ha JAHROM OTPE3KRE:
a) x3, 0<x<1: B) cosx, 0<x<n/2;

6) 3\/; 0<x<L: 1) cos®x, 0<x<n/2.

6.367. Cuna  mepeMeHHOr0 TOKa MEHSETCA TO  3aKOHY

L f2m =
I=1I,sin -T—t+u> . roe T—neproa. Halith cpemiee 3uauchye
CHIIBI TOKa 3a NoaymnepHom.

6.368. Ouennty muterpat [/ 8+x*dx.
5

2n

6.369. Onennts HHTerpajn ‘[—,—___
/5+2sinx

1
6.370. OueHuts MHTErpaji [. /(1+x)(1+x3)dx, noms3yscs:

a) oBoGmerHoii TeopeMoil 06 OneHKe umelpaym.
6) M Komn*

6.371. OueHnth HHTEIpan f ./(4+x3)xdx, TOMB3YSACH:

°
a) oboOimenHoll TeopeMoit 06 oneHKe MHTErpana:
6) BoM Komm —Bb,

6.372. Haiimn: ) ",L; 6) gé, e 1=f"xldx (0<a<p).
2
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6.373. HaiiTn TOuKH IKCTpemyma (yHKIUH

o(x)= Jidr (x>0, 0<a<’i')A

Haiitn

x Vx
sins /
6.374. O(x)= J Pl 6375 ofx _{ sin(¢2) dr.
]

s

0
6.376. m(x)=j . 6.377. D(x)= j- (x>0).

dt
N
* 3
6.378. [loxa3aTs, uTO jiﬂl:( dx=0.
1+x
3
4. 3amena Ecm dymxus

f(x) wenpepuiBta Ha mpme fa,b], a QyHKuMs X=@(f) HENPEPLIBHO
ddepeHumpyema Ha o'rp:nlce [x,,fz]. npuieM a=@(t;), b=¢(t;), 10

II(X)«LY Iflw(ll)w (t)de

|5

Mpumep 5. Boiuncnnts

32 .
< Ilpamennm  noxcramopky —x=sint. Torma dx=costdt,

. . n . n
arcsin x, “=amsmT=Z " rz=arcsml=; Crenosatenbyo.

2 2

2
cos
coudt—J’
sn

w4

f Vi=x

w2
=(—ctgt—1t)
4

2 -
6.379. Moxuo nu muterpan |x3/1~x2dx BprucauTs ¢ no-
o
MOLLIBKO TOJICTAHOBKH X =sint?

BBIYMCIMTE MHTErpasibl ¢ TOMOLIBIO YKA3AHHBIX HOJCTAHOBOK:
6

dx
6.380, | ———,
Ju.m—z
1
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6381\ | —Fo, ex+ 1=t

h Jer+l

[ \/x?+1dx, x=sht.
)

2

sh
a/

6.383. j‘

8

6.382.

&l
I12cosx’ B2 0
0
wa
dx
384, | e, tgx=L
63 IHZsm’x' tgx=t
0
1
6385, [ /3-2x—x7dx, x+1=2sint
-1

BLMECIMTS MHTErpajbl ¢ MOMOLIBIO 3aMEHEI TepeMEHHO:
2

dx dx
6386 | — 638 | e
j.,"x/xz—l .[ Sr+3+/6+3)°
23 ey
e P
2_
6.388. j V¥4 6389 j &
x a+x%)?
2 V3
2 5
6.390. dxﬁ . 6.391. R
@+x%) x4y/2x-1
LA !
1 1
dx x
6302, | —2 . 6393 | —
j xJ1+4x? [5—ax
14 =y
n6
. [T 3
6304, | Y 2ar, 6395, [xO-xdx.
e +2 °
2
e’ 2
6.396. Tloxazate, 9TO Iﬂ(':jl‘_dx’
nx | x
‘ "2
dx cos x
6.397. IlokasaTs, 4TO P < dx.
Wi w4



2
7 _9yS
6.398. Voenarbcs B TOM, 4TO '[ W2 Tex

x*43x2+1
5 /
/
5. Maverpuposanne wo sacism. Ecms dymsum uu(x), v=v(x)
M MX NPOM3BOAMBIC ¥ (X) W U'(X) HempepiBHE Ha oTpeske [(a.b], To

. Wt
(udo=wo|"~[ v

(@opMyna WHTErpMPOBAHHA MO HacTym).

Tpnmepb. Buvwcmm, | lnxd.
1

dx
< MNonowum u=Inx, dv=dx, Torna du=—, v=x. Wmeem
x

o .
J'rnmx=x|nx ‘J'x-—‘ﬂﬂ e—etl=1.
L x 1
1 f
B 'Tb HHTET paJIbl HHTET O YacTaM:
)
' .
arcsin x
6.399. [ xe*dv. 6.400. | 20X gy
! [

o

6.402. (In? xdx
1

23

4 2

6.403. [ ¢"sinaxdx. 6.404. f RAsLYN
o x

. '
6.405. [ xInxdx.  6.406. |xarctgxdx.
' o

w4 =2
6.407. | x*cos2xdx. 6.408. { e*cosxdx.
0

6.409. flokasaib, 4TO AMS MHTerpaja

w2 w02
I,= fsin"xdx= {cos"xdx, neN,
o o

n—1

BepHa pekyppenTnas ¢opmyna I, = I,_,. Burumemuts I u Iy
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6.410. YlokasaTs, 4TO JUIs HMHTErpaia
1

IL={x"e"*dx, neN,
o

1
BepHa pexkyppeHtHas ¢opmyna I,= —;+nI_A 4~ Bommomuts I

§ 5. HecofcTennble HHTerpasibl

L Murerpaam ¢ Geckomenmivu upenenams. Ecmn gymxums f(x)
HEMPEpPbIBHA UPH A<X<-+00, TO MO ONPECICHHIO

. .
[ 7= lim 11 (x) . )

ECny CyLIECTBYET KOHEWHbIi mpenes B pabBoi wacTH opmynm (1),
0 HHTErpan eciu 9TOT Mpesen
He CYLIECTBYET, TO— PaCXOOSUUMCS.

TeomeTpmecku HecodcTsennbii uiterpan (1) B cnywae £(1)>0 ecth
nNOMAAL UrYpHl, OrpanuveHHol rpadukom QYHKIMH y=f(x), mpsMoR
X=a 1 0cblo OX (ACHMNTO10H)

AHATOTMYHO OTIPe/IENISErcst MHTErpan [ f(x)dx. [lanee, o oupe-

Iesenmio

T fode= [ feods+ | fe)dx, ®

THE ¢, —00<< +9,~ NPOMIBONBHO, MPHYEM HHTCTPAN B NEBOH yacTh
@ eci CXOMATCH 0Ba WHTerpata
B Npapoll 4acTH.
TlpH3HAKE CXONNMOCTH H PACXOAHMOCTH TPHBEIEM
Tonkko Ui MHterpanob puaa (1).
1) Eciu F(x)- mepsoobpashas s f(X) M CYUIECTBYET KOHEWHbiH
Tpesien l@ F(x)=F(+w), to murerpan (l) cxonmrcs u pabes

‘Im/(xldr=F(+o:)—Fln):
com xe lim F(x) we "cymct'myc'r. o mwrerpan (1) pacxommres.
2) Tlycts npn a<x< +oo 0<f (x)<g(x). Eom Tg(x)dx cxonwTes.
TO cXOmHTCS M I/(x)dx npuyeM [/(1)dx< jg(x)d.x Ecns

I/(v)air PACXOWTCA, TO PACKONMTC M j'g(x)dx (mpusnaku
channenns).
3) Econ mpu a<x< +o f(x)>0, g(x)>0 " cymecrsye'l KOHEUHBIH

npere.s Ilm %#0 TO WHTerpanbt [ f(x)dx u j‘ g(x)dx cxoasTes
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HIM PACKOLSATCS OAHOBPEMEHHO (mpenenpumii NPpH3HAK Cpag-
HeHU 7).

o
4) Ecnu cxonmres [ 1/ ()l dx, 1o exommres n | f(x)dx (nocnesmmi
WHTErpan HasbiBaetcs p ITOM Slysae abcomomno -r)(od)imuMc)i).

Tpumep 1. Bomuconm, je’“dx
o)

1 a1
=ghlim (1=e™)=3 &

< Hmeenm

K 1
[e""dx= Hm fe"™dy= m (——¢~3
H bty e\ 73

Ha npaktuke p xavectse murerpana, c KOTOPHIM  TIPOM3BO/KTCS
CpaBHenue, o6H4EO wcnoN3yIoTCH MHTErpansl BHAA

e
1

J‘-.dx, a0, o>0,
x

KOTOpEIE CXOAATCH NpH a>1 o pacxostes npu o<,

4o

x+1
Hpumep 2 Heerenorars wa cxomamocts mrrerpan '[ dx

dx
Tak xax mHTerpan ,[T” pacxomurest (a=1/2<1), To W 3agaHmbI
x

< Mpst x—+o00 mmeem

1
MHTCTPAl TAKKE PACXOHUTCH. >

Berucmuts HecoGCTBeRHbIE MHTErpajibl (WIH YCTAaHOBHTH MX
pacxannmoc-n,)

+oo
dx dx
6.411. ey 6412, W
fa €

~2x
6.413. Jm 6414, Ie cosxdx.

o

B3 o
xdx 142x
6.415. J T 6416 fﬁmdx.
1
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e
6arr. | 25 gas.
V25?3
2
o

6.419. | xcosxdx. 6.420.
o

o

2
6.421. '[":;'dx 6.422.

+
6.423. 6.424.

”menona'rb HAa CXOOHMMOCTb m-l‘[erpaJlH'
o
6as. [ s | YERVHL
3+42x% +5x* x*43x+1
1 1
e

+a
2 3 :
6427, | FESOAD® e IJ+H"XA

2343/x%+1 3x
‘o ‘o
dx sin—
6.429. I = 6.430. -[ dx.
X+ 1) (x+2) 24x/x
1 1
+a
‘e
(7 [ — 6am. | &

Sx4cos?x 2 xInlnx”
1

2. Vinrerpanms ot weorpamwmcwnix _dywkuwi. Ecmn gy f(x)
Henpeperpna pn a<x<b w _lm _f(x)=o0, To Mo ompeneneimio

} F{x)dx= ETOH]:TI(X)JX. I6)

Ecrm CyulecTByer KOHEYHBIH 1penen B npaaoﬁ uacTs  Gopmyb
®), 10 HHTErpan ecimi 5TOT
Tpenen He CYMICCTBYET, TO  PACXOOAUJUMCA.

TeomeTphueckn HecobeTnennbili myTerpan (3) B cayvae f(x)>0 ecth
IO/, GHrYpH, OrpAHKNEHHON rpadMKoM QYRKIMH y=7 (x), BPAMON
X=0 w BEPTHKANLHOW ACHMNTOTOR x=b.

AWAIOMHYHO  ONPENIENACTCH  HECOOCTBCHHBI  WHTCTPan B Cydac

hm f(x)=o0.
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B cnyuae, Kora  cela, b)—7Touka paspmra W dynxwms  f(x)

HEOTpaHMYCHA B J0GOH OKPECTHOCTH TOUKH C.
. o, .
]/(x)dx:vlin:n If(x'dx+‘lirq° ]f(x)xt\'. @

TIpH3HaKky CXONHMOCTH W PACXORHMOCTH Hr‘coﬁamvuux ul«ll’cmmn
OT HEOTPAaHHYCHHHIX (QYHKIMIT AHATOTHYHLI rpu3Hakam W3 . 1
4 NMDAKTWKE B KAMCCTBC WHTErpaia. C KOTOPHM MPOWIBOIMTCH
cpaBHerHe, oObIYHO ncnnnnylorcu HHTErpans BHIA
"

(Xi:)_, J‘(b 5 0 )

xoTopwe cxoustcs mpn <l w pacxomsres wpn a>1 (cpaBmute
C AHAJOTHUHHIMH WHTEIDANAMM B CIY9ac GECKOMCYHLIX NPENETOB M-
TerpupoBanns).

Mpumep 3. VccnenoBath wa CXOIHMOCTh HHTErpajt [

Inx

1
< Mpnx 1 pon—y 6 ), Tax xax

Jim ][{YA]) T

Hurerpan J.— pacxonmTcs kak MuTerpan THma (5) mpu a=I.
CrieaoBaTeNIbHO, PACXOIMTCA M J— e
NMpumep 4. Mccieonats Ha CXOMOCTS HHTETpa
i
224/
L SV Y
gx—x

°
< 3aava COCTOMT B TOM. 4TOGEI YCTAHOBHTH XapaKTcp MOBEXCHWA
HORBIKTETPATbHOM (QYRKIHH NpH X —+0. B YHCTHTCIE NpH X—>+0 HveeM

24 x=x "2 (x4 1)~ x 2,
B [ Juts ymKkumm tgX:
1 1 1
tgx—x:(nsx’+o(x’))—x=§x’+o(x’)~§x’
Crenosatesmno. npy x —+0
Wi+ /x x? 1

ex—x 3x° x%
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1

dx
SRR I S ———
x
o
mHTErpAN. >
BIACTHIS HECOOCTBCHHBIC WHTCrPAmbl (UM YCTAHOBUTH X
PACcXO/IMMOCTB):
1 2 e

ax xdx dx
6.433.I o 6434, L-, e 6435,

xInx”

6.436. I
6x—x"
.
x3dx dx
6.438. 6.439. .
j Ja=x? .[ x/lnx
1

6.440. Jcosxl & aa .f

° °

N

Hccnenoats Ha CXOMMMOCTH HHTETPasibl:
1

o 1
6.452. Jlokasath, uro npu o>0 ONpeaensiolMi 2amma-
+o

yrryuwo T (o) materpan Ditnepa I' (@)= [ e ™*x*~'dx cxomures,
o

¥ b €OOT
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a) ecw a=n—uenoe yucio, 1o I'(n+1)=nl;
6) I'a+1)=al' (o) ws moboro a>0;

il
e

) l‘(n+% =1 3-5..2n—1)—, n—uenoe.

2
§ 6. Leomerp
WHTErpana
. Inomams maockoi Qurypsi. TInolwams (QuUrypbl, OrpaHMYeHHON
rpa¢uxom HenpepHIBHOH (YHKIMH y=f (x) (f (x)>0), HBYMS. TIPSMEIMH
X=a # x=b u ocvio OX, unM NOWALL Kpueomneuuau mpaneyuu.

orpaniichiod ayroii rpabuxa gyskm  y={(x), a<x<b (puc. 49).
BhuHCTACTCS O (QOPMyIIC

»
S=If(x)dx- m

wwians Gurypel, yren:
—fv (X) W oy=/,(x), /.(X)\/z(x), U JBYMS OpAMbIMM X=d, X=b
{oric 503, onpenensercs no ¢opuyne

S=J(ale)=t, (e @

ot sapasin Ha Gopmyn (1) u (2) 6umn
npuseaenti b § 4 (g 6356 6,363,

Tipuwep 1. Hafmu niouaaw durypus sexaut 5 npasoit nony:

p b0 x*+y2=8 W napabonoi

< Haiiem Town nepececiin xpumsix (puc. SI), peumn  cucremy
ypapschmit

y=f, {J:)
Puc. 50



Puc. 51 Puc. 52

octt Ox, HaiifieM HCKOMYIO MIOLIA, S KaK YIBOCHHYIO CyMMY mmmancﬁ
Tpanenmif, orp "

Tyras
pasom y=+/2x, 0<x<2, u oxpysmoctn y=/8—x%, 2<x</8:
S:Z(j\/ﬂdx-t-j Boxidx)=

° :
2 N
0+<§,/8-x2+4amsm\;§)|:)z

(] 4
=2 j+2-2-n)=tnts o

2
vt

3
I/lnoma ynobto wcronn3osaTh d»pmynu aumumwue m u @),
.

Ho y (clunau x ¢
S=! (£ ()= ) (0]
Npumep 2. Haiitn miowans (urypei, orparusentoli napaGonoit

(y=2) —le KacaTenbHOM K MHCHi B TOYKC C OPIMBATOH Jo—3

¥ ocio Ox.

< ®opma ¢urypsl (puc. 52) He BEHHO

opmysst (1) 111 (2). OHAKO CCAM PACCMATPHBATH HIYPY OTHOCHTEINLHO

ocH Oy, To MOXHO npHmennTh opmyny (3). WTak. nycts y  Hesa-

BHCHMAS  TICeMCHHaR.  VPABHCHNC MapabOlL 3anMmem B e

x=32—4y+5. HaiiieM ypaBHeHHE KacaTeibHOl K Tiapabone. OHO mvceT
. x—Xo=xo(y—yo). Tak kak x,=2(y—2). 10 Xp=x'l,_3=2.

Haiins, nanee, abeupccy TOukM KacamMsi Xo=2, TOJYYaeM ypaBHeHwe

KacaTenbHo#

x=2=2(y—3). nm
Tonaras 8 (3) /()

S=§(()"—4y*5)712y*4))'1y=3(y’A6y+9)dy=

3 1 13
=[(y=3)7dy=3(y=3°| =9. =
o 3 o



aMeTHM, 4TO NpuMeHetse Gopmynt (1) u (2) Npu pellennn NpUmepa
2 MOTPCEOBANO 6Bl BENHCICHUS CYMMBI TPEX HHICTPATIOB:

5= j('Eﬁz)dw_{((%nz)-(u\/ﬁ)),Lr+§(z-\/ﬁ)dx.

?uMep 3. Haittn  rionams  Qurypbi, _OTpaHudentol  KpHBOi

y=1/x* ocbto Ox u mpaMOH \=1 u .iexalueHi UPaBee STON LPAMON.
< HICKOMas 1LIOWa/s (prc. 53) bHIPAKAETCH HECOBCTBEMHBIM HHTE PAion
s dx 1«
=|S=— =
X af,

i

Ecnu  Qurypa OrpaHMuena KpuBOW, WMeromicH napamMcTpHYECKie
ypaBHeHust X=x(t), y=y(f), npsMbiM#t x=a. x=b u ocwio Ox, To
niowaaL ee Bu-mwuercu no (bopMym.-

S= !J(')* (0)dr= I}(')‘L‘(') @

¢ NPEAEns HHTEr u3 it a=x(1,), b=x(1;)
U(1)>0 Ha otpeske 1y, 4, ).
pMled (4) npuMennma TAKKE JUIS BbIYMCICHUS TUIOLAAH HIYDR
1 oT fy Ao
t, nmmﬂo COOIBETCTBOBATH OOXOMy KOHTYPA MO “ACUBOH CTPEJKC).

! z
Puc. 53 Puc. 54

TNpumep4. Haiitn niowam netsm Kpusoii
x=a(t*~1), y=bdt—r>)  (a>0, b>0)

< Haiiziem TOMKH nepeceticihs KpHBOH C KOOPIHHATHBIMH OCAMH. MMeen:
x=0 npu t==+1; y=0 upn t=0, t=+2. CiEIOBATENLHO, NOMYIACM
cuepyiounie Toukk: (0, 3b) upn t=1; (0, —3b) npr 1=—1; (—a, 0) npx
£=0; (3, 0) npn 1=+2. Touka (3a, 0) FBAHETCH TOUKVI CAMONEPECEHEHMS
xpuBoii. llpu 0<r<2 y>0; npn —2<t<0 y<0 (puc. 54).

TlLiowae QUIypbl HAXOJMM KaK YIABOCHHYIO ILIOWafb BEPXHCH cc
HOOBHHBI:

w 2 2
S§=2 § ydx=2{ y(t)x'{)dt=2§ b(dt—1*)a- 2t dr=
e o o

2
:4ab[|4l‘—t‘)d/=4ab(4
° 3
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o GRIyp!, OrpauHyeHHO rpa-
(pUROM  HEnpepuBHOH  dyuKumn  r=r(g)
W OBYMS IyuaMu @=o, Q=P. re ¢ n r—
TONAPHBIE KOOP/MHATBL, MW ILIOWANG Kpl-

cexmopa, orpa o ay-
roit rpadmka dywxuan r=r(@), a<Q<pP,
BBIHCTISETCS 10 opMmysie

1
=§I’14¢- [&]
. Prc. 55

Mpumep 5. Haittn nomam nyscs, urpsmnm:mu)ﬁ JiyramMu oxpy-
xHoctell r=2acos@. r=2asm@, 0<Q<n/2. a>0.

< OKpyKvOCTH mencceraiotcst npn @=7/d, pachaanmMaﬁ urypa
(pHC. 55) CHMMETPHYHA OTHOCHTENBHO fyda ¢=7,4. CIC/OBATEIRHO, ee
TIOMATE MOXHO BHUMCIATE TaK:

wa

1 e
3 J4a2§in’md¢=h’I(lfcﬁslxp)dxp=
o

o
1 W
=2a%( -2 =(Z-1)en
2a (m Zstvp)n (2 !)a =

6.453. Haiitn nnowazm dmrypu, OTpAHMYECHHOH KPHBOM
y=Inx u npsmMevu x=e, x=e2, y=0.
6.454. Haiitn nnomams ¢Mrypu, OTPaHWMEHHOH 7 LIHIICOM

»
+iz=1.

X
a*
6.455. Haiity naomans $uryps, orpanuyeHHol napaSonamu
yi=4x u x*=4y.
SASS, Haiity  ntomans Aj)nrypu ofpanryennol napabooit
y=x24+2x ® npamolt y=x+2.
6.457. Haiitn 1wiomanb (urypsl, OrpaHMMCHHOH KPUBBHIMM
27 x?
*249 " 6
6.458. Haiit 1wiomanh (urypsi, OrpaHMYEHHOH KPHBLIMM
4
2px m yr=—(x—p)® (p>0).
6.459. Haiity miomans (Urypbi, OrpaHHYEHHOH OKpPYXHO-
crame x2+y?=a?, x?+y?—2ar=a’ u npamoll y=a.
6.460. Hatiru Gurypsi.  orp:
3 2

u oceio Oy.

¥y

6461 Haifty nnomans ¢urypet. orpanwueHHoif oceio Oy,
napabonolt (x—a)?=2p(y—b) ¥ xacatenvHoll K Heil B Touke
¢ abeumccodt x=c (c>a>0, p>0).
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6.462. Haiitn duryper, orp: it
y=e*—1, y=e¥*-3, x=0.

6.463. Haiity nuomans (uryper, orpanuwyeHnol napabosoii
y=3+2x—x2? u ocpio Ox.

6.464. Haiity miomanes urypel, OrpaBMYEHHON KpPHMBOW
y=arcsinx u nmpaMeiMe x=0, y=m/2.

6.465. Haiitn miomajgs BepXHEH JIYHKH, OrPaHMYEHHOH OKpY-
KHoctaMu x2+y2=a? m x2+y242ay=a’

6.466. Haiftu uryper, orpa
x=D(y+2)=2 u x+y=2.

467. Haiitu nnomans GATYpbl, OrPAHMYCHHON KPHMBOM

y=Inx, xacateibHONH K Hel B TOYKe X=e M OCbi0 OXx

6.468. Haiitn urypei, orp:
y=In(x+2), y=2Inx, y=0.

6.469. Hajity niowamy Kaxnoi w3 Luayx yacrei, Ha KOTOpbie
xpyr x?+y2<2ax pasnenen mapabonoii y —2a\~

6.470. Haiits FyHKH, OIp: i

x*—y?=a* u napabonoi ;":Eux.

6.471. Haiity wiomamb runepboSTHIECKOrO CerMeHTa ¢ BBICO-
TOH h ¥ OCHOBaHHEM 2r (NEHCTBMTENbHAS MONYOCh IHNEpPOOIBI
pasHa a).

6.472. Haiity 1wiowane (uIypsl, OrpaHHYEHHOH KpHBOH

s

2,2 X o
a’y?=-"— ¥ ee acUMITOTOI.
Y T ha=x

&473. Haﬁm qmrypu, orp: i
x*—y?=a?, (x*—a**y?=a® u ocpro Ox (x>0).

6.474. HaiiTi TUiomaii ¥Kax 10l u3 aByX ‘mcren. Ha l(oTcpMe
xpyr x2+y?<2ax pasgesen runcpGonoi 4x%—

6.475. Haiiti miomans J/UIHATHYECKOTO cerMeHTa € BBICOTOI
h w ocuopamuem 2r (Gonbiuas MONYOCh 3JUIANCA PaBHA a,
OCHOBAHWE CEIMEHTA Mapaie/lbHO MAJoi OcH).

6.476. Haiitu durypsr, orp:
e 2
L y=ax 0.
Y az+)~2 Y H2+Xz“mm *

6.477. Haiith mow@ab (GUIypel, OrpasWyeHHOH KpPHBO
M

x

X
6.478. Haitty 1wiomiae QUIYpbl, OrpaHMYEHHOH ACTPOHIOH

x=acost, y=asin®1.

M e¢ aCHMIIIOTAMHU.

1
6.479. Haiite mwiomams NeTIH KpHBOH x=51(3-—x’), y=

6.480. Haiity muiomaab GUIrypsi, OrpaRKYeHHON OQHON apKO#
WHKAOHALL X=2(t—sin?), y=2(1—cos?) u oceio Ox.
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6%481. Haitru  yiomame nemm  kpuBoii  x=a(2+1),
y=b(*—31).
6.482. Haiity ruomans NeTiH KPHBOH X = 21-1’, =212
6.483. Haittu Gurypsi, orp:
a(l+sin ).
6.484. Haiiti niomaje OIHOrO JIenecTka KpHBOH r=asm 2¢.
6.485. Haifty momamb (urypei, orpasmveHHofl kpuBoi
asin 5¢.
6.486. Haiity miowans (Urypei, OrpaHMYEHHOH KPHBBIMH
r=atg@secp, r=2acosq u MONAPHOH OCHIO.

6.487. Hality wiowams Qurypes, Jexameli B nepBol yer-

a
BCPTH, OTpAHVHEHHON KDMBHIMA F=d tgQ. F=—— B NONAPHOH
cosp

OCBIO.

6.488. Haiftn miomais (uryper, OrpaHWYeHHOH MBYMS MO-
CHeNOBATeTLHLIMI BMTKAMYM JIOTapu(museckoli crupami r=e®,
HauuHas ¢ @=0.

6.489. Haiity nuomams (UTYpHI, OIpaBMYEHHOH KPUBBHIMM
r?=2cos2¢p, r=1 (r>1).

6.490. Haiitn mowlape (urypsi. OFpaRMYEHHON  KpPHBOK
r=acos3¢.

6.491. Haiiti nuiomans GUrypei, OrpaHMIEHHOM JIEMHHCKATOR
Bepuym r2=a?sin 2¢.

6.492. Haiimi momas (Urypbl, OrpaHuYCHHON OKPYKHOCTBEO
r ﬁsuw ¥ Kapauounoi r=1-—cosQ (BHE KapaMOWIRY).

Hma ayru KprBoW. FCM rnamxas KpHBas 3a/aHa ypaBHEHHEM
~f(x). 10 jUina [ ee nyru pasHa

1=[,/|+1y')1dx.
e @ M b—abCUMCCH KOHLOB MyTH.
Ecl e XpUBast 32]AHA IAPAMETPHYCCKUMA ypABHEHMSMH X=X (1),
y=y) (;<t<L), 10
Y
1=I x+(y)dr.

Amnanormito ITMEA AYTH KpHBO#, 38,
HO# NapameTpHYCCKHMU ypasncnmmu x=x(1), y=v(0), z—z(l), 1 gtgzz

I=j )2+ +() ar

Eciu  3amaHo nonnpuoc ypaBHenwe riajko KpuBoK r=r(@),
a<e<p. T0

1=] ST Podo.
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Tpumep 6. Haittn UKy 1y1u nonykyGuscckoit napaGonst
oT Ha%ATa KOOAMMAT KO TONKH (4, §).
= Hmcem:

s
[ 42( 9\ g .
l:j‘ l+zxdx:§4§(l+zA) lo—E(IO\/Tﬁ—I).>
v

Tipumecp? Halitn ,tuny actpomwus x=acos's, y=asin®t
< Hucen:

xj=-—3acos?tsmt, y=3asin’rcost,
w2
1 Toost 1ot Tom~roosit
—4-I= +/9a?cos® tsin’ t+9a®sin* tcos® tdt=
o

wa
il‘nlt 3a
=3 | sinecosedr=3a 21| 222
7 1, 2
v
orkyma I=6a. &
Tpuwmep8. Haiirw sumsy xapaonas r=a(l—cosg) (u>0).
< Mmeem

r'=asin@.

[ —
El:j~/u’(l—ws¢)’+azsinzwlq;=

o

=aj‘/Z(I‘wsw)d¢=2ujsin%dnp=4a,
o o

otkysa {=8u.

6.493. Haiftst wmny Ayru napabosmst y=x2 ot x=0 no x=1.

6.494. Haiity mmmy nyr¥ xpuBoil y= (3—x)\/; Mexay
TOUKAME ee Mepecedenns ¢ ochio Ox.

6.495. Halitu jimiy gyru  nomykyGudeckoli  rapaGost
}v’_—.—§- (x~p)?. nexaweii BHYTpu napabomel y*=2px

6.496. Hajitu wumy nyru kpupolt y=aln(a®—x?) (a>1).
Jexammel Boiue ocH OX.

6.497. Haiiti nmuHy samxuyroif xpusoii 8ay?=x?(a?—x?).

6.498*. Haiity nepumMerp JyHKH, OOPA30BAHHOM OKPYXHO-
cravu: x2+4y2=2ax u x*+y*=2by (a>b>0).

1

6.499. Haiitit JUTAHY AYTH UENHOH [TMHEM y=3 ch2x or
x=0 no x=3.
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6.500. Haiityi [uMHY [y KpMBOWK y lnsin%) or x=1,2

0 x=3/2.
6.501. Haiitu 1ymHy Iyru  nonykybuueckoi  mapaGoisi

t":s (x—p)?, orcexaemoii mpsamoii x=2p (p>0).
6.502. Haiitu mmuy ayrn kpuoit x=a(3 cosz—cos31),

=a(3sint—sin3t) or 1=0 zo l=12-[ (a>0).

g

6.503. Haiitn anuey ayrw KpuBoii x=e'cost, y=c'sint or
=0 no t=1.

6.504. Haitin jumBy netmm KpuBoR x=17%,

6
6.505. Haiitu JUmMHy ayrd KpHBOH Xx=

| TouKaMu ee nep: ¢ ocsMn T.

6.506. Haifiu noany nerm kpusoii x=a(12+1), y=3 (l3 31

(a>0).

6.507. Ha nmknomne x=a(r—~sinz), y=a(l—cost) Haifru
TOUKY, KOTOpas [e/MT JUIWHY NEPBOH APKH WMKIOMIEI B OT-
Howenny 1:3, cuMTas OT Hauana Koopumsat (¢>0).

6.508. Haiitn [UumHY 1yrv JOrapuMudeckoll Crupaim r=e*,

BHYTDH r=1 (a>0).
. 6.509. Haiitu pmmy ayrn xapumowist r=2(l—cosg), Ha-
' Xoasuelics BHYTPH OKpyXHOCTH r=1.

6.510%. Haiftn anmy ocedi kpwboit ,=ams»‘9 (a>0).

6.511. Haittu JulMHy ayrs  CoupamM ApxuMcha r=>5¢,
BHYTPH OKD u r=10m

6.512. Haiitu nimHy Beell kpuBOil r=a sin® £ h (a>0).

Hajits jUMHEI AT DPOCTPAHCTBEHHLIX KPHBBIX:

cost, y=e'smt, z=e' Mekay NAOCKOCTAMH z=0
W z=a (a>0).
6515 x*=4y, 9z°=16xy Mexay miockocTaMu x=0 u x=4.
6.516. x=a\/1 cost, y=a./tsint, z=at or 1=0 go npous-
BosbHOrO (>0 (a>0).
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6.517. x=t—smt, y=1-—cost, z=4cos% MEXY NByms

TOYKaMH Tief XpHBOii ¢ b10 Oxz.

3. Tnomam Tinomazs 06-
pasoBakHoli BpalesneM BOKPYr ocH OX Nyri KpHBOA, 3aaHHOl QyHKIMel
y=f(x), a<x<b, mermcusercs no Gopmyne

~2njf(x) 1—(f(x)? dx.

Ecmn jiyra 3anana napaMchu-aecmMu ypaBHeHusMH X=x (1), y=y(f),
n<t<i,, 1™
A
=20 (0 SO e
B
Ecnu myra 3ajaka B NONAPHEX Koopimwatax r=r(g), a<@<P. To

0.=2x frsi.w S do.

Ecnm ayra  KPUBOH  BpAINACTC BOKPYT NPOM3BONGLHONK OCH, TO
TUIOWIA/i TOBEPXHOCTH BPAIICHHS BHIPAXACTCH WHTCTDAIOM

5
Q=2r [ Rdl.
4

TAe R-—paccTosvue OT TOMKM Wa KpuBOii 10 ocu Bpamewms, dl
midepesuman nyru, A u B—nNpCAEnbl MHTCIPHPOBAHHSA, COOTBETCT-
Bylomye kowuam ayrn TIpu 91omM R 1 di JOMKHEL GWITG BhIpacib
HEPC3 NEPEMCHHYIO HHTCTPHPOBAHMS.

Mpumep 9. HailTn nuowam nOBCPXHOCTH, 0GPa3oBanKOf Bpalic-
Huem actpounst x24v#3=a* poxpyr ocn Ox
< Umcem.

y=(a?P—x?3)R,

3 2
3y 2 -us
2@ =3 ( 3* )

a'?

ER

Crenopatensyo,

. f(a,,,dx,,,,m_ " pemtratn f(az,,_x,,,,,,,,,,,,,,,,
!

3 (23— x2P)%2 “ 12
Y P T i A [P P
S 5 5

2
0
Mpumep 10. Halitn nnowams nobepxnocty, obpasopanwoli mpa-
LICHHEM OJIHON apku LMKTOMAl X=a (t—sint), y=a(l—cost) BOXKpPYT
X.
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< Hmeem:

a(l—cost), yj=asint,

o+

1
=/a*(I—cos1)? +a® sin® t=a \/2(1 —cos 1)=2asin 3

a
.
0,=2r Ja(l —cost)-2asin % di=

°

2 20
i t t
=8na® Isnn’idl=8na‘ j(l—ms‘ E)Sinilh=
o o
2
'
(3 o4
= —16ma? {cos = =2 xat.
ma?{cos S—— 3 et e

0

Mpumep 11, Haift niouath IOBCPXHOCTH, OOPA3OBAKHON BpaLE-
Ruem xapmionsi r=2a(1-+C0S9) BOKpYr ROMAPHOI OCH.
< Hmeem:

r'=—2asing.

() =/ 4a* (1 +-cos g)*+-4a’ si

@
=4acos -,
P=4a 2

u, mance,

0.=2n IZa(I +c0s ) sin ¢-4acos §d¢=

y o

128
—64ma? Jcos' % sin 'i" do="ra. &
.

6.518. Haiiti K () Kameno-

1
udom), 06pa3oOBaHHON BPALLEHNEM IYIH LEMHOH JTMHHK y=ich 2x,

0<x<3, Bokpyr ocH Ox.

6.519. Haiitn g 9L obpa-
30BaHHOTO BpallenmeM ommmmnca 4x?+y?=4 Bokpyr: a) ocu
Ox; 6) ocu Oy.

6.520. Hajitu 1uiomaab NOBEPXHOCTH, OOpa30BaHHON Bpalue-

1
HHeM BOKpYr OcH OX AyrH KpHBOH y=3 x% ot x=—1 ji0 x=1.
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6.521. Haiitu nnowanb noBepXHOCTH, 06pasoBaHHOM Bpane.
1
HHEM BOKpYI ocH OX AYIH KpHBOH y=€\/; (x—12) Mexay
TOYKaMH €€ TEpECEYCHHS C OChHO Ox.

6.522. Haiftn nnowa s NOBEPXHOCTH, 0Opa3OBaHHON Bpawe-
HieM BOKpYr ocu Oy yru nonyKyGeckol napabonst 9ay?=4x3,
OTCCKAEMOH NpAMOR X =a.

6.523. Haiitu Bpa-
x(3a— x)z BOKpYT: @) ocu Ox;

Bpanie-
HBEM IyIW KPHBOK y=e ¥, 0<)<+d, BOXPYr ocH Ox.
6.525. Haiirn mioma/te NOBEPXHOCTH. OOPA3ORAHHON Bpalle-
uem gyru kpusod x=a(3cost—cos3r). y=a(3sint—sin3z),
0<r<n/2, Bokpyr: a) ocu Ox; 6) ocm 0.
6.526. Haiity nmomass noBepxHOCTH, oOpa3oBaHHOR Bpauie-

HueM neTaM kpupoit x=a(r*+1).

?(3»:’) POKpYr OCH Ox.

6.527. Haiftu rurowaa, MOBEPXHOCTH, OOPa3OBanHOM Bparie-
HMEM OJIHOM apKH IHKNOHL Xx=a(f—sint), v=a(l —cos ) BOKpyr
€¢ OCH CHMMCTPHH.

6.528. HaiiTu ruromajib MOBEPXHOCTH, OOPA3OBAHHOM Bpaime-
HHEM JIyTH  SBONBLBEHTH  OKDYXHOCTH  x=a(rsinz+-cos?).

=a(sint—tcost), 0<r<m, BOKpyr oc Ox.

6.529. Haiitu W, P Bpatie-
HHEM OKDYXHOCTH r=2asin@ BOKPYI NOJSPHON OCH.

6.530. Haiiti ioiaih NOBEPXHOCTH. OOPA30BAHHON Bpatie-
HHeM Kapauonabl r=a(14CoS¢) BOKpYr KacaTelbHON B ee
pepiunse (2a, 0).

6.531. [Toxa3atb, uT0 n, oby i
BpALIEAHEM  NEMHMCKATH ri=a? :m2qp BOKpYr TONSPHOJ OCH.
paBHA TWIOWIA/IM TOBEPXHOCTH cepsl paamyca a.

6.532. Haiitu nnomans MOBEPXHOCTH, 0OpPa3OBaHHON Bpame-

HYMEM IyrM KpHBOH r=a sec? 9, 0< sf, BOKPYI' WONSPHON OCH.
2 es3 Py P!

Obvem teaa. Ecnn nromaas S(x) Couenus Tna MOCKOCTHIO,
llepucunuxy'mpnnﬁ oci OX, SRARCTCH NENpCPHBHOI dyHKIAEH Ha OTPEIKE
6, b}, TO ODbCM Telia BRMHCASCTCA MO (OpM¥NC

V= j S(x)dx. (©

Mprumep i2. Haiftu oBueM Telia, OCHOBAHHC KOTOPOTO — KpYF
pazmMyca @, a CeYCHHE TIOCKOCTHIO, TICPREHWKYSPHONH (HKCHPOBAHHOMY
JMAMETPY KpYTa, CCTh PABHOGCAPCHHEIN TPEySOSHMUK BHCOTH
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. Bubcpem CHCTEMy KOOpTMHAT TaK, 9T0-
fm TAROCKOCTE OX) COBNAAANA € IAOCKO-
(THI0 KPYTA. HAHAI0 KOOPIDIHAT—C €ro
enTpoM, A ok Ox concpxana QucHpo-
sl Maverp (puc. S6). Tonyam ypas-
genrie OFPYXNOCTH B BHAC

xitypt=at

a

Ceueune Teita MIOCKOCTBIO. TICPMEN -
kynaproit ocu Ox, ecth rasuo&npeu i
TPYTOMBINK € OCHOBARYEM 2y=2 y/a’

1
S()=3-2/a=x* heh Ja

(T w2

Brpaxerke 18 dymaum S(X) 70CTATOYHO TPOCTO NOMMACTCR
B CAYUAE Ten BPAMERNS. TAK, €CAW KPHBOTHEIAS TPANEMHS, OrPAHIYCH-
nasi xpHBOHl y=[(x), a<x<bh, Bpamactca BOKpYr ocH OX WAH OCH

¥, To 0BbeMbl Ted ne
oy aam:
Ve=n 5 S2x)dx, 6
»
Vy=2n{x|f(x)dx, a>0. @®)

Ecnu kpusommsciiusii cokTop. orpanuscmbli KpuBOH r=r(g) n ny-
uamMM @=1%, Q=P. BPAIACICA BOKPYT MOASPHOK OCH. TO ODbEM Tena
BDaillCHHS DaBCH

"
2
=37 | ' sing de.

Briuucrenme ofGteMOB Tel 3HAUHTEILHO NPOIE NPOM3BOMMICA C TO-
MO KPATHWX MHTErpaion. [IOITOMY Mb{ OFPAHHTHMCS 3CCh TONBKO
npocreimuMy 3aKa%aMI

Tpumep 3. Durypa, orpaHuveHHas KpuBbiMH y=./2px M y=

2
== ().‘p)” Bpanerca soxpyr ocu Ox Halizm obwem  Tema

Bprdmcmm
< HaiileM TOuKM TCPeCCHEHHS KPUBLIX®

VEpr e (e pl wm 2ptx=ale—p)
Vr

ONCBILIHO, YPABHENWIO YNOBIETBOPSCT 3Ha€eHue x=2p, H TOrAa y=2p.
11 Ylox pen. A. B. E¢umosa, b. I1. Jlemunosnua, 2. 1 321



puc. 57. Hckomeii obnem  ecTe  paskocr,
mByx obbemoB: obnema V,, TONYY4CHEOIO
0 e rpanemn, orpa-
! Hiterkoli napabonoi
1
i y=J2px (0<x<2p),
! ¥ 06bema ¥, NI0AYHCHHOIO BpALEHHCM KDHBO-
P 7 T  JMHCHKOI Tpaneimu, mipaumcnuoﬁ nosnykyou-
Puc. 57 seckoii mapabostoli y=-— (x—p)** (p<x<2p)

N

,I ne e tomy nepeccon (2. 2p)

Vcrionsayn Gopmyny (7), momysac:
2p 2p 2p 2p
4
Vo=V, —V;=n J.y%dxfn yidx=n-2p J‘xdx—n; J‘(x—p)’dx:
° »

°

203 4 (eep)? 20
P G o) PR

2l p 4 o
TLp acop 14, Qurypa, orpasmcnas xpumol x=aces. y=asin2i

(0<:<n/2) Wocto On Bpaluactes Bokpyr ocu Oy.

Tena BpauteHms.

< OueBnano, 4ro 0<y<a n 0<y<a, a Takke 40 y=0 npn =0
W npy (=%/2, T.e. pHCLManMBHCMHﬂ dmrypa ABJIHCTCH KPHBONMHEHRON
Tpaneuyeii. [anee, npu (=0 x=a, Apu (=n/2 = 0 Cucnonamlmo.
MCKOMEIH O5BeM  BLIPRKACTCS (bopMynoﬁ (8). Mmeent

Y 0
V,:anr{l)y(l)dx:h fﬂmsz-ns1n2:(vnsint)dl=
° o
2

2,3

W2 p2g
=na® sm’Zld:=—- (I—cm4l)dl———(l——sm4l) —
o

Mpumep 15. Kapauonna r=a(l —cos @) Bpawaercs BOKpYr nonsp-
Hoit ocu HalfTn 0GbeM Tena BpaulCHMs.

2 [ 2 (1—cosq)*|* 8
< V:Enjn’(l—cosw)’sinww:sna’@ —Zrad. o
o

o

6.533. Haiitu o6bem Tena, OCHOBaHHC xomporo——oﬁnam
miockocTH Oxy, OFpanHuCHHas ACTPOMIOH x=acos®f, y=asin®f,
a CeyeHHe MIIOCKOCTBIO, MepHeHMKYJIAPHOH ocu OX, €CTh KBapar.

6.534. Haiitu 06beM KIHHA, OTCEYEHHOIO OT HAPAMOrO
KpYrOBOTO LMJMHAPA Pafuyca @ MIOCKOCTBIO, MPOXOMSMIEH Uepes
JIMaMeTp OCHOPAHWS MOA YIAOM O K FUIOCKOCTH OCHOBAHWS.
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6.535. Haiit o6bem Tena, 06pa3oBaHHOIO BPAILeHHEM BOKPYT

ocut Ox QUIYpHI, OFpaHKYEHHOH THHKAMY 2y=Xx> 1 2Xx+2) -3=0.

6.536. Haiity o6bem Tena, 06Pa3’OBaHHOrO BpaIICHHEM
pOKpYr OCH OX (Uryphi, OrpaHHYCHHON JHMHHAMH y= e 1,
y=e *+1, x=0.

6.537. Haiitu 06beM Tena, 06pa3oBaHHOrO BpamEHHEM BOKPYT
oct Oy GUrypH, OTDaHMYEHHOH JHHMAMH y=X, y=X+sin’x
(0<x<m).

6.538. Haiiti o6sem Tena, oGpa3soBaHHOTO BpailieHHEM BOKPYT

2
ocrt Oy QHIypbl, OrpaHHuCHHON JTMHHAMHU y=%—+2x+2 ny=2

6.539. Haiitn obGwem Tena, OGPa3OBAHHOTO —BpaIUEHHEM
0 CermMeHTa 2a w BBICOTOM /i BOKpYF

BBICOTEI

6.540. Haiiti 06beMsl Test, 0Opa3oBaHHBIX BpameHHeM G-
TYpBl, OrpanuveHHo# Xpusoif x=at?, y=alnt (a>0) u ocamu
KOOpIMHAT, BOKpYr: a) ock Ox; 6) ock Oy

6.541. Haiitu 06bem Tenna, 06pa3oBaHHOrO BpamieHHeM BOKPYT
ocH Ox (urypel, OrpaHMueHHOH KpMBOW X=acosf, y=asin2t
u oceto Ox (0<x<a).

6.542. Haiity o6weM Tena, OOGPasoBAaHHOrO —BpAMCHHEM
acTpounasl x=acos’#, y=asin®f BOKpyr mnpsmoit x=a.

6.543. Haiitu o6peM 7ena, 0Opa3OBAHHOrO BPALEHHEM
KpHBO#l r=asin®@ BOKpYr MONAPHON OCH

6.544. Haittu oGbem Tena, 0o6Gpa3OBaHHOrO BpatlleHHEM
JeMuHCKaThl r2=a? coS2¢) BOKPYT TNONAPHOH OCH.

6.545*. Haiitk obbem Tena, OOPa3OBAHHOIO BpALLEHHEM

sin x
BOKpyr ocu Ox (Qurypel, OrpaHMYEHHOH KpHBOH J=——
H ocpio Ox.
§7 Tpsioxkennst onpe/Iesienttoro HHTerpasa
P 3aaa4 n n3ukn
1. MomenTst n uent mace wiockmx xpmebix. Ecnm nyra KpHBOIi
3ajjaHa ypaBHenMeM V= (r) a<x<b, w umeer MIOTHOCTH') P=p(Xx),
TO CTATHYECKHE MOMEHTBI JTOH ayru M, M M, OTHOCHTEIBHO KOOp-

Iunatheix oceli Ox u Oy paeabl

M= p(x)£0) TG d,
My=fols)x VTHF G d

") Berony B 3anavax, rae He ykasama,
YTO KpuBas OAHOpomHA M p=1.
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MomenTL uHepwii I, u I, OTHOCHTENBHO 1ex #e occit Ox M Uj
BITHCARIOTCH N0 OPMy-iant

4 ————
=1 720 V1H ) dx,
=] o) ¥ VTFTG d.
a KOOpHHMHATBI LCHTP4 MACC X M J—To (opMysiam

x= % 7‘[ () x T+ () dx,

b

M, 1 y ——vg
== JP(XFI(X)J 141" (x)? dx,

rie I—macca myrw, T c.
b S—
1= p() 1+ (/) dx.
Tlpumep l. Hailin CTaTHYeCKHE MOMEHTBI ¥ MOMEHThI MHEDLMH

oTHocHTenbHO oceif Ox u_Oy Ayiu uennoit nukin y=cha npu 0<x<1
< Hmeem: y'=shx. /I+(v) =y i+

2 x=chx. Cie1oBarebHO.

1

(2+sh2),

) \
1 1 1 '
= 2 == ch?2. = -—sh?2
M, J‘ch xdx 2I(l1sh_x):lx 2(x+2sh_x)n
. 3

| '
M= xchxdx={ xdlshv)=xsh x|
° °

'
—fshxdx=shl—chx
o

PEJENT
smi—‘)
3 /1

'
-z[xshx.lx:
o

o

=shl~chl+1,
'

,=J-Ch xdx= J‘(H sh?x) ch x dx

v

1
=shl4zsh3 1,
s +3§

1,;;.«fchmx=j x2d(shx)=x?shx
o °

~fennar)-
=shl-2ch1+4+2shi=3sh1-2chl. o

Tpumep 2. HaliTh KOODAMHATS IEHTPA MACC AYTH OKpYKHOCTH
x=acost, y=asint, pﬂcllmlux&lm(m B UCPBOH MCTBEPTH.

'
:shI—ijd(chx)-_:shl—Z(xthv
o

ra
< Meens: (=3, os:s—, xj=—asint, yi=acost,

V() = e sin 1+ cos

]
L]
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OTCiofd nonmydaem: .
M,=a? | costdi=

n2
2sint

o

2 n2
M,=a* | smtdi=—a*cost
o

y FE—o=— e
Ta? =w ra2 ©

a*  2a a® 2a

B sacto nozesto
Teopema Iyabnena Iiouads noaepmormu, obpasveaunoii
payenuer dyeu nIOCKOR Kpusoll 6oKpye 0Cu. -lewaueli o niockocmu
Oyau u ee He nepeceaiomen, pasna npouscedeno dmunsi Oyeu wu Ominy
OKPYWHOCIIN, ONUCHIEAEMOIl CE HEHmpPOM MaCC.
uMep 3. Halfth KOOPUWMHATE LCHTPA MACC TIOJYOKPYKHOCTH

y a—x?.

£=0. Tpu BOKpYT

e O omyiaeres cepa, TG TOBCPAOCI  XO1OPOT  PaBE

4ma?, a umHA NOAYOKPyKHOCTH pabHa Ta. Tlo Teopeme TybIcHa Mveey
4na®=na 2.

2a
Orciona §

2
T.c. uenTp Mace C MMECT KOODMMHATHI c(o‘ ;“) -

n

6.546. Haiitu craTMueckuii MOMEHT CHHYCOMABI y=sinx
(0O<x<m) orHocuiensHo ocu OXx.

6.547. Haliry craiuyechuii MOMEHT M MOMEHT HHEPIHMH
OTHOCKTENBLHO OcH Ox JyrH Kpusoi y=e* (0<x<l).

6.548. Haiitu cratmueckuii MOMEHT M MOMEHT MHEPIUH
OTHOCHTENBLHO OCH OX OAHON apKH LHMKJIOMALI X=a(t—sint),
y=a(l—cost).

6.549. Haiiru craTtu4ecKuil MOMCHT H MOMCHT HHEPIMH
TIONyOKPYXKHOCTH PAjiyCa @ OTHOCHTENBHO €¢ JHaMCTpa.

.550. HaiiTi CTaTHYeCKHe MOMEHTHI OTHOCHTENBHO oceii OX
¥ Oy Beell JyrH OKPYXHOCTH r=2dCOS®Q, Nexallell BhillC
TONAPHON  OCH.

6.551. Haiitn ueHTp Macc Ayr# HemHOH NMHME ;-:uchf
a

(O<x<a).
6.552. Haiiti UeHTp Macc BoeH JyrM acipoMml X=a cos’ 1.
asin®f, pacnonoxcHHo# Bhime ocu OXx.
6.553. Haiity neKapTOBBI KOOPAMHATBHI LIEHTPAa MAcc AyrH
xapauouabl r=a(l+cos @) (0<q><n)

6.554. INonw3ysce nopeMon Tynbjena, HaiiTu LEHTP Mace 1yl u
acTpounbl x=a cos*t, y=asin®f. nexammcil B nepsoit YeTBEPTH.

2. saasm, 1
WHTerpasa NP peuickiy aanay s
B npuMepax 4-7.
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pumepd. Ci KOPOCTL NPAMOMMKCHHOTO JIBIKCHUSA TCa BLPDKA-
ercs ¢opMynoﬁ v=2t+3¢% (m/c). Haitru nyre, npoiinerusiii Teom 3a
5 CoKYHI OT Hauata IBIDKCHWS.

<1 Tak Kak MyTh, DpOIeHNEd TenoM m ckopocThio ©(f) 3a OTpesok
BpeMeHu  [ty, £, ], BhIpakaercs MHTErpan

S=‘f vft) dt,

TO uMeeM:

s
S=[(2t+313) dr=(>+1%)| =150 (
o o
Mpumep 5. Kakyio pabory HCOBXOMMMO 3aTpaTiTh ATH TOrO,
4TOBEI TENO MacChi M NOAMSTH C TIOBEPXHOCTH 3eMIM, PaauMyc KOTOpOi
R, wa Beicory h? Yemy pabia paboTa. cCoH TCRO YRANACTCR B bec-
KOHEUHOCTH?
< Pabota mnepemcrmoii cumbt f(x). neficteyiomeit Brons ocn OX Ha
orpeske [a, b], BeIpaxaeTcs mHTErpaiom

A:;’ Flx)dx.

Cornacko 3akoHy BCeMMPHOro Tarorchus cuna F, neiicrsylomas Ha
TCNO MACCHl M, paBHa

mM
F=k —,
e
e M—wmacca 3eMiH, r-—pPAacCTOHHC MacChl M OT NECRTPA 3eMii.
k——rpapuTammonnas nocrosynas. Tak kak Ha noncpxnncm 3emm, T. €
npu r=R, umeem F=mg, To MOXeM 3amicats mg= k—— Orciona
naxomm kM=gR?, a notomy
R?
F=mg—.
72

CiicioBaTenbHO, MCKOMas paboTa paBHa

R+h Ren

d
A= J Fdr= J- mg R? 5
F

®

k
Otcioma npy h— + 00 nveem

Jim A=mgR.

npumcp(: cy IHEPrUIO

OHyCa, Y © BOKpYr
cBocii ocH, ccnu 3a1aHbl pamyc ocnobaum xowyca R, Bbicota H w mwior-
HOCTD Y.
< K Hepris Tenia, BOKpYT ocn

© YIOBOH CKOPOCTBIO @, paBi

5 10%, rre I vowenT uepmn Tei

oo 3a Maccy dm npumem
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0
Puc. 58 Puc 59

MACCy TNONOTO LMIMHAPA BBICOTHI h ¢ BHYTPEHHHM DaJMycOM 7 H TOJ-
uwHO# crenok dr (puc. 58). Torna dm=2mnrhydr (0<r<R). U3 nonobus
Tpeyromernkos OCD u OAB mveem

r H—h r
=" re h=H[1--)
R wu "° ( R)

dm=zm11(|—i)nir.
R
u swemeiapHei MomenT wwepmun dl pasc

di=dm-r*=2nyH (171?) rdr.

Creytopateibho,

Taxum nﬁpaaom MOMEHI MHEPIMM BCETO KOHYCAa €CTh

R* R* 1
fdl IZnyH( —») Ydr= ZMH( R?) T‘;MHR‘

M KMHCTMYCCKAS JHCPIHS KOHYCA PaBHa

1
= ryHR*0. o
20"

Mpumep?. C xaxoil cuioli KWIKOCTH IJOTHOCTH Y NABMT HA
BepTUKATBHYIO TP nzcTIRy € a u mcoroii h,
HOf PYEHHYIO B KH/IKOCTE BEDUMHON BHW3 TAK, YTO OCHOBAHUC HAXOMITCH
ya e HoBCpXHOCTH?

& Cornacro sakoy Tlackans cuna P, ¢ x0Topoii ¥HIKOCTE MIOTHOCTH
Y napur wa miowasky S mpw raybuc norpyxemus H. pabwa
P=ygHS.
BBOAs CUCTEMy KOOPIMNAT, TIOKASGHHYIO Ma DHC. 59, PACCMOTPHM
wa rnyouse
X I MMCIoUyIo ocKOBARMC b 1t Bicory dx. M3 nO706H TPeYTONLHIKOB
CAB w CDE wvcem

re b=f(h—x).
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CACIOBATENLHO,
dS:hdx:%(hAr)dx. dP-—ygde:—(h x)dx.

Taxum 06pa3oM, CHTa [aBACHHA XHAKOCTH Ha BCIO IUTACTMHY DaBHA

. .

_ vga yga (h® B\ 1gah®

,,JdPsTij(h Nx=t (2‘3 P
° °

6.555. CxopocTs Tena, GpOLICHHOrO BEPTHKATLHO BBEPX C Ha-
YanbHo# CKOPOCTHIO P, G€3 YYCTA COTMPOTHRIIERAS BO3JIYXa
paBHa v=vo—gl, TAEe !—TpOTEKUIEC BPEMs, g——)CKOPEHHE
csobonnoro mayenus. Ha Kakylo MaKCHMATLHYIO BHICOTY TOA-
HRMaeTCs Teno?

6.556. Touka ocu Ox e
OKOJIO HA¥a’ia KOOPAMHAT CO CKOPOCTHIO v=0qCOS{WI+ (), Tne
1--BpeMa, To, ©, Q- mocTosmHble. Haiitu 3akom koncGanms
TOUKH W CpEIHee 3HaveHne aGCONMOTHON BENMMMHBI CKOPOCTH 3a
nepnon KoneGanmii.

6.557. Jla Tena ABIKYTCA MO OHON M TOi Xe NPSMOIL:
DEPROE €O CKOPOCTHIO vy =312 —41 (M/C), BTOPOE €O CKOPOCTHIO
ry=4(t+3) (M/c). Ecau B savanbibii MOMCHT onu Geumm BMeCTe,
TO B KaKOH MOMEHT M Ha KaKOM PACLTOSIHAM OT Havana
JBIDKEHNS ORM onsitb GyayT Bmecte?

6.558. Cxopocts newkenns toykyu v=0.17e "% (m/c). Haiitn
nyTL, DPOVAEHHBIH TOYKONW OT Hawajsa ABIDKEHWs JIO TOJHOM
ocTanorky (v(f2)=0).

6.559*. Kakyio paboTy nano 3arpaTuts, 4TOOH pACTSHYTH
npyxmiry na 5cm, ecmm cuna B 1 H pactsarmsaer ee ma 1 om?

6.560. Boiaucaurh paboTy, KOTOPYIO Haji0 3aTpaTHTh, YTOOR!
HACHINATE Ky4y TleCKa KOMHMUCCKOH (POPMBI C PajiycoM OCHOBaRHs
R u pwicotoit H. TlnorsocTh mecka

6.561. Buiuucymth paboTy, KOTOPYIO HAJO 3aTPaTHTh, UTOOE!
BHIKQUATH UAKOCT, IIOTHOCTH Y W3 KOTA, WMEIOINCTO hopmy
Bpepx. Paymyc

ocHoBanus R, Bmcota H.

6.562. Buiuncsmth paGoTy, KOTOpYIO HAZO 3aTpaTHTL YIPH
NOCTpOfiKe MMPaMIJIbl C KBAJIPATHBIM OCHOBAHHMEM, €CHM BLICOTA
nMpamiIs H, CTOpoHa OCHOPamNsi d, MNOTHOCTH MaTepHana y.

6.653. Beruscuts paGoTy, KOTOPYIO HaI0 3aTPATUTE, YTOOH!
BLIKAYATH XWIKOCTH JUIOTHOCTH Y W3 DEIEPBYapa, WMEIOIIEro
Gopmy xomyca, oGpaiieHHOro BepliMHOi BRepX. Pamiyc ocnosa-
uns R, phicota

6.564. Borupucauts paboTy, KOTOPYIO HAJIO 3aTPATHTH, YTOOBI
BHIKAMATE KUIKOCTS Y w3 p orp
nosepxHocTsmm: y2=2pz, x=+a, z=p (p>0).
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6.565*. "DneK rpHyYecKuii 3apAa €, COCPENOTOYCHHBIH B Hauane
KOOPIMMAT, OTIQIKMBACT 3apsA ¢ M3 Touku (a, 0) B TOYKY
(b, 0). Onpenenute paboty A4 cuabl oTia’ikipanns F. Hemy
pasia paGoTa NpH ynajenuu 3apsga e B GOCKOAEMNOCTb?

6.566*. LIWMHIP C NMOABIDKHBIM IOPUIHEM 3aNOfHEH NapoM
obveMa  Vo=02M* ¢ ynpyroctsio po=10330 H/m?.  Kakyro
pabory B4JO 3aTpAaTMTh, MTOGH NPH NOCTORHHON remmeparype
(u30TEpMIYECKHH nporiecc) ofBEM 1lapa yMEHBIWTL B 2 pasa?

6.567*. Onpeuneidts paboly, Npou3penenHyio npn amuaba-
THYECKOM  CAKAIMM  BO3GyXa, MMCHOMIEIO HA4aJILHbIC obbeM
Vo=8m® n pdsneuse po=10000 H/m> so oBsema ¥,=2 M.

6.568. Haiiry KHMHETHYECKYIO JHEPIHIO OAHOPOMHOIO Iapa
pamuyca R M ILIOTHOCTH ¥, BPALIAIOLIEroCs € YII0B0i CKOPOCTHIO
© BOKDYI CBOETO OHAMETIpa.

6.569. HaiiTn KMHCTHYECKYIO SHEPIMIO IUIACTHRKM, MMeioLiel
Gopmy nap: CeTMCHTA H BOKPYI OCH
napabosibl ¢ NOCTOSHHOM 3T7I0BOM CKOpOCTHIO . OcHoBaHWe
cermMenra @, BBICOTAa A, TOMIMHA IUIACTMHKN d. IUIO1HOCTH
MaTcpuana y.

6.570. HaiiTi KHHCTHYECKYIO JHEPIHIO TPEeYroNbHOH MIACTHHE-
KH, BOKpYT C YIIOBOH CKOPOCTBIO )
OcHObaHHie NUIACTHHKH @, BBICOTAa h, 10JIMHa [, TIOTHOCTH Y.

6.571. Haifin KHMHETHYECKYIO JHEPIHIO OIHOPOMIOro Kpyro-
BOIO IUJIHHJpA WIOTHOCTH Y C PaJIHyCOM OCHOBaHHSA R H BHICOTO#
H, ppawaromerocst ¢ yIJloBoil CKOPOCTBIO () BOKDYI CBOEH OCH.

6.572. C xaxoli CHION XHIKOCTH IUIOTHOCIH Y JaBAT Ha
BEPTHKAJIbHYIO 1PEYTOJIbHYIO IUIACTHHKY € OCHOBAHMEM @ H BBICO-
TOH h, TNOYPYXCHHYIO B 1l€C Tak, YTO BEPLIMHA HAXOAMTCS la
NOBEPXNOCTH, A OCHOBAHHE NAPANETBLHO TOBEPXHOCTH?

6.573. Koner Tpy6bl, NOrpyXeHEONH B XKHUKOCTH NAOTHOCTH
Y, 3aKPBIT Kpyrnoil 3acioHKON. OupeiesuTs CHIy JABJICHWS Ha
3aCNOHKY, €cnu ee papMyc R, a UeHTp Haxoiurcs va rayGune H.

6.574. Haiitu cury, ¢ KOYOpOil JKHAKOCTH TUIOTHOCTH Y AABHT
Ha BEPTHKAIBHYIO CTeHKy, MMeioulylo ¢opMmy nonysumnca,
Honpias ocp KOTOPOIO HAXOIMTCH Ka NOBEPXHOCTH KHIKOCTH.
Bonpas nonyoce snmmuca a, manas b.

6.575. Haiirn cuiry jiaBiieHus uIKOCTH IUIOTHOCTH Y, 3al0J-
HAOmEH Kpyropoii (GUIMHAP, Ha GOKOBEIE CTEHKH ((MAMHAPA,
eCHM pajMyc ocHoBamus R, Beicota f[.

6.576. Haiitu Maccy crepxus mmibl =5 M, ecnu Jmueiinas
MMIOTHOCTH CTEPXKHS MeHsErcs 10 3aKoHy y=1+0,1x% (xr/m),
TAE X-—PACCTOAHME OT OJHOIO M3 KOHUOPR CTEPXHA.

6.577*. HaiiTn KOJMUECTBO TeIUIa, BHLIEIAEMOE NEPEMEHEBIM
TOKkOM [=IoCcos®! B TeyeHue NEpHOJA 27M/® B NPOBOUHHKE
¢ conpoTusienneM R.
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6.578*. 3a Kakoe BpeMs BONA, HANOJHAIOMAN IHIMHAPHYEC-
xuit cocyil ¢ mlomaapto ocHoBanus S=100 cM? B BRHICOTOMH
H=20cM, BBITEYET 4epe3 OTBePCTHE Ha IHE IUIOMANBIO
So=1cm*?

6.579**. TIpH yCTaHOBHBIIEMCS JAMHHAPHOM (CTPYHHOM) Te-
HCHHW SKMIKOCTH 4epes TPyGy KpYIJIOro CedeHHs pajmyca a cKo-
POCTH TedeHMs D B TOUKE, HAXOMALUEHCH HA PAacCTOSHHH I OT

ocH TpyOwL, naercs (OpMynoH v= ﬁ[mzfﬂ), P -pasHoCTH

JapNesuit XHAKOCTH Ha KOBUAX TPYORL, [— BA3KOCTH >KMAKOCTH,
I—pnuma TpyGeL. Onpeenuts pacxon xuikoctd O, T. €. 00bem
KMAKOCTH, TIp uepes P cedyeHne TPYOBI
B CANHHIY BPEMCHH.

6.580%. C xaxoji CHJION TONyKONBLO pamuyca R M macchr
M npUTArMBAaeT MAaTEPHANLHYIO TOWKY /7. HAXONSIIYIOCH B €10
uenTpe?

6.581. 3a xaKkoe BpeMs BOAA BBITEYET M3 KOHHYECKOH BOPOHKH,
umerolelt  Buicoty H=50 cM, pajMyc BepXHEro OCHOBAHMS
R=5cM, paguyc muKHero ocHopamus r=0,2

6.582. On; Tb Pacxon uepes npAMO-
YTONBHOTO CeveHHs. BbicOTa BOpOCHMBA h, LIMPMHA @, BSISKOCTH
KHAKOCTH |t

§ 8. Umciensnoe wuterpuposamme QymKuwui
O/IHO TIePEMEHHOI

UHCrieHHOE  MHTErpPHpOBAHME COCTOMT B HAXOXJIGHMM MHTCIpaia
Jf(x)dx or nenpephisroli dyukuwmm f(x) no keadpamyproi Gopmyae
y .
1) dx= . aut (),
B et

i€ KOIODUIHEHTE @y — NEHCTBU IETbHBIE HHCIA B y3iThl Xy TPHHAIUIERAT

[a, bl k=1, 2, .. n. Bun cymmr S,()= z aM/(x.D onpeseaeT MeTOR

UHCTIEHHOTO WHTCTPHPOBAHNS, @ DA3HOCTH m(;) j/(x)nihs.(/) no-

TPELLHOCT METOAA.
% METONA NMPAMOYrOJbHHKOB

j/(x)dxzhlg‘ T 0}

b B
h=~"3 (uar pasbuesns), xo=a—3, u=xi-1+h (k=1, 2 ).
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Jlin MeToaa Tpameuni

\
f/(xmzh(f“"” 5 ) @
h:”;", xo=a, x=v+h  (k=1,.,n).

Hns metona Cumncona
»

J. f)dir ;(ﬂa) )+ 42 (mer)42 ‘z: Sl )), o

h="2 xo=a, x=xeath  (k=1,2,.,2n).

2

Tpassic wacti Gopmysr npavoyromsimkos (1), Tpaneunii (2) u Civ-
ncoHa (3) SAISMOTCH MHTCIPATLHBIMH CyMMAMH W UpM h—0 CTpeMATCS
K nankoMy mirerpany ORWAKO npu (GKCHPOBARHOM hi Kaas w3 HMX
STmaCIC OF coorueteTRYIOWery yrerpana WA semuiny Kol (/) To
JHIAHHOM nor >0
FApaMerTp n, KIH, YTO TO Xe Camoe, WAr f, nps xo'ropou BLINOHACTCS
HEPABEHCTBO

IR.(N)I<e
R.(f) ® cy B HHX
Rf)= 'ﬂ/-(g)hz T R p—
R, U), ]"(F,)h2 Ee[a, b), nnm merona Tpanenii,

R.,(/)=v i @-/“V’(g)h‘, tela, bl, arm meropa Cuncons.
Mpunep 1. Hulfn In2 ¢ 0 1074 u

In2= ]' . BLIMHCIMB MHTErpan metonoM Cumncoma.
1
<1 1A NOABIHTErpadLHOi (yHKIMH /1x)= ~ HA OTpeske I:~, l], uMeeM
X

Pt
1

2%
S, omym |f™(x)] <24-25. Vusrtsinan,
x

. monyyaem

.
RO <522 (5) e R

120n*"

JUnsi OCTMKEHMS  34/IAHHON  TOYHOCTH HEOGXOMMO  BLITIOJIHEHHE  He-
paBeHcTBa

10*
I20‘<|0 4o wm ot >
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ut0 GymeT et Mecto mpr n*>100. Floatomy ciemyer BGpats n=4.
Hailan fi= 70 =00625, Mil 36BCIOMO CMOXCM BHMHCIHTL AR

dyskmm ¢ TouHoCThIo fo 1074 Tlonywum Tabmuny'):

(Xo)=2
t 1(x)=17717777
flxg)=1.6
Slxa)=1.4545454
Slxe)=1,3333333
[xs)=1,2307692
Flxe)=1,1428571
Slx7)=1,0666666
flxs)=1
=3 ©,=5,5297589 3=4,0761904

Toncauan cymmy
=0, +40,+203=33,271415
h
# 3=0020833. 1o dopryne Cvmcons (3) morviacw pesymar:

In2=0.6931. o

Jlpyrofi crIOCO6 ONEHKH TIOTPEHIHOCTH METOA WHCTICHHOTO HHTET-
PHPOBAHHA COCTORT B TOM, 4TO HCTIOMb3Y

Vs, (=" ‘;l :,S" D 4 otncr)

e

Rr=hn, (A1), v=1,2.3,.
M m=2 JUI METOAOB npxwoyronbnuxon n mnmm m=4 n.vm Mero'm
Cumncoria. nas S.(f)

TIPOH3BO/IATCH npu n= n,, Ilz, Ny, ... O TCX TOP, noxa He Gyucr
BHITIOJIHEHO COOTHOMICHHE

15, ()=S0 _ @
Am—1
Viasamuiii crocof Hashisaetcs npaBuioM Pymnre. Kpitepuem ero
anserca
185, (N=S, (N1
[RAGECANGH

fueno 1> muGupieren MG, ORHIKO MpETONTITCTIAG. A

xATM

l'lpuMcp 2. BHAHCTHTS MeTOAOM Tpamemmii ¢ TOMHOCTHIO A0
107* mirerpan
1

wlu’

') Cm. cHocky Ba c. 253.
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- BuiGepem m,=10. ;=20 M BHYUCTHM 3HAYEHNS HOLMHTEPATHHON
dynxmn f{x)=

cooTReTCTBCHHO B y3dax  xfV=xo+Khy = —
o o B ysaax xf’=xo+kh = o

*k=1,2,..10) n xX"—xo-#lrh;-A (h=1,2,..,20) (cm. TG 6.1).
Tabnnua 6.1

xP=0 ixg)=1
S(x)=0,9999376
=01 | f(x?)=0,9995004
fIx§)=09983168
=02 | f(x4")=09960238
1x$)=09922778
xP=03 | f(x{)=09867674
A(xP)=09792281
x'=04 | f(x))=0.9694584
fx§")=09573324
S(x$)=0.9428091
Sx)=0,9259358
S(x1)=0.9068453
f(x2)=0.8857451
S(x$)=0.8629030
Sx@)=0.8386278

1(x47)=0,8132501
f(x§)=0.7871027
=09 | f{x$")=0.7605057
S(x%)=0.7337535

xB=1 (x4)=0,7071068

6, =9,0916166 ©,=9,0982576

Crumana o ey S, =0,k =09091616, e

2 ): S m h,—T), Tprmenss cHoBa dopMyay

o=

Tpaneuwit (2), uaﬁz\cM

S, =(01+02) h,=0,9094937,

10
e h,_—o ¥ «,_zr(x'zv 1) s coomnowenuti x{"=x$, k=0
1, ., 10, BWwo, 470 JUis HAXOKAEHHA S, MeT HEODXCAUMOCTH 3aHOBO
BHHCAT, xaxnoz w3 21 3navenmit Qynxumu, a K maiilenHbIM pamce
HAYEHNMAM, BOWICTUIM B CyMMy O, Cleiyer noGapith 10 HOBEM
3naverHii, o6pasylommX CyMmy . Tlojjaras B JIEBON 4ACTH HEPaBEHCTBA
(4) A=2, m=2, ymTLBaR 3Hadenus S, M S,, nNOAyiaCM

S, =S,
3

—2—1=0,0001105.
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ToatoMy ¢ TommoCTi0 s 107* mveens
Lo
o /T+x

Npumep 3. Cocrasnrs Ha (OpTpane NPOrPAMMY BEMHCICHHS
gy

,9094.

METO/IOM TIPAMOYTOBHHKOB HHTerpaja f———=—.
ey I{Jl+x’
< 3ajanve s DBM 1enecoo6paIHO COCTABHTH B BEAC TPEX Mpo-
TPAMMHBIX €AMHHIL OCHOBHO¥H NpPOTPAMMBI, TO/UPOTPaMMbI-(yHKIMH,
BLIMHCHISIOUICH 3HAYEHNS TIOJLINTEr PATBHOM (JYWKUMH, W TIOJMPOrPaMMBi-
(yHKUHK, KOTOpas OCYIICCTBISET BBLIYHC/ICHHE MHTETPAd METOAOM
TIPAMOYIOJTLHHKOB.
OcHoBHAR npOrpaMma:

EXTERNAL F
S=RECT (0.,1.,F,20)
WRITE (3, 1) S
1 l-ORMAl (" UHTETPAJI=" F6 4)
END

To/mporpaMMa-QyHKIMS JUIS BLIYHCICHHS 3HAYCHWH NOMBIHTErPATb-
HOW  (pyHKINH:
FUNCTION F(X)
F=1 /SQRT(I +X*3)
RETU
END
Toanpory by MHTerpana me-
TONOM NPAMOYTOJBHHKOB:
FUN(_TION REST(A,B,F,N)
=(B—A)/N

X=A—HJ2
DO I I=IN
X=X+

RECT= RECT+F(X)

RECT=RECT*H

RETURN

END s

B 3apavax 6.583-—6.606 BBIMUCTMTHL yKa3aHHBIC ONpPE/leIeHHbIE
HHTErpanbl € TOWHOCTHIO A0 107% ommmM w3 cnenyoumx
: a) TIPSIMOYT 6) MeToom Tpanemii,

B) Metozom Cumncosa.

3.5

.
583, | & esea [N
JS+dx—x? x*+1

3 o




2
x °

.
2
6.587. I”‘/;dm 6588, [ /T4 dx.
d

os
2
6.589. | \/1+x°dx. 6.590. I —
o
°

dx
Ji+xt

0o w
dx dx
6.591. . 6502 | A
J 1-x*% J3 1+x?
3 2V
L "
6.593. [ /x(1—x)dx. 6.59%4. [xIn(l+x)dx.
o o
1 1
6.595. [e*'dx. 6.596. fe*dx.
0 [
05 _ H &
6597. | e ax. 6.598. | 2.
H Inx
H
.
> sas16
6599, [0 1 6600, | In(5+dcosx)ds.
Tix °
°
- s
6.601. [ T ax. 6.602. | ¥/xcosxdx.
o Jx o
. .
6603, [ /sinxsinZdx. 6.604. J‘wdx.
N o
0,6 0,8
6.605. f’idx, 6.606. I X .
S i
0.4 °

B 3anauax 6.607—6.613 coctapuTe Ha (opTpase nOANpOr-
paMMBI JUISt BBIYHCICHAS ONPEAC/ICHHBIX HHTETpanos, NpHMEHHB
yKasaHHble METOIIbl H BHIGpAP HasBaHHbIE NAPAMETPhi, ODO3HAYHB
depe3 A, B u F COOTBETCTREHHO HAYATIO OTPE3KA HHTEr PHPOBAHMS,
€ro KoHem M HieHTHOUKATOP MHOANPOTPAMMBI-(YHKINH, BbIUHC-
nsomeit paibHOl ¢

6.607. Tlosmporp: % 0
MHTerpaja MeTONOM NpPAMOYIONBHHKOB, mapamerpsi: A, B, F,
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N, rie N—H4HCIO OTpe3xOB. HA KOTOPbIC Pa3bHBaCTCH UCXOAREA
oTpeiok [A, B]

6.608. [LomuporpaMma-gysKuHs BhMUCTCIHS ONDEACIIEHEOrO
HHTE: PiTa METOIOM Tpamenuii, mapameips: A, B,

€.699. Toxmporp by HHOTO
LTI pana Me10A0M Tpanuum, mapamerpsl. A, B. F, EPS, rze
EPS - npejienpuas aGCoMOTHAS TOTPEILHOCTD.

6.610. Ioanporp:
Ml ISTPana ME10A0M CanoHa, nmapametpsi: A, B, F, N.

6.0i1. Cocraputh #a GOPTPaHE NOAIPOrPAMMBI-DYIKLEN JUis
BLITHCIICHUS 3HAUCHHH HOBIHTCTPATBIBIX (yHKWNH B 3afauax
©.583—6.606.

612. CocTasuth Ha (opTpane Nporpammy pelleHHs 3ajad
6.583 -6 606, HeniCab3ys NOANPOTPAMMSI, HONyYeHHEbIE TIPH pellie-
HAH 33337 a) 6.6U8 1 6.611; 6)* 6.607 u 6.611; B) 6.610 u 6.611

6.613*. Cocrasuts Ha QOpIpaHe NpOrpaMmy pPCILCHH 3alay
6.583 -6 606, .unonbz)n TOANPOTPaMMEI, TIOTyYeHHBIE NIPH pelle-
nuM 3anad 6.609 m 6.611




Frasa 7

AAOGOEPEHIMAJIBLHOE WCYHCIEHUE
@OVHKUMIT HECKOJILKHUX TTEPEMEHHBIX

§ 1. OchoBHbie NOHATHA

1. Tonsrus Gyhicuan Beskuit y
5t HAGOD M 1 ACHCTITEAMINGS MHECH 11 x OBOSHASHETCH (X1, - )
Wi P(Xy, 0 X,) W TouKod
npocipanctea R, wHeaa X, .., X, mnumumcx KOOPAHATAMH TOYKH

P=P(ry, .., X,). Paccrosmie Mexy TOSKaMH P(Xy, .., X,) 0 #'(X], ..., X3)
onpeAeisercs popmynoit
P (P, )=/l =21+ i)

1lyerh D R"—NponIRoJIbHOE MIUOKECTBO TOWEK 7-MEDHOTO apid-
MeTUCCKOrD MPOCTDAHCIBi Ecau kaxoii Touke P(xy,..., Y Tnocrap-
e poe prone neiic runtenbioe
YHCHO ](P) =1 (15 weny ,&, TO TOBOPAT, WIO Ha MuOkecBe [ 3anana
e toaas Byrxyun f: or n mepenemix xi, HOXeECTRO
ueRu=f(P),

PeD& OOMACTBIO 3HEHeHHIE ¢yumm u=/(P).

YACTHOM Cywde n=2 (QyHKUMS ABYX TepeMeHMbiX z=/(x, y)

NORET ACCMATPHNITICR KAk QYRR SOTEK IOCROCHL B TPONEPIION
i cuctenoit

Oxyz. Tpadmrost 3700 Lhymmm! HAbI-
BAETCH MHOXCCTBO TOMCK
(x5, ZeRz=/(x, )},
npesicTaBisiolee COO0H, BOOGLIE OBV~
PA. HEKOTOPYIO MOBCpKHOCTE B R?
[ipunmep 1. Haittn obaacts onpe-
nenexus ¢yux|um
.Y
2=arcsin~.
x

<0 (yHKUMS OTIpeAeNieHd TNPH

1<, xw0.
x

Puc. 60

CaenoBatemio, —x<p<x NpH
M x<y<—x npun a<0. OSNACTH OMpeACenMA (pyHKIMH WIOOpAKeHA
Ha puc. 60 (CORCPXUT rpanuLbl, 32 HCKIIIOUCHHEM Hasaa KOOp/MHAT). ©=

X Hawn 3, -2 S0, %),

Npumep 2. Mycrs f(x, y)=—

{e3)
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<0 Mmeem:
(=2
ETE

1B, -2)=

7.1. BHIpasuTh WIOWAAb S TPEYroNbHUKA KaK (YHKIWIO Ui
JIBYX €ro CTOPOH X M y, ©CJIM €ro mepuMerp paseH 2p. Haiiru
obnacTh ompenencHust ITOH byHKIMH.

7.2. Buipasuts 00BeM V' KpyroBoro KoHyca kak (QyHKUpIO
miomanu S ero GOKOBOH MOBEPXHOCTH M JnuHBI | 06Gpasyiomei.
Haiitu obnacth onpenenenus 9To#  (YHKIHH.

7.3. Bolpasuts miomagb S paBHOGOYHON Tpamemmu Kak
dyHKUMIO JUMH ee CTOPOH, €CIM X M y-—— [UIMHBl OCHOBAHWIi,
z—jumHa 6oxoBo# croponsl. Halitn obnacts onpenenenus 3Toit
ynkrmm.

&

Haiitn  obnactn ¢ i nByx
(R=const):
74. z=/R*—x*—y%. 75. z=/x2+y*—R%
1 1
1.6. z 17. z
RI—xi—y? "ty - R

7.8. z=(2x+3y—1)/(x—).
79. z=/1 —(x2+y? 7.10. z=In(—x—y).

T 2= [ "‘, 702, 2=y foosx

2x—

713, z=flog,(x*+y?).  7.14. z=arccos——.
Xty

A5, z=/9—x*—y*+/x* +y?—4.

7.16. z= arcsm—+arcsm(l~y)

747, f(r, 9)=r sin . 7.18. j'(r, @)=r\/cos2q.
Haiitu  obnactu Tpex
719, u=/x*+y*+z*—R? (R const).
N

P

721, u=In(1—x*—-y?+2%).
338
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Haﬁ.m obmactn n

x

722, u=\/1-x}+/1=x}+..+/1-x%
7 3
i

7.23. u=

7.24. [lana dymxums f(x, y)=3;:;*; .
13.2), fla a). fla, —a).

7.25. Jlana  Qymkums  f(x, y)= 1+y 5. Haiitu  f(-3,4)

Hairn f(2, 1), f(1,2),

7.26. Haiitn f(x), ecnn /(£)=_V"ZX+"Z (x>0).

7.27. Mycts z=x+y+f(x—y). Haiitn Qymxumu f 1 z, ecnn
z=x? npu y=0.

7.28%*. Haiiru f(x, y), ecnu f| x+y.'£ =x?—y?.

29. Jlaus ymxmun: f(x, y)=x+y%, ¢(x, y)=x*>—y*. Haii-
™ a) f(w(x,}) »?); 6) wﬁ {9 o(x )
7.30. Jlaun dynxuwm: @(x. y)=e*cosy. V(x. y)=e*siny. Ho-
Kasarb:
a) ¢ }x, y; (x, »)=9(2x, 29}
6) 2 (x, Y)W (x, y)=V(2x, 2}')
7.31. Jawbt dyskumm: f(x, y)=x>— Sx)—wsx, Y(x)=
=sinx. Haiiru: a) f(o(x). \ll(x)) 6) (p(j(x )
W wenpepuiBHoCTS Gymiapm. UHCIO A HASHIBACTCS npedeaom

2. Tipenen
Qynxwm u=f(P) npu CTpEMJICHHH  TOUKH  P(Xy, X2,..,X,) K TOUKC
olay, az,...,a,), ecnm aas moboro £>0 cymecrsyer "raKoe 8>0, uro

w3 ycuoBMs
0<p(P, Po)=/[xi—ar)*+ .. +(x,—a,) <8
caenyer
W x1, X2y Xp)— Al <.
Tlpu sromM mAwyT:
A=PII_I1’17/(P)=)\1‘I_":“[(XU X2 ee Xa)-
fiy
x

2

ey
Mpumep 3. Boscauts, mveer nu QymKumus ;ﬂ% npenen mpk
X0, yo0?
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< Mycrs Touka P(x.3) crpemuen x vouxe Po(0.0). Pacemorpinv
MIMCHCHHE X W y nmb npwou y— x. TMoayusem

x? 27—k 1k 1-k%
e T Tk T A

xoy?
m
x~nx +y
30

Pesvabrat umeer p Inaverus B or
k, w nodrony r)-yﬂxum npejiesia He WweeT. ©
yuKims u=f(P) wHaswwacics wenpepeinoii 6 mouke Po, ecim
BLINOJHCHE CAC/VIOMUE TDH YCTOBMS:
1) dynxrus IP) onpenenena B Touke Pa:
2) eymecrayer. lim /(7Y

Y fim f(P5=f(Po)-

m,mqm HAHIBACTCS Hempepwianioll 6 ofiAachmu, CCM ONA NCIPCpHIBHA
Kaxa0# Touke 370l obaactu. Lcm B Touke Po XoTs Obi onHO w3
yc:mmm 1) —3) HapyiueHo, TO Py HA3LIBAZTCS TOYKOH pa3pbiba QyHKIMH
J(P). Touwkm pasphipa MOryT ST WIONHDOBAHHbIMI, OBpPA3OBLIBATL
JMHUE Pa3pHBa, MOBCPXHOCTH pa3phiBa # T L
Mrumep 4. Haiftn ToukH pa3petma (yHKm

1—xpz

u= .
X+3v—z+4

< MVHKIA He OMPCNCTCHA R TOWKaX, B KOTOPBIX dHaMeHATelh of-
pamactcs B Hymb. [TOITOMY OHA WMECT NOBCPXHOCTb Pa3IphiBa—
naocKoCTh 2x+3r—z-+4=0. B

Haittu npesenst:

7.32.

sinxy

lim

7.35. tim (1+x2+p2 )+t
0
y—0

7.36. lim (x?+y?)sin
et X

Yoo

7.37. Mokazate, uto npy x—0 u y—0 dynxuus z=)_x

MOXCT CTpeMuThCs K mobomy npeneny. Ilpusecr mpuvephb!
Takoro npuGmwkerns touku (x, y) k touke (0, 0), mpn KoTOPOM
limz=3. limz=2. limz=1, limz=—

7.38. Tokasare, wro ans dymxmam f(x, y)

cryer lim f(x, y). BHMHCIMB OBTOPHLIE NPCACIB
20
=0

lim(
x0\ v

im f’(x,y)). lim ( tim £ (x, ,--))A
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A2yt
3 T ()
IECTBYIOT M paBHBl MEXy COOON NOBTODHBE NpEmeTs

fr (i ) )= fmyf ) ) =0

7.39. Mokasats, wro ams dymxwm f(x, y)=

Tem Be Memee lim f(x,y) me cymecrsyer.
20
0
7.40. Briscuuts, uveer i dymxms sinln(x*+y?) npenex
mpr x—0, y—-0?
’ x2v?

7.41. Buiscuuts, umeer M dymKums ;4 el

npeen MpH
=00, y—o?
7.42*. Toxa3aTe, 4TO (yHKUIHS

o) = ecmn x2+y?#0,
x, y)=4 "
o, ecm  x=y=0

B 10ouke (0, 0) HenpepwiBHA BJONb KAKIOTO JIyda X=1COSO,
y=tsma (0<{<+0oC)., NPOXOASUICIO HYcpe3 3Ty TOUKY, T. €.

llm f (tcoso. tsina)=£(0. 0). ommako 3ra QyHKIMS He SBISETCS

llenpepb[BHOM B Touxe (0, 0).

7.43. Tokasats, wro B Touke (0,0) creayiomme Qynkumn
HCTIPEPHIBEBLL N0 KaX/IOH W3 NMEPEMEHHBIX X H y, HO Pa3PLIDHBI
1O COBOKYNHOCTH TEPEMEHHBIX:

xy

a) f(x, y)={ (x2+)2P2°
0.

N ecmu x=y=0;

e x2+y?#£0,

X

6) f(x, ¥)= {(*”

0. ccmt x=y=0.

‘, comt x2+y?#£0,

Haliti Towkm paspbiBa (yHKUME ABYX NEPEMEHHBIX:

1 1
7.44. Z=(x—1)2+(}'+l)24 7.45. " snZmx+sininy

— ! = ey 22
746 2= e 747 z=In(1—x?—y?).



x24yp? 1

7.48. z= . 7.49. z=
e TEnTE Y

Haiitn Touku pa3pbiBa (yHKIHMH TpPEX NEPEMEHHBIX:
1 1

7.50. u=—. 751 u=
¥ vz

tpta!
2. u=

1.52. u o

754, u=

A N I

3. Yacusic npowssombic. Tlycrs )Wnpommmuwu
DUKCHpORANNAR TOMKA 1S OGIACTI ONpENCTEIS q»yuxuuu u=f(X15 o
TlpwiaBas 3HAUCKHIO MepeMeHHOM Xy (K= 1, 2, .., 1) IpHpAUICHHC s
PACCMOTPUM  TIpENEl!

" X1y eeey XiF DXy ey Xg) = [( X1, cees Xiy weny Xy,
(Y S B (N

Py Ay

DTOT Mpenen MasbBACTCR Hacmnoil npouseodnoii (1-20 nopadka) namHON

dynkumM 1o nepemennoit x; B 1ouke (Xy, ..

u
2) # oBosHavACTCH
o

[ (X s %)
Gacruic

no o6
n (npw roM BCe KpoMe
Xi, PACCMATPMBAIOTCH K4K TNOCTOSIHHBIC).

Tipumep 5. Haiiti 4acTHbIC TPOM3IBOJHBIC (BYHKUHU

y
z=arctg>.
X

< Cuuras y nOCTOMHHON, MOAYuHM

Cuuras X NOCTOSHHOM, MOJYYHM
0z 1 1 X

v@ iy
5

wasbiBacTCs 0dnopoduoit dywkume cre-
TBHTCILHOTO 4MCNa (#0 Clpae/uMso

Dyskums u=f(x,
TCHK M, ccM s moSoru P
PpaBeHcTBO

S(1x4, 1, ooy ) =17 f (X0, X212y X)-
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Eciu onsopopmas crenchu m ynkums u=f(xy, Xz, ... X,) Mmeer
aCTHBIC TPOM3BOIHBIC TO KaX/OH M3 TEPEMCHHBIX. TO BBINONHSETCH
cooTHOMIEHME (reopema Diinepa)
1S5, (¥, X2y e X)F x2S (Y0 X, s Xa)

Xy (X120 X2, e Xy =1 f (Xy X

Tlpumep 6. Mporcpurs Tcopemy Ditnepa, ecmt

f(x, y)=Ax>+2Bxy+Cy*.

x)-

< Mimeem
Flix, 1p)=A(1x)>+2B(1x) (1) + C(1p)> =131 (, y)
Crenoparensiio, m=2;
Sulx, 9)=2(Ax+ By), [3(x,y)=2(Bx+Cy),
XIu(x0 PV 21 (%, ¥)=2x (Ax-+ By)+ 2y (Bx+ Cy) =2 (x, y). &
Yacmusisu npowssoomsiy 2-20 nopadka GyRKI u=f (X1, Xz, - %)
HABLIBAIOTCA YACTHBIE IPOMIBOJNLIE OF C¢ YACTHBIX TIPOMIBOJIHEIX NIEPBOTO

nopsanka. YIponsBojHbIE BTOPOrO NOpska OBO3HAYAIOTCH CIIEYIOMIM
pazoM:

o [ ou o%u
oo £ L CTE

o (ou) o
afx,(o_x.)f Frr e Frix (Xt X25 cos Xy woes Xy cens Xp)

1
r
® TN

Ananoruiso H HACTHBIE

TIOPSKA Bbile KIOPOLO.

Pesynrar MHOrOKpatHOro mMQheperiMpoBanns GyHKIMH TO pas-
JIMYHBIM TICPEMEHHBIM HC 3aBHCHT OT OMEpENHOCTH jmddepernmpopanus
TPH YCIOBHH, WTO BOSHUKAIONWAC NPH JTOM (CMCLIAHHBICY HaCTHBIC
TPOU3BOJIHBIC HENPEPBIBHEL.

Mpumep 7 Haiiti YacTHlC NPOM3BOJHEIE 2-T0 MOps/IXa (yHKIHM

z=arctg?.
< Mmeem (oM. mpimep 5)
) y 0z x
[T S Ry
Jlddeperumpyem BTOpHIRO:

2’z 0 y _ 2y
037 o\ T xTayt) T

?z 9 ¥ >_ (x> 4p3)=2py ¥
W=@(7W B P N i
2z o x L(x4y?)=2xx  yi=x?
W:vi(xzﬂ ) 507 * )7
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2%z 0%z
MBL 37ech YOCAMRMCE B TOM. 9TO oxoy ~ayor)

02z o «x 2xy
B (g PR P
oyt op\x4y? (¥4 y%)?
Haiftn  gacTasie npoussofsbie [-10 ¥ 2-T0 HOPSAKOBR or
3afaHHpIX YHKL:

755 z=x>+y°—5x3y?. 1.56. :=xy+£.
758. z=xe .
7.60. z=p»*
7.6k z=In(x2+y?). 7.62. z=arcsin— .
Jxtty?
1 v\
163 um . 764, u=(f
N x

7.65. u=xy?z31* 4 3x—4y+ 22— 141,

7.66. Haiitu f,(} 2) 3(3,2), f” (3.2, 1532, 1,32
ecmn f(x, y)=x*y+xy? ‘Zx+3

7.67. Haitru £3(1,2), £3(1,2), fix(1,2). S5 (1 2) f3(1,2)

xtay?t

ecnn f(x, y)= .[ etdr.
) 0% 2z
oxoy  oyox
0z %z _y x
1;‘7)}‘;:‘17)" ecnd z—cos;arows;
A 77)0 Haiian 500, 1), f55(0, 1), /5,(0.1). f35,(0,1), ecn
X, y)=

7.68. Mokasare, 4Yro

, ecm z=xsin(ax+by).

7.69. Tokasate. 4ro

*u 1
7.71. Haittu , ecnn u=h .
e SO

7.72. Haittn

o°u - .
m’oyS' ec u=x"siny+y~sinx.
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oFtay
7.73. Hatitn Syt S u= (x—x0)"(y—vo)2.
B sajgasax 7.74—7.77 npoBepurh Teopemy Oiiniepa 06
OIHOPOIHBIY. BYHKITHSX.

774, z=x3+x2y—y. 175

y
1.76. z= arctgx .

7.78. Burmemmms

z=rsm0.

ec x=rcosBcos o, )
o\ oz
7.79- Tlokasats, 4TO (3-) +5‘+X+z=0. ecnu z=4e ¥+
x y

+(2x+4y—3)e " —x—1
ou 3
780, Tokasats, w0 44 X 5t . ecmm
ox 0z xty+z
u=In(x>+y*+z 3)(}2)
ou + ou  du —0. ecm
oy o o

7.81. Tlokasare, 4TO —— + —

x

BOPACT ypasHeHuwio KoAeGaHUii cmpyHsl

0%u 0%
or ox?’ -
x=xp)?
1 T 4ah
= e
Za\/m

7.83. Iokasate, 4ro GyHKIHA u=
BOPSCT YPASHEHUI0 MENIONPOGOOHOCMU

o
7.82. Tlokasate, wro GyHKuMs u=AsinAxcosalt ymOBNET-

ynosser-
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1
Vx=a)*+ (r=0)"+ (2=

7.84. Iloxasate, 4T0 )

YHOBNETBOpSET ypasHenww Jlanaaca
0% 0'u  o'u
o o ton

7.85*. Ilokasats, 4r0 QyHKIHS

Xy
-, eciH

flxop)=4 ¥4
0, ecu

HMeeT yacTHble npoussombie f5(x, ¥) u f3(x, y) B Touxe (0, 0),
XOTSi M paspbiBHA B I3TOH TOYKe.

7.86*. Tloxa3ats, 4ro 1Wis QyHKUHH

2

[ dint 4 2, 2
y—5—3, eom  x*4y?£0,
Slx,p)=q Y
0, ecnu x=y=0,
BTOPOI B Touxe (0, 0) 3aBucaT

01 nopsaxa amm)epemmpoaauna, a mmenHo: f%,(0, 0)=
fx(0,0)=1.

4. Jind i ywcunn u ero npavesenwe. IToanbis npupauenues
YHKII U=/ Xy, X2» s Xp) B TOUKE P{X1» Xz, - Xp), COOTBETCTRYIOLIM
TIPMPALLICHUAM aprymenms Axy, Ax,, ..., Ax, Ha3BIBAaETCA Pa3HOCTH

Au=f(x;+Ax;, X2 +Bxz, oy X+ BX)~f (X1, X2, ooy X)
Dynxums u=f(P) nasvipactes duddiepenyupyemoit B Touxe (Xy, X2, -y Xy
€CHU BCIOJly B HCKOTOPOH OKDECTHOCTH 3TOH TOWKH NONHOE MPHpALLEeHHE
yHKuMH MoXeT ObITh TPENCTABICHO B BHJEC

Au=A,Ax +A;Ax;+ ...+ A, Ax,+0(p).
e p= \/AXA+A“+ +AX:, Ay, Ay, o, A,—sica, e 3aBHCAULLS
Axy, .

Judbi pm,wmm "du 1-20 nopnoxa dymaum u=f(xy, Xz, - X,)
B TOUKE (X1, Xz, - X,) HASHIBACTCH [NABHAR YACTH TIOMHOFO MPHPALLEHIS
97Ol (DYHKIMM B PACCMATPHBAEMOH TOUKE, NMHEHHas OTHOCHTETBHO AX;,
Axz, oy AX,, To€.

du=A,Axy + AzDxy+ ...+ A,Bx, .
no p

JOTCH PABHBHIMM MX TPHPALICHHAM:
dey=Ax,, dx;=Ax, .
Nas maddepernmana dynxusm u=f(xy, x;,

dx,=Ax,
. x,) cnpaseTHR Gopvyna

O
du**d\'n- O et X, o)
ox % o,
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OyHKIMM U, D 61
npapuiaM (depeHLMpoBarns:

d(u+v)=du+do,
duw)=vdu+udv.

d(f) _ ndu—ude
v v

Mpumep 8. Haiirn nonmoe npupauienne ¥ mddeperiman dynxumm
S(x.p)=x%y B Towke (x,y).
< S(x+Ax, p+Ay)=(x+Ax)*(y+4y).
Af(x, y)=(x+Ax)* (y+By)—xy=

=2xyAx+x2Ay+2xAxDy+yAx*+Ax*Ay,
df(x, v)=2xpAx+x*Dy. =
Mpumep 9. Haitrn ymddeperuman dyuiamm
z

Slx,y, 2)= ———.

Xty

< I+t cnoco6. Mmeem

of xz of _ yz of 1
P P CCA TR FEUE) ECA PR
Mo dopmyne (1) nonysacm

xz yz 1
df(x,y,z)= 1 dy+ —dr=
(o) =~ e
24 y?)dz—z(xdx+ydy)
24 cnoco6. I npasia Hmeen:
SxTryidz—z-d JxT 4yt
Af(x, yy )= LTI VE T

x*py?

-3 xd
NEZS =
X242 (x?+y?)dz—z(xdx+ydy) .
P = 1y . .
Tipw_ stoctarontio sazom p=/AxTTAXE
nupyemoit  pyHKuH  u=/(X1, Xz, .y X) MMEIOT
paexcrsa

Ax3 i suddepen-
MCCTO  TpHGIDKERTILIE

Auzdu,
SOt Axy, Xt BXg ey Xt BX) RS (X103 X2y s %)+ (X100 X2
Tipumep 10. Busmenurs npubmiokesmo
NCIEEES
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<. Hckowoe _umeiio 6yn.e\4 pearpma, xax_ e Gy
+y* Tpn +Ax, y +Ay, ecmm x,=4, =3,
05\/Ay 0,07 Tnicers: o 0T e

108, 3)=JF137=5,

dx+ydy
Af(x y)=df(x, )=,
f(x ))=df(x, y) T
ar 3 005+3 007 ook

Crepoparensho,
@057+ (3,07~ 5+0.08=5,08. &
Jupfeperpuaron 2-111 nopsdka d*u dvmiyu u=f(xy, Xz ., X,
g i-ro nopsnka,
CMATPHBAEMOIO KAk (bymﬂmn mpcMcunux Ay, Xz, s X, TIPH
CHPOBAHIEIX 3HAMCHHAX Xy, Ay, ..
du=d(du).
Auazormuno onpezessercs anddepenupas 3-10 nopsaxa:
ddu=d(d?u).

Boobuue,
dmu=d(d™ u).
JlquenuMl mro nopumka  QymxuM  w=/{x,, Xz .., X,), A€

Ao Xz vy A
$opiynol

0x,

Kotopast ¢opmal 3aKO!
Hanpumep, B cryuae dyskuns z»] (x, y) JABYX HE3ABMCUMBIX Tie-
XMy ms 2-10 M 3-TO IOPSAKOB CNpaBe/LHBL
(bopmy:ast

I 2 9 \"
:l”‘u=(—dx.+A—dxz+...+~dx,‘) P @
) 0x, ox,

zl’z---—dx‘+2———dxdy+ :Iy [©)

pa

:l’z=r—)—dx +3-2% gy +3

d, 2. 4)
oxoy bxbydxy+ d @

Mpusmep 11 Haitu d’z, com z=e.
<0 Mimeem (no npasmiam auddeperunpoparus)
dz=e*-d(xy)=e*(y dx-+x dy).

JnddepenunpyeM BTopuuHO, yuHTbiBas, 4to dXx M dv He 3aBUCAT OT
X Wy (r.e canras dx m dy NOCTOAHHLIMA):

dPz=e¥d(xy)-(y dx-+x dy)+e* -d(y dx-+x dy)=
=™ (y dx+x dy) +e%2 dx dy=e” ((y dx+x dyf+2 dx dy) &
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787. Han'm nojHOe x
z=x*—xy+)%, ecnu x wsmensercs ot 2 g0 2,1, a y—or 1
0 1,2.

7.88. Haittu nosmoe u a ¢

z=1g(x?+)?), ecnm x usmensiercst ot 2 110 2,1, a y—or 1 710 0,9.

Haiitu  aridibepesnmaiisl QyHKImi:
- 2
7.89. z=In(y+y 22 +52) 7.90. z=¢g’?

791, z=Incos>. 792 u=(xy)~.
7.93. flxy, X5 X3, Xg)=X77*Inx,.

7.94. Haitrn df(1, 2, 1), ecnn f(x, y,

BLIHCTHTD.
7.95. (2,01)2. 796. /(1.02)° +(1,97)°.
7.97. sin28' -cos6

7.98. U,umm,).pmuklm CTaKaill MMEET BHYTPEHHME PA3MEpBL:
paanyc ocnoammss R=25 M, Beicory H=4 M n TOmMimAYy
cresiok {=1 am. Haiitn npuGimkeHso oGbeM MaTtepuand,
3aTPAUCHHOTO Ha M3TO10BJICHHE CTAaKaHa.

7.99. Tpsamoyronuebii uMeer
M, b=3 M, ¢=6 M. Haing npuGmwkenno peimuuny
M3MEHCHHS JUTMHbI IMATOHAIH TApAUIe/eruieNa, ecmi G yBeiu-
uuTcst Ha 2 oM, b -pa 1 cM, a ¢ yMeHblHMTCH Ba 3 cM.

7.100. B yceyeHHOM KOByce paluychl OCHOBammii R=20 cM,
r=10 cmM, Bbicora h=30 cM. Kak npuOinkeBuO M3IMEHUTCS
obpeM Komyca, eci R yBeqMuurs, Ba 2 MM, r—Ha 3 MM
W h yMmeHbIMTBH Ha 1 MM?

Hdnm mapdepernans 1-ro 1 2-ro uopnmcon CIIEYIOLIMX
&
6y z—

7401, z=x*+3x%y—y3. 7.102. z

T [ —
7003, z=/3T 42y, 7104, z=pi /xR,
705, z=(x+y)e®. 1106 z= xln§

7.107. z=arctg A—:V 7108, u=xy+yz+zx.

7.109. u=e™*,

7.110. Haittn d3z, ecan z=c’sinx.

7111, Hairrn dPu, ecm 34 pd 23 -3xyz.
7.12. Haitry d®u, ecnm u=In(x+y+z).
7.113. Haitry d™u, ecnn u=e***™'e,
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§ 2. nddepenmpoBanie CIOKHLIX W HENBHBIX QYHKIMii
1. Croxmnie ¢ymmm| OJIHOH M HECKOJILKHX HE3ABHCAMBIX NEPeMEHRbIX.
Ecm  u=, » ymxuns
Xy» X35 wrrs Xgp KOTOPHIC CAMH SIBASIOTCH JdepCHIpyCMbIni hymKIMSAIC
HE3ABUCHMON TIEDEMEHHON 1:
x=04(1) %=z (1), .. x,=0,(1).

TO MpomIBoaNAT cmmmu dymxw u=f(0, (1), @2(1) -, @, (7)) BorMIC-
nsieres mo dopmy!

du‘ u dxy | ou dx o dx, o
dt ox, dt ' ox, dt  ox, di’

B . c Xp 10
«nonuas» NPOH3BONHAs (GYHKUMH ¥ TO X; paBHa
du_ou ou dxy - ou dx, P
dx, 0x, ox, dx, " ox, dx,

d
Mpumep 1. Haiirn _"‘ ecnn u=xyz, tae x=12+1, y=nt, z=tgr.
< Mo dopmyne (1) umeem

du 1 ( +l)(gt

Pl 2u+xz- Ry 2e=2tInttgr+———+(?+1)Inrsec’t. &

e y=o(x).

0z dz
Mpumep 2. Halitn — u —, ccn z=
ox ' dx

*Iny. Tlo Gopmyne (2) momym

dz

Iny4xy*to(x). &

Myere  u=f(xp, Xp0 o X, THE Xy =0y (ty L ooy 1), Xo=
=@z (11, 1, e ,:,,,. L X, =wn(1.. 30 woes t) (L0 gy coes 1,y— HE3ARM-
CUMble TIepeMEHHbIE). Yacthte npomnonnm DYHKUMH U TIO 1y, By, cooy by
BBIpAXAIOTCS CALYIONMM  obpasom:
du 9%y ou
o, ox, ot, T ox,

ox, Ou 0x, ou
e 2Rt
o1, 0x, Oty ox,

€]

du_ou dx, o dxy - ou
o, 0x, Ot, 0x, Ot,  Ox, ot,

Tlpn stom seipaxerme (1) w3 § | s ndibepermumara 1-ro mopaaka
i Fopmbi nepaozo oup-

Bepenyuara)
du= dx.+ dx,+ +de.
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Bripaxerust Uit nudOEPCHUMANIOB  BHICIUMX TOPAIKOB  CROXHOM
(bynKuik, BOOGINE rOBODA, OTMUAIOTCR OT BMPRRCHMA BUAA (2) 3 § 1
Hanpumep, 7~ro nopsxa i

9
Tu=| ——dx,+=—dx; + ... +—d
d*u (bx‘ kg e x,,) u+

ou ou ou
—d2 —d* S d?x
+Xmd X‘+dx,d Xyt e +dx,,d X, (4)
Tipumep 3. Haittn dz u d?z, e z=f(u, v), tae u=(x2—y?)/2,
v=xy.
< Umeem dz=f.du+fidv, tne du=xdx—ydy, dv=ydx+xdy. Cre-
MOBATENILHO,
dz=f!(xdx—pdy)+f; - (pdx+xdy)=(xf +yf7 ) dx+(xfd— 312 ) dy.
Judubeperumpyer BTOpHHO:
Bz=d(f)) dutfy - d(du)+d(f7)- do+f,-d{dv)=
=(fudu+ iy do) du-+ £ - dPuc+ ( Sy dut fisdv) o+ -,
e d*u=dx®*—dy?, d*v=2dxdy. Cnenosateisho,
2z=(fuu(xdx—ydy)+fu(ydx+xdy)) (xdx—ydy)+£. (dx*—dy?)+
+(fus (xdx—ydy)+fui(ydx+xdy)) (ydx+xdy)+f, -2dxdy=
=fulxdx—ydy)* +fu(ydxctxdy) (xdx~ydy)+f(de*~dy?)+
+f"(xdx~ydy)lde+xdy)+fw(y¢r+xdyv+u dxdy=
i (x? dx? =2 xy dudy+y? dy? )+ 2.0y (xp (dx*— dy? )+
+(x? vy’)dxdy)+/w(y’dx’+2)«ydxdy+x’dy’)+ﬁ,(dx —dy?)+
+2f; dxdy=(xfiiA 2xp 4y fi+ L) AP + 2 (xpfiH(x* —y? ) fun—
—xpfuitf Y dxdy+ (2 fii—2xp i+ xfo—fl) dy?. e

7.114. Haiitu le, ecmu z=e¥*"¥, e x=tgt, y=1>—1.
dz .
7.115. Haifta @ ecm z=x”, rae x=Int, y=sint.
Lo dz ¥ 2 2
7.116. Haiitn 2 ST Z=arcigl, Ine x=e +1, y=e*—1.

du
7.117. Halitu e u='%, e x=e', y=Int, z=1>—1

a: dz
7.118. Haitrn & u %, ecm z=In(e*+e*), e y= ‘x +x.
ox - dx
+1
7.419. Haitu & 3, ecm z=arctgXtL, rge y=ett’.
ox dx y
0z
7.120. Haitru g_z u P ecm z=12nv, rae u= " v=x24y2
7.121. Haiitn dz, ecnn z=u?v—v?u, rne u= xsmy. V=yCOSX.
7.122. Hairrn % n %, ecm z=f(u, v), e u=1~2{—y,

v=x2=3y.



7.123. Hasim "i " e—’ eomt z=f(u, 2), Tre u=In(x2—y?),
ax
p=ayZ
7.124. Haiitu dz, ec z=/(u. v), tne u=cos(xy), v=

7.125. Haitru dz, ecnu z=f(u, v). tne u=sm;, v

7.126. Haiitu du, ecin u=£(x, y, z), rae x=s2+1¢% y
z=2s1.
[ o _
.127. Haitma . u o e u=f(Xy, Xz, X3. Xa), THC
xa=g(x1, x2), x4~h(x[. Xz. )ﬁ)
.128. [okasatb. wro dyuxims z=y-¢(cos(x—y)) ynosier-
dz 8z =z

AT

BOPSIET YPABHCHHIO

7.129. Toxasate, yt0 dysKIES z=Xf| (i)~x’~ »? ynosner-

[
BOPAET YPABHEHHIO X -+
ax

7.130. [Moxaszats, ¥ro GyHKUEL z=;'t % YIOBJICTBOPSCET
xI—y

vpasnermo L2412

P xax

¥

1 1
7.131. Tokasats, uyTo  ¢ynKuus =5 v6x’()*+z)+

+ ,l)»x 2yz+f(y—x. z—X) YIOBNCTBOPSET YPABHEHITIO

fu  Cu  fn
bt =Xpz.
x 6y éz
8z 2
7.132. Haittn 5, ——, ——3, ecmm z=f(u,v), tac wu=xy,
e e S ), tne u=xy,
v=x/y.

2,
7.133. Haitta oy u=f(x.yz), tne z=¢(x. y).

¥
7.134. Hattter Bce ICTHIE NPOM3RNAHEE 2-TC MOpsaKa OT
bymxumn u=f(x, xy, xy:
7.135. Nokasark, uro cpyuklmx u= xq)(v+y Y43 {x+y) ymo-
&t azu &4

ot “axey ' éy

BICTBOPSET YPABUEHWIO 72

7.136. IMokasath, uto QyHKums u=(p(.\yj+\|l(§) VIAOBJCT-

u ?n+ fu }‘u o.
ax

3
BODSCT ypaBHEHMIO XZ——
ox
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7.137. Haittn d?u, et w=f(t), tne 1=x>+y>+z2
7.138. Haittir d?u. ecnnt ax, by, cz).
7.139. Haiitu d?z, ecnm z=f(u, v), 1ne w=xsiny, vr=ycosx.

2. Hemsnsie bymammt o/woit u
Mycrs ypamecwne f(x.3)=0, 1 f—midepenmmpyeras  dynxims
TEPEMCHALIX X M ¥, ONPEAGIACT y kax dyrkuwio X. [leppas IPOWIBOMHAs
7ol HeSBROR yHKIM y=y(X) B TOUKC Xo BHIPAKACTCA M0 GOPMYIC
dv (0. Vo)
dx £ (x0, y0)
npu ycnomum, 4to fy (Yo, vo)#0. THe yo=y(xg). f(xo. v0)=0
TIPOU3BOHEIE BEICHIX TIOPSUIKOB BLIMHCTSIOTCS TOCTCTOBATENBHAM
TurdbdpepernuponiiieM HOpMyIh ().
n 4. Haix & 4
ume . Havn — u —;,
pumep P
1+xy—In(e¥+e > )=0.
< OBo3HawMM JIeBylo YACTH JAHHOLO ypaBuchus wepes f(x, y). Torma
ye—ye ™ 2y v
£ y) =yt =
S e R

X=20

©)

ecru

xe®- xe™™  2xe
o ) e e
Mo dopmyne (5) nonysaem
dy  2ve™® v

& 2™ x

JudodepermpyeM BTOPUUHO, Y4HTBIBAS, 4TO y €cTb Gynxums x:

Tlycrs ypasuerse F(xy, X, - Xn, t)=0, Tic F— mucbepernmpyemas
YHKINA  TIEPEMEHHBIX X1, X3, -y Xp, ¥, OMPCRENAET u Kak (ynKinao
FESABMCHMEIX TCPEMCHRHX X, X7, -, % UaCTHLC NPOISBOMMLE ITOT

HEABHOM (QYFKITHH 6=14(X1, X0 vy %) B TOUKC MO (X3, X%, ...y X0) BEIAHC-
SHIOTCS TO. hOPMyNaM
ou Fi (59, X8, o 28, 4°)

5 k=12, .m)  (©®

u(M®)

M=M°"  FL(x0 A0 . x
mpn yonomn, w0 E(x% 18 o X0, u0)£0,  ThE  w
w F(MO, u)=0.

Moo Taioxe waifTi sacTHe s
oBpow, puricaseN oM FUpdepean Gy F(xiy Xz -
wr X, W), TIDMPABHWBAEM €rO HYJIO:

oF oF F . F
L ety e =
xy ox éx, u

ox

M BHpaXaeM oTciona du.

12 TNoa pen. A. B. E¢mmosa, B. I Iemunosuya, 4 | 353



Mpumep 5. Haiim O 1 &, comt
o U oy

x3+2y3+23—3vyz—23+3=0.

< it cnoco6. OGo3Haunm NEBYIO YaCThb JAWHOIO YPABHCHHS uepes

F(x, y, 2). Torma
Fi(x, y, z)=3x*=3yz,
Fy(x, y, z)=6y*—3xz-2,
F(x, y, 2)=322=3xp.
Mo (opmynam (6) monysaem:
& Elunz)_ 33y xop
o E(nyz) 373w a2
2 Fl(nyz) 6y -3xz—2 6y'—3xz—2

& E(nynz) | 323x  3(o-7)

2+ cnocob. nanHoe

3x2dx+6y*dy+3z2dz—3yzdx—3xzdy—3xydz—2dy=0.

Ortciona Beipakaem dz:
3(x2—yz)dx+(6y2—3xz— Z)dy

= 3oy-77)
Cpamusas ¢ dopmysofi dz—2%dx+ L2 dy, nonyaent
ox ay
2_ 2 3y,
Q=x —-yz f’vz:ﬁy 3xz -
oy 3(xy-2%)
7.140. Haitn %, o x2e®—yle=0.
7.141. Haiiry %, ec ysinx—cos(x—y)=0.
oody Ay —oxy
7.142. Haiitn o ecimt x+y=e*7.
dy d?
7.143. Haitrn l, ': ecm x—y+arctgy=0.
dv’ dx
" dy &y
7.144. Haiitn 5 pre Xx{, el
x24+2vp+y?—4x+2y—2=0.
7.145. Haiitn & u & B Ttouke (I, —2,
ax y
23—4xz+y?—4=0.
7.146. Haiitn & M z, ecin zln(x+z)7ﬁ=0.
x - dy z
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oz

7147, Haiion = %’ ecnt F(x+y+z, x4y 42%)=0.
o g
7.48. Haiirn = u =, ecm f(yz, €%)=0.

o  ay »
7.149. Haittu dz, ecnm yz=arctg(xz).
7.150. Haiitit dz, ecn xz—e™ +x3+y°=0.
@ %z
751 Haitrn 22, 2 D2 ey x2 032422 _4x 425520,
8y oxdy
3z %
752 Haitor 0, 2

7.153. Haiitn %z, ecim :

7.154. Tlokasats, uro ¢y z,
¢ (cx—az, cy—bz)=0, rne ¢ - b
YHKIHS [BYX NEPEMEHHBIX, yJOBJCTBOPSCT YPABHEHHIO
ﬂ3z+
[ S

@

7.155. Tlokasath, 410 QyHKIMS z, onpelesisieMasl ypaBHEHHEM
2
. z—a
(x—acosa)?+ (y—asina)?=(~--) , tne a, @, m -nocrosHHLe,
m

YZIOBJICTBOPSIET yPABHEHHIO

(e:)z (fz)2 s
=) H =) =r"
ax) \oy,

7.156. IMoka3atk, uro ¢ z,
y=x¢(z)+(z), ynon'le'nmpxcr YPaBHEHHIO

et e )
x\dy, xayoxty a\ix)

3. CHCTeMBI HESIBMBIX M NApaMETpHuecKH 3ajammbix ynkmmit. Orpa-
HUMUMCS  PACCMOTPCHYMEM (yHKIDHI JIBYX HE3ABHCHMBIX TIEePeMEHHLIX.
Tlycts cuciema JBYX ypaBHeHMit
F(x, 5, u, 1)=0, o
G(x, v, u, v)=0
MMEET PCUICHHE X=Xo, }=Yo, U=Up M U=0o, TpH4eM QyHEKINH
F u G uMcioT B OKPECTHOCTH TOMKH Po(Xo, Yo, to, Uo) HENPEpHIBEBIE
HACTHbIE TIPOM3BOJINHIE TIEPBOIO TOPSAKA M AKOOHAH
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ormescit OT myas B Touke Po. TOFfa B HEKOTOPOH OKPECIHOCTH TOMKH
Py cuctema (7) naj ywxumit
u(x,y) u ©(a,y), UMECIONMX HENPCPLIBHBIE NACTHbC IPOMIBOJTHBIC
W YIOBICTBOPSIOLMX yCI0BUSM

u(x0, yo)=to, (X0, Yo)=to.

Jinppepernmatsi sux Gynkuukt du W di (3 3BT, W 4ACTHbIC
TPOH3BOIHBIE) MOKHO HAWTH W3 CHCTEMM ypasnemm

oF
—d +—d —dh-o-—dvzo,
et it
dx+—dy+audu+wd =0.

Mpumep 6. @ymcuuu U W U HE3ABUCHMbIX TICPEMCHHBIX X M y 3a-
RNkl HCABHO CHCTCMii ypaBieHuit

wtv=x, u—yv=0.
Haiitu du, dv, d*u, d%v,
; 1

< AxoGuan cuerens I =—y—1 ormmen or Hynm

HAXOZHM /B2 CBAI3BIBA-
JIbl BCEX  4eTBIPEX. :

dutdv=dx, du—ydv—vdy=0.

Peias 3ty CHCIEMy OTHOCHTENLHO du M dv TPH y#—1, monyum
ydxtvdy
T+y

Jlucepentpyem HOBTOPHO:
2 (dxdy+dvdy)(1+y)—dy(ydx-+vdy)

du=

(1+y)?
dx—vdy
dxdy+ dy )(14y)—dy(ydx-+vdy)
)y )
(1+y)drdy+dxdy—vdy? —y dxdy—vdy? 2(dxdy—vdy?)
(1+y)? (1+y)? 7
2 _ —dvdy(1+y)—dy(dx—vdy)
o= TN O
(1)
dx—vdy
I+Ldy(l+y) dydy+vdy?
o T
—dvdyvody —dsdyvody’ 2(vdy—drdy)
(1+y) (1+y)?

Tlycrn  Gywkuis = BEIABUCHMBIX TIEPEMCHHGX X Wy 3ajaa
APAMETPHACCKI Y PABCHHAMI

x=x(w o) y=y(wo) z=z(wv)
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ox ax
D(x, E
(xy)_ %0
Dlwo) |&y o
ou v
b OKpecTHOCTH TouKH P(uo, o). Torna muddepenunan dz 1ol pynKiss
(a 3H2YMT, W € HACiHbl€ MPOW3BOAHBIC) B OAPECTHUCTH TOMKH P MO
HAWTH M3 CUCTEMbI ypaaHEHAH

a2
Mpumep 7. Hadtn — u —, ecam
ox ooy
x=ucosv, y=usini, z=co.
<2 Umeem
D(x, | cosv  —usmnv
Dlxy)_ [y ———
Dluo) lsno  weoso

JLAApCPSIMpPOBIHIEM HAXOM TPH  YPABHCHIS, CBSSHBAIOUNC -
¢ BCEX MATH

dx=cosvdu—usinvdy, dy=sinvdutucosvdv, dz=cdo
M3 nepeuix By ypasienwii Haiiiem db:
_cosvdy—sinvdx

- .

dv
TloncTasuy waiinerioe awaseiue do B TPeine ypashemsic:

i(cmc:ly-smvd.\;

Orcioma
o esino 2z_ccosv
ox u 'y u
7.157. @y ynz i X 3amaHbl
CHCTEMOM  ypPABHEHHI

Ix24y?—3z2=

L 42?3220,

dy dz d'y &z
Haittu il mpu x=1, y

2, z=2.
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7.158. dy yuz i i x 3agaHbl
CHCTEMOW ypaBHEHMit

x24y?—z2=0, x242243z%=
Haittu dy, dz, d?y, d*z.
7.159. Oysxuwm v u v X My 3a-
JNaHbl HCSBHO CHCTEMON YpaBHEeHHit

xu+tyv=1, x+y+u+v=0.
Haittu du, dv, d*u, d*v.

u
7.160. TMokasath, dTO xa 1y(::u+za——0 ecmi ww=3x—
ay
—2y+z, v?P=x24yt4zl
L w e 22
7.161. Haittu — u —, ecmn x=u+v, y=u—v, z=u’c?
x "oy
- az %z N
7.162. Haiitu = 7,0 com x=acosuchv, y=bsinuchv,
é oy
z=cshov.

7.163. Haiiru dz, ecmu x=e"cosv, y=e"sinv, z=uv.

7.164. Haittu dz, ecmu x=u+v, y=u’+v?*, z=u’+v* (u#v).

4. 3amena B Yacto
B HbiX B X
O/IMM  TIEPCMEHHEIM  HEOOXO/MO  BHLIPA3MTH Hepe3 NPOU3BOMHBIE 1O
HOBHIM TIepEMEHHBIM.

Mpumep 8. npeo6pﬂ:wnan, ypanneuue

e

nonaras x=cost.
<t Bbipasum TIPOM3BO/INKIE OT y MO X HCPe3 MPOM3BOAHBIE OT y MO I

d(d sint-2 2y cos -2 @
d?y dy\ di\dx, ) dr* de 1 »d’y cost dy
ax? ax\dx)” dx sin?¢-(—sin7) sin’t d? sin’t dt’
dt

I y B JIaHHOE ypas-
HeHMe M 3aMeHHM X Ha COSI

d*y cost d 1 dy
.2y _cost a_ L&),
de* sin*t d1) COSI( sint dt,




Mpumep 9 [peobpasosats ypasierie

npansB X 33 QYHKWHO, @ y 32 ApryMeHT.

< Bhipasim NPOM3BOMHBIE OT y MO X Wepe3 MPOMSBOIHBIE OT X MO ¥
&x

dy?

&)

dy dy df1

dx?” dx|dx
@,

< Mimeem
X=rcosg, y=rsing,
dx=cos@dr—rsin gdg, dy=snqdr+rcosdy,
oTkyna
dy _sin@dr+rcosqde
dx” cosgdr—rsingde”
TNMonctasum swipaxesms X, y, ¥ B A:

¥

. singdr+rcosqdp dr
FCOS QP+ rSin @ L —

4 cos ¢ dr—rsin @ dg duz. -
dr+r: do .
————————rsingQ
S sin @ do
Tpumep 11. [peoBpasosarh ypasrienue

2z

x
TICPCiA K HOBHIM HE3ABHCHMBIM TICPCMCHHBIM & 1 U, 6CTH W=XY, v="-.

< BeIpasuM YacTHbic NPOM3BOAHBIE OT Z 1O X M )y 4epe3 HacTHbie
Npou3BOAkbIE OT z MO U K .
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Hveem

oz

o omix wor ey

Zfo2\ u E(E
au\ax) =T a\ax) 2

o2z 2%z 1 2
(e

o’z

L
)
K (021 o

= Lz
oy \awde oy w

Tocre ynpoulemm npu x#0 M y#0 moaywum
21 " 1
o 2y 0t U Gutm 2ude
2
Tpwsep 12 MpeoSpasonars spasscnie 75 (y—x)z, upr-

11
HSB 38 “OBHE HPIABHCHMHE TICDEMEHUBIC BETMUMHBI u=X?+)2, v=—4—
x'y
10 dywkmmio w=Inz—{x+1).
™ G2CTHHE NPOMIRONHME OT z 1O X M ) ¥epe3 H4ACTHHiE

TPOMIROTUINE O W To # u v. Jlns aToro npomkddepenimpyem sanbie
COOTHOUIEHNS:

du=2(xdx+3 dy),

x dy
(1)

d-
dw="—(dx+dy).
z



Vauriman dopuyny (1) § 1, mveem

ow ow

-e:dui ;;dv»~-(dx+dy).
nam
w(dc dy\ dz
~—(xdx+)d)»—-(;— ;5) ~-—(dx+dy),
oTkyna

aw 1w (w1 aw A
dl—l((ZXE—;iaj+l>dx+\2}E; -+1)dy ).

CriefioatenbHo,

0z aw l?w \ ( w1 dw
a?-z(z ’a_" Yo~ a“)-

az az
TloncTaBum 3Ti  BRIpAXeHUS = W — B [aHHOE ypaBHEHMC
x &y

aw 1w w1 aw
yz (Zxa——, ﬁv“) (2"5J"FE+])_(y_x)z’

o
w20, &

v
7.163. TipcobpasosaTh ypasHCHsE
“‘ > ooy,
nonarast x=1/t.

7.166. TlpeoGpa3oBaTe ypaBHeHHE

x &,y
Tix?dx (1ex)?

=0.

monaras x=tgf.
7.167. TlpeubpasoBaTh ypaBHEHHE

dz,. 2
3(4?)
TPUHSB y 33 &plyMCHT.

7.168. Tlpeodpa3oBaTh ypaBHCHHE
(o~ =2y (1+y2),

mepeiiil kK TOJXPABIM KOOPAMBATAM.



7.169. TIpeoGpa3zosaTh BEIpAXKEHHE u‘:x%tv‘;:, nepeitns
x iy

K TOJSAPHBIM KOOpIAWHATaM.
7.170. TIpeoGpa3oBaTh ypaBHCHNE

iz az
()75 =

Tepeiias K HOBBIM HE3aBHCHMBIM TIEDEMEHHBIM 4 H U, €CH

u=In\/x>+y?% u=arclg§.

2z
7171, 1Y, — 0. 7
7. by xax,+, prrmat nepens
K HOBBIM HE3aBHCHMbBIM TEPEMEHHBIM U W D, €CIH U=y, v=Jp/X.
2 a2
7172 TN ™ w2t

u
+-—, Tepeiin
e A
K MOJIAPHBIM KOOpIMHATaM.
7.173. TpeobpazoBaTh BHIPAKCHHE
*u 1 %

W=
ot rtag?

nepeiins  otT HxX P X chep
(r=psin®, ¢=¢, z=pcosh).
7.174. TlpeoGpa3osaTh ypaBHECHHE

. o 2y _
(xv +z)$+(l—y )2 =x+yz,

NpPHHSB 32 HOBBIC HE3aBHCHMBIC NCPEMCHHBIC U=)yZ—X, V=XZ—)
M 32 HOBYIO QYHKIHIO W=Xy—I.
7.175. Ilpeo6pazosaTh ypaBHeHue
oz 1 2%z

LW
572257

1
)
x
TIDHHSB 33 HOBBIC HE3aBHCHMbIC NEPEMCAHBIE u=-, v=X M 33
r
HOBYIO (QYHKIHIO W=Xxz—).
7.176. TlpeoGpa3oBaTh ypaBHEHHC
%z %z 0z

ax?

Sy =z,
oxdy  ox

UPUHSB 32 HOBBIC HC3ABHCHMBIE TICPCMCHHBIC U=

¥ 3a HOBylo QyHKIMIO w=ze”.
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§ 3. 1 HACTHBIX

1. Gopvyna Teiopa. Ecun  dymkwin f(P)  mudiper HpyeNa
m+1 pas B mexoTopoii okpectoctu U(Pg) Tousm Po(x§, ..., x9),
TO 1% BCsKOH TOuKH P(Xy, .., ;)€ U(Po) cnpasenmsa dopmyna
Teunopa

df (P, By, o B%,)  d*f(Po, Axy,
1t ' 2
d™f(Po, Ax,, ..., Ax,) d"'”[(f‘ Ax,, ..., Ax,)

' mt (m+1)!

J(P)=/(Po)+

> M

me Ax;=x;—x3, ..., Ax,=x,—x{, a P- HeKoTopas Touka yKa3zaHHOWH
OKPECTHOCTH.

B cnyuae, nanpumep, Gynkiunm f(x, y) AByx nepementbix ¥ u_y dop-
myna Teiinopa B pa3BEpHYTOM BH/IE 3aIMCHIBACTCS Ciie/yrolHM obpasom:

Sl 3)=f(xo, y«HE(f (X0, yo)(¥=x0) +1; (¥o, yo) =yl +

(el )=o)+ 23 e =) 3o+

+fy(X0s Yo) (¥ =y0) )+ - +$<( - Mf (x0 yo)+

+(7+'—]ﬁ(()<‘xo);—x+(r—yo)a%)" Haxo+8, (x—xo), yo+9z(r—.ro))-

0<86,,0,<1 @

Mocnenmee craracmoe B Gopmyiie (2) (ocmanmouneiir wieH) MOXHO
Kopote 3amMcaTh B BUAC

o(pm), e p=\/lx—x0)* +(y—y0)?

@opma Teano)
waCTHOM cryWiae, TPH Xa=yo=0, dopmyra (2) HasmBaeTcs
dopmynoii Maxnopena
Mpumep I Oymxumio  f(x. y)=x3—Sx?—xy+y? +10x+5y—4
pa:momm» o o) Myne Teitnopa B okpecTHocTH Toukn (2, —1).
< Mneem [(2, —1)=
HHE JanHoi q)yuxuan W MX 3Havenus B Touke (2,

filx ¥} =3x2—10x—y+10, fi(2 —1) =

Flxy) =—x+2r4S, 5@ -1
fa(2 -1 =
f5(2 -1
£(2=1)
(2 1)
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1
pasi! wymo. Tl

gf\ep\«)nc (2) NomuaeM HMCKOMOE pazNoRCHHE
S5 5)=243(x=2+(y+ 1)+ (x-2)*~
~(¥—2)()’+|)+(J'+1)2+(X 2)% e
Tipymep 2. Pasnoxure no  dopmyne Temopla B OKPECTHOCTH
Touxi (1, 1) A0 WICTMOB 2-T0 MOPSUIKA BKMOWHTCTEHO (YHXINTO

fx 3V =y~
< Hveem f(11)=1 Buuncimm sacribie npowsromie 1-0 W 210
nopsaka gamnoll ¢ys¥wm Mo ux snavenus B Towke (I, 1)
filx, y) =y Iny,

(3} =2yt
fe(x, 5)=p"Inv,
So(x )=y (xlny+1),
Salx y)=x(r=1)y?
o dopmyne (2) nomyuum
£(x, p)=1+{ = D+x~1)(y ~1)+o(p?)
e pe =P Hy— 1) &

7.177. Pasnoxurs f (x+h y+k) 1O nEmBIM TONOXHTETBHBIM
creneusv b w k, ecmu f(x, y)=xy*

7. 178 Haym b f(xy)=

—x242xy+3y2—6x—2y—4 HPH nepexope  OT  3HaveHmi
—2, y=1 x 3HavemusM x;=-—2+h, y;=1+k.
7.179. Gyuxumo f(x, ¥)=x3-2y*+3xy pasnoxurs no dop-
myne Teiitopa B okpectHoCTH TOHUKM (2, 1).

7.180. Paznoxutb f{x+h, y+k. z+1) N0 HENBIM NONOKHTCAL-
HEM cremensM h, k. L ecmu f(x.y, z)=x>+2*+3z2 +xp—
—2yz+3x—y—4z+1.

7.181. Dyukumio f(x, y, z)=x2+y?+22—2(xy+xz+yz) pas-
soxuth o dopmyne Teitnopa B okpectHocts Touku (1, —1, 2).

7182, Paznoxutk no dopmyne MaknopeHa I0 4ieHOB 3-r0
TopsjKa BKMoUATENbHO (QyBKIMO f(x, y)=e cosx.

7.183. PasnoxuTh no ¢popmyne Makiopesa 0 YWICHOB 4-rO
Topsiika BXmownTenbHO dynkwio f(x. y)=sinxshy.

184, Paznorute 1o dopmyne Tefiopa B OKpeCTHOCTH
Touky (1, 1) fo 4ieHOB 3-ro MOpS/KA BKNIMUTENLHO (yHKIHMIO
flx.y)=y/x.

7.185. Paznoxurs mo ¢dopmysne Teiinopa B OKpeCTHOCTH
Toukn (1, 1, 0) o WIEHOB 2-TO NOPAAKA BKTIOMUTENLHO (ByHKLHIO
f(x, 5, 2)=In(xy+z2?)

7.186. Paznoxnte mno ¢opmyne Teiinopa B 0OKpecTHOCTH
Touxu (1, 1) fO wiEHOB 2-TO MOPHAKA BKIIOYATENHHO HESBHYIO
2(x, y), 224 3yz—4x=0.




vmann. Oymiams u=f(P) et saxcumyn (s
x9), ecm cymecwyc-r Taxan OKPCCTHOCTE

Touxn Po, A ; TOPOli. OTIMYHBIX OT TOWKH
T BhTosAeTSy HepapeHCTo (po)>/(p) (wowﬂ'ﬂmﬂno F(Po)<f(P).
MakcHMyM W\ MHHIMYM (yHKIDIH HasHBacTCs cc PEMYMOM.

THeb6xonkMoc ycnonue axcrponysa Ecun suphepen-
uupywaw ynxudy f(F) nocTuract oxcTpemyma B TOUKC Po, TO B 37O

A(Po)=0 s peex k

2 @

i dﬂl’o. Axy, -y AX,)=0 TOXICCTBEHHO OTHOCHTCNBHO Axy, ..., Ax,.
ToukH, B KOTOPWIX BRTIONHSIOTCH yCHOBHS (3), HATHBAIOTOR Crriayse
onaproia Touxamu ke u=f(P). Taxium o6pasoM, ecmt Po— ToKa
xerpenyva Gymamu u=f(P), To mGo Pq -crauMoHapHas Touxa,
60 B ol Touke kit weuddepeHup,
nocraroxmue yenonus skcTpemyma. Tyers Po(xS. ...
x8)-—craumonapnas ro-wa yuxuun u=/(P). npwn:M 2 q)ym(um
nnaxam oukn Py m Bee
20 BI0PHE wacTMe. MpomaROIC ne-;pe momt 5 touse Py Tora:
1) ecnn BTopoii mddepemman d (3’0 AXy, .y AY,) KaK GyHKzgn
. AX, WveeT NOCTOMHHi 3MAK TPH BCCBOIMOKHMN HAGOPAX

suasen Ax.. .. A, e panuax omospevertio iymo, 10 Gysxiun
nwmeer n Towe S KCTPCNYM, ‘8 HMGHHO—MAKCHMAM TP
1 ‘( o, Axy. ..., A%)<0 1 mummym npy d?u(Po, Axy, ...

) ccnu du(Pp, Axy, -.. Ax,,) FEIICTCR SHAKOREPENEIHON ymneit
n. R
anavcris, 10 TouKa Po e onserc ToukoR axen MVMa d)ym(.mm u—=f(P):
3) ecnn d*u(Po. Ax,. ..., Ax,)>0 nm d (‘ﬁ r,. R PL
UCM  CYIIGCTRYIOT Takue HaGOPH IHauctuii Axy. ., Av, HC PABHBIX
OJIHOBPEMEHNO HY.O, U1 KOTODHIX 3HAYCHME B'ropo 0 aubderenmaia
obpataetcs B myms, To (yuxums u=/(F) B Touke Po MOKET HMETb
IKCTPEMYM, O MOKCT H HE HMCTh €ro (B 3TOM CIIywae JUIS BbICHEHHS
Bompoca TPeGYETCs JIOONHATENBLHOE HCCTE/I0BAHME).
B uactHOM Ciywae (pnylmn TIRYX NEPEMEHHHIX NIOCTATOYHBIE YCIOBHS
MOXHO obpaszom.  Tycts
Po(xo. yo)— CTAIMONAPHAR TOuKA cb)l«nmu z=f(x,7). npmsem ora
ynKims mBasgIh U TOUKM
Py U BCE CC BTOPHIC MACTHHIC npnn:monﬂuc HenpepuBHEl B Touke Po.
Beesem obotmavenns:

A=f%o, 30),  B=L5lx0, 30),  C=f5;(x0. yo)

D=4C-B~

Torna:

1) e D>0, To dysams z=f(x, 7) umeer B TOuKE Po(Xo. Yo)
IKCTpeMyM, A WMeHHO —Makcuvym Tpu A<0 (C<0) u Musmvaym npu
A>0

2) ecm D<0, T0 ;CTpemMym B TOuKe Po(xo. Vo) OTCYTCTBYET;

3) ccm D=0, To TPEOYETCR JOMOMHMTENLHOE UCCTENOBAHME.

TMpumep 3. Mccienosath 1a WKCTpeMyM (byHKIMIO

z=x 4y —3xy.
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< HaiijieM SacTHble mpow3BoMshie 1T MOpSIKE M cocTagi CicTemy
YpaBHenuii BUIA (3).

& a(xroy)=0. Zez(yrox)=o.
x=)=0. F=3(2-x)0.

Pewast cuctemy, maiiieM Be CTauMoHapHble TOYKI
Pi(0,0) u Py(1,1)
Haiifiem vacTHble NpOMSBOZHME 2-TO TOPAAKA:
2 2

3atem cocrapum mickpumunanT D=AC—B? /s kaxnoff CTamMORApHOK
Touxu.

Tl towmu P,

PE _
Tox? T oxdy
=" 0, D=-9<0.
%

CrienioBatesbHO, JKCTpeMyma B Touke Py HeT
Jns ToukM P,

%z
xdy

D=36-9>0, A>0.

CrenoBATeIHO, B ToWke P, (YHKUMR MMECT MHRAMYM, PaBHoi

=1+1- 1.

Jln TOro «robl YCTAHOBUTS UM CTAMMOWADHOH TOWKH, wer HCOB-
Bbille TPW3HAK, CBS3AHHbI
C oupesencumem 3makop D B A. JIOCTATONHO HEMOCDECTBEHHO M-
cneioBaTh 3HaK BTOporo aupdepenumMana Kak KpagpaTHuHOW (opmbl
dx u dy, RCIOAB3Ys METOL BhIIETERHs! TIONHOrO KbaapaTa. Tax, nanpumep,
JUISL CTAUMOHADHOH TOMKU P, MMeeM:

d?z(Py; dx, dy)=6dx?— 3d.\'dy+6dy2=6(¢x—%dy)‘+§dy‘,

OTKYAa Cpasy BH/O, “TTO Mpu 3WOGHIX d U d, He PABHLIX ONHOBPEMENHO
Hyio, d?z>0 M, ClefioBATENbHO, P;— TONKA MHHHMYMa. >

Haiiti 3KCTpeMyMl-l yHKumMit IBYX FIEPEMEHHBIX:

7.187. z=x +xy+y2 3x—6y.

7.188. z=xy (l—x—yl (x>0 »>0).

7.189. z=3x2—x34+3)% +4y.
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7.190. =xy+§+@ (x>0, y>0).

x ¥
7091 z%x?+y?—2Inx—18lny (x>0, y>0).
792, z=Y3+3xy>— 15x—12y.
7193, z=2¢%—xp?+5x2+y%
7494, z=(22+y?)e” < 0. 7195, z=2-3/x2 )2
Haiita 3l<c11§eMyMu YHKOMI TPEX MCPEMCHHBIX:
7.196. u=x’+y*+z%—4x+6y—2z.
7197 u=xy’z3(1—x—2y—3z) (x>0, y>0,z>0).

7.198. u=x+" 4342,
P

Haiiti 9KCTpeMyMbl QYHKUMiA 7, 3a[aHHBIX HESBHO:

7.199%. x2+y? 422 +4x—2p—4z—T7=0.

7.200. 2x2+2y* 422 4-8yz—z+8=0.

3. Venosmutii oxcrpemym.  ®ynkuus  u=f(P)=[(x1, ., x,) umeer
yerosnvit saxcustyss (ycaosubiii muntmyn) B Touke Po(x3, -y XC), cCTH
CyNIECTBYET Takas OKPECTHOCTb Toukd Po, JUIA BCeX Towek P XOTopoit
(P#Pq), YNOB.ICTBOPSIONWN ypasHents M C6A3U

Ou(P)=u(x1, oy 3a) =0 (k=12 m<n),

f(Po)>f(P) (coo S(Po)</(P).
Jazava HAXONICHHR YCTOBHOTO SKCTPEMYMA CBOMWTCS K WCCICHOBA-
W Wa oObmHME IKCTpeMyM dbywriuu Jlazpansica

L (X1, ory Xns My oo Add =/ (s ooy X+ Y, M ulx, ey Xk
=1

b (k=12,...m)
BUA on-
CTeMon n+m ypastenmii
AP o (i=1,2,.0m),
ax,
Q(P)=0  (k=1.2..m),
M3 KOTOPOH MOTyT GbiTh HaiifleHbl HEW3BECTHBIC
X e X0 AE, e AR

rae x9. ..., x{—KOOpAMHATH TOMKM, B KOTODOH BO3MOXEH YCTOBHBI
IKCTPEMYM.

JlocTaTounsie YCIOBUS YCTOBHOTO JIKCTPEMyMa CBS3aHBI C H3yueHHEM
snaka  2ro ubdepermmana  ymkmmm  Jlarpamka  d2L(x?, ..., x3,
A, .y RS, dy, ., dX,) AT KAKION CHCTeMb 3nasenmit x§
9, A%, Tonyuwenwoit m3 (4) npu ycnosuu, wuto dxy, dxa.
YIOBJIETBOPAIOT yPABHEHHSM

@




uput dxi+dx3+ .. +dx]#£0. A HMCHKO, dyukuus f(P) umeer YCrOBHbH

MAKCHMYM B TOMKE P (X9, .., X$), €clu Juis BCCBOIMOWHBIX 3HaNeiMii
dxy, .., d%,, YIOBICTBOPSIOUINX ymoaum (5) u ue panl opiospenicitio
BBIIOJIHACTCS 'HEAREHCTRO d2L(x9 0 x00Y, 28,

dx..)<0 M YCAOBHBIH MHIMMYM, €CIH i VX yOIOBHSX
&9, X8y AL, LAY, Xy, .y d,)>
B caysae ¢Qynkunm z=/(x, y) npu ypapreniu/ ceasn @ (x, y)=0
ynxups Jlarpaika uMeeT BuA
L(x 3, 0)=f (5 1)+ 0lx, ”7
Cucrema (4) COCTOMT M3 TpeX ypaBHeHuii:
oL oL
=0, —-=0, @(x ¥)=0.
oy
Tycts Po(xo, yo), o—moBOe M3 peuicHmuit 31O CHCTEMBI H
| 0 iPo) 9} (Po)
@x(Po) Li(Po, ho) LI, (Po, ho)
@y(Po)  Ly(Po,d) L3y (Po. o)
Ecam A<0, 1o (ymkuns z=f(x,y) umeer B TouKe Po(Xo, Yo)
YCIIOBHBIH MaKCHMyM; €CH A>U —TO YCHOBHBIH MMHHMYM.
Tpumep 4. Haittu ycnosmiih 3KC1penmym dynKuum
X 4y?=5.
< Cocrasum ynxumio Jlarparka:
L(x.y W=x+2y+h(x*+y-5).

+2y npu

oL
Hmeem —

=1+2)x, T—Z-‘—Zly

Cucrema ypaBrenuit (4) npumHMaeT BHA

142Ax=0,
2420y=0,
x24yt=5.

1

Cucrea wweer ma peancaues; x,=—1 =2 =3 xm=l,

oL oL
=2, A,_—— Tax xak =0, S5=2}, T0

ey oy

PL=20(dx? +dy?).

1
INpu =3 d*L>0. TMosroMy QYHKIMA MMeeT YCHIOBHMM MAUHMYM

B r0ue Py(=l =2) W Za= =5 Mpw A= d’L<0. Toyiowy

Gynxims wmeer
Wnu umave:

AOBHLA MaKcHMYM B TOWRE Py (1,2) U Zpu=5.

Q@ py=x7+y"-5,
Ox=2x% 9;=2y, @i—1, =D=-2, @} (~l, ~2)=—

1
0, Li=1 upn A=z,
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0 -2 -4
\ A=—|-2 1 =20>0,
-4 0 1

T.e. Gy uMber yonopumii mumimmym B Toske Py(—1, —2).
Auanornuno s toukn Py(l.2)

~|0 f 4
0

=—20<0,

ls -1

T.e. P5(1,2)—704ka YCIOBHOTO MakCHMyma. ©>

HaijiTi ycnoBuble 3KCTpeMyMbl (yHKIHIT:
7.201. z=x2+y?—xy +x+y—4 mpu x+y+3=0.

7.202. z= +l mpu x+y=2.
v

mpu x2+y?=1

2

npg x+2y lA
x+) upn x? +y =1.

u=2x+y—2z NpH x +y 36.

z=
7.207. u=x*+y>+z* npn %+ 5 +
7.208. u=xy?z* mpu x+2y+3z=12 (x>0, y>0, z>0).
xyz mpu x+y+z=4, xy+yztzx=5.

7.210*. Jloxasath EepaBeHCTBO

) s (xiytz 3
A ER s

ecm x>0, y>0, z>0.

4. HauGomwee # naumennuwee wasenus gywcumn. Fcan dyuxumis
S(P) nuddepenumpyema B Orpamsuensoli 3aMEHYyTOM 0067acTH, TO OHa
IOCTHIaeT CBOSTO HAMOO/LIICIO (RAMMCHBINEIO) 3HAYCHUA WIH B CTaiM-
OHAPHO TOMKe WM B IPAHWNHOI TOUKe OGIACTH

Dpunep 5. Haktru kauGonsiee u HauMeHbLIee HAtEHUS DyRKIMH
z=x*+y*~3xy B obnactn

0<x<2, -I<y<2

< [launas 0BIACTE — NPAMOYTOTLHHK.

1) Haitiem craunonaprbie Touks (M. pumep
BuaucHus QyHKUMM B STHX Toukax: zy=0, z;=—1.

2) Uccneayem dynxuuro W rpaummax obnacTh.

) Hpn x=0 umeem z=y°. 37a (yHKIMS MOHOTOHHO BOIPACTAET
M na xowuax orpeska [—1,2] npuuamaer suaucrms: zly._,=-—1,

z|yop=8.
I 169

P0.0) n (1, 1),



6) Mpu x=2 umeem z=8+y*—6y. Hailinem 3uatenus 7o q;yuklmu
» crauuqupHou ToUKe W Ha KOWIax oTpeska [—1,2]. Mmcem z'=3y%—

Npu =2, WM, B s@HKON O6TACTA, TPU ¥=/2; 2| _~s+z\/'»

—143x n z'=3x?+3>0. Dynxuus
—1 70 2 13
) Opn y=2 mmeem z=x>+8—6x; z'=
laez=8=4/2 zle0=8, zle=
3) CpaBhnBasi BCe HaliicHHBIC 3HAYCHMS (YHKIMM, 3aKIIO¥3EM, YTO
Zuac=13 B TOUKE (2, —1); Zuame=—1 B TOuKAx (I, 1) u (0, —1). &=
TTp v p 6. Tlpit KaKUX PasMCpax OTKPHITAR NDAMOYTOTLHAS BaRta
JiaHAOI V umeer niomank
Haiitu ary miomians.
< Banna iveeT GOpMy NPSMOYTOTBHOIO Mapaienennena. [lycts ero
v

x2—6; 7=0 npu x=/2;

M3MEpeHMs paBHBl X, y, z. Tak Kak obweM V=xyz sanas, TO

Iliomane noBEPXHOCTH BaHHEI PaBHA
14 11
S=8(x, p)=20xz+y2)+xv=2(x+y) —+xy=2V(—+—)+xy.
xy vox
3ajiava CBOMTCH K HAXOXCHHIO MHHHMyMa yHKumi S(X, y), mpuiem
0

no cmpicty safam x>0, y>
Peuias CuCTeMy ypAaBHEHHA

2v
Sibn )= 7tr=0,

Vig

S} (x, ) +x=0,

HAXOMUM CTAUWOHAPHYIO TOUKY xo=yo=3/2V. [IpOBCPHM BBINOMHGHHE

JOCTATOUHEIX YCTORHA MHUMYME:

v, Y av
Sklbe =15 SHe.n=1 S»(x,y)=7»
Craenoatensho,
A=SL@/2V, YIV)=2, B=S.,(Y2V,.Y2V)=1
C=8;,(32V, 32v)=2, D:AC—B*:4—1>0, A>0.
Wrax, Qynxuus S(x, y) MMeeT MEHMMYM Ipn x=y=3/2V; TorKa
|1

1 1
=2V{ — Y4v2=33/4v2
(:/27 s/ﬁ/)+
7.211. Haiite nauGonbiee 3Haucmue Qymkmm z=x—2y+5
B ObnacTsx:
a) x>0, y=>0, x+y<l;
6) x<0, y=>0, y—x<lI.
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7.212. Haiitn "
24y2—xy—x—y B obnactn x>0, y>0, x+y<3.

7.213. Haiiti Hante " !
xy B obmactn x2+y’<l.
7.214. Haiitu HanG H Ha )

2 B obnactu x2+y*<1

7.215. TlpencraBuTh MONOXHTENLHOE YHCIO ¢ B BHAE MPOH3-
BCJICHIS HCTHIPEX TOJOXNTCIBHBIX COMHOXHTENCH TaK, HTOOH
cymMma uX OGpaTHBIX BCMTYMH Ohula HaMMCHBILCH.

7.216. 3 Bcex NpsAMOYrONBHBIX NAPAIUIEICHHNCAOB, HWMe-
OIMX [AHHEYFO CyMMy JUTHE pebep 12¢. waiiTH napasienennmnesn
¢ HanGoNpIIM 0GhEMOM.

7.217. Halftu TpAMOYTONBHBI Napasiesienunen € JUTMHON
juaronanu d, uMerolmii Haubonpumii 06bem.

7.218. BHYTpH 4eTHIPEXyroNbHHKA HAHTH TOYKY, CyMMa KBaf-
PATOB pPacCTOSHUA KOTOpOif OT BepiuMH OblLia Obl HAMMCHBINCH.

7.219. B nonymap pammyca R BOHCAaTh [PSMOYIOJNBHEL
napamieNemines, HARGONBIICro 0OHEMA.

7.220. B npsiMoii KpyroBoif KOHYC C pPajMycCOM OCHOBAHHMS
R u BeicoTOlf H BNHCATL TNPAMOYTONBHBIH NApAJIeNenHmes
HauGonbiuero obsema.

7.221. U3 Bcex TpeyroNbHHKOB C OCHOBAHMEM a H YTJIOM
O MpU BEPINMHC HAWTH TPCYrONLHHK C HAHOONBILCH TMIOMAMIBIO.

7.222% Ha onmnce x2+49y2=9 waitrm TOuKM, mauGonce
¥ HAUMeHee YHaneHHple OT npsMoil 4x+9y=16.

7.223* Ha ommmce x2+4y*=4 jaum  ABe  TOWKH
A(—\,@, 0,5) u B(1, \/5/2). Ha ToMm e aanMnce HalTH Takyro
1peTbio Touky C, 4ToOBI Tpeyronbuuk ABC mmMen HanGombiyio
TUIOMIALh.

7.224. OnpesenuTh HApyXHbie PasMephbl 3AKPHITOrO SIMKA
€ 3a1aHioN TONNWMHON CTCHOK & M CMKOCTBIO (BHYTpEHHE)
V tak, 4ToGhl HA CrO M3rOTOBJICHHC GBLIO 3aTPAYCHO HAHMCHBINCC
KOJIHYECTBO MATEpHANA.

7.225. Ha TUIOCKOCTH JIaHBl N MATEpHANbHBIX  TOUCK
Py(xy, ¥1), Pa(x2, ¥2). P, (X, Yu) € MACCAMH, COOTBETCTBCHHO
PABHLIMH My, My, ..., m,. Tlpu xakom nonoxecumn Toukn P(x, y)
MOMEHT HHCPUMI CHCTCMbl OTHOCHTENILHO TOukM P Oyner ma-
MMCHBIIHM?

7.226*. Toukn A u B pacnonoXeHbl B pa3/H4HbIX ONTHYECKHX
Cpe/iaX, OTAC/EHHbIX OfHa OT JAPYroii riockocTbio Ay By (puc. 61).
CKOpOCTb DACTIPOCTDAHCHMS CBCTA B TEPBOIl Cpeic paBHA Uy,
BO B1OpOii- vy, TMonb3ysch npunmpmom depma, COrITacHO KO-
TOPOMY yy BIOML TOH JIMHHMN
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Puc 61 Prc. 62

AMB, st TPOXOXJIEHHs KOTOPO TpebyeTcss MUHEMYM BPEMERH,
BBIBECTH 3aKOH TIPC/IOMIICHHS CBETOBOTO JIyHa.

7.227. Moms3ysch npunLMnom @DepMa. BHIBECTH 3aKOH OT-
PaXCHHs CBETOBOTO Nyya OT IJIOCKOCTH B OIHOPOMHON cpene
(puc. 62).

7.228*. Ecnu B 3NIEKTPHUCCKOH LEMH, HMEIOIEH CONpOTHB-
nerne R, teder Tok I, TO BO TEmNa, ocs
B CNMIMLY BPEMCHH, aeHo 2R, O b,
Kak CrlefyeT pa3BeTBHTL TOK | mWa Toku Iy, Ip,..,l, mpu
TMOMOILM n MPOBOMOS, COMPOTHUBJICHHS KOTOPHIX Ry, Ry, ..., Ru
4TOGHl BRLIC/CHUE TEIUa ObLNO HAWMCHBLIMM.

. T wacTIh: K
nwmmm K HOBCPXHOCTH B e Touse .wo (nwm«l Kacanus) WaILBACTCS
TIOCKOCT] B cele

na nolwpxuop‘ru ucpes oty ’l‘ollky

npamas,
“epes TOUKY KaCalA.
Lo ypaRHEHS, MOBEpXHOGT MMeeT Bt

Fx, p. 2)=0.
TO YpABHEHME KACATCIBHORN INOCKOCTH B TO¥Ke Mo (Xo, Yo, Zo) €CTH
F (X0, yo, 20)(x—Xo)+F, (Xo. yo, 20)(y—yo)+
+F 2 (xa, yo, 20)(z2—20)=0. ®)

‘Vpanyenns HOpMaJIH.
X—Xo y=Jo -z
Fii(xo, o, 20)  F}(Xor Yo, 20)  F(¥o. o, Z0)
B cnyvac 3a7amus TOBEPXHOCTH B ABHOI opme
z=f(x, )
YPABHCHHME K4CATCIBHON TIOCKOCTH B TOYKC Mo (X0, Yo, Zo) HMEET BHA
2=20=/ (Yo, Y0)(x = X0)+f}(Xa, y0)(y—¥o)s
a ypaBHCHWS HOpMamH

©

—%

Zo

f(xo, yo) fv(xu‘}‘o) -1
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TMpnmep 7. Haiftn ypasrenns xacatemsnoli IiockocTs 1 Hopyau
Kk nerepxuoctn x2 +2v2—3z2 4 xy+yz—2xz+16=0 B Touke M(I, 2. 3).
< OBosaums F(x, TIeBYIO 4aCTh YPABHCHMS TIOBEPXHOCTH,

oz
HaliicM MACTHBIC MPOWSBOZNME W MX JHAYCHWA B Todke M:

Filx, 3, 2)=2x+y=2z,  Fi(l,2.3)=-2;
Fy(x, y, 2Y=d4y+x+z, Fy(1,2,3)=12;
Fi(x.y,2)=—6z+y—2x, Fi(1,2,3)=—18.

To gopmynam (5) u (6) wumeem
—2(=1)+12(y=D—18(—3)=0, wm x—6y+9z—16=0
- YPaBHCHHC KacaTeNbHON IIOCKOCTH,
x—1 y=2 z-3
-2 12 -8
~— YPABHCHHS HOPMAIH. B>

wwm

Ocoboii mouroii mOCKOH  KpHBOF =0 massmactes Towka
M (xg, yo), KoTOpoii cucreme 1pex ypan-
RoRmiE:

F (o 0)=0. i (x0, 50)=0, f}(xo, yo)=0. ™
IMycts Bemonkersl yciosns (7), awcia
A=(%u(50 Yo), B=fi (0 o) €=/} (Xo, ¥0)
He Bce papHBl Hymo M A=AC-B% Torna:
a) ecmn A>0. To M—u3omposamas mouka (puc. 63).
6) e A<0, T0 M— ysea (d6oiman mouka) (puc 64).
B) ecin A:O, T0 M—nwGo mouka eospama 1-10 poda (puc. 65)
win 2-20 poda (puc. 66) nuﬁo usoauposannas mouxa, 60 mouxa
camonpuxocnosens (puc. 6

X%

Puc. 63 Puc. 65
Puc. 66 Puc. 67
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Vinonoit xoopuument k=
TOMKE HAXOTHTCH W3 YPRBHCHMS

A+2Bk+Ck?=
B cnyuac M3OMMpOBAHHON TOMKM KACATCNBHOW HCT, B yane——Jbe
PasMdHbiC KACATETbHEIE; B TOMKE BOIBPATA ¥ TOMKE CAMONPHKOCHOBC-
His —OsHa O0was KacaTelbHas K ABYM BCTBAM KPHBOW.

Ecin A=0, 1o /1 PCLICHUS BONPOCA O THIC OCOGOH TOYKH HYKHO
H3YMMTB PACTIONOXCHHC TOUCK KPHBOH B HCKOTOPOIi OKPECTHOCTH 0COBOI
TOuKi.

B ciyuac TPaHCUGHACHTHOW KPHBOH MOrYT GuiTh W HHMC THIbI
OCOBBIX TOHCK™ y2a06bie MOUKU, MOUKU MpeKpayenus W T. Ji

HMmep 8. Mccnesionat OCOOE TONKM KOHXOWubI
(x2+y2)(x—a)?—b2x?=0 (a>0, b>0)
< OGo3HAYMB NEBYIO uaCTL ypaBHCHHS 4cpe3 f(x, y), Halinem WacTHbic
TIPOM3BOJIHbIE M NPMPABHSCM WX HYJIHO:
folx, y)=2x(x—a)? +2(x—a)(x? +5?)—2b?x=0,
fy y)=2v(x—a)’=
Cuctema ypaBHeHHI MMEET €JIMHCTBEHHOE pelleHHe Xo=yo=0. T.e
KpuBas MMceT ofHy ocobyro Touky O(0, 0)
Haiiiem BTOpBIE NPOH3BOJHBIE
fix(x, 1)=2((x—a)?+ 2x(x—a)+ x> +)? + 2x (x—a)—b?),
Fi(x, 3)=4y (x—a),
S50 p)=2(x—a)*.
Bruucius ux 3Hauchuss B rouke O, nodyvaem
A=2(a*—b%)., B=0, C=2a%
A=AC—B*=4a*(a*~b?).

Ecan a>b, 10 A>0, u Touka O—nusommpoanyas (puc. 68). Ecrm
a<b, 10 A<0, u Touka O—y3en (puc. 69). Ecm a=b, 10 A=0.
Haiilem yrioBoit k0IOUIMEHT KacaTelbHOM

KacaTelbHOK K KPWBOH B 0cOGOM

2(a? b} +2a7k?=0, k=

T. €. KacatenkHas COBNAZAct ¢ Ockio Ox

W3 ypasicuus xpusoii nonysacw (npu a=b) ,x~i— V2ax=x?,

. KpWB: ocH Ox O<x<a;
a<x<2a). Toatomy npn a=b O- TD‘le Bosepata l-ro poaa
(puc. 70). =

Ozubmoweli cemeiicmsa naockux Kpushix HashiBaeres s (W
COBOKYNHOCTb  HECKONBKHX JMHHI), KOTOpas KacaeTCs BCEX KPHBEIX
JIaHHOTO CCMEHCTBA, TIPHYEM KaXJlas e TOYKa KBJISETCH TOYKOH KacaHus.

Ec/n OfIHONapaMeTpHYeCKoe CeMelicTBO KpuBEIX f(x, y, 2)=0 nmeeT
OrubaIoLYI0, TO C¢ YPABHCHVC MOXHO MOJYWHTL M3 CHCTCME! ypABHCHH

[, v, 0)=0, fi(x,y,)=0. @®
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g |
l
1
|
i
|

b

7 17 z a-4 a a+b T Vi a |2ax
i
1
|
i
|
I
1
1

Puc. 68 Puc. 69 Puc. 70

Hcxmouas u3_cuctemst (8) napavetp o momm ypamenne muza
D(x, y)=0. Kpusa:

kpueoir. JT KpMBas COCTOMT M3 OFH-
Garoueli ¥ MHOXeCTB2 OCOBBIX TOWEK JIAHHOIO CemeiicTha.

Mpumep 9. VpasHeHue TPacKTOPHM JBMKEHHS CHADSIA, BBINYINCH-
HOTQ 3 ToUKM O ¢ HAYATBHOH CKOPOCTHIO Ug KOJ YIJIOM O K TOPUOKTY
(B€3 yueTa COMpOTUBICHWA BO3YXa), ECTh

t G
=g
P G costa
TMpunumas yroa o 3a napame1p, Haliu Orubasolllyro BCeX TPacKTOpHil
CHAA/A, PACHONOKEHHLIX B OJIHOW M TOW KC BCPTMKATLHOH INIOCKOCTH.

< Hmeem

S, y, =xtga—

?
203 cos’
e
, x  galing x ox
Vy, @y EESRE X ) EXg).
LR e v cosza( P g)
Cocrasum cuctemy Buza (8)

2
ex x [ gx
Oy, ——— | =5 tga)=0.
O cosTal oos’a( v )

2

.

Us BTOPOrO ypaBHEHUS MOMYHHM: tgo=— W COS20=-——y—
x

gx
1+tg‘m gixr oy
[ojicTannss B nepoc ypasHcuue, Haiifem ypaBHeHHe OrMGAIONCH
(napabosa Gesonacuocmmiy

v} g2x’+0f v§ gx

A
¢ zag 0 M T
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7.229. HaiiTi ypaBHenHs KacarefbHOW MIOCKOCTH M HOPMATH
K M B ' TOYKAX:

a) z=smxcosy B rouke (n/4, m/4, 1/2);

©) z=e** B rouxe (1, m, lje)

7.230. Haifru p OT Hayana IO KacaTenL-

© na
HOM MUIOCKOCTH K TOBEPXHOCTH Z=y1g— B TOYKC G
a
7.231. Haiitn yisml, koTopbie o0pasyer HOpManb K TOBep-
A T
ot z=arctg =~ B Touxe {1,1,7) ¢ ocamu xoopmmar.

7.232. Jlns nosepxHocTH z=4x—ay-+y? HaiiTH ypaBHeHue
it u

KacaTeNnbHOMH H, napa.
dx+y+2z+

7.233. Hdm'u ypaxmlenux KACATCNBHOM TUIOCKOCTH K HOPMaII
K TOUKAX:

a) x(y+z)(xy—-2)+8= 0 B 'ro'-lke 2,1,3)

6) 2*= 42 =8 B Touke (2,2, 1);

B) z?+4z4x%=0 B TOYKax mNepeccuemnus c ochio Oz

7.234. ns novepxuocTH x?—z2—2x+6y=4 naitty ypabue-

x+2 y z41
HHS HOPMAJH, fAPAJNCILHON (PAMO T

7.235. Ha nosepxnoctd x2+2p2+3z2 4 2xy+2xz +4yz=8
HA¥TH TOYKH, B KOTOPBIX KACATENBHGLIC TUIOCKOCTH MApAJUICIbHBI
KOODIMHATHEIM  TLIOCKOCTSIM.

7.236. Iokasath, YTO KACATCIbHBIE MIOCKOCTH K TMOBCPXHOCTH
X34 y23.4.223=4%% OrceKaloT Ha OCAX KOOPIMHAT OTPE3KH,
CyMMa KBAJpAaTOB KOTOPLIX MOCTOSHHA M paBHa a’.

7.237. Haiitu ypapnenus kdca'mm,uoﬁ TITOCKOCTH M HOpMAIH
K NapaMETPUUCCKH, B yKa-
JaHHBIX TOYKAX:

a) x=rcosq, y=rsing, ciga B rouke (ro, Po);

6) x=wucosv, y=usinv, z=av B TOUKE (o, Vo).

7.238*. Ilox  KakHM  YIJHOM  MEPECCKAKOTCS  LIMJTMHAD
x*+y?=a* n runcpbosmmueckuit napaGonows bz=xy B oBmH
TOYKE (Xo, Yo, Z0)?

7.239*% Jloka3aTh, 4i0O CJC/YIOME TOBEPXHOCTH TOMAPHO
OpTOrOHARLHLI:

a) x*+y —+—zz 2ax " x2 !y +z% *2[7}‘

6) xyz=a* u 21 —x !y +f(x2—y?)

B) xp=az?, x?+y +z’=b u zl+2r —c(~2} ?).

Hocnenosarb ocoﬁbxc TOYKH KPMBBIX:
7.240. x +y =xtty
7.241. y*(a*+x?)=x (a —x?). 7242 x4yt=
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7243, y*=(x—1)%
7.245. 4y

7.247.
oy P
7.249*. Y= 7.250%, y=x
7.251. Haittn ormGarontyto cemeficTBa mpsmblx y=ax-+a?
7.252. Haiitn oruGarongyro ceMelicTBa TPAMBIX

xcosa+ysina=p (p=const, p>0).

7.253. Haittn orubazomyro cemelicTBa OKPYXHOCTEH
x24(y—C)*=R? (R=const).

7.254. Haiiru ormGaromyio cemeiicrra napabon y2=2px+p2
. Haiite  ornGarongylo cemefictpa mapaGon y=3a’+

7.256. Haiitu orubarornyio cemeiicTBa 3/UHNICOB P

(I=const).

7.257. Haiima or cemelicTna Tpoxo-
JSIAY Yepe3 HAYANO KOOp TH LENTp HA TIap
y?=4ax.

7.258. Vccnenosath  XapakTcp JMCKPHMUHAHTHBIX — KPHBBIX
cemelfcTBa cre/tyFoIMX Jtunmit  (C—nepeMeHHLI  napamerp):

a) kybuueckux mapabon y—1=(x—C)*

6) monyxyGuueckux mapabon (y— C)IA(X o)

) mapa6on Heittx (y—1)=(x—C)%

1) ctpogoun (a—x)(y—C)=x?(a+x).

§4. 10, uneaa W HAT HEMH

1. " TMyers wuero @ ects
npubmuncenue wncra A Hanpumep, A=\/3 w a=17 Tpn a>4 wncio
(@ HEVABACTCH MpuUmOKCENUEM 10 UIGHMRY, TP a<A—1O Hedocmamxy.
Tax, wncao 173 ecth mpabmumkcine /3 1o menoctatxy, a wmeno
1,74—-no wibeitky (npuGom-
KEHHOTO YMCNA) @ OMPESICTHETCH PABCHCTBOM
A=la—A|
Tockonxy Touioe G0 A 5O MHOTX Cryiamt rexssecrio. 10
norp A, ommake NPH TOM MOXET
Bures, ywctvana, v Tpan i Tor Hi
Y BepXHUX rpancit A, vor de nboii
abcomommoii nezpewnocmyro Ha UPAKTHKe WACTO 33 TpEeNbHYiO ab-
OJIHY W3 BepPXHMX FpaHcil.

o ror
VIMCeT Mecro BKmIouCHHe
Aela—A, a+4,],

KoTOpoe NpHATO  anceisaTs B Bamc A=a+d, Hampvep.

3=1,732140.0001.

377



O uncna a

Ananoryino

0001
Hanpumep, 1 A=./3 1 a=1,7321 nveenm 3, =l 231 = 0/00006.

B necsiTHUHOM 3amich MHCNA 3nauayenl yudpoil WK 3HAKOM HAIBIBA-
ercs gmiobas wudpa, ormuHas OT myns Hymb cumTaerc 3Hauauei
widpoil B rOM cnyuae, KOra OH PACTIONOKEH MEKIY 3HAYALUIMH

OKpyeaciuem WNCTA RAIHIBACTCH 3AMCHA CFO WHCTOM C MCHBUINM
KomecTBoM 3uadauux wm¢p Ipn oxpyrienun cobmonatotcs crefy-
oue TpaBia;
1) it nepBast 13 OTEPACHBACMBIX THA(P MEHbULE S, TO COXpaHseMbIe
3HAKH OCTABSSIO' Gez HIMEHERUS;
i nepnan m‘ﬁpacbleBMlle wip Gonbitie S, TO MOCHEARNY
us coxpdugemux SHAKOB  yBesH Ha
3) e mepeas w3 o'rﬁpdcunaemx uu¢p pasa S,
cneﬂylcumx 3a Hell 1mdp cCTh OT/HUHBIE OT Hyas, TO nocuenmm w3
COXPAHSEMBIX 3HAKOB YBEJMYMBAIOT HA 1
4) ccim nEBas W3 OTEPACHIBACMEIX uuq,up paia S5, a Bee creyroume
34 nell ABIROTCH HYIIMH, TO
makon yBemuuBatoT Ha 1, Korma om ne-nemuﬁ, ¥ COXDAHSIOT HewH3-
MCHHLIM, KOTAa OH “eTHbt
cm Tor uncia @ We mpe-
BHINAET EWMRMUBI PA3Psijla, BHPAKAEMOro n-ii 3uavaliedi uudpoi B je-
CHTHYHOM 3AMHCH JTOTO WHCIA, TO ¢ HAIHIBACTCH WUCAOM, UMCIOWUM
11 UK KOG & WIUPOKON, CHBICAe. Ecm e aGComoTRas NorpeiiHOCTS
enuHIB BbIlUC Pa3pAad, TO
npuﬁnuxeﬂnoe IO @ NASLIBACTCR VUCAOM. UMEIOLM 1 GEPISX S1crog
6 y3xom cubicae. Tpw 2ToM 1S
o CUPABE/UIMBEI HEPABEHCTBA

RO

OOTBETCTBCHHO B MEPBOM H BO BTOPOM Cilyuasix; B 0GOMX HepaBeHCTBAX
k 03HaYaeT TEPBYIO ZHE‘IalJ.lyIO wadpy ukcna a. O6patHo, ecam
TOTPELLHOCTH
8, < L
“S2(k+1) 100
TO  COOTBeTCTBYIOMIEC NPUOMIDKCHHOE WHCIO @ C Teppoji 3uasamedi
[HdPOit k MMECT n BepHHIX IMAKOB B YIKOM CMEICHE.
7.259. Haiiti npeenbHyio abCONIOTHYIO M OTHOCHTENBHYIO
niorp urCest,
npu mMepeHnu‘ a) 23,015 xr; 6) 84,5 cm; B) 25“15’
. Ilpu  m3MepemHH JUMHBI OyTH TONyYeH pesyibTaT
25,2 KM € TOYHOCTBIO IO 2 M, @ Np¥ H3MEpeHHH IUIOLIAIH
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(aspodoTocemKa) nonyer pesybrat 1500 M2 ¢ TOYHOCTBIO 7O
30 M. BLNMGIMTh NpefesibHYF0 aGCOJIOTHYIO N NPEAC/BHYIO
OTHOCHTEJILHYIO TIOTPEUIHOCTH OGOHX PC3yibTaroB.

7.261. Ilpu wu3MepeHmM UIMEEI ydactka myTd B 10 &M
Jomyiiena ounibka B 10 M, a TpH M3IMEPEHHH [MAMETPA Iaiiku
B 4 cm gonymesa ommbka B 1 mm. Kakoe u3 7rux jByx
u3Mepenyii Gosee TOHOE?

7.262. Kakospi npenenbHble abConIoTHAsS M OTHOCHTENbHAS
TIOTPELTHOCTH uucen, TIpH  OKpYTJjie-
Hum. a) 36,1, 6) 0,08.

7.263. Oxpyraurs wncna 29,15 u 3,25 [0 mepBoro HecsTH-
YHOTO 3HAKA NIOCJE 3amATOM.

7.264. Oxpyrnute uucno 53726 [0 THICAYHBIX, 1O COTHIX
M J0 Jecateix joned. Haifth aGcomoTHyro M OTHOCUTENBHYIO
TOTPEIIHOCTH KaXA0r0 M3 ITHX TPEX OKPYIJICHMH.

7.265. Okpyrnuth OO Tpex 3Hayaumx Imdp creiyroume
wncna. 0,02025, 1876672, 599983.

7.266. OnpenenuTh YMCIO BEDHBIX 3HAKOB B Y3KOM CMBIC/E
M [aTh COOTBETCT 3ANHCEH rcen:

a) 413287,51. ecnn mpe/enbHas OTHOCHTENBHAS TOIPEITHOCTL
He mpeBbiiaet 1%;

6) 0,0794, ecnu mpe/enbHAS OTHOCHTENLHAS NOTPENIHOCTE He
- npepbiiiaer 2%.

7.267. Co  CKONBKHMH  3HAKAMH  HYKHO  B3SThH  HHCIIO
\/EI, 4TO6B npenejibHas  OTHOCHTE/IbHAs NOrPCLIHOCTL  HE
npespunana 1%?

7.268. Co CKONBKHMM 3HAKAMH HYXHO B3sTh uucna In 40
M arctg 2, 4To0bl WX TNpejle/bHas OTHOCHTENBHAA NOFPELIHOCTH
ne npeppmana 0,1%?

2. Jleiictaus nax nlmﬁnmmmm mcnamu. TIycts w=f(x1, Xz, s X)
pacca obnactu  (ynikus. Torna
10T cTh A, 3uaucnusi GyHKuMM onpeaesns-

€TCsi COOTHOUICHHEM

. )

x|

K=t

Tme A, Tior 3HAYCHMA COOTBETCT-
nyxomm aprymentos. Jlns HOH
HMECT MECTO PAaBeHCTBO

@)

umep 1. Haittn
HorpEIIoEn 061 KOUYCI pRIYCi 7 BuCOTs e 1 1540,02 oy
h=19,1 40,05 cm 1 m=3,14.
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1

< Minicew o=z h=4498,1 on® Vaurumas, aro r=15, h=19,1. x=3,14
)

2,002, A,‘=005 B A,=00016, wusiinem ;_‘ziﬂhzmz,s

1
;vv~4mh 599,74 m 71—§nr 2.235,5. Mpamenss bopmyay (1), moaytaem

nor
2| o], o
A=l AnH] A, +| 2| Ay =26.06
r“/n! Hor +|a/‘ * o
1 1ot MOXeT Obilb 3
paneiciga
26,1
8= o =0,006,
ey

Taum obpasont, v=4498 +26.1 cm?. &~

JlokasaTh chemylounie yTBepXLeHHs:
7.269*%, l'lpene.nmux aBCOMOTHAS NOTPEILIOCTL CyMMELI PaBHA.

cymMMe norp i CJ1d1 aeMBIX.

7.270%. Tlpejennhasi OTHOCH IeNbHAS OXPRIHOCTH APOH3BeEjie-
HHA paBHa CcymMe o1 Torp
COMHOKMTENER.

7.271%. TlpenenbHasi O1HOCUTENbHAS NOIPEIIHOCTS /i cTene-
H{ B 71 pa3 GOJLIUE DPERCNBHON OTHOCHTEIHHON NOTPEMIHOCTH
OCHOBAHMSL.

7.272*%. Tlpedenbuast OTHOCHTENbHAS NOIPENIHOCTL YACTHOIV
PaBHA CYyMME TPEREIBHAIX OTHOCHTENBHLIX TOTPEILHOCTEH el
MOro M JenuTens.

7.273*%. Tlpenenshas aGCoOMOTHAs NOIPEINHOCTL A,, NPOM3-
Be[EHHS: Ly YAOBNETBOPSCT COOTHOMIEHHIO A,,=Ar+Au

TIPOM3BECTH yKa3aHHble ACHCTBHS HAJL MPUOMKSHHEIMM HHC-
JaMH, B KOTOPHIX BCC JICCATHUHBIE 3HAKH SIRISIOTCS BEPHEIMH
B Y3KOM CMBICTE:

7.274. 130,6+0,255+1,15224+41,84+11,8216.

7.275. 17,83+1,07+1,1-10% 7.276. 153,21--81,329.

7.277. 61,32—61,31. 7.278. 35,2-1,748.

7.279. 65,3-78.5 7.280. 7.6:2,314.

7.281. 170:5.  7.282. 40,5°. 7.283. /54,71

7.284. Tlpy ¥W3MCHEHMH pajuyca Kpyra € TOYHOCTHIO OO
0,5 cM nonyuwnocs wucno 12 cm. Haiita abcomornyio M oTHO-
CHTENLHYFO TIOTPEeLUlIOCTH TUIOM[A/M Kpyra

7.285. Onpenenuts aﬁcomo'mylo TOrPENIHOCT  JECHTHYHOTO
norapupma 0 YHCNA X, BbIYMC-
JIEHHOIO € OTHOCHTEJILHOM noxpcmﬂocruo 3.
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7.286. C xakoif npeeNbHOM abCOMOTHOR NOrPENIHOCTHIO
CiCHyel MIMEPUTL CTOPUHBI TPSIMOYIONLEMKa ax4 M B bx5M,
4i06H ero wiowaapr S MOXHO GbUIO BBIMHCIHTE C TOYHOCTHIO
a0 0,1 M*?

< Wmeem S=gb n AS=0,1. Tpeanonaras pasHbMA Craraembie B (Gop-
wyae (1), nomyunm

(PUHUKN paBHLIX BAMAHKE) [losroMy, BHMHCIAS YaCTHBIE
08 s
b=5u

0
TPOUIBO/NBIC =4, nafigem, 4io
B

ab

0,1 0,1
A,==—=001, A,

2’5 T2
Pacupenenss wucno U,1 B gopmyrne juisi A, Mexly ABYMS CAracMbIMH
He TIOPOBHY, 2 Kak-HiOylb WHA4e, MONYMHM JIPYIHE 3HAUCHHA JUIA
A, 1 A,, obecieunBaloume, OANAKY, BCE TY KE NPECIbAYIO a0COMIOTRYIO
HOFPELIHOCTh. &

0,0125.

7.287. C kakoi abGCONIOTHON NOTPEUIHOCTLIO CIICAYET H3Me-
PHUTH CTOPOHY X KBAJpaTa, 4robbl OUPEAETHTE MIOWALL 3TOrO
KBagpara ¢ Townoctoio o 0,001 M%, ecin 2 M<x<3 m?

7.288. BprMCIHTL TUIOTHOCTH aTIOMHHHS, €CIH A7TFOMHHKEBBIH
INGIMBADP AuaMeTpoM 2 cM ¥ BeicoToll 11 oM mmeer maccy 93,4 1.
O Hasl  1Or u3Mep e pasia 001,
a ot Tor] Maccpt pasia 0,001.

7.289. C xakoii TOYHOCTHIO CJleAyeT ONpeleHTh pPannyc
ocHopaHMs R M BuicOTy H wnmmapiyeckoii GaHkn, 4ToObl ee
BMECTHMOCTh MOXHO OBUIO ONpEfeNnuTh ¢ TOYHOCTBIO 40 1%?

7.290. C kakoli TOYHOCTBIO CleEyeT B3ATH NpHONMKEHHOC
3HAvenNe yra xa25 , 41065l HaliTH 3uaYCHHE SINX C YETHIPhMS
BEPHLIMH 3HAKAMH B Y3KOM CMbicrie?

7.291. C KakuM YHCJIOM BEPHbIX 3HAKOB B LUMPOKOM CMbicie
ClcAyeT B3SThH 3HAaYeHWe apryMeHta XX2, 4TOOl MONyuHTh
3uaqende QyHKUMM y=e* ¢ rouHocTeio o 0,001?

7.292. C KakuM 4UCIIOM BEPHBIX 3HAKOB JOJDKEH ObITh
wspecTen cpoGomniil wien ypapuennst x2—2x+1g2=0, 4ol
TIONY4HTH KOPHU ITOFO YPABHENHs C YETHPLMS BCPHEIMH 3HAKAMM
B y3KOM CMbicye?

7.293. TpebGyeTcs M3MEpHTL C TOYHOCTHIO B 1% Iuiomans
GOKOBOIi MOBEPXHOCTH YCENCHHOTO KOHYCA, PajiyChl OCHOBaHMil
KoTopoio ¥2M u &1M, a obpasyroumas =x5M. C kakoit
TOUHOCTBHIO HYXKHO JIiIsSl 5TOrO M3MEPUTh PAjiyCchi H 06pasyromIyIo
M CO CKOJIbKMMM 3HAKAMH HYXHO B3STh 4MCNO n7




OTBETbI

Taasa 1

L1 Mpubmokenke ¢ nenocrarxkom 0,1; 010; 0,101. TlpuGmmkennc

¢ mbwmos: 02 00 0102 12 @) o 6) b g 283

| 90 V300 Tes00

LAL. logy; 1> logy ) ez (V=(% 113 togats 1

A1 logyz 3> loga 5. 1 (5) 7=(5 13 logie 25>
73

RIS 1.19.(—1,0;. 120, 5. 121 40,2} 122 (~0, 2)

ln.( ©, 3o4a). 124 (3,4) 125 [1-/17. -1+ /5],
s—./l. '5 s

(—»:n —) ( aRY ) 127, (=0, —1). 128 ) {1, 2} <
{2 {12 3;) s)ose:anucuucpuu 1.29. 4={0,1,2}. 1.30. A={1}
131 4={1,2.3 } 133 A={1.2,3}
1.34. A={n)3, , 3r/2, 21: . C. puc. 72 (vpasn-
L& 34UITPHXOBAHHOM oﬁmu:m He Tpuna/UIEXHT Muoxectsy). 1.37. Cu
puc. 73, 1.38. Cw. piic. 74 (UITPHXORAs JHNUA He MPHAA/UICKHT MHOKCCT-
By). 139. Ch. pic. 75 (Ipanmua 3amrpuXxOBARHON 0612CTH He NpHHAL-
sewuT Muoweerny). 1.40. Touxa (2,2). 141 Cm. puc. 76. 1.42. Cwm
pic. 77 (I panhia 3AIITPHXOBANHON oénacm e TpuaRACKUT MOKECTEY)

143 4UB={-5,3 9} ANB~ 41~ ‘} \A={3). 1.44.
{2, {8k ksZ) 14e. {1,2, 4) {24k keN).  1.49.
I.H [0‘|/4]U[1/z 1. |51 {o}u(n}z 1) gry [o'm?u(w 3‘/4)8)
9]
E10] 7
Z

Puc. 72 Puc. 73




S (%) #

Puc. 74 Puc. 75

sl} 1.60. z —l,o, 1}. 1.61. {neN[n#3k, keN); &. 162 {xeR|[x=
/n neN
Bce o oo Kpyra: 25 6) pce Toukn KoL NeXAY

lldnuon BIBOE
pamyca; ; )m TO'!IM Kpyra; UCHTP Kpyr

1.73. ) min X ne cyuesyer; max _1 '6) [1, +oc)s (- 0
supX=1; infX=0. 1.74. 1/2; we cyuectnyer; 1/2; 0. 1.75. 1;
1.76. He cyuicetnyer; —5; 0; —5. 1.77. He cymectsyer; ne cymecrbyc’L 3
ne cylecrsyer. 1.78. He cyuiecrsyer; ne cywecrsyet; 15 0. 1.79. sup X=/
1.83. a) Wcrunno; 6) J0XHO; B) WCTHHHO; r) 70¥HO. 1.84. Jlomm
85. Uctunmo. 1.86. Jioxno. 1.87. Mctwnno. 1.88. Hc 89 ﬂo)«llo
90. d) Wcrunno; 6) uerunuo. 1.91. a) Mcmml

192 a) f 0;  f(x0)#0.

6)
*Xo='f"‘o) A0
»,/(\) 0)) B) 3\‘,1}(;:0 _olrln(ne

x(er
A a/(x)(#ﬂg) V(7 () 70) v (3, 2 ryeean TG ) =0
a) IMVxeX (x<M) VMAxeX (x>M). 6) (meX)a(vxe
X me) (m¢)X)v(3xEX(x<m]) B e X) A (Vre X ni)y Ve
XeX (x<x

¥

Puc. 76 Puc. 77
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1.94. a) 3keZ (n=km); VkeZ (n#km). 6) (21n A31n)=6]n; (2InA
A3In)A6Yn (Bamedanne Tak KaK WMCXOTHOE BRICKAIHIBAMNE MC-
Tuuko, TO er0 OTpumanue noxHO.) B) VneN{nlp={n=1vn=p)) 3ne
EN(H|pA(n#X An#pl)

[N T=mrs
1.96. ‘=S_\/_§1z =S
2411Z
;a. e t>1,.
O<x<——,
(a—b)h a—h__atbh
.99. = . —<x<——,
1.99. Sapnm hx+ " 7 <x: >
at+h
2
1.100. —~nh(4k2 #2), D=[0, 2R].

L0L. @ s=2—R VARTZF. D=[0.2R}: & S=drR?sin cost

7
‘D=[0, n}; B) S=4nR?cosPsin?p, D=[0.x/2].
1.102. 0, —6,4. 1103 —1.0,1,2,4. 1.104. 0.2°—1. - +3a +‘m‘
+x _ x 2
@'=dat+3a=2, 16072 1105 1, o=, -
—x
1.106. D=(—3, +x), E=(—o, + o).

).
E=[0. + ). 1.108. D- U [k =22k +1)7). E=[0.1]. 1109

Jto}
D=[-3/2,5/2], £=[o‘ n]. 1.110. D= U ( (1A+ ) (3k+;)).
E=(-,In3].  1LuL D=[-1,1], l: [0.1] L2 D=(2,3).
E=( -, 1g1 L13. p=[—1, 1] E=|0, 5 . 1114

E=[1,2"]. n (& P/c,*w) 1.116.
L7 G=[1,2). 118 6= ( oc O)U( +x). 119

1.120. G=(1, 3]. 1.121. G=[o, ﬁ/Z))llIZ. D.,—/—l\ D
D,-(—o§.~ . 1123 Do={=1,2}, D.=(~1,2, D

,neZ w;}.n‘: U (

Sy ( . . ) nez\ 0}
ezt i \ 21 2(n+ 1))

1125, Do={1}, D, =(=, QU(L, +o0), D_=(0, ). LI3L flx)=

e
2 a2 f)=Y Y e f()=sinx 134, Yemnas.
5

L135. Hu vemnas, mu mevernas. 1136, Hu seruas, wa wescrias.
1137, Hesernan, 1138, Hu wetnas. wn nesernas. 1139, Hevernas.
LHL 7-c/7 1,142 T=r/2. 1143, Henepnouriooyas. 1144, Hencpr:
omiccxas. 1,145, Henepuopmieckas. 1.146. T 6r.
384
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1.147. Ecnu a=0, 10 oBpatHas QGyHKIMs HE CymiecTsyet; ecin a#0,

T0 y= P ——o6paruas Qyuxuus M D=(—c0, +c0).
1.148. O6paan y=3/x+1, D=(—, +oo). 1149. Oparuas ne

cymecryer. 1.150. Obpatnas y=ie’, D=(—w, +m). 1.151. Obpatuas

y=2logx,  D=(0, +cc). 1152 O6parnas y=:%; v =1,
o 3
1.154. @) y=—/x+1, [_—%, +oo); 6) y=/x+1, 2[_3‘ +ao).
LISS. ) y=arcsinx, 1,1} 6) y=n—arcsinx, D=[-1,1].
1156, y={ © *<O )
* T2 x>0

L1, 1) y=barccosx—1), D=0, 1] 6) y=rn—garccos(ax—1).

D=[0,1}; ) y:n+%amcos(2x—l)‘ p=fo, 1].

1199, fog=1—x%, gof=(l—x)% 1160. fog=x, x>0; gof=0.
1161, [ og=

x+m, xe[—m —n/2),

x. xe[ m/2,m2),

x—m, xe(/2, 1)

1.162. fog=0, gof=g. 1.163. a) x; 6) x//T+3x% 1.164. f(u
u=x% 1165, f(u) u, u=cosv, v=y/x. 1.166. f(u)=2% in
v=x? 1167 f(u)=arcsiny, u=e*, Ux. 1168, f(u)=sinu, u=2",
v=x2 1169, f(w)=u""", u=v?, v=tgt, t=logyx. 1171 {(12_:”"’

=

n
—+/<n) keZy. 1172 {(—1,2), (1, 2)}. L173. {(2kn., k) keZ;.
1.174. {{kn, T)| keZ}.
175, a) Tlpsivasi, npoxoasuas ucpcs ruwum KOOPAHHAT U llepes
TOUKY g 2); 6) npsmas,
~2); B) upsMas, NPOXOASLIAN qcpcs mqky 0, —1/3), nupa.n-
chmsnau GuccekTpuce 2-10 M 4-T0 KOOPAMHATHBIX YIJIOB.
1.176. a) TapaGona y=x?, cMellennas Baonb oo Oy Bams na I
6) napabona y=x?, pu(.rmlymﬁ B 2 pasa BAOTH ogn Oy, cMewiennas
B0 ocu Ox BupaBo ma 1 B) napabona y=x2, OTpaXeHHas OT-
HocuTensHo ocu Ox, cxatas Baos ocm Oy B Zpasu, CMeneHRas
B/IONL OCH Ox BIEBO HA 2 ¥ BAOAL ock Oy BBepX Ha 3/2.
1.177. a) Tunepbona y=1/x, cveuwennas Baombs ocu Oy BHKS Ha
1 w Baose ocu Ox supaso Ha 1; 6) rumepbosa y=1/x, OTpaenuas
OTHOCHTENILHO OcH OX, PacTsnyTas BAOJL ock Oy B 2 pasa, CMELCHRas
BOMh ocu Op Bu3 ma 1/2 W BaoNb ock OX BIEBO HA
1.178. a) Cumycomna y=sinx, okatas B 2 pasa BIOTb OCH OX
W cMemiennas BaoML oc OX BAEBO ma 7/6; 6) cuuycoupa y=sinx,
OTpAXCHUAS OTHOCHTEIIBHO OCH OX, PACTARYTasi BaOML ocu Oy B 2 pasa,
CTsmyTas BAOME OcH Ox B 2pasa ¥ CMCLUCHHAs BAOIL ocn Ox
BupaBo Ha 2r/3.

13 Tox pea. A. B. Eguwmosa, B. Il Jlemmunosusa, . | 385




1.179. a) Tanreucowna y=tgx, pactsmyras Boib oci Oy B 3 pasa.
pacTsmyTas BIO7h ocu OX B 3 pa3’a M CMEWEHHas BAOTL OCH Ox
BieBO Ha 31/4; 6) y=tgx,

Ox, cxaras Baoms ocn Oy B 2 pasa, oxaTan BAos oc Ox B 2 pa]a
¥ cMeluenuas Blomb ocu OX BIeBo na 3m/4.

1.180.  a) I'paguk  ofparnoli _ TpuronoMerputicckoii  ymkuwn
y=arcsinx, pacTanyTeiii BIOML oci Oy B 4 pasa W CMEWEHNHIA BIOMH
ocn Ox enpaBo na 1; 6) rpadux dynkumm y=arcsinx, OTPaXeHHbI
OTHOCHTENBHO OcH Ox, “oxaTei BAoaL ocu Oy B 3/2 pasa u CMelICHHBIH
BomL och Ox BieBo ma 1/2.

1181. a) padux  obpaTHOf  TpHrOHOMeTpWYCCKOH  yHKuUH
y=arctgx, OTP&XEHHbI OTHOCHTENLHO ocH OX, PaCTARYTHI BAOTL OCH
Oy B 3pasa u cmewennbii BAOAL ocn OX BieBo ma 5/2; 6) rpadmx
ynKusn y=arclgx, oxathili BOMs oo Oy B 5/2 pasa 1 CMEWERNEL
BIOMB OCH OX Bnpaso Ha 6.

1182, a) Tpagu noxazarenbnou Qysam y=2%  oTpaxeHHbiii

ocH BIOM ock Ox BupaBo ma I
6) rpadmk ynxim ¥, OTPaXCHHBIN OTHOCHTENLHO OcH Oy, CKaThiH
B0 ock Ox B 2 pasa 'u CcMellennbiii B0, ocn Ox Bupaso ua |

1.183. a) Dpadux snorapudnumcckoii dymkmum y=lgx, cmemenbiii
B0 OCH o; BBepx na | u Biom, oon Ox snpaso wa 1/10; 6) rpagux
ymaun y=Igx, ocu Ox, B0
ocu Ov Beepx Wa lg2 u ®pOTs oci Ox RicsO Ha 4.

—2x, xe(-w, -2],

1184, y=1{ 4, xe(—2,2},

2, xe(2, +x)
(x+1)2—1 — o0,

L85, = (x+ )2 , xe(—w,0],

x2, x€e(0, +co).
(x+3)%, xe(—co, 0],
(x=3)% xe(0, +cc).

[

6*]223 |0
**n) T Y\

L,y [T xe(—e, 1)

(41—, xe(l, +oo).
_f2(e=1), xe(—o0, 1],
LI8. y=10, xe(l. +).
7
T xe(—o0, U2, +oo)
1190, y= “

~2+—, xe(—2,3/2).

') 3peck M Aanee KO BCEM aBANOTHYHBIM 3aJa4aM 370ro naparpada
B OTRCTC AKTHYCCKH NPMBOIWTCA TOT BHA WCXOMNOR (YK, W3
KOTOPOrO yxe JIErkO HOJYHIHTL e¢ rpacdmk.
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1
-—— —w, =2),
o el )

1
1.191. y= 71+? xe(—2,0],

- x€(0, + )
-2 xe
).

1.192. Ipu xs( CL 0)- npsmas y=—1, upu x€(0, +oo)—npsmas
y=1, npu 2 -0
1.193. Mpu xs[n ‘1), nez,—npavas y=n.
1.194. T xefn, n41), nez—npsmas y=x—n
27%~1, xe(—o0, 0],
1195, y=
Y {zul 2€(0, + ).

3**‘+z xe(—o, —1],
1.196. y=

+2, xe(—1, + ).

{log,,z(}—x). xe(—o, 3),
log2(x—3), x€(3, + ).
—logz{x+1), xe(—1,0],
logz(x+1), x€(0, +o).

+~—2kn, xe[zkn»— Zm+ ] kez,
1.199. y=

1198, y=

x+*—(2k+|)1r‘ xe((u+|)n—~ (@k+1)n+ )

| 3x—2km, xs[zk—' (ﬂfkl)*]-

1.200. y=
E ¥y

kez

3x—(2k+ 1), xs((2k+l) 2(k+l))
kez

fms x—-f 5 xs[an, (2k+1)x].
1201 y=
3

ﬁcos A+f . xe((@k+1)m 2(k+ 1)m).

amg(x—l) xe(—o, 1],
2252 arctgfe 1), ve(l, +oo).

3 xs(zkn—~ an+-)
n
1.203. y= o, x=§+km keZ.

—x, xs((2k+l]n—— (k+1)m+ )
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K kd ki
ctg| x4). xe| kn—g, knal ],
1204, y= kez.

n " =
—clg(x{';), xe(kn»}»z‘ U(-H)n'z).
1205, y=3(1~cos x). 1.206. Orpesox mpswoi v=§+? xe[-7,3].

1.207. Ocu_xoopmHar.

1.208. Kprpasi, CHMMeTpHYHas obenx oceii
B TEPROH YETBEPTH — YACTH MapaGousl y (x41)1+4 mpu xe[0, 3]
w uacth mapabormst y=(x—1)*—4 mpn x

1.209. Keagpar ¢ Bepumnanu?; 0), (0, l), “, 02 0, —1).

1.210. Ksanpar co croposamm Xx= +I’Z y=4%1

1211, Kpusas, CHMMCTpUHHAH OTHOGHTENBHO Lo ocel KoopmH-
HAT # OHCCEKTPHCEI MEPBOTO M TPETHEro KBaAPaHTOB; B obnacth G=
={(x, ))|x>0 ¥>0, x>y} nya p=x—1.

212. Kpupas, oBesx oceit

1
B TICPROM KBALPAWTE WP y<;—OTPEOK TPAMOH  x=

npu
y>l TPE30K ApAMOit 1 LJ
LA ot y=1-20
7 NG
3254 14 17
¥ 22 1214.2,0,6,0,10,.. 1215 —8 11,
121302555 1214.2,0,6,0 1215, -8, 11,
20 2 7n 8 13 14n -y
EY T L R Y AR ek AT T
7 &333233 s &""+
-1
(=1 1219, x,:h—"l. 1.220. x,:ncos#. 1221 x,=
n+1 i
N et LAY »sm(iﬂ, 1,223, HauGostsiutit wien xy =4,

1.224. HoGomumi wncn xs—e,. 1225, HauGomuui wen xo=1/6.
1226, Hanvenbumii wien x,= —22. 1227, Hanvensumit wien Xy =24,
1228, Hanmensumii unen 9

1229, a) ].4>0 Vneu{(x,lqy VA>0 3n6N(|x|>.4) s) ne
eN(x, <x,.H) N (> X1 4). Ve>0 3INeN VneN(n>N:
Lo v T e R e ) VES O T ew Ve
NGl > Ey 3550 VNN ]neN

N%—akg) 3£>0 IneN(ly,—al>o

©) =1, ot ) am, Nuo0s; 1) a=5/1,

Iy T T Rt R SV A el
1237, 4o 12380, 1239, 3/2 1240 1. 1241, 1/2. 1242 13
124300 1244, 1. 1245, 1/6. 1247, Swamercn 1248, He amaeroa.
1249, He sonmercs 1,250, Sianseros. 1251 1/3.3. 1252, 0../2/2. 1,

—V212, =1 1253, )6, —m6. 1255 wnf {x,}= lim x,= fim x,=1,

n>N A X, <E) 1) Ve>0

SUp {x,}=2. 1.256. lim x,=inf{x,}=0, &im x,=1, sup{x,}=5/4. 1.257.
TIOCTCAOBATCABHOCTE,  HEOTPAHMYEHA CBEDKY H CHMSY:

lim x,=—co. 1258 inf{x,}=—/3, sup{x,}=2./3,
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1 —
129, inf(x}= 1, sup{x)=g‘ me":%. [
1264, VE>0 3350 S?<|x|<§=»|/(x)|> ) "1265. VE>0  3>0
(G T<omrly<
267, VE>0 S0 A=y )
(<x<boiriic) " 1260 Veo0 A>0 (|x|>A=[f(x) )
270 VESO 3450 [x<—Amf(x)<—FE). 1271 VE
G-l EL 1 i T 0 Vo o Yo
. 1277, 0. 1278, min. 1279, 3x%. 1280. 6. 1281, (a—1)[3a%. 1.282.
114, 12383, +c0. 1.284. n. 1.285. 0. 1.286. —1/2. 1288, 3/5. 1.289. 1/6.
1290, /22, 1291 1/@2 /%) 1292 3. 1293, +o. 1294, /2.
1298 T/ 1296, mjn. 1297, 310, 1298. 38/2/2. 1299, 0. 1300 172
1300 774" 13022 1303 3. 1304, 773, 1305 ljn. 1306, 3/4.
1307, 2 1308, (o2 B2)72. 1309 0. L3I0, —or. 131 —/2/4 1312
11313, 0 1pn n>m,  upn n=rm, +c0, nipu n<om. 1314, & 1315. 1/2.
1316, 25/16.
1

1317, < Jawesas, uto M —log,(1+x)", u mocrioms3onan-

e nenpepumrocTsI0 dymktum 1(x)=log,x (cm. sazasy 1381), moxens
0814 iy g (1 40— log, iy (1 -+-x)") ~loge .5

1.318. o Cnenan 3ameny a*—1=).
1319, @ Crenas samony (148)—1=y. Torma aln(1+x)=
(1+x)—1_y y _a>ln(l+x)

x  x ln{l+y) x

1320, 010 L3R ¢ L322 o' L323. &3 1324, 2. 1325, 1

)

136 g 1370 alna 1329 Sloe. 139 a—bh 13301

1.33‘!). —1/2. 1.332. ¢. 1333 lfe. 1338. +1, —1. 1.339. —o0, +c0.

3aTuCaTh: Ilm

=In(1+y). C.

lm 2/3 1.370. 8/9 1371. 3 /Z 1372. ‘373. 1. 1.374. 1/2.
1.375. 2/3. 1.376. 2. 1.377. 1/6. 1. 4=3.1.385. a=2. 1.386. b=ma/(2.
1387, X, =0, x,= |- Toukn paspmipa BTOporo pojta. 1388. x=5/3—
Toyka paspbisa mepporo popa. 1.389. x=0 —7Touka ycrpanumoro pas-
(0)=n. 1.390. x=0 TouKa ycrpamuMOro paspuna; 1(0)=1.
1391, x=0 -Touxa ycrpamumoro paspeisa;  f(0) 1392, x,=2,
X= -2 TOUKH PA3pLBA BTOPOro poma. 1393.°x=0  TouKa pa3phiba
llcpsmo pona. 1394, x=—2 -Touka paspbiBa TNCPBOTO  POJA.
x=1Touka paspipa nepooro posa. 1.396. x=0 —Touka yC1pa-
nuMoro pd:\puua. ; x=*) TodukRn pa3) usd BTOPOro posa.
=0— Touxa wioro_paspusa, {0)=—1; x, =1 Toma
0 pxupmﬂ./ 1) 4Ka pa3phiBa BTOPOTO POMA.
, KA YOTPARHMOTO | pa:(pl.ma. (0)-1/2 1399, x=1-Tou-
Ka paspbisa m.pnoro posa. 1.400. x=1- Ka Paspblpa 1CpBOTO PO,
401, x=2,5 TOuKA paspLiBa NEPBOFO pona 1.402. x=7/4— Touxa
pasphiza. cpuoto. pond.
1408, (V>0 VxpeD 36>0(]x— xu]<b=l/(x) j{x(,{]<r))/\(]£>0
V8>0 Ix', x"eD(|x'=x"1<b Al f(x')=f(x")|>£)). 1411 Pavnomepro
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nenpephipra. 1.412. He sBIsercs pasHOMCpHO Hempepsismoii. 1.413. Pag-
HOMEPHO Henpephisia. 1.414. He SBASCTCR PaBHOMEDHO HEMPEPHIBHOI.
1.415. Paprovepro nenpephibia. 1416, He SBISCTC papHOMCDHO He-
npephigHoii  1.417. He SBJisieTcsi PaBHOMEPHO HETIPEPBIBHOIL.

1421, 9+7l 1422 —3+4l 1.423. ~4L 1424, —29+22i.

1.426. 3 1.427. i l.42& —i. 1429, —Z*Ei. 1.430. x=2, y=3.

17 1
1.431. x=l/3‘y=l/4. 1432 z,=1,z, 1433, 2, =244, 2,=2—i.

3n . 3m Sn
1434. z, =1+it, z,=t, 1eR.  1.435. 0057+lsm7. 1.436. 2 ousT-!-

n n 3t 3n
). 1.437. oosTi»lsln?. 1.438. cos;i—lsm?

on _ 6m
1.439. COS7+i§In7A ® OupcenuTs yron @, yAOBICTBOPREOLMK

=
yeronnsm: e [0, 21), costp=—£os%[, simp:sing. 1.440. cos%i»ising

1.441. 2cos
17

6) 10-2i,

1
1.448. a) —4i, 5+:<

1450, 2220 1451, 210 1.453. Caonr wa vextop a (~2,0)

1.454. Cnnm na pexrop a (3, —1). 1455. [losopor Ha yron 7/2 npotin
uaconolf ctpanc. 1456, Tlomopor wa yron x/4 o dncooh crpene.
1.457. C Havana

cucHT'poMsHaua'neltoopnunaruxomecn‘roMk 2.1.459. Tlovopor a
Yrosi /4 UpOTUB YACOBON CTPE/IKM € NOCIEAYIOLICH TOMOTETHEI C IEHTPOM
b mavaic Koopmmal u Kospwwicntom 1//2  1.460. Otpaxciic
omoameso pcllTmTenuoN ocn. 1462 3) CyMMa KBIpETon auaroranci
TapAIICTOrPANM PRBIS CYMMC KBATpATOR f0 croport 6) @ Bocnonsso-
BaTLes Tox/ccTnoM ). 1.463. Tlonyriockoets x>0. 1.464. Tornioca 0<y< 1.
1.465. Tlosioca |y|<2. 1.466. Brytpensocts, kpyra panuyea | ¢ uenTpom
B Havae xoopuuar. 1467. Oxpyxsocts x2+(y+1)?=4. 1.468. Kobio
MeXJLy OKPYKHOCTAMH Yy! (uz +yi=1u R (X+2)*+y* 4 (y, He
IpHBALICKHT  KoubLly).  1.469. D={(x, y)[y*>1~2x}. 1470. Ipsivas

20+y+5=0. 1471, Cextop, orpasenmmiit sysans /= (x, y) 1y =0, x>0}

ul={(x, y)ly=x, x>0} (iyy {, He npunAnNCKUT cexTopy). 1.472. Cextop,
Bl Py x>0 &x iy ¥ <0} b= (5 3 1y=—x, <0,

1473, Ock Ox. 1475, 5e®7. 1,476, 1308(~5). 1477, 5/ (sre5 7).
1478, f5¢(m-arss) 1479, o(++ ), 1.40. Zsin-’zfe'g it sin;>0.
—2smge‘("‘§) — sin;<0A 1482 @) er"%.g; 6) 166, 20715,
1.485. 32i. 1486, 2. 1.487. S12(1—1,/3). 1488, %. 1.4%0. ) %(3costp+

1

+cos3¢); 6) a(Jsin(pfsinho). 1.491. 4cos®9—3cos@. 1.492. 3singo—
—asin® g 1.493. cos® 9 —6cos? psin? g+sin® . 1494, 4sin @ cos® o~
—4cos ¢ sin® @.
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1.495. Kopw 24i crenems w3 emmmmmsi: z;=1, z,=—1, xopan 3-ii

1 3
croncan W e 2y =1, 2=~ i, 2= 5~V wopun 44
CTEneHH M3 eAMHMIBEL z;=1, ;=i z3=—1, 4= —,

2 2 2 n
1.496. 1‘/7(1“). 1497 i‘/7(1+i), 1‘/T(l—i), 1.498. cos(8+
on V2
k) resm 6+ i), k=0.1,.,8 1499, iT(li»lﬁ)A 1.500.
\/f(cos( 4 k)+.sm( k)) k=0,1,2,3. 1501 “i/f(oos(gi
w\ o (n _ /3
+?A)+lsm(4+ 3 k)) k=0.1.2.3.4. 1.502. \/2((:05(18+3k)+

2k —1
+fsin(18+3k)) k=0,1,2,3,4,5 1503, zsﬁ(ws(%+

smfcosn*‘l‘p
+rsm(2k s )),k=l1 1.2.3.4. 1505 — 2 2 150 Sn2e
o 2sne
sin?
2
in? 1.3
150 S0 e e 1m0 a3 e 241, —3+i.
sing s

3,

LSIL (41,230 LSI2. 1, 7%+.£ 1513, lJr.i. 1514, 1,

142 1515 (—1+ fz;t.\/z (—1-2)+i 2. 151@ Zi2=z34=
=43 LSIT. 4i +./3i L1518 +2i, +./5 1519, +(1+i),

1{/3(cosg-ismf). 1.520. %(111\/3'). -1, %(11.-\[), —3/3

L1521, 41, +i, i ${l+1)
+m

1.522. x= tg , k=0,1,..,n—1, rae a=arciga. @ Tonoxuts
a=tgo, x=lgy u ThCs TP P i opmoii Kom-
nncncnoro YHCIIA.

523, (- )(z+1)(z +1). 1524 (z —2\/241)(2 42 /241). 1525,

(=2 ——z+l)(z +z+l( 7422+ %) Y2z e (12—39(2

+z+1)27 1528, (z —21+5Nz +8z4+! 1 2—i. 5! L
1.534. Ei‘ 1.535. *§+?L 1.536. 1 1.537. 0. 1.538. co. 1.539. 0.

=5 sa, %(3“; 1542, 14ie. 1543, %, 1544,

1 1
e*(cos2+isin2). 1.553. 0. 1.554. 0. 1.555. T 1.556. 0. 1.557. 1

1.540. —




Inasa 2

— 2 4  — 4 2 —
= p+-q, CA=—-p—=q, . MA=
BC 3p+3q ‘A 3p 3q 29. M.

1 — 1 — —

=——(n+b; MB=—(n—b' MC=—MA, MD=—MB. 2.10. AN=aPa+
+(1—[s)b BN= (aB—l)n+(l—|3)b 211. CD=¢—p, DE
FA=p—q, AC=p+q, AD=2q, 4E=29—p. 2.13. MM’

- ra—b — a+tb — M-a — &
+CC’). 215. 4B= e BC—m CD——HT DA=—1 5 a+b)
216. a) a=p; 6) AB::B(Bp—qI. A(‘——(mp q) 218 2=5.

2 3 3
2.19. ‘:,P+,q+,, 220. 3p—4¢—3r—25=0. 221.0. 224.0,1,2

231—4 . a) (—1/2,1/2, 1/2); 6) (1/3, 13, 1/3). 2.27. (7/10,
3/20, 1/20) zz& a) (?;z‘ 0, /1/2),/6) ({ y—x?:‘ |//z; /219/ ’1 —1/x, ¢ /l)

230 a) < O0A=AM+MO=uAB~OM=a(AN+

+NB)-OM= a(A()+0N)+;zNB OM A0 +aON-+0hON—OM Or-
clona Haxomim A0 = (1 t 'o_N ()M AHATIOTHYHO  pacCYKaas,

L) 1
Bﬂi“}"' : TxDN 3nec NB=)ON # MC=HOM.
B cvmy CIIMHCTBCHHOCTH  pasjioxenust mno Galucy Torga  mMmeeMm
1 2 bl
6) AB(—— Te
T a«z—1> (s

m). a(-ﬁm, q) @ Bocnonb3oBatees pesynbTaToM 3anaum

e ) 1i1-e) B B0\ z5(B0-)
a(l-y) v(l- —B Bl-0)| 5B~
(l—wf l—ow) BQ( )'CQ(HM‘

231 AP s T
1I37 By

T1—fy

7.32 a) AC((/S+1)/2,1), 4D(1, (f+|)/2) 6) BC((\/5-1)/2,1)
CD(/5+3)/2, (/5 +3)/2), DE(=1, (1-./5)/2)

2.33. ) (2/5, 3/5); 6) —9/5. zu DM(I/Z 12, =), 40(1/3,1/3,
113). 235, a) la,1=\/5, avo(~1/3/5,2//5.0); 6) ws(aw) Z/f

5) X(a)=—19/3: 1) npja=Y(a)=0. 2.36. a=—2e. 2.37. a—fgeﬁsez

238, a=—2e,+e,—ey 239, a) a,(2/1/13,3//13,0); 6) "_E" re=
=d(3, 1172, 0); 8) a+b—2c=—2j; 1) up,(a—b)=6. 2.40.

(6/11,7/11, —6/11). 241 +3./6.  2.42. |p|=/154, cosa=9//154
cosP=8/,/154, cosy=3//154. 2.43. x=—Si+10j+10k. 2.44. x=2i+
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4242k 245 x— £ 5i+ 721( 246. a=—1,B=4 2.47. x—f(n-
+7+2k) e x=A(ag+b, e a, u  by—oprhi Zsazuannux
mmpoa“n u b 248. ajzz,u=3.y=s. 209 (S
Tf:’waf" Ttbﬂ’;ﬁ) 2.50. 2) (3. 6, 6) 6) (5. 5, 1);

DUS/2 TS 2SL DO, 5.9 28 C6 ~, bl2, -4
(/— ’{ z 2.9, C(lO(—(z) 254 41,00 0)( Y ~1,0).
zss:u(ox (5.2). z.s&(zxz
w (8 -4, -z) 250. (-19 10, —l_)_ . pasiomim, sextop 0D o
Gasny m_scxropon m 03 u oc 2.60. (10, =5,0). @ Paszoxam,
ij,04. 2.62../182/3
lefun 10/7. 13/7) 265 2 9 6 6l 3 1% 266, a¥ £3)5.
267.15, V393, 2.68. 2n/3. 2.69. 19/5. 276, 1)2.

271. 4 ~nj2, B =arccos \/.(f':arccos%,:v 272 (], 1) =m/3. 273
5 NG

arccosf 274. 5.

2.%6. m'—"‘# o CB=1%0 R:lei“’lnb DB=a—b.
a
Cravana maiitn pextop AK, tae K — Takas TouKa OCHOBAHUS, WTO
[4K|=|4B|. ~
277. —13. 278, &) 22; 6) —200; B) 41; 1) /105; ) 11/3; ¢) 22/7;

%) cosa=2/3, cosP=—1/3, cosy=—2/3; 3) —84,./129; w) 11/21.
279. M,(1.0) u M,(6.0) 2.80. 14B|=5.|BC|=5./2, | ACI=S5:

~ s A 15
A =n/2, B=C=mn/4. 2.81. a) —41/5; 6) 73/7. 2.83. 755 2.84. 4.
7.85. —4/5.  2.87. arccos /6. g 89. (-3,
2.90. 4; a4=—~ithk 291 a) @ 2/3 213) 5)( 5/3,4[3. 1/3)
292. (~2,0,2).

293, —i+Ei—ik ® Bektop a, ,, uMeer BuA 4,

e =he e,

rae  koapduumenthi A, u A, MOryr OuTh HaliacHBl W3  YCJIOBHS
TICPICH/MKYNPHOCTH BCKTOPA @—@,, ¢, TLIOCKOCTH BCKTOPOB €, M ;.

2,94, 3 =(x—xo)c0s 9-+(y—yo)sin p, P'=—(x=xo)smo+(y—
—)o)cos@. 2.95. X'=Xcos o+ Ys:inw‘ Y'=—-Xsino+ Ycosg, Z'=—Z.
296. (=2, /2,00 297. a,ay= ¥ XWX Pee,=SXPXP+2XPXD+

'

s
FOXPXP (X PP XD AP) 3D+ XOXD) 48X XD 4
ofl{g"xg*'), 298. a) /3 6) 3./3: B 10\/3. 299 [a,.4,]=0, T.c
a,lla,.

2100 ) 2(k—i); 6) 2[a.c); ) [a c]; 1) 3. 2.102. 50/2.



2.105. a) é[a. 5% 6 —é[a, 5] 2.106. a) (3, 5. 7); 6) (6. 10, 14);

B) (~12,20,28). 2.107. 2./6. 2.108. 5 2.409. a=—6, p=21. 2.110.
—103/,/26. 2111 \f6. 2.112. (=20, 7, ~11) 2.M3. (5,16, 7). zm
lal=|bl=}c|=1; pekrops momapho mnepucHmiKynspu  2.115. —

+3]+43k 2.116. ,/66; cosa=1,./6 ,oosB—'d\/G_% cosy= »7/\/5
z.m.iﬁ. 2418, (—6, —24,8). 2.119. (7,5,1). 2.120. a, La,, Gec-

KOHEWHOE MHOXCCTBO pewicrmi. 2.121. (—1/2,0, 1/2).

2.122. TlosBHTCS 3HAK MMHYC Tiepefl ONpeNeJIHTENeM; B Ciydac
KocoyronbHOro Gasca (opmyna He

2.123. @ BLMHCTIMTE KOODAMHATHI BOKIODOB B oﬁeux vacTsx u ybe-
,u.m'm, YTO OHH paBHBL

Gasuce: opr i

b OpPT j JCKHT B TUIOCKOCTH BEKTOPOB b ¥

2.124. 24. 2125. —3/2. 2.126. —7. a) J'lenan 6) npanan s) npasan
2127. a) Her; 6) pa. 2.132. 17/2. 2.133. 6.

6) Her. 2.136. @) —3; 6) npn moGoM A S a) (o fy o; 6) (o 1 o)

¢ BeKTOpoM

2.141. a) 2(x+1)+2(y—2)=0. Obtuce e x+y—1=0. Hop-
1 1 1

6) Z(x-Z) 0. OBmiee

NN
=0, npsivas mapamnensha ocu Oy. HopmansHoe ypas-
p=z, ) lel'—(yz—l' Obiee  ypassense:

o NN
X+l y—

2142, 2) =", OGuuce ypammenme: x-+ 13y —5=0. Hopassnoe

3 5 Pyt
——y~—==0; == 2
NN J1o

0. mpavan mapaicnia ocu Ov. Hopvaisiios

MaJBHOE YPABHEHHE: ~—=.

ypaBHeHHe:
HCHHE: X~

2x—y—1=0. Hop

1
ypaBHeRue: —ExA . Obuwee

ypapHeune: —X+

ypashense: x—1= . Obuee ypanwenue: y—1=0,

npAnas . P y=1=0; p=1.
~1
2143. ) XT . Obtuee ypasnenrie: x—y-+1=0. Hopmanbhoe
1
YPaBHEHHE: ——=X +——=y——==0);
NG ﬁ N

rese: x—1=0, npanias napa: ocu Oy. H
x—1=0; p=1. ») = —Z. Obuwee ypasnenme: v—2=0, mpsmas

ocH 0; H . y—~2=0, p=2.
2
2144. a) p(M, L)=—. © —2x+1)+(y-2)=0;
1
6) p(M, L)=1/2, L fEas)
L' xty+1=0.
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2.145. Tlepecexatotes B Touke Mo(—3/4. —1/2): cos(L. Ly)=1/./5.

2.1%6. Tlepecekaiotes B Touke Mo(l, 0); cos(L,, L,)=2//5. 2.147. fla-

(CTBHEL, (L,‘ Ly)=\/2/4. 2.148. Mapamiensunt; p(L,, L,)=/2.
2.14. Connan

1150, @ By X (cD): ,—46 hzi/ﬁ

N

19 y—
3 Ly (/26+5./17) x
Jirs " f+5f —4\/26 S W v
X4 -2)=0; ) (any 22T (o)
x+2 1 x=2 42

=t h=4, coso=—, L Ly (4-2./5

3 g msw\/l'a‘4zf3+f’(‘/-)x

x(x=2)+(3+/5)(y+2)=0

2051 1=—1/2. 2152 4/./5.  2.153. x+1=0,
2154, 13x+y—11=0, 15 - 1320, 2.185. 3x—y—
2157, y—2x+6= 2x=6=0. 2158 3x+y+

2.l§l9. 20, —4/S Llﬁl Ix—y—25=
1

2163, 2) 3x—2y- 720 6) x— 5-»7/6=o. 2164, x 5y+
Sxty—11=0. 2.165. B(l 1), Dg 1 3), (4B 3
{CDJ: x-+1=0, (D). y~3=0. 2.166. 3x—y-+1=0. x+3p+7
=0,
2.167.jAB) 3x+4y+1=0, (BC): 4x—3y—T7=0, (CD): 3x+dy—

: Tx+y—31=0.

"—1=0, x—y+2=0 2.169. @ Orxsorc-
un SO, ) 5§M,, 1.3 it paskbic_nakn. 2170, dx-+y+5=0

wm_y—3=0. ), KETHRATIY yras.
2172, Tynoii. 2. =0, 3x-+4y—5=0. 2174 x—
323 2.175. 2+ 9y—65
6x—Ty—2. 2.076. x—6y+17=0, 8x+3y—1
Tx+9y+17=0. 2.077. 4x—3y=0, 12x+5y+16=0 2.178. 6) h=—2/3.

2180, 2) 2x—y+2-2=0; 1//6; 6) x—y=0, nnocKocTs MapaIETBHA ocH
Oz H NPOXOANT epe3 HAYATO KOOPAMHAT: |/f 2.181. a) x+y—3=0;
6) x+2y—2=0. 2182 a) x—2y—z=0;, 6) —x+y+2z—5=0. 2183,
®) —x+2y—3z-3=0; ©) 2x—2y—z+1=0.__ 2184 a) x+y—3=0;

1
6) 2x—y—1=0. 2.185. Tepeccxarotcs, cos(P,‘Pz)——ﬁ. 2.186. Tla-

~
pannenves, p(Py, P,)—ﬁ 2.187. Tlepecexatotes, cos(P,, P,)=1/2.

2 /6
2.188. Conmazator. 2.189, 8. 2.190. x+y+z—3=0 2191 3/5x—6y—
74 Sz+12\{§--0 4\/'/‘/15 sz a) 4x—Sy+z—2=0 u 2x+y—
8=0; 6y 7z~4=0 u x+4y+3z—2=0. 2.193. a) 4x
b 0; 6) 20x—|2y+4z+|3 073094, 2) B oo yean; 6 »
onpoM. yry. 2.195. X—y43z-2=0, x—y—2=0, Sx—2y+12z—10=0,
Sx—2y+212-19=0, 2.196. 2x—y—z—2=0.
2197. ) g=[n,, n,]=—3i+4j+5k, ypamHcHMs B npOCKIMAX:

395




4x+3y—5=0,
0, 6) g=[n,, m,]=—i—7j—5k, ypasucams B mpoexu

x»Z y z+3 x=2 y z+3 x—=2 y Z+3

2.198. ;6 3
2 5750 9 Y 0o
H x=2 y z+3 x=2 y z+3 o xfz y_z+3

[ -4 10 2 -7

x=1 y42 z=1 _ x=3 y+l =
2.199. ;
K 32 95
2200. a) x—2y+z:0: 6) 2e4y—1=0; j" o wm
)] 26451

x y-1 z— z

= = 1) 18,,/30; m) M’(3/5, —1/5, —1).

2.201. a) 1//15, M(1, —6, —4); 6) 3x—y+2z—1=
s){ x+y—z+1=0,

3x—y+2z—1=0.
2203, @) 2x—16y—13z431=

; 6) 6x— Z();—llz{»l3 0 2204. 3.

2.205. 2) 6/./5; 6) 21. 2.206. 25. 2.207. i
—1 ;o
2200, X0 Y 278, : .
4 -1 7 27
2012 XT3 _y42_zH4
S

Sax—ddy—Tz+181=0,
—45x—T6y +34z+497=0.

S3x—Ty - 44z - 429=0,
105x—23y— 482 +136=0.
17x+ 16y+27=—90=0,

31x+58y +6: 20 0.
+5

2.214. 6) 4x-+3y+12:-93=0; 5) 13; 1) {

2215. 6) 4x+12y+3z+76=0; 8) 127/13; r) {

2.216. 6) 6x—3y—2z+2=0; ) 7; 1) {

2217. 6) 2x—3y—dz—74=0; 8) 4,/26; 1)
6) 1/./6 s){

z—1=0,
x+y—2z—1=0;

—in

5
T) x+y+3z-2=0. n) arcsin——

NG

2219. Cm. puc. 78, 2.220. Cm.  puc. 79.  2.221. Tlpsimbie
. Tlpsveie y=0 w x+y

psivbie” x=0 4

2 x=-2 u x=3. .

2.228. OxpyxuocTs paasiyca R=2 C LCHTPOM B nasaze KOOp/IHHAT.

2.229. Oxpyxrocts pamsyca R=1 ¢ teutpont B touxe C(0, —3). 2.230.




40,

Puc. 78 Puc. 79

Ha-nam KOOPAMHAT. zm. Tycroe MHo)ecTpo. 2.232. Touy ((J5 + z
x—y=0. 223. dax+c=0. 2235 y=+2x. 2236. x* 7

1. 2239, xy=2. 2.240. y‘T—)H-Z

R Z

2.237. x*+y*=8. 2.238. 7+y
2241, a) C(2, 3%
154'1 P )q({'z 3)( >
-8; +Hy+
LN o AL

+
I;A wm
+(y+l}1
b_Buge x2+y°

+Dx+Fy+F ‘=0, NOJICTABHTH B HEr0 KOOPIMHATEI KaXI0# TOYKH H nnM

naittn D, E u F. 2243, 2x—S5y-+19=0. 2.224. a) 7, 6) 2. 2.245.
a) TMepecekaer; 6) xacacrcs; B) MPOXOAMT BHE OKPYXHOCTH.

4 25

2246 2) a=5, b=3;6) F,(~4,0), F,(4, 0} 8) e=i 1) Dy: x==7,

x
ny ?+T=I

2 fi—aiw—»;)_
2298 c(s —1) b=l Dy 2x+3=0;
~15=0; 4,

(-1, 2) a— Dy: 3x+28=0,
n) Cl, -2), a=4, b=2/3, e=1f2, Dy: y+10=0,

|5+T=l' ra=4+3, m=43'(4i\/3)- 2253. (-15/4,
2.254. 2x2—2xy+2y?—3=0. 2.255. Tx*—2xy+7y*~46x+
y+70=0. 2.256. a) Ipsmas_ nepecekaeT umnc; 6) UPOXOMHT BHC
orsiunica; B) Kacactess aumnca. 2.258. 3x+2y—10=0 # 3x+2y+10=0.
2259, x+y—5=0 u x+y+5=0. 2.261. x+y—5=0 u x+4y—10=0.
2262. Mo(-3, 2). ,/3 2.264. 2x+11y—10=0 @ Bocuombsopathcs
Pe3yNbTATOM 3ajaum 2.21

2.265. a) a=3, b—.4, 6) Fi(=5, 0) F(5, 0) 8) e=2;

9
n) x= 13,
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2266. ) a=4, b=3; 6) F,(0, =3), F(0, 5); 8 e:}

2269. a) C(2, 73) a=3, b=t e=5p, ypasncin

4x—3y u Ax+3y+ YDABHCHMS  JWIPCKTPHC.
u Sx—19=0; 6) cg s, 1{, a=8, b=6, e=5/4, ypasremus
3x+4y+11=0 u 3x—4y+19= YPABHEHHS  JIMPCKTDHC:

= ). =3 e~5/4 ‘ypasKcHi

a=
y—11=0, ypabi
227, _r,=9/4, 1, (M, DY=5/5,

(=6, £4,/3). 2274, Ty*+24xy—144= 0 2.275. Tx?—6xy—y? +26x—
—18y—17=0. 2.276. %J——l, =2, Fi(~/3 -3, B(W/2/3),

Diz x+y+y/2=0. 2277 . @ Cm. samauy 2.257. 2.278.

10x~3y—32=0, 10x—~3y+32=0. 1179. 3x—4y—10=0, 3x—dy+10=
L28L Sx—3y-16=0. 13xs Sy+48=0. 2282 Mo(—6,3), p=11,
./ 2E;omom,a puTucs_pesynon sa Ay
B) 1,0
LT R T M i B
12 0), p=2; 6) A(0,2), p=1/2 n) A 1,3), p=1/8; 1
A6 20! p~ )4(1 2), p=2 'e ) A(=4.3). p (
229. 6 2291 &) y=pa'ox+3: 6) x +2xy+vz»6x+2y+9=ll
2292, yo'-p(x+x; 2293 x4y —y—16=0. 2295.
3x—y+3=0u 3x—2y+12=0. 1.296. M.,(9 44; p(Mo L)=10. 2.298.

I
N
2304. r=acose. 2.305. Oxpyxuocts
—x. 2.307. Mpsmas x=2. 2.308. Mpsmas

0, 2311,

y—18=0. 229. tge=1. 2.300. rsinp=1. 2.301. rms(w—}):

2302, r=a. 2.303. r*
X +y =25. 2.306. Tpsvas
¥ 2.309. npuMdu XV
Okpyxmx.'m (x—a)?
Tapa nysell x=42y, y>0. 2314, Cemelicrao KOHUEHTPINECKHY OKDY-
KHOCTCH  pasnycoB r,,=(»l)"~+1m. n=0, 1, 2, .. 2315. [unepbona
7.1]6. JIcM/HucK;rm Sepﬂymlu (x + ,*)'—a —yl) 2317. a)
; 6) o=m/3: B) lgw . 0 6) r=+6sing

19, a) C A s 1(/2) c(5/2 n/2
R=52; 1) (‘(3 w3, R=3; )\) C(4, 5n/6), R=4; ¢) "Cla, —7/6), R=
398
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16
2320, r2-2rgrcos(o—@o)=R2—rd. 232 a) r=

S 3cose
)| r=r 232 a) ’ .6 =
"T5¥3cosg . 4—5cosq); : "4 Scosq”
x? y
230, r= L2324 a) Sl . 2 =6x.
"oy R T oty
b 2pcosq
234, | 2306, 1= L2377 .
S R e pvve P S S Pove o = anie

328. a) x=t, p=t+1, te[—1. + ) 6) x=1—1. y=1, te[0. +x);

telo, +) 1

1 2 1
2.329. a) x=l+—1, y=14+—t, t€[0,/S} =2——t,

a) x NG ¥ 7 e[0,J/Sk 6 x 7
1, 1e[0, \/5).

x=Xo+ Rcos + Rsint, ;0 2m). 2331 a)
x= R(l+cos"t) y= Rstr te —n/Z n/2); 6) x= (l+msz) y=Rsint,
te[0, 2n). 2.332. MMpsmas x+2y—3=0. 2.333. l'[apaﬁona yi=x. 2334,
Okpyxuocts  (x-+1)2+(y—3)*=4. 2335, Dumnc

(1O
4

[pasas BeTen rnepGoNH 1. 2.337. Tpasas sersh

2
rancpbon 5 | 2338, Oxpyxmocrs (x—R)?+y?=RZ% 2339,
b g
Oxpyxuocts x7+(y—R)?= R%. 2340, Bepxrinn oran napabosi y2=2px.
abcost absint
2341 x y= te[0, 2n).
a®sin?t+b2cos”t a*sin®t+b2cos?t
abcost absint
2342, x y= = e te
bzwszx—azsmzr blcoszl—azsinzl

e(—arctgz‘ amlg%) 1A mpaBoit BETBH W ls(ﬁ—amgg, n+amg§)
wis nesoit setsu.

2343, a) x=, y=t, te(—o, +oo 6) x=2pcig’s, y=2pctgt,
rae t€(0, n/2) s Bepxwedi BetBu W 1€(37/2, 2m) SIS HMOKHCH BETBH
B) x:'%ctg‘%, y:pclg%, te(0, 2n).

2.344. T z= Oxy. 2.345.
THIOCKOCTh € HOPMAILHbIM BcnopoM n(1, =2, 1). 2.346. Cipepa pammyca
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R=2 ¢ uewTpom B Havane koopmumar. 2.347. Cpepa pammyca Rf4
¢ nentpom B Touxe C(2, 0, —1{ 2.348. Havano koopmmmar. 2.349.

Oy. 2.350. Tlyctoe 351. Tapa

x=2z=0 % x+2z=0, napanienbHLx ocs Oy. 2.352. Mapa xoopswHa
nockocredt Opz w_Oxy. 2.353. Tpolika KOOpmMaTHbX miock
2.354. Tlapa riockocteir x=0 u x=4. 2.355. TT;

x2
2.359. E,Zﬁ,ﬁ__l 2.360. a) c(o 0,3), R=3;6) C(2, 1, —1); R=5.
2.361, 42 (X+I)Z+U 2)Z+z =4 6) (x—3)? +Q/+Z)Z+(zz 1)%=18;

18; B)
)1) (x— +(,v+2$ +1)z 32 2.362. (xg)l)zﬂy X)+( +z)3 56

4\? 4 N2 64
| x—2 pd -2y == . x=-1 y=3—
Lsﬁil(x 9) +<y+9) +<z 9) 5 2364, x +51, y=3

=—>+21 2365. Mo(—2, —27). p=3 2.366. a) Tlepecexaer; 6)
xacamu B) MPOXOAUT BHE C

2.367. a) Mpavas, npoxonman -(cpcz Touy (5. 0, —2) napamebHo
ocn Oy; 6) uéHTp B Havate
KOOP/IMHAT M pajiy R 7 n) oxpy)knocn. JIEKAINAs B TUIOCKOCTH
7=2 ¢ UeHIpOM B Souxe Cl(0,0,2) w panwycom R~4; 1) okpyxHocTH
® miooxocr 76 ¢ nempol » Touke c(0,0, e) " pamycon R—,/ls

2368 a) C(. 7, 2), R=4 6) C(-1 =8
(x—l)H(y 2)2+(z~1)‘:36.
2x—z~1=0

2.370. {

(x=2)24y2+(z=3)2=2T:

y—2=0.
NOCTHRI mncpﬁonovm 2.374. [1Bynonoctamii runepGosnon BPALLCHUA.
2.375. Konyc. 2.376. 7'? 0

napaGonoi. 2.378. s napaGonows, 2.379. MapaGonieckyii
wanp. 2380, MapaGononn mpeutetna ¢ sepuimtiol (o 0,2). 2.381.
I 2.382. O

2.371.{ 2.372. Onmwmcoun  2.373. Onmono-

2.381. T 1.334.. Bo-
2.385. @ Tlepeiitn K HOBOI
CHCTCMe KOOpZWMHAT MOBOPOTOM oceii Ox Oy BOKpyr ock Oz Ha yroit
n/4 2.386. d) KoHyc BTOpOro mopsaka ¢ BEPUIMHON B Havajie KOOP/MHAT
(cm sanavy 2.384); G) mm.pﬁo!lw;cclmﬁ n: Zpaﬁonoml (cM 3azavy 2.385).
2387, Ha_nnockocth Oxy. x*+4xy4 5y —x=0; Wa miockocts Oxzi

X% --2xz+4 522 —4r=0, wa miockocth Oyz: y*+z2+2y—z=0. 2.388. a)
Dumme, &) mapabona. 2389, 1) M, (5 4, ~2) u M6, -2,2); 6)
M(4, —3,2) npsmas Kacaercs NOBEPXHOCTH; B) NPAMAs M NOBEPXHOCTH
He MMeloT oBuwX rovex. 2.390. &) M(9.S, —2; 6) M(3.0. —10) 8)

2x—12p—z+16=0, 2x—12p—z+16=0,
M(6, ~2.2) z'”'~{x—2y+4=0, {x+2y~8=0.
y+2z=0, { 2x-52=0,
x—5=0, {y+4 .
B) x?+4yi=2ax. 2404, ) x+5y2—8y—12=0; 6) dx*+ 522+ 42— 60=0;
400

2.392. { 2403. a) y*+z2=a% 6) x*+z2=2ax;




B) \2p—z—2= 0 7.405 a) 82 44y%-36x +16y—3=0, z=0; ©)
Zx z—7 0; +822+16y+367—3 2.406.
2240 .a) (3y 2)2_12(1x —z);, 6) (x z
ZM ydeHCHﬂe npoennpylomero IMIHHAPA:

KoHTY] PED 1 2.400.

6) 9(x*+2%)=16y% n)

s x?

3 Ja s
{r) x%4y?-z2=0. 2 2
B

X2 2 —-z(y+11)‘ 1) 357 5y® 4 722 —Gxp+ 10xz— 22— dx +dy—dz-44=0

2.411 ‘la)

x

a} bepuma (0, h, 0), Hanpap;isiOUEs- OKPYXHOCTH X2+
2’7)2 = h; ©6) pepumma (0,0, 0), Hanpasnsiomas -napaGona
y, z=
2.414. xy+xz+yz=0, ocb KOHyCAa MPOXONHT B 1-M u 7-M OKTaHTAX;
!x,+xz yz=0, OCh KOHyca NPOXOZMT BO 2-M ¥ 8-M OKTAHTAX;
' Xp—xz—yz=0, OCh KOHYCA NPOXOAWT B 3-M ¥ 5-M OKTaHTax;
 xy—xz+yz=0, och Koiyca TPOXOIT B Mk G:M OKTaRTaX
2415. 2) Oxpyxwocrs x*+y2=(a/x/2)% 6) o
—af 2<x<a/ 2; B) otpeskn z=tal\/2, —a] zs sal\[.
.416 PABHCHHE npoenupywumro KOH! 16y
—1622 90x+225 0 wmyp wrmforpyxnocn y +z _(15 4)1
2417. @) z=x%+y% 6) /yP+zi=x? um a) x?4z? _;, 6)

22=x%4y% 2419, a) z=e ("), §) o= a0, %

2.421. T, . x
Bokpyr ocn Oz.

Tnasa 3
31.18. 32. 4ab 33. 1. 34. (a—b)% 35. 0. 36. 1. 3.7. 1. 38

xi=—d, ==l 39 x=gio

, keZ. 3.10. e TloxasaTe, 4TO MCK-

312. 0. 33 0. 344 abe+x(abrbe+ca) 315. o BT 316,
i

sn;‘g B)+sm(B )y)+sln(¥4 a)+;)17.u—£ (Me? 3./3i 309, —4+./22.

ox.mn uTo cronbert
a® a® a
Tens Moxuo mnpencraputk B Bune (b3|=(a+b+c)|b?|—(ab+ac+be)|b |+
3 c? c
1
+abe|l|, u UM
1

320, 0. 328, 0 329. 0. 330. 0. 333, Mapacora y—(x— a)(x—b)

3
123456
334 ( ) wewerhas, 335
)
]

362514,

51627‘ 4) verHa
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3.36. Hevernas. 3.37. Heversas. 3.38. UeTHOCTL NOACTAHOBKY COBTAUECT
¢ uerHocThio n. 3.39. ECIM n HOETHO, TO TOACTAHOBKA “eTHap npu

M ki €M n MCTHO, TO 9CTHOCTh TOACTAHOBKH COBflajact
¢ uerroctiio k340, Bxomut co shaxom Mimyc. 3.41. BXomHT co
3nakom mwmoc. 3.42. He sxomut. 3.43. BXODMT cO 3HakoM mm X
nfn—1)

i=5, k=1. 345. i=6, k=2. 346. 10x*—5x°. 3.47. (-1)

Gatiz,n- . 348.
a0, He HMEHICR; ©) HE MIMEHMTOR, B) OBPATIICH B By

) ymuowires wa (—1) 2 ; x) ywmoxwres ma (—1)*".
350. —2. 351. —14. 3.52. 4. 3.53. 0. 3.54. a) 8a+15h+12c—19d,
6) 2a—8b+c+5d, W) 2a—b— c—d 355 0. 356 48. 357. 223. 358
9,/101 2) 3.89. (be—cd)?. 360. (b—c—d)(b+ctd)(b—ctd)x
(‘+(c\-/——d) 3.61. 394. 3.62. 5. 3.63. L~x +)( y )
'y (y—x)°. 3.65. o. @ JlokasaTh, ¥TO MCXOMHEI onpenemnm A,(a)
MO)KHO npencrabuth B pune: A,(@)=ud,;(0) 3.66. o"+B. 3.67. nl
3.68. 2n+1. 3.69. 1. 3.70. (—1)""'-n. 37 —aya;...a, —l—+~+“.+7
1) ar @ an,

372 n+l. 373 (1) 2 I {a—a)
I<k<i<n

205 -3 2420 0 5 2
3.76. ( o1 78), 377 ( 5 2_2,_) 3.78. (7 o) 37
0 o 5 0 1 s s n -2 29
380 ()38 3 0 of as (9 -2 32 asm
00 3 2 o0 -7 13 —17 2
20 -6 9 3 s
56 40 -2 3 1 M
69 384 @) GI: 6) |-4 0 2 -3 1. 385 || 38
17 200 -10 15 5 d
80 -4 6 2

13 14 1 na (LT cosno —sinnol
(21 _zz)'lm'(o 1)'188'( 0w )'3'w'(sinnu cosmt)”

21 =23 15|
8 15 -3 2
.90 . 391 .92. |- 1 3.93.
3.90. (0 73) 1. (‘] 7) 3.92. 13 34 10|

. 4 19 0
(12 _4>. 394 -2 —6 3|. 395. [0
-8 -9 2 0

anm



a b o 5

ancny. 3.98. (0 @ b|, me a, b, c—mobpe wumcia. 3.99. (2’ _ )
0 0 g K

e a\ b. wCna,

a*+bck0. 3100. +E: _ﬁ . e a*+be=1

30 ) inu c‘l‘poxu NPOMIBC/CHHS TIOMCHAOTCA MeCTaMI;
OKE

crp: 8_CTpOKa.
i 5) AW eronbr MOMEAOToR MECIam: 1) Kty Crobily
DPOW3BCCHWA NpWOABHTCA j-Hi CTONOCL, YMHOXCHHMH Ha .

s -2 21 -1
s —6 -4
15 4\ (-2 5 -3 7 !
3103, (4 43), T
17 =2 10 -
(s -1 s -1 5
-1 s -1 5 -1
s -1 s -1 s
15 -1 5 -1
s -1 5 -1
-2 1 7 -4 cosa sind
3106 (3/2 —1/2)' 307 (75 3)‘ 3108, (—sinu cosm)'
1o -8 29 -1
300 [-38 a1 —3af. 3me. (-5 18 7|
27 - 24 131
3.
s 1ya 12 0
14 14 -12 0
SNy Sis o0 ap
14 —ys 0 -1
a4 320 ya 120
14 120 —1/4 —3/20
MBAys o -4 30f
114 =320 1/4 120
-3 2 —1p o2 29
3| 53 -1 —1pfosas 29 1 -2l
211 29 ~25 19
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111 1 -7 5 12 -9
o1 -1 -1 3 -2 -5
S| T ) R I e e

-1 -1 1 —59 a9 -1

s |0 0 1 -1 . (—1p73f

—16 12 -6 1053
—76 —12 56 —5/3

MO sp o g
712 -2 i
1 0 0 .. 0 —ln
012 0 .0 o0

3120. [0 0 13

-1 -1 3 2
3121 ( 2 3). 3122 (5 ) 3123, (3 4)

6 4 5 1 2 3 1 -1
3424, (2 1 2 3425 |4 5 6| 3.a27. ( 0 —l)'
3 3 3 7 8 9
2 2| =7 5 5)
3.a28. 0 2 1f. 3.429. 3 5 -7 5]
0 0 2 5 S =7

3031 (1, 4, =7, 7). 3132 (4, 6, —35, —1). 3.133. (70, 40, —20,
—16). 3134 (51, 26, w%, Au% L33 (=172, 1, 3, 3). 336

(=17, —13, 41, 5). 3.137. (—8/3, —7/3, —16/3, —11/3). 3.138. (—23/4,
Z29/8, 27/8, 9/8). 3.140. Jinmeiino Hesabucnma. 3.141. JIuHeino 3aBucHMa.
3.142. Jlnmeiino wesapucuma 3.143. Jlumeiino 3aBucuma
3.144. @ PacniucaB BEKTOPHOE DABCHCTBO (1€, + 022 +t3€3 +0tges =0
HO, MOKA3ATH, YTO CHCTEMA YETBIDEX ypaB-
HeHuli (OTHOCHTENBHO o1, 0, O, "0,) MMECT CIMHCTBCHNOC peilenne
=0y ==ty =
45." < Tonoxamn X181+ X262+ X383+ X4€s + Xs€s=X M pacnmiiem
9TO pABEHCTBO NOKOMIOHEHTHO: X;=1, Y;+x;=0, x;+X+x3=1,
Xy x24x34+Xa=0, X3 +x2+xa+ X+ xs5=1 Pemaa 3Ty CHCTEMY, Haxo-
anM xp=1,  xa=—1,  xz=1, xg=—1,  xs=1.  Wrax,
x=e;—e;+e3—estes. o
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Sty o, S0, 2. BISIL 3. 312 3 24 2
1154 16 3,155 2 3186 2. conn 1=0, u 3. e 140, IIST. 3 npw
mobom_ A, 3.189. 3 ot 5 6r, 5. 36 3. 3163 2 16 2
3.165. 2. 3.166. 3. 3.167. 5. 3.168. 4 31603 A0, 6 3174, Jimgeine
nesaBncuva. 3,175, Jhuweiiko wsncnma. 3176, 3. 3077, 3. 3078, A=15.
179, 2412, 3180, it npn au ), 3181, =3 B —(as, ay a.) 3182

=(ay, az, as). 3183, r=3; B=(a,, a;, a)). 3184, r (a1, az),
2, a3). 3.185. 1 =(a1. a;), B2=(ay. a3), B a,, n‘) 3.186.
B,=(a,, as), %1*("1v“4)- By=(as, as).

3.187. x=16, y=17. . 3.189. x=—b, y
3190, x=2, y=-—1, .3
z=—1. 3193, x;
X =X3=Xa=0
3195. CTenemr MHOTOWICHA MeHBIC JBYX, €CTH BBIIOJTHSETCH
cooTHOwEHNE k= (3 —2)(x2—X1)=(y2—1)(xs—X2); ecmm k#0, To cTe-
nenb paBHa eaMHMLE; ecim ke k=0, TO cTeleHb pABHA HYITIO, eJlokaszats,
410 onpcnenmenb CHCTEMBI ypaBHEHUit y,=ax?+bx,+¢, 3 (c
HEM3BECTHBIMU a, b, ) OTJMMEH OT Hyisl.

319. flx)=x2—Sx+3. I fi(x)=

(x=x)(x -x3)
(i =x2) (xa —x3)”

fo(x)=

(r=x1)(x=x3) (x=x1) (x—xz) 3 =2 xam
[ T
3.199. xi=—1, xa=1, x3=

2. 3.200. x,:l xo=1, Xg=—1, xg=—1.
3302 x,=1, x,= X
x._o 3203, x,=2, ,x~—1 3204. (1+ ﬁc,,z.&
3905, Cuctesm' wecomiectra, 3.206. Cuictema _riccopmecTRa. 3.2
(=1+42¢;, 14ey, c). 3208, (=1,3, —2,2)7 3209. (0, 2, 13, —3/2)°

2 1 9 105 1 u
3210. (7ﬁ+ﬁ¢,-ﬁzz‘ Tt o t;), 3211, Cucrema
. 68 113
neconmecta. 322 (c1, —13+3ar, 7, 0. 3203 ( 3476, 3-—an
15 u
7—;c,,c,). 3214. Cucrema HecopmectHa. 3.215. (¢, ¢z, S—8c;+
20 53 55 s
+4cy, =3, 1420,—c3)". 3216, (—,;+c,—?c,, —iatee
1 W s 71 1 v
~§+951,t.,cz 37 —E—ﬁc.—zcz—v,,c.‘q‘l—*cbfs

3218. Eoum A#0, To cucrema HecoBMecTHa; ecmn  A=0, TO

(3.5, 1B 71 19
*2212l27221zz'lv2~
1
3.219. Ecwt (h—1)(A+3)#0, TO x=——(1 1, 1, )T ecma A=—3,
To excreta uecomectus; ecms A=1, 10 x (1 Q—ti e, e e
kX H

=8, T0 X: 4+2£,—2t2. 3 —2¢3, ¢3)"; ccm A#£8,
To X=(0, 4— 24.1 3-2¢;, )

405



3221 Eens A(A+3)#0, T0 X—-}d_s(] 1L, )T, e A=-3, 10
CHCTEMA HECOBMECTHA; ECIH A= X=(1—c1—~¢3, ¢, €)'
3. E, E=G, |, 5)' 324, GEteE, E=@2 1, 0,
L3, ClcTema #IMEET TONLKO TPMEHAIRHO® pelliesiic.
1, -5 1By +6Ey, Ey=(8, —6, 1, 07,
=(— " 3428 c,E,-HZE;, = (T, 0, — /2 712)7, E;=(0,
1.5, — 7. 3229, ¢\Ey+CaEy+ csEs, =@, 0, 0, —~9/4, 3/4)", E;=(0,
" 73/2, 1/2)', E,:](O 0, 1, -2, 1) 3230, c.E,+cZE2+c,E,,
=, 1, 0,0, Ex=(—
0 0, I)' 313]. &\ Ey+,Es, E,
0, 1)‘ 3232, ¢, E\+:By, Ey=(—
233, CTpOKu MATDHUBI A ﬂe oﬁpd:ym'r a t.‘rp
B oﬁpdzylo‘r ® Eci panr MaTPiIts KOXDOHUHEHTOB mpi HEM3BCCTHBIX
paBeH 1, TO HeOGXONMMO TIPOBEDHTE, 4TO 4) PaHT A (COOTBETCTBEHHO
B) pasci S—r; 6) cTpoxu Matpmut A (coommercrnceo B) Annsioren
eHIeHUSIME ucxonﬂou CHCTEMBI.
3234, ay=2, X=c,E;, Ei=(l, 0, —2)‘; ay=—4, X=c,Ey,
=(1, —24/5, ~4/5)'
335, a, X=c,E,, E.—( 53, 113,
.Xo+¢,E,+tzEz+c,Ea, (1/3, 1/1 0 0 0)' E =0, 1,
1, 0 0 Ey=(, 1, 0. 1, 0, Ey=(1f3, ~33, 0. 0, DY
3.237. Xo+c.E,+rZEz+t,E,, Xo=(2/3, 116, 0, 0, 0)7, E', =0, 1/2,
1,0, 0 E=0, —1/2, 0, 1, 07, E,=(f3, 5/6, 0, 0, 1)".
3236, Xo+c,E,+czEz+r,Ea+qE4‘ Xo=(1f3, —1/3, 0, 0. 0, 0)7,
=(1, 1, 0, 0, 0, 0), 1:3‘101000)'E3 =00, 0,1, 1,
0>,E4 ©, 0,70, —1, 0,
- 323, Xo+c.E.+czEz+c,E,, Xo= (l, —~1/2, 0, 0, 0), E=(,
‘3/7.10 07, E;=(0, '2,0,1,0, =0, =52, 0,0, )%
40. (1, ~1, —1, 1
3241. 6—c, 5+¢, 3, ~1—t, .

3.242. Cucrema HECOBMECTHA.

3 1 6
3.243. (-—EC,, e, 0, 0, ——gfz, '“1)-

3244 (“)+e+20, 34620, o, )"

3245.  SUBROUTINE SUM (A,B,C,M.N)
DIMENSION A (M,N),B(M,N),C(M,N)
DO I I=1,M

DO 1 =[N
CLH=AL)+BLI)
RETURN

END

3246. SUBROUTINE MUL(A,M,N,ALFA)
DIMENSION A (M,N) .
DO 1 I=1,M

1J=LN
A(LY)=ALFA+A(LJ)
RETURN
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3.247. 3.248.
SUBROUTINE MULM (A,B,C,L,M,N) ~SUBROUTINE TRANS(A,N)
DIMENSION A(LM)B(M.N.C(LN)  DIMENSION A(N)

DO L

DO 3 K=1N Do I=1,N1

1 c=c+A(1',J)*B(J‘K)
2 C.K)=C

LJ)
A(l D= A @n
AUJ.D=
RETURN

6 -8 -5 —Is
00 2 4 0 10 00 22
AB_(on)‘ B=l v 6 2 1) ”C’(o n 15)'
~2 0 1 -1
517 1425 575
935 253 22275 9,625

2250 AB=| 104 156 8715 65 |
49 14 315 35
721 —48,1 3085 —2825
pa_ 285 3485 2875 257

T_ T
46,875 31,225 10,25 10,125 | BY=(BA)

12,275 —8,225 475 —4925

3251, 3azanuc ann DBM COCTONT 3 IJIABHON MPOrPAMMBI M BCEX
T0;NPOTPaMM, K KOTOPHIM €CTh OOpALICHNS 43 DABHOIL. Hike IPHBOST-
C TABHHC TPOrpaMMBI ATH 3aiau 3249, 3250, 3.92:

Tporpamma x 3azase 3.249

DIMENSION A (2,4),B(4,2),C(4,3),AB(2,2),BA (4,4),AC(2,3)

DATA A/1.6—1.6,32,32,0., 16.8,64 C/0625 1.25,0.625,—0.625,

—-3.125,0.,1.25,0.625,0.625,1.25,0.

I:QUIVALENCI‘ ®,H,Cc,1)

CALI. MULM (B,A,BA 4,2,

CALL MULM(A,B,AB,2,4,
LM (A.C,AC, 2,4

Wklﬂ: ('41) ((AI;( L3, 0= 2).l—l.2

FORMAT (SH AB 2( H 2F8.

WRITE (3 2) ((BA(I ), _1 4),14 4)

ORMAT BA

WRITE (3, 1) ((AC(I J), _| '&),I—I 2)

FORMAT (SH AC ,2(1H ,3F8.2))

STOP

END

TMporpamma K 3azave 3.250
DIMENSION A (4, 4).8(4 4),AB(4,4), BA (4,4), ATBT (4,4)
READ (1, l), ((A(u), =1,4),1=1,4),(B(L,)),J =1,4),1=1,4)

FORMAT
CALL MULI M(A B,AB,4,4,4)

*

- N
53——



CALL MULM (B,A,BA,4,4,4)

CALL TRANS(A,4)

CALL TRANS (B.4)

CALL MULM (A,B,ATBT,4,4,4)

WRITE_(3,2) ((AB(1,J),J=1.4).1=14).((BA(L).J=1,4).1=1.4),
*(ATBT(L).J=1,4)1=14)

FORMAT (1H 4F10.3)

STOP

END

TlporpaMma MpelycMaTpHBaeT BBOJ HCXOIHBIX MATPHIL C BHEIIHETO
yerpoiictsa. [pn BBOAC ¢ nepdokapT (11/K) oHA N/K NODKHA CONCPXaTh
CTPOKY MaTphubl BBOA MOXHO OCYIIECTBHTH M CIENYIOIIMMH Olepa-
Topami®
READ (1.1) A, B
1 FORMAT (4F8.3)

B 3TOM ciyyae /K 10JDKHA COfepkaTh CTOJNOEI MaTpHibl
Mporpamma K 3amate 3 92:
DIMENSION A (3,3),ASQ(3,3).B(3,3)
DATA A/1.2,3.-2. 4.-5,3.1.2/,B/5.0.
CALL MULM (A, SQ,
CALL MULM(A 3 3. 2)

,0.0,0.,5./

CALL MUL(ASQ,3,3,3)
CALL SUM(ASQ.AA,3,3)
LL SUM(A,B,A,3,3)
WRITE (3,1) (A(L}).J=13)1=1,3)
1 FORMAT 3F6.1)
STOP
END
3252,
SUBROUTINE INVMAT(A,BN) IF(LEQK) GO TO 9
DIMENSION A (N,N),B(N,N} IF(ILEK) GO TO 8
DO 1 [=1,N A(LT)=A (LJ)—AKJ+A (LK)
DO 11 § BAD-B(L)~BKI+ALK)
1,1)=0 9 CONTINUE
lF(lEQJ) Ban=1 IEULEK) GO TO %
11 CO AK,D)=
K= 99 B(K.J)= B
5 CONTINUE 10 CONTINUE

K=K+1
IF(K.LEN) GO TO 5
RETURN

Mporpamma paccumTana Ma oOpaGOTKy MATPUI C HEHyTeBbIMH
JNEMEHTAMM Ha TIJABHOH IHATOHATH.

3253, 254,

012 042 —034 —044 2 :5 : 1 :
042 012 044 —034 : Vs : h
034 —044 012 o042 T s
044 034 —042 012 o s
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3.255. 12,7273 —-7,27127 —19,0909 10,909
—9,0909 54545 13,6364 —8,1818

—31,8182 18,1818 50,9091 29,0909 |
227272 —13.6364 —36.3636 21.8182

3.256. /20 25 —3,3333  —6.6667
—9,5833 —0,8333 1,6666 29167
8,3333 0,8333 —1,6666 —25

—4.1667 0 0.8333 0.8333

go MMa K 3afate 3.254:
DIMENSI N A(5.5),B(5,5 WRITE (3.2) ((B(1,J)J=15+1=1,5)
RE, (1,1) A 2 FORMAT (1H 5FK8.4)
FORMAT 5F10.5) - STOP
CALL INVMAT(A.B.S) END

3,258,
FUNCTION DET(A,N) A,
DIMENSION A(N.N) A(KRJ) WA(LRO\N J)

By

)
IF(A(K K).NE) GO TO 6
DET

EN

DET:SIGN *A(K.,K)*DET
KI=K+1

AMBA( K)

(, KLN
IE(AMA, GEAMB) GO TO 2

(11) ALK)*A(K,

(LJ):
AMAL A IR K
2 IF%L LT, N) GO TO 1 K=
IF(LROW.NEK) GO TO 3 lF(KLTN) GO TO 8
SIGN=1 DET=DET*A(N,N)
GO TO 6 RETURN
3 SIGN=—1 END
DO 5 J=K.N

3.259. 207.36. 3.260. 234,375. 3.261. 2,03. 3.262. 1,7368. 3.263. 0,378.
3.264. Mporpamma k 3anave 3.260:
DIMENSION A (6,6) WRITE (3.2) DELTA

READ (L1) A FORMAT (5H DET=,F10.4)
1 FORMAT (12F51) STOP
DELTA=DET (A.6) END
3.265.
SUBROUTINE EXCLUS(A.B.N) 3 IF(LLT.N) GO TO 2
DIMENSION A (N.N),B(N) IF(LROW.NEK) GO TO 4
K= GO TO 6
1L=K 4005 I= K N
AMA=ABS (A (L,K)) S=A(K,
LROW=L AK, D)= A(LRow D)
2L=L+1 5 ALROW.S
AMBZABS(A(LK)) =B(
IF(AMA.GEAMB) GO TO 3 B(K):B(LROW)
R

=s
6 lF((A(K,Iz).NE.O) GO TO 7
409



WRITE (3,60) B(N) B(N\/A(N N)Y
60 FORMAT (" DET=0") =N—

RET! DO 10 Ll N1
Pt =0

DO 8 1=KI,N NI=N— e

C=A(LK)/A(K,K) DO 9 J=N

B(l) B(I)-B(K)*C
K1,N
8 A(IJ A(IJ) A(K.N*C

S=A(N— IJ)sB(J)+S
B(N - I)=B(N-I)-S
ETURN

Se
=

IF(K.LT.N) GO TO 1

(5, —4, 3, )T, 3267. (—046, 2,76, 1802, 185)".
326 (1 12, -2,4,225, 0,53, 2|05)’

3.269. MMa K 3ajadc 3.266:
DlMFNsxé’N A (4,4),B(4) me 3,2)
READ (1,1) A,B ORMAT (IH ,4F6.1)
1 FORMAT 8|6F4_I/4F4.l) S
CALL EXCLUS(A.B.4) END

3.270.
SUBROUTINE ITER (A,B,X,N,EPS) 2 CONTINUE
ggvtFNSlON A(NN),B(N),X(N) 3 A(L)=B(I)+S

KI

N
DO 4 I=1,N
S=X(1
X()=A(LD
S=ABS(A(LD)-X(I))
IF (S.GT.EPS) KIND=1
4 CONTINUE
IF(KIND.EQ.1) GO TO §
RETURN

) GO T

S= S+A(lJ)aX(J)
END

3271 (52, —42, 3, —1L®)" 3272 (15, —27, 25, 31, 43)".

Ma K 3ajauc 3.272:
DlMENSng?J AA(S 5).B(S),X(5) WRITE (3,2) X
B 2 F(

READ ORMAT (1H ,5F8.2)
1| FORMAT (5
CALL ITER (A B X,5,0.0001) END
Cnasa 4

4.6. [la. 4.7. la, ecnu npsMasi NPOXOMT Hepe3 HAYan0 KOOP/MHAT.
48. Her. 49. [la. 4.10. Her. 411. Jla. 412 Her. 4.15

0 -1 0 0 —1

]

-1 172 -1 0 0
Tow=[1 =1 2 .X':(—3/2.4.I6. Taw=[ 0 =1 0}

-1
2). 417 Ty.e=
—1
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1 0 0 1

418, Te.o=[0 cos¢ —sing | X'=[ —2coso+smg | 419
0 sing cosg 2sin@+cos@
r=2; GalmcOM SBISETCH, WaNpHMep, CucTema (x,, X,). 4.20.
121 1 0
Ton= _f 3 T _? | X'= ? . 421, 3x,+2x,—x,=0, r=2,
-2 -1 4 0 2

Tiobast napa ReKTOPOR oGpasyeT Gaskc ol cicTeMb. 4.22. Koopautarhi
1

MaTpHUb! B 3TOM Gasce COBNANAIOT C cc emeHTamu. 4.23. 2) [ 0

-3
0 1
-2
o a0
-1
0
L A A (=1 eyt
o |0 1 =21, 313 (=1)""2(n—~1)1572
00 0 0 1
0
2 1 1 ) .
428. [ 1] 430, 431 (1] 432 e
1 | 1 2(1+4)
2
2 —42 -T -4l
1430
M iy ) e3¢ (1) 4 Twes[ 22 200 9) am
o 1 712
2 0 -1
-3 1 -2 1
Tew=\ "] _, 5 _ | 43 fewercs 440 He suisercs,
=1 1 -1
TAK Kak yeziosue W 4.41. He smnsietcs,
Tak KaK ycsosue i
1o . .
4.43. T,.....=(I 71), —2431==2(1 +i)=5(—i).

445, 8), ) Moanpocrpanctao paswepuocrs 2, Gasioom unserca
apaHeKO/LTHHCAPHLIX BRKTOPOR W3 3AGHHOIO MHOKCCTRA; B) HC
FEAATOA MOARDOCTPANCTSOM,

4.46. a) [lOIPOCTPAKCTBO PAIMEPHOCTH 1i—
NIPOCTPAHCTBOM.

; 6) He sBsiseTCs moa-
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4.47. Muoxecrsa, ykasauubie B mm. a), G), T),— NOMNPOCTPAKCTBA.
a MHOXECTBO M3 Il B) NOANPOCTPAHCTBOM HE SBJISETCs. @ YCIoBMC
B mobofi u3 3anau 3ol Ccepum.
Moxmo 3anmcaTh B BUAe AX =0, rne A — HekoTOpas MaTpHua, HMEHoLLAs
n crombuos, a X L'ronﬁcu KOOD/MHAT B (UKCHPOBAHHOM Gasuce
TMoaomy ma
n—rangA, a B xaqccnae Ga:mca MOXHO B3STh mo6y|o d)yuuauemanbuyk.
CHCTEMY DeIEHHil CHCTEMBI ypaBHCHMI AX =

+1
4.48. 2) TOANPOCTPAHCTBO  PAIMEpHOCTH 1t -—(’f:"(nT); 6) ne

ABISETCA TO/MPOCTPAHCTBOM
4.49. a)

80, 6) He sBisieTCs mOA-
npocrpaucraoM: B) OANPOCTPAKCTBO PA3MEPHOCTH 7.

451. 2. 452 3; omun W3 GasucoB ccTb, RampuMep, B=(x;, .
x,) 453. 3 ommn m3 GasucCOB ecTh, WAUpHMEp, B=(x,, X;, Xs
454. @ 3ananHas CHCTEMa MHOTOWICHOB IMHEHHO Hesasuchma. 4.55.

% (a) --npsmas £ (a)+b—npamas ol

2 1 1
456. & (a,. nz) -nnockocTs —3x—y—22=0, & (ay, a,)+b— niockocTs
S3xly—2z45=0.

4.57. MHOXECTBO PEILCHHIl HEOTHOPOIHON CHCTEMBI €CTh JIHHCHHOE
MHOrooGpasye.  NOJYYCHHOE W3  MO/NPOCTPAHCTBA  PA3MEPHOCTH
n—rangA =3 pelleRni COOTBCTCTBYIOUIEH OAHOPOIHON CHCTEMBI CABHTOM
Ha [POU3BOJBHOE HACTHOE PEUICHWE HEOMHOPOJIHOM CHCTEMBL.

462. B (lilx,yl)zs.ix.‘ 3 ‘gxf—

=1 =1

$Ws\/§+\/"?_

4.63. a) 0; 6) —6. 4.64. a) —1; 6)24.

b b
4.65. 6)([/(1)80)41)25 (ff‘ (')dr)(}x’(l)dt);
» w2 b 12
(Iﬂ(’)dl) —(leum) |<
v w2 b I 112
$([(/(l)+g(1))2¢h) s(j‘f’(:)m) +(]g*(;>dy)

=1, 1, —1,
~19/185,
2,3, -3,

=@ 1, 3, —1), =03, 2, =3, ~1), e;=(I, 5, I,
2 for fos fo WE SBISETCH THEliHO He3amCHMOH
(BEKTOP f, MOXCT ObITE, TIONYWeH KaK JWHeiliias KOMOWAUNS BeKTOPOB
Ji 4 f,). TlosToMy monyuenue BeKTOpa e; C WMCTIONE3OBAHMEM f; AaeT
B pesynbrate e;=0 [lokasa 310, CleayeT HCKaTh BEKTOp €, B BHIC
t;-/«—ﬂ"e.—ca”
L 1123 §e,, e ) e =(1, 2, 2 —1), e=(2, 3, =3, 2), e=(2,

412

i ri<
et

5

l.

) @, 2, — 2),
a1, 3), &, <103, —1/3 VBT
~72/18§) 469 e,=fi=(1, 2, 2, 1), e,




475 Bofe e e @=@ L3 D =G 2 <3 -0,

—(1 s, 1,

473 e;=(—4, 2, —1, 3), e,=(2, 4, 3, 1). @ Jlna_onpenesenms
BEKTOpA er(x,. Xg, X35 x.,) JIOCTATOYHO HailTH Kaloe HHOYIb peeHye
CHCTEMBI OTHOCHTENIBHO HEH3BECTHBIX X;, X;, X3, IBYX JIHHEHHBIX

ypaBrenyii (e, €,)=0, (es, 'z) 0. I],Jm onptncncﬂ'ux e, aHanornyHas

CHCTeMa COCTOMT m Tpcx ypasHe;
474 ey=l, - PO a5, 1, —4, —2), 475, e -an
23, <13 =(|. — Lo ezese S, 5. 4

S -1 —1, ), (3
-2) z= 4). 482. o V3
pammsa lx—yl* Irl L1310 crenyer, wro (x, y)+(y. x)=(x, y)+

+(x, y)=0, T.e. (x, y) —MHMMOC HHCIO, He OGSIATENLHO PpanHoe
Hymo.

)'(17 3),2(4‘2,6,0)
—1). 480, y=(3, 1.

A0 0
4.83. SApnsercs; A=(0 A 0| 484. He smisercs.
00 2
4.85. SAsnsercs Ha OCh,
pekTopom e. Ecmu e= cosa- '+cos[$ “j+cosy-k, TO
cos’a cosPeosa cosycosa
=[ cosacosp cosp cosycosp |

cosacosy cosBeosy cos?y

0 -a, a
4.86. Slpnsercs; ccni @=a,i+a,j+azk, 10 A= a, 0 -—a
—a, a 0

4.87. He snnsicres.
4.88. flensercs. < SicHo, 4TO
y=Ule, )x=y.+y,, 0]
The y. -COCTABIAIOMES BEKTOPA y BIOML OCH €, Y, COCTABIIOMIAs
BEKTOpa y, KOMIUTanapHas mockocTH 2. Cocramnsiomas y, pasHa
ye=x.=(x. e)e. )
Cocrapnsionas y, NOMYHAETCA W3 BEKTOa X, TIOROPOTOM MOCTEAHEro
B NIOCKOCTH 0. HA YTOJl (. JINsi HaXOX/EHHS Y, BBE/ICM BCIOMOTaTe bHbIi
BekTOp [e, X, ], JeXaumit B IJIOCKOCTH O NEPNEHAMKYJISPHO BCKTOPY
X,, TpHueM TPoiika X,, [e, x,], e- mnpapas. Pasnoxum BexTop y, Ha

cocTapnsomme BRomb X, U [e, x, ]

Pa=lx,cose [:jﬂx.lsmw IE: ijf“’s" xtsing-fex] O
Haxonen,
romx—x=x—(x, e)e. @

TMoncrasnss (2), (@) u (4) B (1), Honyuum

y=(x, e)e+cosp(x—(x, e)e)+smg[e, x—(x, e)e]=
=cosg-x+(1~coso)(x, e)e+sinple, x] (5)

M3 (5) crenyer, uto onepatop Ule, ¢) npencrannser coboit cymmy

onepatopos 3amau 4.83, 4.85 u 4.86, MaTPUIb! KOTODBIX W3BECTHBL T
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0 11 0 11
4.89. SApnsercs; A=| 2 0 1} 490. Asnsiercs; A=( 2 01

3 -1 1 3 —-11
00 0
491. He smnsercs. 4.92. Slpmseres; A=( 0 1 —1| 493. Ssnserca.
00 o
1 22 3 1 0
A=[0 =3 1| 494. Sensercs; A=[1 —2 —1 | 4.95. He smnsercs.
2 03 0 3 2
22 13 =37
497. c=[-39 —16 25} Cx=(22x, +13x,—37x5,
-1 0 -6
—15 23 -7
~39x, —16x, +25x;, —X; —6x;). 4.98. c=[ 2 8 -4
-7 1 7
Cx=(—15x,+23x,—7x3, 2X;+8x,—4x3, —Tx,+X,+7x3). 4.99. C=0.
2 3 =2
Cx=0. 4100 C=[1 0 —4)  Cx=(2x,+3x,--2x;, x,—4x,,
50 -2
A0 0
5x,=2x,). 4102 {0 & 0
00 2
4103. (E,, E,, E;), tie
cos*a
E,=| cosa(cosp cosp—cosysing) |,
coso.(cosPsing +cosy cose)

cos c(cos Bcos —cosy sin @)
E,= cos?Bcos? 9 +cos?ysin2 .
20 cos?
%—-”sin 2¢-+cosPeosycos2g
cos ot (cos Bsin @ +cos ycos @)
E3=|cos? B—cos® .
3 %sinw+cﬁsﬁmsycas2¢
(cos Bsin ¢ +cosycos p)*
e=cosoi+cos Bj+cosyk.
a, 0 0
1
4104, | 0z 0057 gtazsine faz—as)sin2e
1
0 E(a;—w,)sinZw a;sin?@+ascos?@
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2 —(2sin@+cos ) 2cosp—sing

1 1
4105 3 | 2cospsing 2—gsin2p (1 +sin?g)|.
1
Zing—cose  l+eoslp  245sin2e
1 021 2 0 1 0
f2 350 14 -8 7
4106 ) A'=3 g o) DA 4 6 4l
1 123 13 4 7
12 2
% 4
4107 4"={3 —1 —2|. 4108. [4+ By = .
(2 Y 1) [4+8) (—29.5 —25)

-6 22
2
4109, [p(A)]=34%—24+5E= ( » 49)

4.110. 2) (0 1 6) (01
02 01
03 0], o1 0]
0 0n-1 0 01
0
41l (12 13 1/4 1/5\ 412 (1 h h* W
112 13 1/4f. 0 1 21 3n7|.
0o 0 0 0 001 3n
0 0 0 0 00 0 1

4.114. Onepaop OOpaThM B ToM W TONBKO TOM CAyWae, KOTAG
1
A0 A M= x

4.115. a) OnepaTop NpOEKTHPOBAHMA Ha OCh, JANAKHYIO BEKTOPOM
e, He mMeeT obpaTHoro; 6) onepatop e uvecr oBpatHOro.
4.116. a) Onepatop npo
HYIO BEKTOpY €, HE HMeeT oépznuoro 5) onepatop 3epkajgbHOro
it BexTopy o6paTHM,
npuiem A ~'=A. @ Tlocneance crenyeT u3 pasencrsa A KoTOpoe
TEOMCTPHYECKH OYEBHIHO, HO MOXCT OBITh  NPOBEPEHO CIEAYIONMM
obpazom
A’x=A(x—2(x, e)e)=x—2(x, ) e—2(x, ¢) Ae=
=x—2(x, )e—2(x, ¢) (c—2¢)=x=Ex, xe¥ 3
4117, A ‘x=(—x+2y—2)it(~x—3y— Zz)]+(2x 3;+ 2)k 4118,
Onepatop _He wumecr  obpatvoro. 4.119. 0)=
=U(—e,9). 4120. 47 =A. 4121 Olmparop e G o«‘wpammo
4122, 4~ x=—(x‘+1x2+2x,, 2x,4+x2-2x3, 2%, —2x34X3).
4.123. a) N, JByMepHO® NOAMPOCTPAHCTBO BCeX BCKTOPOB. Op-
TOrOHAILHBIX BCKTOPY €, 7T,— OHOMEPHOC TOANPOCTPAHCTBO  BCCX
BEKTOPOB, KOJUTHHEAPHHIX BEKTOPY €; 6) N, — OIHOMEpPHOE TO/UPOCTPAH-
CTBO BCEX BEKTOPOB, a, Ty
BCCX BEKTOPOR, OPTOTOHATBHLIX 4.
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Q124 Np=@o=R, Ty=y . 4126, p,=2, e Ty =02, 1 1
e=(l; 1, 1). 4127. r,=1, 6asmc
erm(l =1, 0, ez=(l. 6, —1)
meroii bextop. 4.130. A =1, x)=xi,
HTAQ, 4131, )= 0, XW=xi, x%0.

, +1, .., onepartop Ule, @) copnazaet
¢ enuanyEbM. T109Td B aTOM cny‘lac =1, a x™— moboi neuyneaou
Bcrmp 10 uq; (2!+l)n 1= 0 L ha=1, x0=ae, ak0, Ay=

BeKTOpY €. npu
oneparop . C/IMHCTBEHHOE COGCTBCHHOE HHCIIO

4133, %) moBoit verynesol  nexrop,  xoMmavapiul
wiockoeTh  otpaxceims, hp=-—1, xti=ge, o#0. 41, A=-1,

1
1), a#0. 4135 A=2, X“':at(2)+u1(0), o W oa e
0 1

X¥=g

1
PaBHbl ONHOBPeMERFO Ry, 4136 Ai=1, Xﬂv):u(l); Ap=0, XP=
1
1 3 1
=o|2], a0. 4137. =1 X‘“:u{l). a0, 4138, A, =3, X“:}:u(z):
3 1 2

1 2 1
Ap=—1. xﬂx’:::(z); a0, 4.139. A, =1. X"‘":a,(l)ﬂl;l 0), a,
1 0 ~1

3
o2 He paBHbl OJHOBPEMEHHO Hymio; hp=--1, X‘”:m(s), a#0. 4.140.
6

0
1); a0, 4ML A=—1,

0
=2, X"‘":a(l); ha=1, XP=q
0

m( )+( ) aisais0 412 4=, wzm() ham2,

4
X‘“’ca(l); hy=—2, X“’L‘—a(}); a#0. 4143, =2, x‘“=a(—4), a0,
7 3 3

4145, Tpw moGom meo = onepatop A wyeer mma_cobCToermimx
ancna ., (9)=cos @ Zev, 1,(0) e~ Cootsercr-

st s e st X% () (_) w00 (})

TI€ o M P-—NpOM3BONbHBIE OTIHYHBIE OT HYJA KOMIUICKCHBIE HMCHA.
Tlpu ©=0 1 @=m onepaTop A HMEET [0 ONHOMY COBCTBERHOMY UMCIY:
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Mo=0)=1, A(p=m)= B oﬁoux Crtysanx COBCTBRHHEIM BEKTOPOM
sRAseTCA MioGol 5 &,
G146 8 K panckcrny (A M X0 HpaenTE  onepaie

KxoMuuiekcHoro conpsers. 4.147. &, =1, X“":d(z); hp=2+30, Xt=
. 1

3-3i 343
:1(5—31‘ 3 hy=2-3i, xﬂ.)=a(s+31); aeC, a0. @ Bocroasiosatscs
4 4

pesynbTaTom 3a1aum 4.146. 4.149. 6) A, .=1/A,.

3 6 —83 —59 45
4.151. (l 3). 4.152. 107 83 67} 4.153.

14 10 3
171313 —-32 -2 —12 -1 11
11 €2-8 e—8|.4154.D=| 12 0 —12].D*=| 0 00
—11 &-8 g -8 12 2 32 111
010 023 0
4155. D=0 0 3}, D*=[1 0 —1;2|. 4.15. Tosopor Ha yrox
000 0 4/3 0

10
9 BOKpYr Hauana KOOPAMHAT 1O wacomoii cipesike. 4.157. (bl o)'
a

1 (b?>—a* —2ab 1 0 ~10
4.158. ———;| ; =0;
fravel W az_bz), ecmt ab#0; (0 ) e a=0: (7

nipu b=0.

4.159. < [ycTh aj, ..., a,€R" COOTBEICTBYIOT BCKIOP-CTONGUAM
matpuusl A. [lo Teopene Kpohckepa —Kanemm_cuctema cosmecTHa
TOria ¥ TONbKO TOrNa, Korga rangA=rtangA, r.e. Bektop b.
COOTBETCTBYIOIIMIA BCKTOP-CTONGIY B, TpHHAAEKHT JHHEiiHOH 0Bomnouke
BCKIOPOB @j, ..., @, KOTODbie COOTRETCTBYIOT TakKC BEKTOP-CTPOKAM
CONPAXERHON MATPHIN A* (PACCMATPUBAETCS NCHCTRWTEABHBIY CIyHali).
AprmeTHieckHii BCKTOP X SBJISICTCH PCLICHHEM CONPSIKCHHON CHCTEMBI
1O ONpeNE/eHHKy TOrNA M TONBKO TOIAa, ¥oria (e, x)=0, i1=I,
., m a swawmt, u (b, x)=0 TeopeMa noxasama. B KoMn:lckchnM
cny'xae CTpoKamu  MaTpullsl A* smnnlmcﬂ e BCKTOpBI @1, ...
TBO NPOBONTCH i

nom-mo =

4.160. Cosmectia; oOitee pEIICHHE CONPSKEHHOH CHCTCMBL  ce,
e=(—1, —1. 2). 4161 HecoBmecTHa, OBIICE PeIICHIC CONPSXEHKOM
cHeTembl ¢y eg+¢ses. e,=(—1. 1, 0), e;=(—1, 0, 1). 4.162. CoBmecrna;
COTPSKEHHas CIICTEMa WMCCT TONbKO TpHBHaibmoc pemenue. 4.163.
Cowccma. ofLee pellierte CONPsKCHHON cucremut Kak B 3amave 4 161

. ® Bocnomb3osaThcs Tcopemoii  ®pemrombma. 4.165. Tombko
cuc-rcMa M3 3ajmaun
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1 1 0 300
a17a. E,=|1], E,=| ol, E,=| 1]. 4=[0 00
1 - 000
sammsuposats  Hemwds. 4176, Ey=

000 1
=lo 1 0) 417 E,=( o).

001
1 1
1 ol .
4 £l B
0 0
i 0
0 )
a1m. E= (| 1) £
1 0

1271 10 2 ~1
4180, a) 2,,). 0 () mn m uemow, (3 2) pu
m ecrion. @ Menomosars Gopmyay A"=T'D"
190 189 —189 23
3197 —1266
4.181. (7385 _2922).4.131. (lZG 127 426)‘4.133. E‘=(2/3

252 252 -251 1/3)
13 — 9 0 0 11/2
E=| -2/3]. Es=| 3], D=0 -9 0. 4184 E,= l/f
20 23 0 018
11/18 2/3 90 0
‘r(_l/\/—) (—2/3 ,D={09 o] a1ss. E,=( —:/\/2)
41,/18 23 00 27
12 0 200 |/J
E=|in2 ], E=|0). 040) 418 E= —1/V
0 1 004
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2 14
1/3 I/\/— 000 T
( l/f E=|11/6 ), p={0 0 0| 418 v=| V6 V6 )
—1,/3 /6 006 1-i =2
NANG
1 —1 20
D= ( ) 4.188. U—ﬁ( . 2+i)‘ D—(o s) a.189.
2 12 0 5 00 23 =23 —113
m/' ./f 0 0 -3 0| 4. v={23 13 23],
0 01 1323 -23
X 2 2 1
2 NERENCI
100 L4 10 0
p=|0 40| 491 U=|-—— — |, D=l0o1 0]
007 53/ 3 00 10
502
0o > 2
/5 3
60 —4 0t
4203 4= 06 2] 4204 4=[0 1 2
—42 6 123
3 -1 =1 =1
v
azs. 4= Ty g
—1 =1 3 -1

4210, X7+ x7—x,

=X —xas,

. ! n 5 .
=Xk X,

4210 x?—xF—x?,

4212 xP+xF-xP,

1
X=X+

6 { Xp=x)+X5=x%, 2
I I N
A A Xy= —xhhxh
1
xy= -
4213, 93+ 18x7 4214 3P+ -2,
Xy = ZA +2X IX L + ! Y4 LI
= 1 27 3% = =X Xy —=xS.
3 x Vh—x 4
i ; ; NN N1
S L [V B
B R R Xz=——/-l'x-—f*'z+—*‘=-
2. 12, V3iooNe
Xy= SXi—o Xy
Sl e s N TV T
NENG



4215, 5‘, —\Px?, 4216 917+ 18xF +18x2,

[ 1 1, ool zx, +z‘,
L A
n ﬁ RN e
L =xi— Ly
PRI y=3xi =3 vhmaxs,
X=X RS, T3NS
N NN 22 0,
A PR N
| 5=t ERE R
V36
4.218. TIoNOKHTEIBHO 4.219. Or

mesternas  4.220. OGwero suma. 4.221. OTpHUATELHO ONpENENeRnas
TloNOKNTeNbHO OnpesieNienHasn. 4.223. 026mem Bua. 4.224. Tlo-

SOKUTENBHO Onpenienchias. 4.226. Dmutnc %Jr =1, 0°(~4J5,2/5),
e, =(1/5, 2,\/5) z,_ (=215, 115). 4227. l'lupaﬁorm y2=a/2x,
0'(2 |) e=(I/2, 11/2). e;=(=1)\/2,1/2). 4228. TunepGona
_=1 0'(1, 1), ¢, =(1/13.2/13), e;=(=2//13, 3;/13).

4129 Tapaaremise  mpsvue  x'= /512, 0'(=3(5, ~3'10),
—~21./5, 1/5). e,—(l/\/‘Sp 2//3), wwm, B CTaphix  ricpementibIX,

20 -y F1=0, 2v—v—4=0 4230, Dwmmc 3:576)'3511

e =I5 —1\/5) e=(11\/5.21/3). 4.231. TMapaGora yr=ty,

0'(3.2), e= (—k — ) ( % _\/is)

2
4232. a) Tipn Ae(—co. —1)- runepGona (x—Mz+A(y7%) =

L 0716, 113),

A1
= A=—1—nBe mcpeceKalolmecs OpsMbic  Xx—y=0,
24l

A
npu A=0--napaGona x*=2y, npu Ae(0. +oc) —aumme (x—A)%+

2 2 g3,

A ,‘7%) _;T*; 6) npu he(—o., —1)—runepGona (1—A) v+

+(l+k)y”—l 0'(0,0), e, =(—1//2, 1,//2), &,
JIBC Mapasuiesbble npsMie x-) + 1=

me (I=A)x2H(14+0)y?=1, 0°(0.0),  e,=(—1//2.1/2),

e=(=11/2, —1,/2), npn A=0—oxpysrocr, x*+y’=1, mpn Ae

€(0, 1) anmnc (I—A),x"+(l+k)y' =1, 0'(0, 0), e,=(=1/3/2, 1/y/2).
e,_(~|/ﬁ 1 2{ o A= MAPALICTLHBIC  OpAMBIE

+1=0, (1 hoo) rnnepona  (1am W (1 +2)) P2,

o (0,0) e,=( —II\/:.II\/—). e, =(=1/y/2, ~1//2).

420

e
x+y+2=0, npn Ae(—1. 0)— runepGona (x—l)’-tl(y—i)

—13/2, —13/2), npu
3 npn\ls(~lV0)—~J:1-




2 2 e
4.233. Dumnconn 7+'"—+f- 1,0°(1, 2 —1), e,=(1,3,2/3.23),
€,=(2/3, 1/3, —=2/3), ey= (2/3 —2/3, 1/3). )
4234 T =2 002,
e =(=2/3,1]3,2/3), e;=(1/3, =2/3,2/3), e,=(2/3,2/3, 1/3).
R
4235 Jleynonoctiuii  runepGonomx a2 o =1,

astans s
0/ (0. 1. =25), e;=(11/2, —1/2.0), &,=(1)\/2, 1/2, 0). &;=(0, 0. 1).

g

4.236. i —= O’ (—1/40,
524 /212 ¢

~19/40, 1/2), =016, 10/6, —21/6).  e;=(11/3. 1,/3.11/3),

e3=(1/2, =1/4/2, 0). R
4.237.  TapaGonudeckuii  WAIHHAP y":gx'. 0’21, -1),
e,=(2/3,2/3,13), e;=(2/3, —1/3. =2/3), ey=(1/3, —2/3, 2/3).
PR
4238, - D Az 'yl

=3 3, —I/3), =116, =216, —11,/6), ex=(11/2, 0, 1/2).
xt oyt 2
429, 0 [T

0'(~113, ~23, zm = A3, — 1313, e=(11/6,21/6,11,/6),

e=(11/2,0, —=1/2).

I, 0°0,1,0), e=

N x? y?
4240 T WUmHAP B 1/3"’ 0 (1/6, 1/3, —5/6),
e =(13/2, 0, —15/2), &,=(1/3, —11/3, 11/3), es=(11/6, 21 /6, 114/6).
Fnasa §

51. 0331. 52. 0.5. 5.3. —1. 55. (Ax)2—2Ax. 56. e(e®*—1) 5.7.
5.10. —17 511 2*In2. S.a2. lIogze.
>

2/x

5.14. @ Bocnomsosathcn  TOKZECTBOM: ¥/ (Xo)—Xo/ (X)=(f (xo)—
—Xof ()= (Xo/ () =Xof (). 515 [ (=D)==2, [4(=D)=/-(1)=0,
Sr)=2. SA7. fL(©O)=f%©)=0. 518. [~ (©0)=~1. f4©O)=1. 519,

2
log, (1+Ax) 59. -
x

1
S-(0)=1, f,(0)=0. 520. @ Oyuxunus )’=sin; HC WMeeT Tpeaena npu

25x*

12
x-0. 521 -2+ 4o sm e SB S

3
=




526 2x(x*+126i3D). 527, —x 528

5.25.
(x*= &

3(x2+1) 3 2 be—ud
s 829, —ta——+———. 530 ~—— - S3L

(7 +3x—1)2 5“5\/,—8 3fx {c+dx)?

14 2 1
53 e 53, . 535
x*@x—1) NEENEY 24/x

Y 3
23/%2(33/x+5). 536, ;( 53 3x’ctgx—si:‘l -
x
x?(3sin 2x—2x) 2tgx  x—sin2x N
e 538, e = . 5.
sin®x. Vrteos’x x* x/x?cos?x
1 1 5
ey 54 ——sinxt/xcosx. 54l 33\/;7(2|nx—3*)+
2 1\ 2x—x? 2cos'x—3
+{/F(;;3xms) sa2. xz(llog,).+ﬁ)+ X sa. c;';fj—
~
o 3 /x(19x°+90) 2x
544, sin Z(.x-l—-—). 545 ¥ . 546 .
4 63/(x"+a? (1+x2)/T—x*
3 3y 2 : ox
5.47. >cos-. 548. —4sin—-. 549. 24x(1+4x2)% 550, — ———.
22 3 24/1+3x%
1. I
5.51. 5sinx. 5.52. ieos M(ﬁ —sindx+/1+sin4x).

554 lcosx sss  oSMZX

i
J-wis 2 43/1isin?x

¢ 2
fsin%), 588, /ra

5.53.  arcsinina-

556, 2xe " *(1+4x). 557

5.59.

5.62.

5.64.

5.67.
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e . 1
570 252 cosx-sgnfeina). 871 3727n3 2. 572l

o
s ' sgs eMeTMTCaxth)
xIn2-In2x 2/In(ax?+bx+c)(ax*+bx+c)
1
575 —— X 576 -——— 579 chx
(2+x%)/T+x2arctg /T+x2 Jatix?
1 1 (x=3)(19x—17)
578 shx. 579 ——. 580 -—p 58 S
sh hix Shix [T
s82 10—2x—2x7 2x249x+1

5.83.
Ix?3/x% (x+2) (x=1) 2/x+23/x=1° 2x+1)*
11x®—7x*—58x* +48x?

a1+ 2P /= 2

(1 vz (3 +Inx
25 ax( - Vx|
5.86. x¥'2 (X+|n,\ mz) 587. (V) (6 {/—x’)

-+arcsinx -clgx),

5385, **(Inx—1).

Insinx

5.88. (Inx)x 5.89.  (sin x)eresn

590, x*"-x* " '(14xInx(Inx~1)).
591, Q“—:—)‘(Inlnx-o»—l-—m).
inx

xlax x
1
592 x"z"(I-&Xn.vz)-tx“~2‘(4+lnZ-lnx)+2"ln2-x‘(lnx+l),
¥

A>0. @ Haittn npowIBoAHyO KaX/IOTO CAAraeMoro.

5.93. —sin2x—— —
2/1+cos? x(cos? x +/1+cos? x)
MEKYTOUHON TePeMCHHOM B3STL #=COS>X M Ja’dee BOCTIONB3OBATHCS
npaBuiIoM AnQOEPEHIMPOBARUS CTOKHON  DYHKIWH.
arccosx
594. —

NG

. @ B kavectre npo-

(2narccos x-+1).

el
{i—e )

595, —2xe

i

a*Ina

59. — (40 *arctga™ ta 1),

(

S97. a=2, b=0. @ Vesowns nenpepwsrocrn lim f(x)= lim ()
i Xt

u mudpepenmpyomocti f~(0)=f", (0) cocraBasior B cosoKymHOCTH
CHCTEMY JIBYX YDaBHEHHA OTHOCHTENbHO @ M b.
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3 2x2
b= 5.99.

EREEN SN NN =\
a0 w£7§7[_7 s (1)
(i)

5102, —sin2xcos(cos2y). 5103

5.98.

5.104.

E
a\* (b b—a n 1
(E) <;) (X)( +In;)‘ x>0 S105. . 5106 S,

2(gx(l+(g x)
THg*x

2
X< /3 sa0n. anogzeclg(ZrLr+g) 5.108.

1
5109 —ost s

precy (sin x)™*(ctgxcos x—sinxtnsinx).  S.11L.

1 of . sin?x sinx —
(A "(smlxlnx—\\-———), 5112, ————a"""(1+ /cosxIna).
2 % x 2, /cosx (
5113, thy (|+——). 5.114. % 5.115. e *(achax—shax).

2sh 2x

sgn (sh %) i

5116, S118. A S119. cos(x—rk). ccm xe
x

€(nk, n(kH)) e we v=rk, To y_(nk)=—1, y,(k)=1, keZ.

5.120. l+x1' x>0; — L x<0; y- (0)=—1, 4 (0)=+1. 5.122. 1,

I+x‘
1

xS0 —e™ x>0 513 1 x<0 o x>0, SI. 0, gxI2;
x

2x%+4x3—36x2+ 54

X2
e (1), Ixi<l SIS e

3+

“lalna S5.128. (Iog‘a"(—L—lnlog_x)
inx

- % .
-2 5127, o~
yI @

5.129. cos xcos(sin x)cos (sm(sin x)). 5.130. ()-[‘)l

s131 — 3,'(|+|n’3):
s132. acosnxcosln-:bsmaxsmbx( b!ln3+
cos® bx

5.135. ¢(xo). @
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sse, ORIV o V-GV )

VW e
5138, W(,(,.m(w.(x),w(x) +w(XN"(X)). s, Lm0
) x
I bx
5161 7 S18 1 (7)) saae 2 sias. 7; 1 o
1
147, 148, SR —
5.147. 5.148. 5.149. 3{i¥iny)
<inytersi -
siso. SOMTESNX g si2 27D o
e’cosx—e*cosy
sisa T g 21X
=y X Tratay?

. @ Oynxmun p=chx, xe(—cc, +o), He mmeer

oépamon TI0ITOMy ClIElyeT pacCMaTpuBaTh fBa NpOMeXyTka (—oc, 0)
n (0, ) Ha KakAoM M3 KOTOPIX 3afiaHHas (QYHKIMS MOHOTOHHA
W, ClleAoBATE:ALHO, MMeeT OBpaTHyto.
1 2
5.161. I -cigx. 5.162. . 5164, ———— 5165, ———.
¢ CIBX Jize T+e® 14602 ()
alx) 1 5 1
5166, ————— 5.167. . ——— 5.168. 3r——. 5.169. — 5.170.
, a(x)+logy e I+na(x) 2 3t
1
—p 8L 2T SITL —ctgo. SAT3. 2cos? (cos2—2sin %)

5174, 1. 5175, % 5.176. ;mlctgll. 5.177. 5.178.

2/4=
5.179. I—’nu 5.180. 1. 5.181. —1. 5182 24./3. 5.183.

6x* 2 x*+1

5186 — 5.
(|+ 42’ 32 (x2—1)*
3x (1+2x?)arcsin

4
-3 5.184. —2cos2x 5.185. 5.187.

e~ (2x2-1). uss.( PO LA (e .189. x* ¥ (24+1Inx) x
1 1 .

X 7ln,\, . o B Jorapugmi-
(4 2 4/x 2\/;12+lnx)) : pud>
scckoit TpomIBOTHOR. 5.190. ' (0)=3, " (0)=12, y™(0)=9. 5.191. 2. 5.192. 6.
5193. y(0)=1, y'(0)=In2, y"(0)=In>2—1. 5.194. y'————-f’( )
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e (1) 1
o ()i () s =TG5 = (5

f"(e’)) P s i (o) ar” +u")+(ux~m}’

e S e '., o)
o
S T 5199, T, oo nmn
u v (,.,m)'

0, e m>m. 5200, (kihayd®. 5201 sin(x+ng).

, . n (s ) e 3
=cosx=sin(x+~), y'=(s ™ —cos( x4 T
o y'=cosx=sin(x+3 ¥ n{x+ os{ x5

—iy
wron s (- O sag o ‘cos(?.xi-'%") © Bocriom-

sin (x+m)

L2

1+cos2x 2n!
sopames - gopwynolic  cos?x=— =

=
5206 (x—1)%0—(x—2)% N 1-3-5..37(719—x)

(2 =3x42)" 7T 20 20 STy
paneHcTROM 14+ x=2~(} —x). 5.208. cosx-(209—x—x2)—15sinx-(2x+1).

best

811
5.209. ¢*(x? +39x-+ 360). szm.Aﬁsm(x—a)c s s 2 san,

xshx+100chx. 5213. @ JIOKataTelCTBO MPOBCCTH METOMOM MaTe-

) - be) »”
vaTecroli Wiy 5216, L5217 45 S, —
2-xe (1+2) 24— 1)’
sz v 2 sms, MU s "«—*»i)f(‘,‘“. sa77.
(1= X(i)
2 2
S 5.230. —ctg*r wam — , xe(l, +oo) 231 ———5 wm
(r9* (* ‘]”’ -
—2sec?x, xel -~ ). s 2 2 r
2507 x, As( 3 5) S 2040w 2sectx xe( 3. 3
!
5233 —
3acos® ISII’H

4x+y—18=0. 5 3 5.

5.240. 2x—y+3=0, %-+2y— 1 =0. 5241, Tx— 10y +6=0, 10x+7
5242 y=0, (n+4)x +{x-4)y—n?2/4=0. 5243. Sv+6y—13
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2
6v—5r+21=0. 5244. x+y—2=0. 5.245. amgﬂ, 5.246. Mo (1/8, —1/16).

+1 5249, 2e—y_1=0. 5250. 4x—dy—21=0. 5251,
75 dma B owe M, (0.0) yron pasert 0 (napabonkl kacaiotcs)

n B Touke My(l. 1) yron arclgz. 5255, arcig <. 5256 arctg2,/2.

5257. nj4 u n2. 5.260. 2/./5.

5.262. < H KpHBASH 3anana YPaBHCHHEM = r(¢). To nekaprosnt
KOOPAMHATH Touek M 3T0fi KPHBOW Kak GQyHKIMM Yria @ JRIOTCH
BIPAXCHHAMH

x=r(g)cosg, y=r(g)sine.

()rcloﬂ_mzr((p)cosqrhtr((p)simp~j. T. e. mektop p(l, tgQ) Kommme-

apert OM. Bextop t(1, y%) SWiSCTCA HANPARISIONBIM BCKTOPOM Kacatesth-
ot TT', a Tak Kak

rSmQ+rcosQ rrtgo
Y coso_rsing r—rige’
7O BeKkTOp e(r'—rig@, r+r'tgg) Kommueapen t. CrenosatensHo,
p.e) r
Iol-lel” /i)

cosf=

I
o -
A g o520

1
5.263. 9=arcth 5.264. 0= —+2<p 5.265. a) 1,=0, 1,=8: 6)re
4

(0. A)U(8, +oc); 8) 1 zhny rzx(z— /3). 5.266. —awsinot. 5.267.

242 5.268. E" 5.269. awe™. 5.270. v —2a0c082¢.

5271, B tomwax (3, 16/3) n (3. —16/3) 5272 4mr’ n S7n 5273
o pane.

S27T. (B9 = 1261, ()i =12 (89); =0.120001. (dy);=0,12. 5.278.
a AT (A) i ( ) (Ay) )2
sz, &s

= —2qwsin2¢, 1,

(l,)At em, nyib. KoTOpHit GbuT 661 MpOIiCH TONKON
M AponayTox et At DM paBHOMEDHOM  BXCHME CO
CK()poCTHO /'(t)-

5.280. ds=0.1. As=008 5281. a) 0: 6) +A7l 5.282. Pasencrea

@) W B) HCROMONHM: paBEHCTEO ) R —
q)ym(uun (cm. 3apawy 5.276) 5.283. 2cm  5.284. 3cm. 5285
2\/(1 x%dx 5.286. xsinxda 5.287. arctgxdx. 5.288. Inxdx. 5.289.

2xdx

arcsin xdx.  5.290. 5.291.

1+5p%°

Vo

. 5295, —SUE) o cagq =y

5293.
1+sin(x+)




Lrysingy)

5.297. -
xsin (xy)

dx. 5.298. a) 0,05, 6) 0,805 B) 02. 5.299. 2,93.

5.300. 1,2. 5.301. AVa2nrhAr @ Tlockonsky /i NMOCTOSHHA, TO v SBNA-
erca Qydxumeit omHoro aprymenta r: v=mhr? 5.302. AV:—R—zAp,
® Tlpu nocrosmrom 7' obbem | sBasicrcs QyAkmuelt TOIBKO OMHOIO
aprymenta p: V=RT-. 5303. —ab?sin(bx+c)dx?= —bydx? 5304,
(2-x1)sin;——2xcosx
SRR

37 1n9(2x%In3—~1)dx2 5.305. dx?. 5.306. 2adx*

3xP—9x+7 5308, 1=x*-xtarcsinx 5309,
[Fmrre (=2 it

a(i+a*)smx

5307. 2

—x(1+x%)"¥2dx? 5310, — dx?. 5312, L 5313

(1 +a?sn? )" x+2)*
Rdx? x(l+3y #)dx? (x—y)dx?
——— T T e S s Lo
G S S SIS G

5.316. f(x) paspeissa mpu x=0e[—~1, 1]. 5317, 0,
5319. @ Mposectn FORISHTEICTIO MeTOTOM oT nporyBroro,
TIEBOM MaCTH ypaBHEHHS
VIMECT E€IMHCTBCHHBII Aeﬁmumsﬂuﬁ xopers x=1I.

5.320. e TMiposectn noxazarenmm METOJOM OT TPOTHBHOTO,
JIEBOH HACTH yPABHCHHA

B T ORCTOCTIE KOpRET,

5321, e F(b)= Fgg 5322. £=1/,/3. 5326. @ BocnomsoBarscs
pesyiTatoM 3anawm 5.323. 5328, E,~1f2, E,=53 5329. 0. 5.3

1/3. 5.331. %a"'"‘ 5332, ————. 5333 1. 5334 2/3. 5335

5.336. a*/b* 5.337. 2 5.338. 2/3. 5.339. -1/2. 5340. 2. 5341

f

950 S32 12 830 1. S 0. SMS 112 536
cos3. 5.348. —2. 5.349. 1. 5.350. 0. 5.351. 0. 5.352, (. 5.353. 2.
i 7 ke, Iyn, 5357. a. 5.358. 0. 53%9. 1. 5360, 0.
5361, 1/12. 5362 —1. 5.363. 2/3. 5364. 1. 5.365. 1. 5.366. | 5.367.

e. 536& 1 5369 2. 8370, 1/e. S 1. 5372 1/e. 5373, 1 5374,
537;£ . 5.377. 1/ fe. 5.378. 1/8/e. 5.379. —9+17(x+1)

-6, 5,375,
-—9(x+l)‘+2(

SI 7114 10(r— 12+ 4014 O 1Y 1)% @ 0=1/k: ©)
98— moboe IeHCTBHTEIBHOE  HCIT

5381 P(—1)=143. P'(0)=— . P (l)—ZG.

a2 147+ X"+ &t

zv+“ [ Tl

a8



XL

gn(ex+(n+;)12‘) »

L X" i wemno.
(n+1)! e

n He-

N HEYETHO; .
21 4

ot
5385 x—% -1 S, A
x z* S (n+l)“+9x)"“'x>

(1) ‘7.”.()(). n newerno;

-1
- +(—I)’z;—l+R,,”(X). n uerno. @ OctaToummrii wicH

3anucath B obuwem Bric.

- 'x1+

- afet)nfomntl)

o
5.387. H x+

2
¢ o opmyre Maknopena (cM. 3amady 5.382) mosoxrs u:—%.
12

9. (o
538 2( 2

(=) ‘(zx);;) e 3amicats

N 1
slnzx=i1l~cos1x) H BOCMOJIL3OBATBCH Pe3y/bTaTOM 3ajauu 5.384.
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5.390. 5%—;5,“:';!4, H*WZ“(‘S‘TZ"H)!’ 5391
21nz+4 4’;’2 4)3( St 1)"'41%. 5392, z(|+;§“
—2' !~§—:+2'T:33-!»;4j+..‘+1—1)”“%3—'-%?) 5393 22—
»(x72)+(x—2¥‘~(x—1)‘+(%. 5.394. } 1+2sint0x
PRI A i A PV

6 " im0y
EPE g
“360 (l+o(r-|)j°/2

5397. a) 0,842; 6) 1.648; 1) 0,049,

5 X
2 [ - . X
) 2.012. 5398. a) l6(l e Tog 0 & [ 5.400. ) 1; 6) 1/2;

®) 12

5.401. @ Bocmommaomatics pasnoXcimem Qynxum mo opmyie
Teilz0pa b OKPECTHOCTH TOMIKI o 10 “cHa MOPAKA K BIOWITCALHO.

5402 f(x)=0— mwmumym, ccm @(xo)>0 u n  setHoe;
fx0)=0 — makcumym, ecn §(Xo)<0 W n veTHOE; DKCTPEMYMa HeT, cci
n vesettioe.

5.403. @ BOCTONH30BATLCS MEPRLIM JIOCTATONHEM YC/IOBHCM JKCT-
pemyma.

5404, Ha (~1. —1/3/2) n (1)y/2, 1) y6umaer, na (—1/3/2, 11\/2)
BO3PACTAET; Yo=Y (= 1//2)= = Un/2, Yo =y (1//2)=1/2.

5405, Ha (o, 1) w (0. 1) sospacraer, na (—1,0) u (1, +on)
YOBECT; Y= (— 1)=1(1)=

54?(; Ha (0.1) u (L¢) yowmacr, ma (. +co) nospacraet;
J’mm ye)=

5.407. Ha (;‘(ok-n, §(6k+ l)) y6uiBaer, Ha (g(sm 1. ’-3‘(6k+5))

(an-; ’;)= U+ (’-; - \/37)::21(1!70‘685, Vo=

=,~<z;,H %"):2'“ |}n~<:-\/3)z2(k4—l}n»' 0,685, kez.

BO3PACTACT:  Viun

5.408. Ha (0.2) yOwaer, Ha (2, +0°) BOPACTACT; Yyuo=J(2)
=2(1-In2)~0,61. 5.409. Bospactact Bo Beel 06NacTH ONpeNENeHUs.
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5.410. Ha ka—a), Stk u) sospactaer, wa (%(Kk +1), %‘(sms))
YOOIBGCT; Y= y(lkn+ g):pm(ﬁ ?)z 1,556, Y= y(2kn+

s = /2
+7")=fc““(ex'-\'7)x4I,SSe“". kezZ.

Ha (0, 1/¢) ySblnae'r #a (1/e, +00) BOIPACTACT; Ymun=y (1/¢)=
—(l/ci”'~069 5.412. Ha (—cc, 0) yowisaer, wa (0, +0) BospacTaer;
Y=y (0)=2. 5.413. M=3, m=—~2: 4. M= . 5.415. M=0,6,
m=—1. 5416 M=1, m=06. S417. M=2, m=3/2x126_5418

M=nj4, m=0. 5419. M =—1. 5410. M=1/\/ex06l,
m=—1//ex—06]. 5421 o Paccvorpers dynmo y=e*—(1+2)
H TOKATH, HTO y HEC CYUIECTBYET CTHHCIBCHHBIA MAHAMYM: Vo=

by
LrE sam. |Am:(sm-@) K 442,3 ko,
[HTH NG

=y(0)=0 5.425.
2
S, x= y= 2 p—x—— . 5.428. a— . 5429, . 5.430. ma.
4 8 2n
5431 _-wrlh 5432wt 5433 I 5434, 2% 5435 N(1,1).
7 3 5 /3
5.436. x=~R./2, y=R/\/2. 5.437. Payzenuts Orpezok nomonam. 5.438.
RH /R H?

[
(V/R*+H*—R)(\/R*+H*+2R)

(=, 0)- smycnocre mep, (0, +c0)— BemyxocTs s, M(0, 1)

5.439. h=(c*—d*)¥2. 5.440. Ha

“_rouxa nepernG 5441, Cpadux Roioxy Bemywnwii B, S.442.
Ha (-~ o, ) seinyknocTs, sbepx, wa (2, 4.0) - BHmyKIOCTE BN
M(2,0)—rouka mepernGa, k=0. 5443, Ha (—co, —1) u (1, +)

—BLINYKIOCTL BN, HA 1«1 1)- sumyknoers smepx. Mi(—1. 1/2)

u M1, 3/2)— rouku Tepertis, ky=k,=co. 5.444. Tpadmc seiony

nunykm:lﬁ Bocpr.  5.445. (=<0, —1)— BemyknocTs mepx,  Ha

S: “+00) — BemyKIOCTE mm:g M(=1,1—e"?) -Touxa Ema
Le~Zx —0,14. 5446, Ha (—c, O)Anbmyknom BBCPX, na( m)
semyKocTs s, M (0, 0)—TouKa _peperiba, k=co.

(0. ¢~*16) " -muimyxnocts  sepx. ma (e~>% 4o —nunyxnucn nmaz

M50, 1«2(»-5“”) Toma nepernba, k= e~ ~028 5448,

3 1
a=—3. b=3. 5499, o 5451. @ Ecnm xo— abcuucea Toukn
6./2
4xd
neperuba, TO Xotgxo=2. Torma yﬁ:yl(xo):x?,sm‘)m=4+;1. 5.452.
3

x=2, y=1. 5453 y=x—_. 5.454. x=0, y=1 (nparas), y=—1 (1epas).
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5.455. y=3x+; (mpanas), y=3x-; (neBas). 5456, x=0, y=2x, x=—1
i
(o). S457. y=0. 54S8. x=——, yoxtl. saso. y=7—zlx~l. 5.461.
.
o
5462 Jpu=y(£ =1 ymn=y(2/3)=y(0)=0; ( EN
6—/21 (6~ /21 N (s l6+ /21 6+21 f
2 5 NS T s
Toukw nepern

5463, Jpe=r(—y D=3 Jmnmr ()=~ 3 (0,0) u (ﬁT,

Foun=2(0)

n (+./5,0) Towkn neperuba.

g

N

76
257)— roun neperuta
X+2
5.464. y,,,,,—y':‘)“f (0, 0)- Touka mepernba; x=1 u y= 2
acHMITTOTBL.
5.465. ynix=y(0)=0, ,vm...—vl\/‘l)—» ( 2. - ‘/E)Am-ma
nepcmﬁa x=1 W y=x—acumniors.

466. (1, 0)—Touka neperiba; x=+1 H y=x— ACHMITOTEI
Y4, yon=r(0)=0; (iﬁ,giﬁ)f Touka
neperuba; x=—1 # y=X-—aCuMITOTH.

5.468. y,,‘,.‘=y(l)=§, (i/i,éi/i)r‘qua nepern6a; x=—3/2

B y=0  acusurorsr. 5.469. (0, 0)— Towka mepern6a; x=+1 w y=0—
e

5470 Yuu=y(0)=0, )'m:y(‘sﬁ)=‘m' ("’\r@‘
LT ([P Rl

9+\/45
x=1_n_y=0— acuwmror

sl (0, 0)—rouxa “eperua, x=—2, x=2, y=0—acummroTs.
5472 Yoo=y(—3=—45 Ju=r()=45 (0,0)—Toma nepernda;
x=-/3, x=/3, y=x-—acmurors. 5473 yua=y(—1)=—1/3%
~3/4, —3/416)—71ouxa mepernba; x=3/2 u y=0- acumnroThi. 5.474.
Yun=3(0)= 1, (£~/3/3, ~1/2) Tomm meperu6a; y=
5.475. (0,0) u (3/4/2 1/3) ~Toukn nepern6a; x=—1 u y=1—acamn-
TOTHL 5476, Yu=y(0)=2, (+1, 1/2)—Toukn neperuba; y=0--acum-
432

4

5467, Fow=y(3/4)=

Tosku nepernGa:

~—aCHMIITOTA.




nrota. 5.477. yuin=y()=—1; (0,0) u (2, 0)—Toukn nepernGa. 5.478.
(0)=2, Ymin=y(+1)=1/4. 5.479. (0, 0)—Touxa nepernGa; x=—1,
— acnmrrotel.  5.480. (0,1) m (I, 0)—7oukn meperiba;

x=1,
y=—x—acmnrora. 5.48L. (0,0), (+1, +3/2)—Touki nepernGa. 5.482.
(0, 0). (illi:{/f) Toukn neperuBa; y=2x— acummTora. 5.483. (0, 0).
(1, +3/2)- Touxn nepernGa; y=x—acummrora. 5.484. (0,0) Touka
nepernba; y=—1-—neBasi acumiTora, y=1- mnpasas acummroTa. 5.485.

Yum=3(=33)=1 (0,0) Touka nepernba; x=—3/2—-acnmmrora.
5.486. Yonn = (0) win = (2)=3/16; (—3/4. =3/2) - rouxa nepernda;
x=3/4 u y=x -acwmmroThi 5487, ye.=y(—31/6)=—3/3/2 (0.0)
i (3/3, 3/3/25)—Toukn nepernba; x=—3/2 # y=x— acummroTsi. 5.488.
Fue=p(0)=0. {+/2. 2//3)—70uKn neperu6a; y=x —npasas acAMI-
ToTa, y=—x—lcnas acuwmrota. 5.489. (—%/2,0) u (—1, —1)— rouxn
nepernba; x=0 u y=1 -acummroTe. 5.490. yn..=y(l)=1/3/4,
(3/4.3/0.16) ~Touku meperuba; x=—1. y=0—acamnrorsi.

S Je=r(—3)=0 yem=y(/3)=0;  (V21/¥2)
(~+/2, =1/3/2) Toukn nepernba; x=0 -acummrora, y=1 —mpasas
ACHMATOTA, y= — |- JleBas ACHMNTOTA.

5492 Yruo=)(0)=0, Ju +./2)=2 x=+1—acammrom,
y=X -TpaBAs ACAMITOTA, y=—X —JcBAs ACHMITOTA.

5493 you=y(0)=1, Jua=y(+1)=0 5494 o =y(0)=2./2,

=y(£/2)=0, (£ 1, 1)—Toukn nepernta. 5.495.

e (o )

()

2Um )= =
+ ) 7 ¥y

n
=7+Im' acnmTote,  keZ. 5497

nepernba,  K€Z.  54%.  Yon=

3n
)

Yain=y(0)=0, y= —%—-l—<neﬂan acumrToTa, r=%—l7npaaan acum-

nToTa.

13
S8 =y (=4 syl D=t o, (o ;)_.Tm.m e-

x
peruGa; y:2+nvnenax acurrToTa, y=3 mpasax acuvmora

(2142 "

8499, e =y(1)=e. (5

)—m-.m neperyba; y=0—acum-
mrota.
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5500,y =y(1)=—

== 0.0 (5 +4)

—Touyki mepernba, y=0 —acnmnrora

5
5501 ,"_,=,,(|)—— (l+ (2+V2)e-‘2‘“’) TouKu nepernGa,

x=0—nesan acumnToTa, y=0  acuMmIOTA.

1 3
5.502. ymn:y(il):Z: Yenn=¥(0)=0; (i‘—a/;se") "
1

<¢ﬁ,ie"“) TouKn neperuGa, y=0—acummrora. 5.503. yp.=y(1)=

=e¢; y=x+1- acumnrora, x=0 npasas acumnTOTA
a1 1 5— /17
5504, yon=r(V2)= Yun=3 (—/2)=——=, (t —

2 (=V2) N 3

1 1 5+/17 1 = 1.
s e -
£ /st Ti7e s+ m> " (1 ’T‘ +s /5= Jiie 5=

Touki meperuba: y=0 -acummroTa.
5505, ypn=3(—2)=—4/e. tmn=ylll=—1/e; (0.4, —1.6¢5%)—
Touka neperuba; x=0- 7n€Bds ACHMITOTA, y=X—3- acHMNTOTA.
5.506. (1, ¢®)—Touka mepermba, x=0- mpaBas acummTOTa,
y=2v+3- acammroTa.

5507 yew=y(ED=2/e  yeu=y(O=5  (£/2-3

25 — 2
G-Ae 2 ) u (i\/z?ﬁ B+A)e
y=0-—acumrrora.

5508,  yma=y(l)=¢’, x=0 -npavas acummiora.  5.509.
Yoa=r(/3)=33¢ 2, yum=y(—)==-3L3¢ Y% (0,0, (1.

+e ), (£./6, £./6¢™?) Towm nepernba, y=0—acamnrora. S.510.

(0,0) Touka neperuba. S511. )',,,n:y(c):l, (eﬁ, 3 )rro-ma
e N2

I

neperunba, x=0 # y=U0-—npasbie acummToTel. 5512 y.=

x=1— acnMmToTa, x=0 1 J=0 PARKIC ACHMTTOTHL.

1 1 1 3
=y —=)=—s (. —5) — 6a.
SS13. youn ,V( «/;) % (e 7 Zv’) Touxa meperu6a
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1
5518,y =1 (/2)= o (“V/e—»‘, P Touka neperufa, x=0

Hu p=0 TpaBBie ACHMITOTHI

5515, Ve =y(U=1leZ  yon=x(1)=0, (e"-’“'ﬁ".

s 13
- 2‘[ "'f)—ro-mu nepernGa.
P

+1- acummrorhi. 5517,
—1/e?)=—4fe; (0,0),
(£1/ /e, +1/Je)—Toukn nepernba S5518. ypu=1(0)=0; x=+1-
acHvnTOTHL

5-V13
5519. Ymme=y(te)=1/e% P =y (£1)=0; (;tc e,

5—J13\? s-Vis sevT3 (51 [13\2 5+ViF
("6‘) e%)‘ (1eT‘( s ) e” 2 ) —Touku mepern-

6a; x=0 1 y=0- -acumrTOTEL
1 N\ e
5520, yon= ,(; =( ;) ~0.69 mamycna s, v-1 npn x +0,
e M(0. 1) Touka npekpa
5521 Jou=y(e)= "f~|44 (o 58, 0,12) 1 (4,35, 1,4)—Touxn e
periba; y—0 mpu x—+0. T ¢ M(0,0) TOuKa npepamenms; y=1—
acumnTota. @  Toukum  mepernba  YnOBJETEOPSIOT — yPaBHEHWIO

x x
Inz—+2r|n—~x=0 HX MOXHO HE HAXO/HTH.

‘5522 +=0—roua yerpammoro paopuisa (v (O=r, (0=, dyi-
Kups yOwiBarowas, BeNykNa BHH3, X= BEPTHKA/ILHASL ACHMIITOTA,
y=1_—acummrora,

5523, x=0 TOuKA YCTPAMMMOrO PasphiBa, )
KN OKCTDEMYMOB YOBICTEOPSIOT YPABHERMIO g

-acumnrora. Tos-
. Toui nepernba

X
YIOBNCIBOPSIOT yPABHEHHIO lgle'——L @ Toukn KCTpeMymMOB M rie-
—x

pernba MOXHO HE HAXOAMTH
5525, Xpu=—1 1pu 1=1 (3(1)=3), youn=—1 mp r=—1 (x(=1)=
p

=3); napabona ¢ B HavaIe ok KOTOpOF
y=x éx>0,)>0).
g S5 S = Yo =1 1M 1=0 (T0NKR BONpATE); y=2x - scuTIOTA

npn 1+
577, Actpowna (e & 3 tn 2, puc. 20)

5.528. (—1—3':, ~1 p%) MaKCHMyM, (1—31:, I~}2£)4-Mnun-

. Mym, (=3, 0) ~Touka mepernba, y=x u ~x- —— ACHMUTOTH

i TpexnenccTkoBas posa; £° nls;u[zm U
: U[4r/3, 53], skcrpemymu npn ¢=m/6, o= S/

]

435



5.530. Kapmiowta, FLOJIOC— TOYKA  BO3BPATA, Famx=r(0)=
0.

Foun=r (m)=

éll (0, +cc); AMHEA CIHPANBHO 33BMBACTCA BOKPYT MOMIOCA,
MnMnTo‘rw{ccnx x memy npuGmmkasce: (y/2m. 1/2)- rowka meperuGa;
monspiza oce (9=0)- ropusonTanuias aNITO.

532. Jlemmickara Bepuyumt (cm. § 3 . 2, pic. 14)

1 y-2 :
5.533. Tpamas x; b4 S ossuoB Oxy nyra

okpyxoctit X2 +y?=2 mexny Towkamu (1, 1) u (0, 2). npoGeragaas

npoTHR sacopoif crpeni. 5.535. Fpasas seTBh rHnepGOL T_«s‘z_

y= 1, MPOGCraeMax CHISY BBCpX, CCTH CMOTPEIL OT HAYATA KOOPIWHAT
5536, B miocxocni Oxy mapabora ;=5 (6x—x?), mpoSeracvan caena
Har;paso 5.537, Busrrosan aun x—cost, r—sint, 2=t 553, Actponna
W23 50, 5539, flumma rcpecctenns mATMEADOR y=x?,
2= poberaevian iy snop. 5840, Kpuogn  Busuaay ~npius
TepeceueRts cepbl 1 KpYroBoio mumapa: x2+yi4z2=1, x24y2=x.
-
5.541. Dummnc % X —2. 5542, Jlpakner npoGeracman napabosa
vextbx, zoi S84, Tipman 4xi3y—0. 2-0. s—3i—tj. SSIS.
1

Mapaona (»  maockoctn  Oxp) 3

(12x—x%;  v=3i4(4—20)j,

9
Vimo=3i+4f. vloy =342, Vie2=3, vley=3—2j. 5.546. Liuknonza
(s naockoctn Oxy) a=2(i—sint), y=2(1—cost); v=2(1—cosf)i+2sn-j;

1
Viewz=2(047), vli—a=4 5547. 0.6i—08j. 5548, —(2i—j).
J5
5549. a) cost-i—sin2t-j+cos2t-k; 6) (cost—rsint)i+(sint+
+icost)j+k; B) (Y—smt)itj+cost-k.

2
5550, ) i 6) 12i—2———k 5551 143245
5

5.552. (317 —2t)i+(3r*—21)j--2ek. 5.553. cost(i+2uj+3u’k).

dr L d?r .
555 @) g=-cosviterk Lz ’:0:~:+]+2k; 6)
r d*r
= —(2si j —tsinn)k; —| =
a (2sin f41cos t) j+{2cost—isint) k: df‘l.f 2%k

5.555. w=2sm1ti+2c0S1j; Wlhawa=20; Wl-g=—2
4(r—2) 6
5556 w=—2, w (-2 . npa
At —161425 4 —161+25

d@
120 w=—16, wo=12. @ W= : "
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ompn =0 weitj,
1

5.558. x+2:=4, y=2 (kacaremmmas); 2x—z=3 (HOpMAThas

-2

4
IwiocKocTs). 5.559. XT' 2 Gacarenuman) 3x+6y4 12:-70=0

(HopvankHas TIOCKOCTR). 5.560. y: x=a (xacateawHas); )+z=0
x—1 y—3 z—4

12 —4 3

(sopManbHan ). 5561

1 y4l 22
12x-4y43:=12 (sopmarenas ). sse = - SR AL

07
(kacatensman), 8x+10y+7z=12 (nopmaiemas niockocrs). 5.563.

2 -
Kle-o=2, Kli-i=——=. 5564. K,=3, Kp=1/9, 5565. 3/\/2 5566.

/5

12 5567~ 5568, K=
2/2

3 3
Klomx=7—- 5569. - 5570.
» Kloma=g e a
dasn

LR (b raty) (x4 aty?)n
O e S ) Vel 6) =

(a sin?1+b2cos?1)*? (a*+r3)2
- . 5572 4asm2 e
n2
5.574. TR o CocrasuTh Bbipaxche KpuBusubl K u maiitn

2
ec TouKy SKCTpeMyMa. S.575. (\l[ A¥) 5.57. (o, 5;) xl-f(y—g) -
2

. 5577 (OV %)‘ x’-f(
1\* T ™\*

+|y—et+-) =€ 557. E’O: x=3 +y?=1. 5580. (ra. —2a)
e

(x—ma)*+(y+2a)*=16a*

5581 a) X="—

1

a\h

6) X3y =(2a)¥3;

B) (X+Y)24(X - V) =247,

4
5.582. Y=ach£. 5583, X*=—Y3
a 27



i+, B ikj+ 2h);

/2 NG

z=0 (mBras  Ropvam);

k), v=2. z=4 (xacaTenbHas);

y—z42=0, x=7 (aBHas HOpMaib); y+7=6. x=T (GHHOpMA).
1 1 1
5.586. :=§(2i+j+2k), v:31_i—zj+zk)v [;:3(2,;2;_1“;

x—2 y

(kacaTcibhHas);

(rapnas HOpMATB):

(Ghmopwas).

. L.
(+j-+4k), J@iv2-K. P

—ik

z-2
5 (enamwan wopane);

-2
; ZT (Gumopmass).
5.588. x+2y=3 ) z=1

) 2x—y=1 ).
5589, y=x (COMPIKACIIOUIARCH MIOCKOCTE); X-+y= 7/\/2 (Hopmam-
Hast ; 0 ).
5.590. v=i,
(rnanias :
: x= Toe-
KOCTB).
1
5591 [}=7(i+2j4k);
6
x—1 x—1 y-2 z-3
= = (raBHas )
2 1 2 5
x—1

(Gunopmans): x+2y—z—2=0 (comprkacarowascs

II0CKOCTB); 2x—y=0 (HOPMaJTbHAR TIOCKOCTE); X+2y + 52 —20-=0 (cnps-
MIISIOUAS TUTOCKOCT).

NA
=R =0 K-




1 2t

npw K=o=5. S5 Keprris.
2 2 V2

=2 o= 2. 559. K=Y2, o=.. 5597,
k=5 =75 =3

o oo ey g1 3

P o1 k=YM o3

G iy Y 3\,/3 7

5.598. w=2j+4tk. we=41, 0,=2; Wl

3 2/(1)=20+i. 5.600. Tpsmas x—y=2; z'(1)=e's. 5.601.
Bepxusn momyokpykiocts y=/A—x% 2’ ()=2e*. 5.602. Snmmc
x=dcost, y=2sinr; 2'(1)=i(3e"—e ). 5.603. Tpavas mermy rnepGoms
:
-

MapaGona y

2'(1)=(2+i)¢'—(2—i)e . 5.604. Jlsawai npoGeracmas ipa-

2'(f)=2r+4u. 5.605. Apka 1wkioub!
2()=1—e". 5.606. IpOMLBEHTA OKPYKHOCTH
sint—rcost); z'(r)=ate".
5.607. r', 19" 1" —r¢™, 2r'¢'+ro”. @ NpeicTanuin 3akon s
B nOKazaTe[blOR (OPME z=re® W HaliTH UPOMIBOAHWC ' W
Hckombie BEJMSMHEL CYTh xmwuuucum upn ¢ u e

. Cropoctt v=izf'(:). @ BOCHOTLIOBATLCR HOKA3ATCABHON
(OpMOii  KOMILICKCHOrO  wcia: S ke i HPOW3BOIITYIO
dw_dw dz
didz di’

5.609. ® ) Mcromsys pesyibTar npumepa 9. moKadaTh, HTO
DH(e")=2*" mis moGoro keN. 6) peisapuenho JoKasaTh, 4TO
D*(eMz(1))=€™(D+1) z(1). JielicTBuTebHO, HECIOKHOI NPOBEPKOH YOEK-
naemes, uto D(e¥z(r)=e*(D+2)z(r), m nance, mcnomksys ror pe-
symrar,  wto  DMeMz(0)=D(D* Mz (0))=D{e* (D+ M) 1z(1)=
=MD+ z(1).

\
5611 —9*sn3. 5612 0. e e’%.m:lme(}')' 5.613.

o'(cos2r—8sm2l). 5614 r(18—r)cost+(6—9r2~rY)sinr.  5.615.
¢ (sin 21 +41(1 4 ?)cos 2)(1 +1%) ~¥2. 5.616. ¢'(cost—2rsint)

5.622. < Ilo yenosmo f(a) £(b)<0. Onpenenum umcsa x,(
PABEHCTBOM

0.1,.)

=(a,+b,)/2.
e do=a, bo=b, pu=f{an-1)-f(Xn 1) n=1,2. ot
u'-{“” 5 ocemm p,<0, b_{x,,,,. ecm  p, <0,

Xo-1s et p20, " b, ccm p,>0.

Tonywum [dy, by) < [an . b,-1), n=1,2, ..., upuiem [a,, b,] —oTpesok
M3IONISIMY KOPHS, [UIMHA KOTOPOro B 3 Pa3 Mewbllle JUIMHBL HCXOAHOIO
oTpeska. B HACTHOCTH, dy=b,=1% 1, CCTA f(An-1)=0.




Fporpamma meer Clenylouuit Bt
SUBROUTINE FORK(F,A.B.N) 2 AN=X
=0

B

AN+BN)/2. on
S=F(X) RETURN
IF(5.£Q0) GO TO 4 A=X
IF F(QN)&S.GT.O) GO TO 2 B=X
BN= RETURN
GO 10O 3 END

10 TpPOTPaMMY MOXHO MCTIOJIB30BATh M IS HAXOKIEHAS

Marmy
KxopHsi ypasiemns f(x)=0 ma otpeske [a,b], mism JuGIEN, XOPi
Beunny (g +bﬂ)/2 an TOM
pask (b—al

16702 5625 —0,6823. 5.626. —2,2340, 0,3276. 5.627. 2,8931.
5.62& —1,4305, 1,2963. 5.629. 2,0946. 5.630. —2,3300, 0,2016, 2.1284.
5.631. 0,3684. 5.632. —2,3247. 5.633. —0,7976, I4945 5.634. 02510,
1,4934. 5.635. —0,7549. 5.636. 1,5160. 5.637. 3,3532. 5.638. 1,2970.
5.639. 12672 5.640. 1,3713 5.641. 17556 5.642. 0,6529 5.643. 0,
0,7469. 5.644. 4, 0,3099. 5.645. —1,4916. 5.646. 0,5110. 5.647. 0,7391.
?%&7 +0,8241. 5.649. +0,7339, 0. 5.650. 3,6926. 5.651. 1,8411 5.652.

5.654.
FUNCTION CHORD(F, A, IF(DX. GT.EPS) GO TO 1
+B,S,EPS) CHORD=X

RETURN
(B) 2 X=X—(B—X)+FX/(FB—
X A= (B—AWFA/(FB—FA) +FX)

FX=F(X)

e F(X) +ABS(X—X1)
IF(FAsFX.GT 0.) GO Te X1=X
1 X=X (X—A9FX/(FX~ FA) IF(DX.GT.EPS) GO TO 2
F(X) CHORD=X
X SYABS(X—X1) RETURN
X=X END
5.655.
FUNCTION TANGEN(F,FD, GO TO 4
*ADSEPS) 3 X=B
)
=A—(B—AWFA/(F(B)— F(X)([FD(X)
+FA) lF(S.(xl S X2 GLERS)
P=FA«F(C) +GO TO 4
IF(P) 2,13 TANGEN=X
| TANGEN=C RETURN
RETURN END
2 X=A

5.656. .
FUNCTION COMBI(F.FD.AB.EPS)
F(A)

1(1)3 A)FA/(FB—FA)
F

II‘(I‘A-FXGTO) GO TO 2
440



XT=A
X=X (X~ AFX/(FX~FA)
Leics F(XT)/FD(XT)
IF(ABS(X—XT).GT.EPS) GO TO 1
COMBI =(X+XT)/2.

RETURN

XT=B

X=X (B-X)4FX/FB-FX)

FX

XT=XT—~F(XT)/FD(XT)
IF(ABS(X—XT).GT.EPS) GO TO 3
COMBI=((+XT)/2.

wn

D

5.657. Oteer K 3amase 5.624:

FUNCTION F(X)

F=X#*3+24X~8.

RETURN OTBeTHI K IPYTUM 3a)1a4%aM OTJIH-

END \AIOTCH BTOPLIMH  OfIepaTOpaMy

5.658. 3ajamne s IBM cocToMT TpeX TPOI PAMMHBIX E[IMHHL
TIOANPOT PAMM-( tbyHKuvm FUNCTION r(X) TUNC’FION CHORD(F,A,B,
S,EPS) 4 OCHORHOIi TPOrPAMMH, KOTOPas JUIA 3aMat 5.633 MMeeT BHI
EXTERNAL F
RO Tl CHORD(F,—1.,—0.5,1.4,0.0001)
'HOR| [)(F]218340000|)

WRITI‘, (3, l) ROOTI,R¢
FORMAT KOPHU YPABHEHMSA 'F84 U "F84)

5.659. 3ananue ans OBM  CONEPAXHT 4 npPOFPAMMHBIX  CAMHHIBL.
Otser k jamaue 5.651 umeeT BMT

1) nopgpor) i 2) aMMa-yHKIHS
BBIYHMCIICHHS 3HAYeHHH qnyukwm BN'IIIIC"C“mI 3HAYCHMH NMPOM3BOJI-
FUNCTION F(X) FUNCTION l'l)(X)
F= XuZ+AL (X)—4. F[) 2. -X
RETURI ETURI
f' N[)

3) noanporpamMMa-QGYHKIMS  BLIMHCIICHMS —KOPHS METOJIOM  Kaca-
TENLHBIX:
FUNCTION TANGEN(F,FD,A,B.S,EPS)
4) ocHosHas  TporpavMz:
EXTERNAL F.
ROOT = TANGF_N(T FD,1.,2.,0.3,1.LE—4)
WRITE (3,1) ROOT
1 FORMAT (' KOPEHb= 'F6.4)

END
5.670. Cm. otser k 3agaue 5.659. OcHOBHAas MpOrpamMma K 3ajiauc
5.651 mmeer Bu
EXTERNAL FF)
ROOT= COMBI(T FD,1.2..1. E—4)
WRITE (3,1) ROOT



1 FORMAT (12H KOPEHb= F64 )
STOP

ND
5671 w 5672 @ BCS METOJI0M i -
nykiws. 5.673. f| ﬁ):cos%zﬂﬁslliﬂ,ﬂﬁol 5674, 1n11=2,3979+

EO0003. @ Jlun axoxtcuR s s b Yok wnTepnOISU
penomsonan, pascnctas Ing <n3, fnl0~lns +1n2 In12=2in2+In3.
1261. 5.676. f(1,89)=
,43)=3 )=0817, 7(0.97)=0942  5.678.
/([74)—1,2 43 71 97)_10007 5.679. f(2.72)=1,5463, £(2,93)=0,9805.
5.680. 0921, f(41)=0.755. 5.681. f(1,3)=1,184, f (40)4753
5.682. /( zo 0,1987, /&ouposm 5.683. /(1,25)=0.0771, f(1,76)=
=0,0128. 5.684. /(58)=0.275, f(79)=—0.291 ~5.685. s.g)zeg 0,35903,
i(045)-044397. 51686, 0(0.37)_0.29742. ®(0.58)=0.58793. 5.688. 1.82.
5. .145 5.69. 23 5.691. 60'3
5.69

5.693.
wBROUTlNE DEL(X.Y.N) SUBROUTINE DELTA(Y,N)
DIMENSION X(N),Y(N) DIMENSION Y(N)

NI=N-1
DO 2 I=1,N]
A=Y(I)
DO 1 K~INI
CoX(K)—X(K+T) B=Y(K+1)-Y(K)
B (Y(K)-Y(K+1)),C (K)=A
Y (K)=A 1 A=B
= 2YMN)=
2 Y(N)=A RETURN
RETURN
END
@ Tlporpammy 3agaws 5.693 moscaser cnenyomas cxema (N=6):
»
Avi 2
»2 Ay g
e ’
Yo N oan, AU oAy,
v A6z Bz e A
Yo p Al ¥
. s AL, Vs
VS Ay Va

Yo

Tlocle BLTMOMHCHNA ONCPATOPOB BHEUWEro wikia Tpn =3 maccun
Y Gyner conepwats penwsisl 3y, Ayy, Ay, Ay, Al Alvs,
a NOCHC BHNOMHCHMA BCcH NPOrpaMMBl —meHMHB yy. Ay, A%
Ay, B%,, Ady,.
.694.
FUNCTION POLINT(X,Y,N, Y®-A
+KEY,ARG 24
DIMENSION X(N).Y(N) YN )
1.N— 3 PouNT— Yoy
IF(KEY) 4.14
DO 3 I=1NI 5 POLINT= POLlNT:(ARG—

A=Y l) *X(N K)) Y(N~K)
DO 2 K=1NI

B= X(Y(K) Y(K+1)/(X(K) END

—
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L] HOJIMHOM no cxeme:
Paet (=AY (N (x=X(N=1)+ Y (N= 1) (x—=X (N—2))+~

FY(N=2))(x=X(1)+Y (1)

TAe BCe BBIPAXCHNS, CTOSUME B CKOGKaX, MOCNEOBATE/ILHO BHIYHCISIOTCS
HBUMHas C BHYTDCHHHX CKOGOK

5.
SUBROUTINE POLYN(X,Y,
*N, KEY,ARG,P,EPS)
DlMENSlON X(N), Y(N)
Ni=N—

n:au:v ) 4 1 4

1 D

2 N1
B= (Y(l\) Y(K +1)/(X(K)

FUNCI'ION POLIN(X,H,Y,N,

+KEY,ARG;

DIM ENSION  Y(N)

—1

lF(KEY) 515
I=1M ST= (

A y( POLIN: Y(N)

DO 6

1M
B( V(K + l) Y(K) 6 POLIN=POLINY(T~M+K)

—A
5.697. 3azanve Ui IBM JIOIKHO CONEPKATE JIBC NPOTPAMMHMIC
exwhmI:

a) moANporpanMMy-QyHKLIIO
FUNCTION POLIN(X,H,Y,N,KEY,ARG)
6) OCHOBHYIO MpOTpaMay, KOTOpas /uisi Jajaun 5.676 umeeT b
DIMENSION Y(8

)
DATA VLIS82.107.2. 268,2.443,2.632,2.841,3.071,3.324
IN(1.8,0.1,Y,8,0,1.89)
’OLlN(I 8,0,|,Y,8,|,2.43)
WRITE (3.) PLP2
| FORMAT i m 89)="F5.3, F(243)="F53)

END
5.698. 1) Noanporpamma-QyHKis:
FUNCTION POLINT(X.Y.N.KEY.ARG)
6) ochomkas nporpamma (k 5.689):

DIMENSION X(6),Y(6)
DATA X/1.1,1.2.1.3,1.4,1.5.1.6/.Y/2.431,2.928,3.497.4.144 4875,
*5.696/
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X0= POUNT(Y X,6,0,4.498)

WRITE
| FORMAT (3ox 'F(,F3.2,)=4.498)

D
Tipn K nmoanporpamme-dy POLINT nepseiii napamerp

PK 7I00KIX 0BO3HAUCHAAX €CTl MACCHB Y3TIOB HHTEPTIONIALIH, 8 BTOPOH —
MacCHB COOTBETCTBYIOLIMX 3HauCHWY (yHKism.
5.699. a) Hoanporpama:

SUBROUTINE POLYN(X,Y,N,KEY,ARG,P,EPS)

©) ocHosRas nporpamma (x 5.G88):
DIMENSION X(8), Y(8)
DATA X/1.5,1.5,1.6,1.63,1.7,1.75.1.8,1.85/,¥/—1.125,—0.926,
+—0.704, ~0.458,—0.187,0.109,0.432,0.732/

* C '[O'-IHO(,TMO 110
END

S700. 11 Q0) <1425, [1(2.20)
=1,1698 703,

1,87640, S701. f*(1,14)=1,0704,
LO4

63133, /(3,31)=7,34833.
(103) 09914, 5704, f'(1,34)

5.703. / = 1873,
111,69 = LSS, S @59, f1@)=12 5306, £ (2,5)=63,5,
J '(Zf) 3
FUNCTION DWI(T,N) IFSLETN) GO TO 1
TN=N DWI=DWi+D
S=0. RETURN
DWI=1. 2 DWI =DWIe(T-5)
3S=S+
1 lF(ABS(1 S).LT.1LE—21) GO TO 3 XI"(SLETN) GO TO 2
DW1=DWIs(T—S) RETU
D=D+1.(T—8) END
S=S+1.

© Sl (1)= n (1K), n=0, 1, ..

5.708.
FUNCTION DW2(T,N) SZ 0.
TN=N

( BS(T).LT.1.E—-21) GO TO 4
I S1=8S1+1AT-TK)




DW2=DW2«T - TK) 4 TK=TK+1.
TK=TK+1.

GO 10 1
IF(ABS(T—-TK).LT.LE-21) GO TO 5 5 lF(ABS(T} LT l E-
S2=82+(1./T—TK)St
2 IF(TK.LT.TN) GO TO 1
DW’

LI
DW2+(T—TN) SI=(L/(T~TK))sS1
W2eS2 GO TO 2
RETURN

END
© Ans )= 1 (1=k)

wi@=(u0 £ L) 5 Loomin( £

—o0(( £

L)oo B

noy int
=2w,(r) Z TJ.ZD -—— TP £V,

wi(f)=2 ]‘] (t—k) Z _} Z L mpu 1=v, v=0, I. ..,

FORCTION POLIDI(X,H,Y.

+N.KEY,ARG)

DIMENSION Y(N)
—N-1

IF(KEY) 5,1,5 4 Y(D)=Y()E
DO 3 [=1M 5 T=(ARG—X)/H
A=Y(I POLID1=Y(2)

K=IM DO 6 [=2,M
B=YSK+1)vY(K) 6 POLIDI =POLIDI + DWI(T,
Y K)=A (= DeY(I+1)

2 A= RETURN
3 Y(N)=B END

5.710. IMomporpamma-dysKims
FUNCTION POLID2(X,H,Y,N,KEY,ARG)
OTJIMYAeTCA OT MOANPOTPaMMBl  3aiauu  5.709 clenylommMH  Tpems
onepaTopav (IATui, YeTBEPTLI( M TPeTWil OT KOMLa)
POLID2=Y(3)

0 & M
6 POLIDZ=POLID2+DWXT,I—-1)+Y(1+1)

5.711. 3ajianne i IBM OMKHO COZiepXaTh TPH TPOrPAMMHLIX
MM

a) mporpaMMy-yHKIHEO

FUNCTION DWI(T,N)
6) noanporpammy-dynkunio
FUNCTION POLIDI(X,H,Y,N,KEY,ARG)

445



B) OCHOBHYIO NPOTpaMMy, KoTOpas Un 3ajawn 5.701 mmeer mu:
DIMENSIO!
DAT

N Y(8)
ATA Y/1.0083,1.1134,1.2208,1.331,1.4449,1.5634,1.6876,1 K186/
DXI1=POLIDI(1,0.1,Y.8,0,1.14)
DX3_POLIDI(I.0.LYS.1.142)

WRITE (3,1) D
1 FORMAT ¢ ZHAHEHM}I MPOM3BOAHOM *F7.4,
114 ¥ "F14) TP X=1.42)
for
END

5.712. Bajanwe Juiss 3BM JIOMKHO cOnepXaTh HsTh TPOrPAMMHBIX
ey
HO/NPOr paMMBL-hYHKIM:
a) FUNCTION DWI(T,N)
6) FUNCTION DW2(T.N)
8) FUNCTION POLIDI(X.H,Y,N,KEY,ARG)
r) FUNCTION POLID2(X.H.Y.N.KEY.ARG)
1) OCHOBHYIO HPOrpamMMy, KOTopas Uisi 3ajiaunm 5.705 umeer BHI
DIMENSION  Y(6)
DATA Y/1.5.,21.,55.,113.,2
DI =POLIDI(I.1.Y.6,02)
D2=POLID2(1..1.Y 6,1.2))
WRITE (3,1) DI,D2
1 FORMAT (' NPIA X=2 151 TIPOU3BOAHAS =".F4.l.
¥ 2-51 ="F4.1)
STOP
END
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xopures.: 6.416. 1+In2.  6.417. 1/3. 6.418. 1/2. 6.419. Pacxommrcs



n
6.420. ——. 6.421. 6.422. . 6.423.
33

6.424. 1. 6.425. Cxomarcs.  6.426. Cxomurcs.  6.427. Pacxomurcs.
6.428. Pacxonmtcs. 6.429. Cxomuicst. 6.430. Cxomutcst. 6.431. Pacxonut-

S5
o3 6.432. Pacxomrcs. 6433, Pacxomirron. 643. 2(3/3 +1). 6435, Pac-
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.
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\6583.0 36.

52 6. 6.585. 01178 6.586. 0,3926.
6. 6.588. 3,2413, "4,2218. 6.590. 0,4969. 6.591. 0,6082.
65 25291 6593, 0,3 0,2500. 6.595. 14627. 6.596. 1,3419.
6597, 0,8120. 6.598. 1,1184. 0,1728. 6.600. 4,3555. 6.601. 0,6205.
6.60%. 0,6076. 6.603. 1.5708. 0,9160. aw‘swosm. 6.606. 0,721
INCTION R(A,BJF,N) FUNCTION T(ABF.EPS)
H=(B—A)N

X« A—Hp.
70 11=1,N
X=X+H

+H
RETURN
ND

EUNCI‘IONHTR(A .B,F.N)
(B8
TR (F<A) F(B))/2.

DO l I=1N
X=X+H

1Tl R +F(X)
TR=TR*H
RETURN
END

6.610.
FUNCTION P(A,B,F,N)
H=(§—A)/(Z'N)
PI=0.

(IF(AH—F(B)Q

T=

EPS1=ABS(T—T1)/3.
IF(EPS.GT.EPS1) GO TO 3
RETURN

P3—P3 4 F(X)
P=(F(A)—F(B)+2.4P2+4.~P1)*H3.
RETURN

6.611. [[15 3a1auu 6.583 OTBET 3aNHUCHIBACTCH CIIEAYIOUIAM 0GPAsOM:

FUNCTION F(X)
F=1/SQRT(5.-+ 45X —X*X
RETURN

END

Jins ocTanpHBIX 3a1a4 onepaTop, ONpenensIouwi 3Havenue F,

Clenmyronsi  BUIL

E=(Xuad)Xaeg s 1)
E-XJXeX doX+ +2.)
F= (I+SQRT1X))IX“2

HMeeT

x 6.584)
(1(

(x 6.587)
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SQRT(1.+X++3)

SQRT(L + Xeu5)
1JSQRT(1.+X**4)

LISQRT(L -

FXP(X)/X
F=(SIN(X)= X)X +1.
6.612. 6) Otver npuponnutes 15 3amaun 6.597.
EXTERNAL F

moncpm

F.N)
~Y)/3.)

3 g‘ORMAT( VHTEIPAJl =", F8.4)
STO!

® 3aparue s OBM IODKHO COREPXATh TPU NPOrPAMMBL -—- YKAZAHHYIO

3[€Ch M NBE [PYIHe, TOMYNCHHbIC NPH DelicHuH 3afad

7 u 6.611

TMporpamma ,»eummﬂ moBoii Apyro¥ 3amaun o-mmacrcu ot npu-

BEICHHOM

TIofTpoT pa;
Gy R aanpiep am sanan 6598 ¥ = R(0.03. 1416,

) OTIMNHC OT NpHRCICHHOR BAUIC MPOFPAaMMBbL
onepatopax:

Y=P(0.00.5F,N)
EPS=ABS((YT—-Y)/15.)

6.613. Otper ans 3amasm 6.600.
EXTERNAL £

FORMAT 7", F204)

STOP

END

® Cv. yxasamie x samase 6.612 6).
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SHelinLt TPeYIOLUMK, OGPASOANMAT NpaMoit y=2 i1 Napabonans
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umeoun -»+i’-+ +~,<1 124, £ D=1 f(1, =4 £(3,2)=0;

4, a) 5 f("- —a)=1. 125 f(--3,4)=—2425, f(1, y/x)=/f(x, ).
7.26. I —x; z=2y+(x—y)?
< Obosmadam u=x+y, v=>. Torma x=-—,
X o
2 W2 (1
y==" f, 0=t AL Gl Ry

1+ (un)i”uiﬂ)f' Tio
nepwennuc n MU BAHY

7.29. a) x*—-2x%y2+2y% 6) wyz 7.31. a) cos2x; 6) cos(a?—p?).
732 —6. 73 1. 1340 135, ¢, 736, 1.
1

BROJL UpsMOlt y=kx; limz=3 npu k=4/3; limz;

k-1

7.37. lim z=
=0
Y=o

npu k=3/2; limz=1 nps k=2; limz=—2 npu k=1/2.
7.40. He uncer. 741 He imecr. 742 @ Pocoworpers, vercnne
W y 1o mapaborne 7. ~1). 745, (m, n), tac m, neZ
7.46. Mo prspuina npAMbC X o =, 11 k, meZ. T4T. Jlu-
Wit PAIPLIBA — OKPYRHOCTS X2 y 2= 1. 748, JIunMA paspeipa — npivas
x+y=0 u napaboa y?=x. 7.49. JIWHA PAIPLIBA -OKPYRHOCTH
2 . 7.50. TIOBEPXHOCTH P&IPHBA — KO~

x*4y?=1 u iunepbona x
opaTHbe 10cKocTH X =0, y=0, z=0. 7.51. [lOBEPXHOCTL paspsipa -

x* y? 7

Satts=l s T PaspIBA — KOHYC
xpyiez —0 7‘53‘ It 2 THLGE runep-
Gonona x? +y it
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8. S =(1-x)e, ;;:—x’e"’. ;—X;=y(x;—2)e"’, ai;f

.
Y

o _ cosyz 0z ysing® 3% 2cosy? 9% _2psiny?
x N

a: o
760, —=y*Iny, o yyx-t
R e

2
a}*;=x(x~l)y"1 (>0)

Y (xlny+1),

E_ &y
61.—— s
M LT R

o axp
S R ey
Pz o
B ey
a: ysgnx

262 2 __Ixl Pz 2xly @z _
N x4y S S S NS L

2_ 2 2

0 —x?) sgnx oz " 2xly

[ N e

763 x Pu_ Pu
R L L e L
3xy

=(X2+.V1+ZZ' 5/2
6a, B _2(VY du_z(y A (Vv Pu sy
T Tx\x) ay y 2 \x) "X a2 \y)
Pu_te )Y Pu Y VT
» P \x) = s xdy g\x)’ ez

--) ( ul)




Mu P & u
=:xy‘z‘1 —1. axt;o, ayAz:zx:‘t‘.a F—&y aT;=|2xy’z311
Pu u u
P =3y22%%, __4 33 H eyt
axay 22 ooz eV ooz T
u u

AP —lan3 7.6 56, 3, 2)=4
o Xyt Fn 2y 7.66. £1(3,2)=56,  f;(3,2)=42,

(3, 2)=36, /;1.(3, 2)=31, j,"y(Z, 2)=6.
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T30, f2.00, D=0, [0, )=2, (0, =0,  f5,(0, 1)=0.

u 2 e
I —a. me  r=/(x—&2(—m)"
u
172 —s=—6 LT3, S plgl. 178, r? cosO.
oy (cos x+cosy). 7.73 wa plg'. 7.78. r?cos

7.85. £3(0, 0)=F;(0, 0)=0. @ Tiporepurs, 9TO QyHKiis papha Hymo
BO BCex TOUKAX OCGH Ox 1 Oy, W UCTIONEIOBATH ONPCRCCHKC UACTHBIX
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7.86. @ Tlposeputs,

u wactolt w0 fifx. )= ;( 1+y1+
axy? 2y .

) #0,42(0, 0)=0, u, crenopatensio, £(0, ¥)= —y.
Orcroma £5,0, $)=£2(0, 0)=—1. Anasormmo Haxomaw, w10 £ (0, 0)=1.
T 82=03, =03, THR A=00IST. dr=00I4 789, di

790. d Y exdv—ydy).

N +y1(H VnE ) N oot
x

1 z
T di=—tgX(xdy —ydv). 792 du=(xyF( Zdx+Zdy+inu)dz).
¥ x oy

793, df=(x; —x3)xP 7> 1 Inxadx, +x7 7 *Inxy Inxadxy —xP 7 *lnxg x
d:—z(dx+zdy)

xlnx,dx,+xxx-*=d—‘. 794, df(l, 2, 1)= . 7.95. 829.

796, 2,95, 197, 0221, 798, 82 3. 799 YMeHmmTcu a LS7 m.
7100, Vecammren wa 6175 om®. 7.101. dz—3x(x+2}jdx+3(x y dy,

1
@z =6{(x + y)dx? + 2xdxdy— ydy?). TAO2. de=(x dy—y ) i+? .
<o Zanr (L )ava- T ) a0s. =bAEEIE
x X ¥ T F2xy
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Hdxrttav i)y, dlz=e? (V0P +xy+2)de F2(xHy)fay+2)x

X dvdy+a (2 +xv+2)dyY). 1106, dz=(ln¥-x)(1x+fd;:
x 3

1 12,
O e xd ), dz=

1
m(z;-(ﬂ.wy)dx’ +2(2~ 2 dx dy—2x (x+3) ). 7.108.

du=(y+z)dx+(z + X)dy+(x+))dz, d’u=2(dxdy+dydz+dzdx). 1109,
du=e**(yzdx+zxdy+xydz), d*u=e**((yzdx+zxdy+xydz)* +
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¥ ¥y 2y x
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a
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P
P AL iy

e el ot o)=L s % el =25 2
—— o (V) fo e, ! (u, v) =x* falu, v)——5-£i (u, 0]
¥ » o IS
xl " or
ol (0 )45 £, 0)-
*u - T Gt g
713, > S OIS A [ 9x st 0%

*u
TA4 s =fby G v 2 M 1 20 T 4 2y2f s 42 s,

Fu . L P . 2u .
a—y7=)(2]u+2)(lzfn +x%22f4, FH‘}"]u, Va}éxmﬂ
- " 3 o’ " ’u
x5z 5y xS kXl 4 2xyz i+ Fabafs =T by G+
B

£ Talzm(z"'f"“ +xlyzfi+xfy).

+xyiafiat

. 137 dPu=4f"(1) W dxty dy+zd2)?+ 21 (1) x> +dy*+dz?)
7438, dPu=aPfiy dxP+b2f, dy 4P i3 dz?+2abfs dxdy+
+2acfis dx dz+2bef’, dy dz.
7439, d*z=(sin?y-fl,—2ysmxsny-fi+y? sin?x-fl,—ycosxx
Xxf3)dx? +(xsin2y - fu,+2 (sinv cosx—xy sinx cosy) fh,—y sin2x- i, +
+2(cos y- fu—sinx-f})) dxdy+(x?cos? y- f1,+2xcosx cosy-fln+

teos?x-fh—x sny-fi)dy’.  T.140.

_ycosx+sin(x—v) 7142 dy x+y-1 d*  4(x+y)
sm(x—y)—sinx ~ dx x+y+1dx? (e+yr1)Y

+y* a4 2(1+p)*
=y—1y. T'Z“%' 7144, 0.
2z oz 3z yrl(a+z)—z*
LATT R .t 9z_pzlbotz)z”
ax ay ex 23 42xy(x+z)

2z xz(xtz) 3z Fulu, v)+2xFy(u, v)
o= . 7.147.
Ay P +2xy(x+2)

Fi(u 0)+22F, (u, v)°

;') B ommerax k 3amavam 7.134 u 7.138 wcpes fi u f} oGoamavueHb
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TO Tepenenttem g, KA Gp 3 Gy
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Futu, v)+2yFi (% v) 2,52, .2
B Fiw i Fim ) e u=x+y+z, v=x2+4y2+z

7148, 22 ze%f, (u, v) oz zf(u, 1)
T T fulu ok xe iy lu o) Ay pfuln )+ xe¥f L v
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_ 2,2
7.149. g2 dxmz (Xt dy 7.150. dz=
y(+x7z%)—x
_ +3x?) dx+@y* +ze™) dy

751
v(e™ ~xy)

2z 2) 2z

P 7152 e

oxdy (142)° 52 ox? exe,

"
7153, dPz= s (v =b7) dx? = 2xy dx dy+(x* ~a?) dy?)
z

dy d: 5 dy 3 d% S ax
sy, o3 e S Ay (3 dE S s ap=—Yan
dx x 3 a8 a1 5 4%
de=2 dx, dly= =2 @xtasetydxt, dz=—l 521 xtyavt
52 25)° TS :
180, due QTR G dxrmndy
xX=y y—=x
2
—d%u (x_y);((Y—IA)d)&'z+(j'—v+u—x)dxdj'+(nfx)dyz).
é o o
A6l wtiuts, = —ut. 7462 =S cosucthu,
o 2 xa

oz ¢

b sinu cthv. 7.163. dz=e ~“((v cosv—u sinv) dx+(u cosv+v smv) dy).

3 & a
7164, dz=—3uvdv k) dy. T16S. d—{f—y:o. 7.166. E};+y=u

7.167.

0z 0z é
A 8
v 0

. TA73 w=

u 1 *u

, N
S L w1 0 u % o .
701t o7 307 pTane 0 7,178
2 P Pw

=0 76 SR o,

7477, f(eth, y+k)=xp?+y2h+2xyk+2phk +xk? +hk2. 7.178.
Af(x, )= —h?+2hk+3k2 7.179. S, y)=124+15(x—2+
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+6(x=2)2+3(x=2) (y=D—6(v—1)2+(x—2)*=2(y—1)>.
7080, f(x+h, y+k, z+D=1(x, y, D+h Qx+y+3)+k(x+4y—22— )+
+1(62—2y—4)+h? 4262+ 3P +hk—2kl 7181 f(x, y, 2)=8—8(y+ 1)+
+4E=2)+ =13+ (y+ D+ =22 =2(x—1) (3+D=2(x—1) (z—2)—

1 1

“2040 @D B [ )=T4yt5 (P =X (3T
1 LT

+o(p®), e p=y/x2+y2. 7.183. /(x,y\=xv+;(\‘l"—X’yHa(p‘)v

me  p=yxt4yl. T8 f(x ) =1—(x—D+(r—D+(x-1)7+
HX=1) (=)= (=13 +(x=1)2 (y=1)+o(p*), e
p=V(—DTH(G -1 7185 f(x.p, :)=(X—l)+(r*|)—%(X~l)'—

1 I
—E(v—l)‘ 22 40(p?), e p=\/(x=DZ+(y—1?>+z2. 7.186. z=1+

2 1 2 1
S=D=z (r—D= k=12 —= (y—D? 2), =
3= D=7 (r=D=5 =D =g (=D 41 (p?), e P

=D+ (y=12. 7187, zpo=—9 npn 2=0, y=3 7.188. zp,, =
=1/64 npu x=1/4, y=1/2. 7.189. Zn,=—4/3 mpn x=0, y=—2/3.
B crawionaproii Touke (2, —2/3) oKcTpemyma HeT. 7.190. Zp,=30 npn
x=5, p=2. TI9L. z,,=10—18In3 npn x=1, y=

7192, zpp=—28 npH x=2, p=1; 2, =28 mpu x=-2, y=—1
B crammonapubix toukax (1,2), (=1, —2) KCTpEMyMOB HeT.

7.193. zpo=0 npn x=y=0 B crauvonapuux Toukax (—5/3,0),
(1, 4), (1, —4) oKCTpeMyMOB HeT.

T194. 2,0 =0 1put x=y=0; Z,,=20"
ovapEx Tuex (0, +1) IKCTpeMyMOB HeT

'+ Zoux=2 NpU X=p=0. 7.196. U=
2. 197. 14, —1/7’ npn x=y=z=1/7. 7.198. thpn=2" * npn x=
» L z=2 7,199, Vpannesyc ONPEACISCT B (YHKIH, W3 KOTOPBIX
OHA WMCET MAKCHMYM (Zngx=6) MPH X=—2, y=1, JIpy|as — MIKHNMyYM
(Zaun=—2) APH X=—2, y=1; B TOYKAX OKPYKHOCTH (x+7§ +(y*|)1“|6
K@k/@s 3 ITUX QYHKIMI WMECT KpacBoi IKCTpeMyM z=2. @ YKasaHHbie
YHKUMH ONPC/ICTFOTCA SAHO PARCHCTROM z=2:+ /16— (Y+2)’—(y— 1)?
W ONpe/CIICHE TOBKO BHYIPH M Ha ol(py)knoc'm N +2)7+ ()~ 1) =16,
B TOUKax KOTOpOWi ©Obc dymKim mpmmMaior smasemie z=2. 10
3HAYECHNC SIBJIACTCS HAMMEHBUINM JUIA ONHOH (GYHKIMM R HanbOoNBIIMM
AT pyroit

.200. VpaseeHue onpesensier JBC (QYHKIHH, M3 KOTOPBIX ONHA
HMECT MUHUMYM (Z=1) MpH x=0. y=—2, @ APYras -MaKCHMyMm
Crax==8/T) mpu x=0, y=16/7.

7200, Zpo=—19/4 npu x=y

7203, zpe=—1-2,/2 npn

pu x~1/\f y=—1/4/2. 7.204.
1/3 7.205. zp = ~ /5 ripn
25, y=1/J5. 1.206. u,
U =18 D1 2
=16 TpH

! upu a=+1, y=0. B cramm-

/2. 7.202. Zpa=2 mipn x=p=1.
=12, y=1//2; zam=1-2/2
e =0 TpH x=1, y=0; Zma=1/27

1/\/5; Zupax =
4, -2,




=2, 7.209.
3077 5 towan OF 53 5, (5/3 2,34 5,3)
(573, 513, 2/3) 7210. ‘@ Voxams, oy gyt u=(x 4y 4253
oo xbyd 211, 2) Zne=6 Tpn x=1, y=0; 6) Zu=5 PN
7.212. A,M_é npr x=3, y=0 u wpu
=1 7213 z,,6=1/2 mpn v=y=+1/2; iy
—y=11/J2. 1214 z,6=2/33) npu x=1; /5, y=ty23:
2/(3./3) np x=—1//3, y=+ \/213.7.215. a=%/a - 3/a -%/a x
x‘/— 7.216. Ky6 ¢ mmmoli pebpa a. 7.217. Ky6 nmmm‘i pebpa
d /5 7.218. KOOp/BIHATS WCKOMOii TOMKH paBHbi CpEHIM  apid-
MeTIECKIM kmp}mua'r Bepumi. 7.219. JUutiIb: CTOPOR NApa LICACTHAC:
2R/ /3. 2R,\/3, RIJ3. 7220. Jowes cropom mapasnerenmmena
22 N II

. 7.221. PaproGepeiuli TRRYTONBRWK ¢ MMHOM

6OKOBOI CTOpORBE a/(z sina/2). 7.222. (~12/5, —3{5), (12/5. 3/5). @ Jlo-
yeaoma JAMCRUTE TCOMCT

3
A, 7.223. c(‘/ . @ Bocrionu3osarics Bipaxchiics

WIOWA I TPEYTOILHAKA 1epe3 KOOP/BMHATEL €10 BEPUIMH.

= MyXy4mpXao+ .M,
7224 x=y=:=3/V+25. 1225 x=-— T 22T T
_m,v.+mzy,+ e Y,

my+myt ... +m,

Snp . @ Ouceunno, Toyka M, B KOTOPOil JIyd WEPEXOIHT
n3 o:woit cpwm “s Apviyio, no.nKHA WAXOMHTLC Mexzy Ay 1 B,

b
npusem AM= M=—0, aM=atga, ByM=biwgp. Npo,iosn-
cosa cos

b
+———. 3ajava cROTCH

KUTCHLHOCTL JIBWKCHHS Jywa PaBHa
Dy COSa U, cOSP

a
® yma dynxin £ (2, ) o COM«\;’—COT’} npu yeio-
num, w0 atgatbtgP=c.

7.227. o=f.

Hy g ® Haiftn  MimuiMym  yrKium
A
IR IRyt mk upn Iy bt e L=

7.229.




x=2

723 ) x4 Ty-Sz44=0, = __53 8) x+y—4z=0,
%2 r—2 ’—_‘41; e (& Towwe (0, 0. O)); 2= ~4,
TTA (» Tose (0, 0, -4)).
10
x-2 y: z+4

7.234.

1

3

7.235. B toukax (0, +zf F2,/2) ocatemsue_noexocnn
uspaenbin wiockoern 'Oxz," b 1owaX (2, F4, +2)—miockocn
Oxz, b toukax (44, F2, 0)- miockoctn Oyz.

—ro €OS Qg

re singo

7.237. ) xcoS Qo+ VSN~ tga=0,

csgo singo
z—ry clga X— g COS Uy
IO TBE 6) ax sinvg—ay cosvo+ upz=ao o, =
pryes asmu,
g sinvy_z—avo 2bz,
= . 7.238. cos o _. @ Vrnom Mexny muyms
—~acosvg uo a\fa*<b?
p B TOWKE HX Ticpe a 5 yron meway
waca K UM

B llﬂIIHOM TOYKE.

. @ [10BCPXHOCTH HASHBAIOTCA  OPTOTOMATHHBIMH. CCTH OHK
TIEPECEKAOTCS N0 MPSMBIM  YIIIOM B K&XK/IOf  TOMKC JMHWM WX
nepeceucts.

7.240. Usonmposankas_touxa (U, 0). 7.24L. Vien (0, 0). 7w.
Msonnposansas Touxa (0, 0). 7.243. Touka mowmpara l-ro pona (1, O).
7.244. Touxa Ro3spata 2-70 pona (0, 0). 7.245. ToMKa CAMOIPHKOCHORSIIR
(0, 0). 7.246. (0, 0) - m3omupoRankas rouxa, ccim a<O; yier, ccun
a>0; Touxa nospara 1-ro poa, ccam a=0. 7.247. Vacn (U, 0). 7.248.
Touka mosspata 110 poga (0, 0). 7.249. Vriioas touxa (0, 0).

o Noxasars, o lim y'=0, lim »

7.250. Touxa npexpatierns

©. 1). @ Mokwari. wro._lim y=1. 7.251. y=—x?/4. 7.252. x*4y=p.

4

7283, x= LR 7254, OmGaouwei wei. 7255 y=-zx% 725
3

x+2a

7.258. a) JluckpimmnanTias kpupas y=1 snasercs orGarouci
W MHOKCCTROM TOMCK nepersiGa JaHHOTO CCMCIICTBA; 6) MCKpHMIHARTHAS

XMy M=p 27287 e

KPUBas  pacniafiaeics Ha NPAMBIC: ) ~— (ornSatouias) M y=x

27
(MHOXCCTBO TOUCK BO3BpaTa l-ro pona); u) JHMCKPHMHHARTHASL KPUBAS
y=1 eCrb MHOXCCIBRO TOYEK BO3BpaTa l-r0 poja M HE SRIACTCH
KpHBas HA  TPAMBIC:

1)
x=—a (ornbarontas) u x=0 (MHOKCCTBO y3/I0B).



7.259. a)lr, 00043%, 6) 1 MM, 0, 12%, B) I', 0,066%. 7.260.
1) A=0.002 kv, §=0,008%; 2) A=30 . 7.261. Tepsoe. 7.262.
2) 0,05, 0,14%; 6) 0,005, 6.25%. 2 2

0,0004, 00074% )573 0,0026, 0,048%; 3)54 00274 051% 7.265
20210 188" 107, 600 - 10°. 7.266. a)ﬂna 41-10% 6) o, 810
7.267. He Menblie YeM C [BYMS 3HaKaMM. 7.268. He menbuie uen
¢ 1pemst 3uaxamm. 7.269—7.273. @ Bocnoabsosathes dopmysoii (1) § 4
7.274. 185,7. 7.275. 1,3-10%. 7.276. 71,88. 7.277. Buiuutanue npoussecty
nenw3s  7.278. 61,6, 7.279. 512-10. 7180 3,3. 7.281. 3-10. 7.282.
66-10° 7.283. 7,397. 7.284. <[2ncm?, <83%. 7.285. ~043. 7.287.
<0,17 Mm. 7.288. 2,740,1 rjem®. 7.289. Tlo mpumIpiNy paBHBIX BISHII
R W3MEpUTL ¢ OTHOCHTENIbNOI norpemioctbio 0,25%, a Bacoty H ¢ or-
HOCHTENBHOH TorpetrocTsio 0.5%. 7.290. 127, 7.291. 4. 7.292. 4. 7.293.
Mo FpWHIGTY PaBHLX BAWANME T MOXKHO B3fTh C TPCMA BCDHBIMH
3HAKAMH B Y3KOM CMBIC/Ie, paiMychl M3MepHTb ¢ TouHocThIO /10 0,8 oM,
a obpasyloilyio —c¢ To4HOCTHIO 70 1,25 cm.




Mpunoweune
KPATKOE OTIMCAHME $3BIKA ®OPTPAH-IV

A. M. Tepewsenxo

®oprpau SABRETCH y;me.m a:nmpwmmccmm AILIKOM ZU1R peu!e—
s
HAYATLHLIX CHIOTOB  ABYX antmicxcaon. FORmula  TRANslator
(mepeBomrink opmys).

Tporpamma Ha Qoprpase 3amuCBIBACTCS, KaK NPaBWIO, Ha Crieum-
TBLHOM GJ1aHKe W COCTONMT M3 NOC/EOBATENLHOCTH omepaTopos. Kaxmmit
OnepaTop 3amMCHIBACTCS HA OT/ENLHOM cypoke. CTpoka Gnanka copepxut
80 KONOHOK (no3mwii). [y OTCYTCTBHM CTICUMATBHEIX X Graiikon boprpasi-
NpOFpAMMa 3ATCHIBACTCH Ha OOBIMHON Bymare C yuCTOM TOrO, MTO

B KaxLoil eTpoxe omkrio 6uirs e Gorice 80 CUMBOTIO ¢ coBIORCHHEN

arop mliuMac’r k(moum

¢ 74 no 72!0 le("uo‘(mcnbﬂo. Konouky ¢ I-ii no S0 sk "TIBHO

OTBOJIATCH JUIS METKH onepaTopd. MeTka — 3T0 Leioe 4Meio 6e; 31\aka,

MOXET JATHCHLIBATHCS ) Hl06b M3 TSTHKOIOHOK, ﬂpoﬁe B BHYTPH
m

MCTKH HT crpoke,
OR MOXeET ObiTh npovxonx«u Ha npymu chOKc. 3Ha|<u apudwcmmxwx
onepaiwif He mosropstorcs. ITposomkenue MOXeT 3aHAMaTL He

Gonec 19 CTPOK, B KaXNOH W3 KOTOPLIX B it xonome sannoumercn
CMMBOM, OTIMSKLLH OT O Wi npoGena. OBLMHO CTABHTCS HOMEP CTPOKH
TIPOJOIIKEHIIS.

Banucy Kossenmapuce. TIPOTpaMma MOXET COREPXaTh PaTTIIHLIC
OACHEHHS, OBTICTHAIONINC CC UTCHNC W TOHIMAHHE. KOMMEHTapHH MOXHO
PA3MECTHTL B JIOGOM MECTC TIPOTPaMMbl. B UCPROI no3Mmum CTpokH
KOMMCHTAPHS 0B3ATEIBHO CTaBUTCA Gykpa C. JL1 3aIich KOMMCHTApHER
MOXHO HCTIONB3OBATh JIOGBIE CHMRBOMN QOPTpaNa, a TaKKe MPOINCHBIE
GyKBbI pyccKoro andapuTa.

OCHOBHLIMH KOHCTPYKIWMSIMH s3LKa (opTpart mamoTen oncpmops

Orit fieasTcs Ha Ba KJAcca: BLINOJHSCMBIC 1 HCBHIONBAEMMbIE.
HSlemble oncpa'mpu YKaOLBAOT NCHCTBUS 1 nomuml( nbmomleﬂml
nevicTRu. A U1 OMMCAHHA
BeXHYMH, ym:mnun WX THRA, CTPYKTYPH ¥ T. A

Ocnosnie  cumeoan. B ka'( Be OyKkB A Halmcamm Dncpaéopon

. D,
E.F,G,H‘I,KJLMNO QRS.U,VWX
8 Hpht: 6 9. Ungpa 0 (noms)
nepeuepkuactes (9) Jum mmm ee ot Gyksw O. CreuyamsHuimm
CHMBOJAMM ~ SBIISIOTCS:

+ = 3HAK CHOKCHHS,

~  -3HAK BLIMHTAHNA,

4 IMAK ywOcHYS,

297

- uccn-mqmw 'ro-nm
., -3ansTas,
( ~-nepas ckobKa, OTKpHIBAKOLIAs,
) --npasasi CxobKd, 3aKphIBarOUIAs.
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I\chmamnu U nepescnipie. PavTIMAOl WIeCTh THIOR KOHCTAHT:
nea 101 IYCCKNpe. mecT-
nmuarcp

e

enas I(OHCTaHIa (popma 1) —moSoc uncno, samicammoe Ge3
llCClnﬂ'mou TouKH. BeauuiHa LCNOH KOHCTAHTBI HE MOXET IpeBBILATh
2% -122-10°.

ccrbenmas konctanta (Gopva F)— moBoe sucrio, samicarmoe
C JICCATHYHOM TOWKOH, painesiomeil uenyio u Jpobuylo HacTh uncia.
Makcumanbroe wncno widp B dopme F pasuo 7.
DKCTIOReHIATL AR (POPMA 3ATHCH  BEILECTRENHOTO Wicnia (hopha
oit

E). B oot (OPME WHCIIO COCTONT W3 BEUICCTBCHHO T  NEAOH
xoucranm u mopsnka. [lopanox wawnmactcs Gykeoit L, 3a koTOpOIi
cask KOHCTaHTa (BesMumHa nopsyika) He Gosice uem W3 JIBYX

,mm-mux WP co 3HakoM wmi Ge3 3naka. UNcIo WGP MANTHCCH

HE JIOJKHO TIPCPBILIATh
17 M 5

p MHOCTE

KOHCTaHTa C aBOITHON TOwHOCTBIO (hopma D) Oma 3ammchiBaercs Kak
WHCJIO € JIECATHYHON TOYKOH, copepxaiiee of 8 j0 16 snavaunwmx widp,
6O B IKCHOHCHIMANBHOH (opMe ¢ Gyksoit D Bmecto E. marhcea
MOXCT Ccojicpkath 10 16 3uasaumx wup.

TTepeMeHHbC — RE-HIHBL, KOTOPHIM NPHCBOCITB HAMMCHODAKNA, CHi-
BOTMUCCKIC MVieHa. CHMBOTIYECKCE MM~ HAGOD GYKB Wi GYKB 1 Hip.
KonuuecTBO UX B HaGope ot 1 10 6. Ums maumHaercs Beeyna ¢ Gykpnl
MCronb30Banie B MMCHAX CNICLMAIBHLIX CHMBOJIOB, NpOGEJMOB HE pas-
pemnaercs.

Tuny

et Tunt i THIY SIAHEBIX,
KoTOphie OHH aior ey nese wicia,
BEIECTBEKHBIC TIEPCMEHHBIC —nemecmeuum W T A Jlas onucammst THia
NCPEMCHHBIX B WPOCTCIIIIEM Cllydae CIyWHT OMepaiop

THR @).d2,83, By

TAE HII = OJIHO M3 ¢ e6 c108 REAL i), INTEGER
(uesmeii), DOUBLE PRESION (nBoitroit Tounoctw), LOGICAL (sormscc-
KHIT); @, Az, .y &,  MMCHA TIEEMEHHBIX. ECIH HCT B GOFPAMMeE SBHBIX
yKasanuii wa THI 10 LI yMeHa
C Gyks I, J, K, L, M. N, UPCACTaBAROT IEible BETHMYMHBS BCE
ocTanbHbe

Tlepemenimie ¢ um)mmuu, Maccun - ynnpuowuuaa nocncnosam:m—
HOCTBL BCITMYHH CHBa). Ot
KM iMereM. Kax i —mem:m Maccupa OnpeIesIseTCst ||Mcu MacCHBA
M ErO TONOKCHHEM B MACCHBC, T. €. 3HAYCHHAMH MHICKCOB. HM:m:M
MACCHBA MOXET CAYKWTb JMOBOC JIOMCTHMOE CHMBOMYCCKOE M.
VSICKCH 3aKIIOUAIOTCH B KPYIINE CKOBKH. UICIIO MH/IEKCOB HA3HIBACTCA
UuCao  InemMenTOB B MaCCHBE HA3BIBACTCH
ICCTBE MHJACKCOB MCNONB3YKOTCA sirobwie apud-
MCTHYCCKHC BLIDAKEHNA, MICPEMCHHBIC KAK 1I€JI0T0, TAK 1 BOWICCTBEHHOTO
THNOB. B KawecTBe WHJEKCA B CIy44C BHIPAXKCHHS BELCCTRCHHOTO THNA
BepeTcA €ro NICTas MacTh, 1. €. OTOPACKIBACTCH /POBHA 4acTh. VieKkehl
JICMEH10B MACCHBAa MOIYT GbiTh TONBKO >1

Onucanue smaccusos, Maccwm HCHIOJh 3yeMbie B TIPOTPAMME, JIOMKHBI
Gbirn oﬁnuﬂcm,no onncauu, Omm' rmc MACCHBOB  JIACTCR B ua-«nc

Omicainna saccma cayin onepatop DIMENSION, oGiunit s ko1opore
DIMENSION 2, (0 03 eces )y o (1 .o y)

£ @y, ey p — HMEHA MACCHROB. BEPXHIC TPAHMITBI HIMCHERIS HH/IEKCOB
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33,/10TCH LEILIMM TIONOXHTeIbHBIME yucaavin, 1 <1<7, 1<k <7. Inemen-
Th MHOTOMCPHOTO MACCHBA DACTIONAIAlOTCS B BHUIGANCMON MaMATH
TOCJIE/IOBATENBHO JIPYT 32 APYTOM TaK, 410 OBICTPCe MEHSCTCH TepBhiil
MHJIEKC, @ MC/LICHHEE — MOCTIeAyIonHii.

Apubremuiecne ewparcenis ApHd)Me'm-leckue supaxcsuy 2 dmp-
TpaHe aHANOrMUHEL puc-
Me’ru‘lecme BLIDAXCHNS MOTYT BXOMIAT, KOHCTAHTSI, IEPEMCHHBIC npocu,u:

LCKCAMM,  (YHKIMY, KOTOPHE COCAMHSIOTCS € NOMOLILIO
apud)MeTM\lecxux oneparii. I:cnu B EpExelm oTcyrcTRyIon cxob,
acHo HAYE A
nunonnxﬂcn BO3BC/ICHYE B crcnenb 139.11( ##)? 341EM YMHOXKeHHC (3HAK
*) 1 Jienenve (3HaK /), 3aTeM .

HMMEIOTCA CkOOKU, TO BHawazie npomm:!nm BBLIMHACTIEHUS BHYTPH cKOGOK.
Ecri BLIDAXCHHE CONePXHT (GYHKIBIL, TO B TIEPBYFO 04EPE/Ib BLIMHCIAIOTCS
apryMenThi 7THX (YHKIMIi H COOTBCTCTBYIOULE SHANCHMS STUX DyHKIH.
ApHMETHYCCKHE BBIPAXEHHS MOIYT COFIGPaTh KOHCTAKTU, NEPEMCHHHC
1 YHKIBE pavmblx THIOB. T1Epe BRITIONHCHMEM ONEPAIuii NICPEMER-
Hble TPCOBPA3yIOTCs K OIUOMY THTLy, TIO3TOMY JUIS COKDAILICHHS BPeMeni
BBINOHEHHA OMEPAIBI JIYHIC He CMEUIHPATh FICPEMEHHbIC PAiLIHLIX
THTOB B OJMOM BhipakeHuy (3amnch Y +5. OpeanouTHienbHeH, yem
samuch Y+

Ocnosmsie [¢ )

G Bhitie. Octa-
HOBHMCS HA JIDYLHX, YacTO BCIPEarOHIMXCS onepaTnpax.
Onepatop EQUIVALENCE samicumacten B Brjie

EQU]VALENCE (a,b,c‘...)‘...‘(d,e,f,...)

e a, b, ¢ ..,d, . TIEPEMCHHBIC, TIPOCTBIC MM C HHJICKCAMM.

CMbicll JaRFOTO oncpampa COCTOMT B TOM, 410 maticiisy conmer-

creyioume a, b, ¢, .., paIMENAloTcs B oxHoOK sweiike, d, e, f, .. rak

Bce B OnHOH sAveiike. CONOCTABISEMHIC FEPEMEHHBIC JIOMKHEL Gun

o}muakonou IUIMHLI. Hajio yuuTHIBATE, YTO FPH COTOCTABIEHUN OT/ENb-
MacCHBOB 50 Bee

llB)x mocunon

COMMON 3aTCHIBAETCS B BUJIC
COMMON. A B.C, ..., e A, B, C— Ha3BaHWs NCPEMCHHBIX C HHJICKCAMI
nm Ges. O6iact COMMON — cneumanbHas obMacTe Juisl XpaHeHus
OBIMX NIAHHBIX JIIS BYX I HECKONBKMX MOMPOrpaMM I xe oGIpx
JIAHHBIX JUTS OCHOBHOM NPOrpaMMel 4 ec moanporpamm. B doprpane-1V
obnmacte COMMON  mMO¥eT OBITh pa3nesiend Ha HECKOJILKO OJIOKOB.
Crpyktypa samicit onicpatopa COMMON ¢ MCTONL30BaHHeM GIOKOB
ety Fommas:

COMMON v G0Ka/ ay.az,
Oncpatop FUNCTION meer crenyrouwmii B
FUNCTION 1st (apryMenTy , ..., apryMenT,)

JlaHHLIE ONCPRTOp ABARCTCA 3ATONIOBKOM MOZNPOTPAMMEL ApTyMCHTH
ot

erTbic
CHBBI, il wvena (yskumit. Bryrpu noanporpammui XoTs Obl 0sH
P4 TOMAeH! CTPOMATLCH ORCPRTOD C ettt HOJNIpOr paMME- Y HKIN
B npaBoil waCTH ONCPATOPa T

gnepampoM l’lOlmpOrpaMMH»d?yHKlmM JomKeR GriTh orepaTop RETURN

HHM OTEpaTOpOM nDIXleOl’paMMbl nomken 6ute END. ITpn oﬁpamcnmu
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K MOANPOrpamme-QYHKIHH [ODKHO GBITH COOTBETCTBME MEKMIY THNAMH
W KONMYECTBOM TepeMEHHbIX (AKTHICCKHX 1 (HOPMATLHBIX.
Onepatop SUBROUTINE umeer BHjt

SUBROUTINE 1M (apryMeHT;, aprymeHT,, ..., apryMeHT, )

Oncpatop smnseTcs 3aronobkoM mnommporpammei SUBROUTINE Dra

nO/porpaMma npumenxe'rcu B TOM CJly4ae, KOFIa HeOGXOMMMO NIy HTE

it SHaeHMA KOTOPHIX BbIMHCISIOTCS,

ymmamcu g a1 YMEHTOB. BHILICPACCMOTPCHHAS NOITIPOrpaM-

JIaeT ABHO O Toamporpamma SUBROUTINE

SBIACIC CAMOCTORTELHOR TPOTpANMOR © TICCMCHHEMH, JTOKATHIOBAH-

HBIMH 110 061acTH J1eficTBUS TONBKO B 370N mojnporpamme. B ocHoBrOIM

nporpamme ofpamenne x noanporpamme SUBROUTINE npowmssoaures
© NOMOWIBIO OTiEPATOpa

CALL uMs (apryMenT, , ..., apryMeRT, )

3nech  apryMeHTy, ..., APFYMEHT, — BXOJIBIE W BBIXOJHbC (QaKTHYECKHE
ApAMCTPBL. B KaueCTBe apIyMCHTA HONWPOTPAMMBL MOKET (HFYPHPOBATH
BMA OGOH MOANPOrpaMMBL. B 57OM Cllywae B OCHOBHYK) HpOrpaMMy
HANO0 BKJIIOYATH ONMCATE/LHBIA Onepatop

EXTERNAL sty is, ...

Kak u B nomnporpamme-pyHKInm, TaKk W B nonaporpave
SUBROUTINE, nipn B Kavecrse popma
MMEHH  MacCHBa_ HEOGXOAMMO OnMcaTh €ro ¢ noMomuo onepavopa
DIMENSION. JIONycKaeTcsi B KauecTBe IDAHMI H3MEHCHHS MHICKCOB
HCTIONL30BaTh HAPSJLY C LESHIMH KOHCTAHTAMYU TAaKKe M LEHbIe Nepemen-
Boc. OWH OGS3ATCTLHO JOMKHM BKIIONATECH B MHCTO (DOPMATBHBIX
aprymentos. TNomporpavva SUBROUTINE J0IxHa CONeP#aTh XOTS
611 Ot onepatop RETURN. 3aBepuiactcs No/pOrpaMma Oseparopom
END, xoTophiit 0603Ha‘mET KOHEN noullpurpaMMbl SUBROUTINE.
Bsox 1y BBIRO) noa
yrpaBeHUeM onepmopa FORMAT. Iipu BBOJE OH yxaswiBaer, W3
KaknX no3uImit (KOJOHOK) JOJDKHB! CHHTHIBATLCS JAHHBIC JUIS TIEPCMEHHBIX,
TEPEYMCICHHBIX B CIMCKE B/B (BBOA/BBIBOA), W B kakoM dopmare.
O crpykrype cnucka BB OyfeT ckasawo mmxc. [Ipn BhBOME ONepaTop
FORMAT ykasipacT, B Kakue OMIMH M B KakoM (OPMATC MpOM3-
BO;MTCA BRBOI. POpMA MPE/CTAaBNEHNs NEPSMCHHON MM wHCHa M TOJC,
W3 KOTOPOrO OHM JIOJDKHBI CHMTBIBATECA TPH BROJC (Wi B KOTOpOE
JIOJIKHBI TEYATATBCA WIPH BBIBOAE), OTpE/leNnsiores cnenmuxaumedi dhop-
mara omepatopa FORMAT. B panGonee NpOCTEIX Cly4asx uwcio
creunukauuii hopmata B onepatope FORMAT ROMKHO _cOOTBET-
CTBOBATL 4MCTy mepeMeHHbX B cricke B/B. Oncparop FORMAT
3aNUCHIBACTCA B BHIC

wetka FORMAT (8,.5.....8,)
e Motk -uenoe wiono Ges swara, Sy S

S, —cnermpuKanuu

BBOMA (nmao.qa) ORI, ABRIbX mnomymm creundxarit T,
Fw.d, Ew.d; snece W -oBuee wmcno noauunn OTBOJIMMBIX N0/ IAHHOE
wrcno’ (oﬁmee kousmyecrno 1udp uncna), d —KOMMHCCTBO JIECH THYHBIX
mdp nocne jecsTHyHOW TowkW. Jiuma wons d A0mkHa  BKIOYATh
NOSMIDW MoK Touky W 3uaK whcna ans cnemadukawmi F, a Tamoke
TIO3WIMK Ui 3HAKA NOpAaka, Gynam l:(D) M JIBE TIO3KUMH /LTS BETHYHHBL
TOpsAKA B Ciiydae crienpduKaiii pu BBiBONIE wMCIa B (Bopmate
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E(D) HyXHO NpesycMOTpCTb YeThIpe MO3MHMM DO TIOPAIOK $HCHa, JUIS
pasmenienns 0, LeTbiX, TOYKH M 3Haka ukcia. IIpH BuIBOJE SIOJDKHO
cobmoniatses orpasmienue w—d>7. Ipu BoiBozie a citydae cneuuq;uxauun
mma F, econ HHCTIO HE 103HIHH,
TO nose L s
MOKH TOMBKO
OJIHy, TOCTABMB Tepe/i Hell 4HCIO, paBHOE Komwec'my TOBTOPEHMIE.
 MOXHO FWOBTOPATH TIpyniel Crieundukaumii, 3akaouas ux B CKOOKH
B CTaBS NIEpen CKOOKOH 1ESOE MMCIHO, PABHOC KOMYECTBY NOBTOpCHFt
rpynmbi. TTpi BLIBOZE Ha NEYaTh TEKCTA W KOMMEHTAPHCB HCIOB3YIOTCR
G

hna H Tana
q)opman mina H umeer sun wH, e w- -mcno JHOGBIX JOMYCTHMBIX
opuc cﬂe‘AyKJT Heno-

c1 Gyksoii H. TMpn cncumbux THDZ WIMTEpam
6y|mcmm uud)ponan nrdopmaums  obszana 3ax1|o~:aru:ﬁ B msu'um.
THna

Tom

¥T0 B JTON CIyie fle NATO YEIBATE KOMICCTIO cmmuon. 5 10

Bpemst kax na H o1

SMCLEHHCM SGHUMX B CTDORE TETOMYCTed B MpocTciioem crya

cneuuaiy i WX, ©C Wi TPOGENOn, KOTOpHE YTOTPCG-

JIAIOTCA  ANs
Ompa‘rop FORMAT mOXer pacronaratics b HoBoM Mecte npo-

MBI,

Onepar FORMAT B3aumoseiicTByer ¢ _onepaTopamy BBOjd —
BBIBOJA: D (wrath) s Bora M WRITE (micatk) Ans Bhiboza.
O6umit sn,u omepatopos READ # WRITE creayroumsii:

READ (inl) crcok
WRITE (i;n2) cncok

3neck 1 B UepBOM Clyyae 0GO3HA4Ya€T HOMEpP YCTPOHCTBA, C KOTOPOIO

CYNTBIBAETCA MHGOPMaIMA, BO BTOPOM Ciy¥ac OWPEACIACT cucrwnoe

mieyaTalomee  yCTpoiicTeo, nl-—wmerka omepatopa FORMAT  Crcox
' B/B MMCET BHA 1, 82, -2y, DI A1, 32, a,waneueum pr—
| DJICMEHTAMH CIHCKA MOFYT OBITL: NIEPCMCHHBIC (UPOCTBIC WIH C WH-
| niexcam), umena Maccusos, Gopma mesmroro DO. Ilociemiss dopma
; vwmmwye'rcn OCOBEHHO 4acTO, KOTAd HEOGXOMMMO 3aMHCATh B NAMATH
W1 BBIBECTH HA TieYaTb ONPCACHEHHYIO 4acTh MAcCHBA, a TAKKe Juisi
E opranmauuu BHIBOJA MAccMBA TO Crpokam. dopma hesBHoro DO
' yaercs B ckobku. BuyTpn ckoBok pal:nondrammx nepeMEHHBIC
¢ unjekcamu wiu Gopmbi HesBHoro DO, paspenieHHble 3amATHMH, €CiH
HX 3a it

TNapaMCTPbl i =M, , My, My, A€ i~ MHACKC, My, My, My —COOTRETCTEEHHO
HIDKHSA, BCPXHSA [PAHNIEL W AT MIMCHEHNs wwiekcd. Ecm ma=1,
OH HE YKa3hIBAETCH.

READ

pu s

80 mosummii HocHTeNA mia;opmmm OHM ONPEEAOT 3aNHCh NPH BBOJE.
Ipn BoiBofe MEGOPMaUMK HAa JKpaH (TMCILIEH) AOMKHO GbIThL He Gosee
80 cumpoios. JIiis BbIBONA MHPOPMAIMM Ha TieYaTh MOXHO HCTIONB30BATH
onepatop PF PRINT n2 CHHCOK.

Apndmeryseckuit
omepatop npucnannaumi MeeT Bl
TIepCMEHHAS = BHIPAKCHHE
3ficch MK = OTAMMACTCH OT OOBIMHOFO aircOpamiecKoIO 3uaka

PABCHCTBA. DTOT IHAK MMECT CMBIC (3AMCRITL Ha.., T. C. BHMICISCTCH
an



3navenue B mpaBoii uacru,

nory'lemldn BeIMUHA CTAHOBWTCA HOBBIM TEKyWMM 3HAWCHHCM [le-
PEMEHHOII, CTOsIIeH ciepa OT 3HMaka paperciBa Tlojromy, HanpHMep,
JonyctiMa samuch [=T1+1- ona 0603HAMACT YBES/IHCHHE 3HAYCHHS N0
nepementol 1 na enMmuLy

o BhITOHS-
JOTCH MOCICHOBATE RO, €CIH HET CPOIH HAX COCNMATHHAIX oepaTopon
TaxoBBIMH  SBIISIOTCS

HIDKe TICPCHHCIICHHBIC OTICPRTOPHE:
Onepatop GO TO 1 obecicunpacT Se3yCOBHYXO TIEPEATy yIpaBsic-
TR ma_oncpalop ¢ MelXoii n. B NporpauMe e fomKio Gt
¢ CTKR, onepaiop
MOXE! PACHONIATATHCS B .UGOM MCCTE NPOTPaNMEL.
Bencnsenuiii onepatop CO TO hmeer bin

GO TO (nyng,ms

T Iy, D, .., D — MCTKI DITOISCNBIX ONEPRTOPOR, i—npocras nenas
nepemermas  Tlepexoll BLINOMHSETCS K ONEPATOpy ¢ METKOH nj, ccam
1<j<m wu i=j. Ecan swavenue i Jmkm‘ BHe jamdsona 1<i<m, 1o
BomoymseTca cuenylonwii 32 GO TO omepatop.

Apndmernueckuit onepatop. IF sammchibacics B nvme IF(a)n, 0. s,

ng)d

1y
:mmequn Buipaxenns a. Ecm ‘1<0 YTpaBICHHE nepenmcﬂ oneparopy
eTKOi T, ecan a=0, TO yIpapeHie NEPIACTCH ONEPATOPY C METKOH
n,, ecm a>0, To0 ynpasncﬂue mepenaetcs onepaTopy ¢ ME1Koi nj.
Onicpatop, X
JOIKEH KMETh  METKY o wecio apudveThucckil  onepatop I
ncnom.sye'rm HPH COCABNCHWH WMMIMICCKUX TIPO1pan
Onepatop ik:ra TIO3RONACT HOBTOPHTh BRINOIIGHAS [PYTITThI
onepaTopos, CleMyloMMK 3a omeparopom DO. Omepatop DO 3amuchiba-
ercsi B BIIC

DO n i=m;.mz.my
i—uexnan
mmexcon (C‘lﬂ‘mk ||m<.ua), upmmMawumi TONIOKHTENHHBIE  3HAYCHHS,
i0c 3w €TYMKA WK1, M-~ KOHEYHOE 3HAYCHHE
cqcr-mu un mggmar uwcncum cuerunka wnkia. Oneparopsl

HOBTOpSIOTCS, Mo 'Tox TOp TOKA BRNDTRRETCA ycToBHE i<t Ecmm

m; >y, TO ONEPATOPHI BHINOJHSIOTCS TOMARKO OJIMH pas. Cosoxynuocu.

eficTplist

onepatopa DO 1 oGpasyet k. ECli my=1, €10 MOKHO HE YKaIhIBATE,

T.e. MoXmO mucath DO 1 i=my.m,.

Sadanue Oatneix 6 opmp Urora ynobio

JHAYEHHS B MOMENT

sarpy3ki nporpanivbl.  HanGosce wacTo_ 10l UM MCToMB3yeTCs
onepatop DATA. Dror orepatop ui it

DATA V1,V2 000V T #K1 T 2#2 s T Ken e

Tlepevenmog Vi, CraBATCA B COOIRCTCIBHC IHASCHMS:
1 SR xq, Ta el ) 1 1.5 OOlce. ROMMCCTn® yeasALY
D GlicKe IEpENIIlT JODKHO b COLSACOmNO © OQUUM WicToN
IOV i, B KAICCT IEDONEIHON ¥ MOTYT Gt mpocy
st

maccusos. [ipn »ioro npeot
PrsouanaG “horomM AAERMK K THY HepeMeHHON ¥ 38 STRM aaTRen
CACTHTE Cam TPOTPAMMECT.
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Topadox _«aedosars wodyae. Tipo-
FPAMMHBIH MOJyJIb COCIOHE W3 ocuoancu HPOTPAMMBI W NIPOTPAMMEL
¢ (nojuporpanv) TIcpauIM_ ONICATOPOM NOAIIPOTPRMMBL JIOMKEH
OBITL ONCPATOD OMPCICICHNS NPOTPAMMHOM CRMHMILEL CCIH OHA uC-
nosmsyeress  (orcpatophi  FUNCTI \l mm SLBRO TH\I') Torom
PACTIOTIZrAlOTCA  ONICPATOPl  OMMCAH: BOB, a TAKKC
ompa10|)l>l DAT/\. EXTERNAL, (OMMO\J 3areu g,leny)ot onpclm'lr»
. Tocie pac ncpa-
Tnpu. Szpepiact TpoTpamwmyio cumuny omepatop END. Ocrionnan
uporpaMma JoJkna copepkars onepatop STOP, obossataronmii okon-
GaRHE PAGOTH OCHOBHOH TMPOTPAMMH. OH HENOCDETCTBCHHO CTABWTCK
nepen oneparopom END, KOTOPbIM JAKAHUBACTCH 0628 NPOTPAMMA.
HEOGXOMHMO OTNCTHTS, S10 B KAAJOH DOPANMC ROIMORHO HCTOM:-
OBANME  CTANZAPTHBX  (BCTPOCHHGX) ()HKUMii, KOTOPHE TOCTONIHO
XPAUSTCH B OCHOBHOH NamsiTh. HEe TPCOYIOT CHEMHAILHOTO ONMCAHAS
auyrpu JNAHHON TIPOrpamMMbL.
\CUHCTIUN OCHOBHHC MpaBkia 3mika Goprpan. Bosice nosmoe
uum«cnne HMEETCH B CHCIIATBHBIX PYKOBOICTBAX.
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