Kadenpa «MaTemaTuueckoe MOOEJINPOBAHUES
npod. II. JI. UBankoB

NuTerpanbl u nudpdepeHInnaibHble YPaBHEHNU A

KOHCIIEKT JIEKITUIA
IIsL CTYIEHTOB 1-TO Kypca 2-TO cemecTpa

cuermasbrocTent PJI1,2,.3,6, BMT1,2

Jlexyua 1

[lepBoobpasnas u ee cBoiicTBa. HeompeneseHHBINT MHTErpaj, €ro CBOM-
CcTBa, CBI3b ¢ nubdepentuagoMm. Tabmuia OCHOBHBIX HEOIPENEIeHHBIX
UHTErPaJIoB.

B nuddepeHunambHOM UCUNCIEHIN PACCMATPUBAINCH METOIBI BBIYUCIICHUS [TPOU3BOIHOIM
samanHol GyHKiuu. Temepb Mbl 3aiiMeMcst 00paTHOI 3amadei:no manHon GyHkuun f(z) Tpe-
OyeTcst HATH Takyio GYHKIUIO, 11 KOTopoi f(x) 6biia Gbl TPOM3BOMHON.

[Iycrs dyskiun f(z) u F(r) 3anaEsl Ha omqHOM 1 TOM ke npoMexyTke [.Dynkrms F(z)
HA3BIBACTCS [IEPBOOOpa3HON yist f () Ha HTOM IPOMEXKYTKe,eCIIU IJIs JII000r0 & € [ cyliecTByer
npoussonsas F'(z), pasuast f(z).Ilnst rparmuasoil Toukn (ecnu ona npunamiexut [ mon F'(x)
HOHIMAETCSI COOTBETCTBYIOIIAsT OMHOCTOPOHHSS IPON3BOIHASL.

IIpunmep. Oynxuus F(z) = 2° asasercs nepsoobpasroit s f(x) = 3x? Ha IpOMEKyTKe
—00 < x < oo Qyskumsa F(r) = arcsinz asngercs mepsoobpasuoil misa f(r) = ——— Ha
y (z) J(2) N
2
npoMexyTke —1 < x < 1; dysxmus F(z) = gm% aBysieTcs mepsoobpasuon mis f(r) = \/r

npomexyTke|[0; +00).

Ecmu F(z) — kakas-nu6o nepsoobpasuas mis f(x), to F(x) + C, rne C' — nocTosHHAL,
Tak:ke Oyner nepsoobpasnoil sroit dyukimu (1.x. F'(z) = (F(x) + C)).

Hanee, ecnun F(z) u G(z) — nepoobpasusie dyukiuu f(z), To (F(x) — G(x)) = F'(x) —
G'(x) = f(z) — f(z) = 0. IlosToMy B CHIIy MU3BECTHOTO YCJIIOBUS MOCTOSHCTBA (OYHKIUN HA
npoMexyTKe pasHocTs F(x) — G(z) snsercs koHcrantoil, T.e. F(r) — G(x) = C. Taxum

06pa30M, BCsI COBOKYIHOCTB [epBOOGpa3HbIX MyHKImK f(2) omuceBaeTCs BhipaxenueM F(z) +
C, roe F(r) — xakas-mu60o dukcuposannas nepsoobpastas, a C' — IPOM3BOIBHAS TTOCTOSHHASL.
CoBOKyIHOCTB BCex mepBoobpasHbix byHKImun f(r) (Ha HEKOTOPOM MPOMEXKYTKE) HA3LIBAETCS
HEONPedeseHHbIM UHME2PAAOM I OD03HATACTCS

| i

IIPU 5TOM CUMBOJI [ HA3BIBAETCS unmezpanom; f(x) HazbIBAETCS Nodbikme2pasbroti Gynkyuet;

f(z)dxr — nodviwmeepasvnvim viparcenuem; T -nepemennoti unmezpuposanud. VI3 BoIecKa-
3aHHOTO CIlemyeT, uTo eciu F'(x) — mexoTopas mepBoobpasHas dyukimu f(x) , To

/f(x)dx =F(z)+C,
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rae C' — OpoM3BOJIbHAS TIOCTOSHHASA. BoccraHoBieHne GyHKIUE 110 ee MPOM3BOMHOM (MIIH, ITO
TOXKE CaMOe, OTBICKAHNE COOTBETCTBYIOIIETO HEOMPENESIEHHOIO MHTErpaja) Ha3biBaeTCs MHTe-
rpupoBaHueM >Toit GyHKIUu. VMHTErprpoBaHue mpencTasiseT coOOM Omeparno, 0OpaTHYIO IO
OTHOIIIEHUIO K onepanuu nuhdepeHtnpoBaHuTs.

st Toro, 9TOOBI TPOBEPUTDH, MPABUIILHO JIX BBHIIOIHEHO MHTETPUPOBAHUE, NOCTATOYHO IIPO-
nuddepeHIIpoBaTh Pe3yAbTaT U HOIYUIUTH IPU 3TOM MONBIHTET PAIILHYIO (DYHKIINIO.

IIpumep. [Tposepum, ato pu a # 0

dx 1 ; x—I—C’
x2+a2—aarcga )

Nmeem

1111

BnocnencTun OyneT nokas3aHo, 9TO BessKas QyHKINS, HEIIPEPBIBHAS HA HEKOTOPOM IIPOMEXKYTKE,
nMeeT Ha 5TOM ITPOMEXYTKe IepBoobpa3Hyio. Berony B naimpHeneM 6yneM canTaThb, 9TO QyHK-
LIMH, CTOSIIINE IO 3HAKOM NHTEerPaJla,HelIPEPBIBHBL; €C/IN K€ IONbIHTer paJibHasl QYHKIIASI UMeeT
TOYKI pa3pblBa, TO OylIeM paccMaTpuBaThb 3Ty (PYHKIUIO JIUIIb HA TeX NPOMeXyTKax, Ha KO-
TOPBIX OHA HEIpEepLIBHA.

[TosTomy Bce mepBOOOpa3HbIE, O KOTOPBIX OYIET UATU PeUb, CYIIECTBYIOT, I MBI HE OymeM 3TO
KaXIIBIA pa3 0cob00 OroBapuBaTh.

IIpumep. [Mycrs dyukuns f(z) onubdepennupyema ua npomexyTke [ . Torma, kak m3-
BECTHO 13 Kypca nuddepeHnnabHoro NCUnCaeHns, Ha JIIo0oM mpoMexyTke [; C I | He comep-
XKaIlleM HyJell paccMaTpuBaeMOil (DYHKIINH, BBITTOTHSIETCSS PABEHCTBO

_ f@)

(nlf @) = F5

[HosTomy

@) ) 1
[ e = wi@i+ o

B YaCTHOCTH,

d
/—lenm—i—C,
T

IpwIeM IPUMEHSITH TOCIIEMHIO (DOPMYITY MOXKHO Ha JIF000M ITPOMEXYTKE, He COmePKAIIeM HYIIs.
PacceMmoTpuM OCHOBHBIE CBOMICTBA HEOIPENEIIEHHOTO MHTErPajla, HETOCPEICTBEHHO BEITEKAIOIIINE
13 COOTBETCTBYIOLIETO OIpeNeIeHUs.

1. IIpom3BomHas HeompeneIeHHOTO MHTErpajla paBHA IMONBIHTEr PATEHON (MyHKINN; nuddepeH-
[raJl HeOIpPeNeIeHHOTO NHTerpajia paBeH HOOBIHTEI DAILHOMY BBIPAKEHUIO:

(/“@M)Zﬂ@; d/ﬂﬂwzf@mp

2. Heonpenenennbiin maTerpast oT nuddepeHInaga HeKOTOPOH (QYHKIINKM PaBEH CyMMe DTOi
(PYHKIIUU 1 TPOU3BOIIHHON MOCTOSIHHOMN:



3. IlocTOSHHBIN MHOXKUTEJb, OTJIUYHBIA OT HYJs, MOXKHO BBIHECTH 3a 3HAK HEOIPENEICHHOTO
IHTEerpaia, T.e.

/af(x)dx—&/f(:v)d:c, a # 0.

B camom nere, mycThb

[ fado = Fla)+

torna aF'(z) -omHa u3 mepBoobpasHbIX GyHKIM af (), u

/af(x)dx = aF(z)+ C.
[TosToMy HmOKa3BIBAEMOE PABEHCTBO MPUHIMAET BULL:
aF(x)+C=a(F(zx)+C).

Takoe paBeHCTBO (HOHEMaeMOe KakK PABEHCTBO ABYX MHOXKECTB (YHKINI) CIPABEMJINBO, T.K.
ecim C' mpoberaeT MHOXKECTBO BCEX BEIIeCTBEHHBIX unces, To u o' mpu o # 0 Taxxke mpoberaet
5TO MHOXKECTBO.

4. HeonpeneneHHBIN UHTETPAI OT CyMMbI OBYX ( miam GoJIbIero yncia ) GyHKIul paBeH
CYMMe HeOlpeNeeHHbIX MHTETPAJIOB OT ClIaraeMbIX:

/(fl(fﬂ) + foz))dr = /fl(x)d:c—l—/fg(a:)dx.

Ecnu Fy(z) u Fy(x) — mepBoobpasubie coorBeTcTBerHo (yukuuit fi(x) u fo(x) , To Fi(x) +
Fy(z) ects mepBoobpasuas cymmbl fi(z) + fo(x) . TosToMy mokaswsiBaeMoe PaBEHCTBO MIPUHU-
MaeT BUII

Fl(l’) + FQ(Z’) + C = Fl(ﬂf) + Cl + FQ(IE) + CQ,

rae C, C, Cy HE3aBUCHMO TPOOETAIOT MHOXKECTBO BEIIIECTBEHHBIX UICETT; CAMO PABEHCTBO OHU-
MaeTCsI KaK PaBEHCTBO MBYX MHOXkecTB dyHKumit. fcuo, uro cymmy Cp + Cy B mpaBoil gyacTu
MOYKHO " 3aMEHUTH Ha OIHY MIPOU3BOIBHYIO MMOCTOSHHYIO | 1, CIEIOBATEIBHO, JOKA3BIBAEMOE Pa-
BEHCTBO CIIPABEIJINBO.

Brrancnenne HeonpenergeHHBIX NHTETDAJIOB OCHOBAHO Ha NPUMEHEHUN TaOIUIIbI OCHOBHBIX WTH-
TerpaJioB U IIpaBUJI NHTET PUPOBAHMUS.



Tabauya unmeeparos

a+1 dx
1. /x“dx: +C, a#-—1;2. /—:1n|x]+C';
x+1 x
3. /axdx: ¢ +C, a>0,a#1, /exdx:ex+0;
Ina
4. /COSIdl‘:SiniL‘-f—C;
5. /sinx: —cosx + C
d
6. / 923 =tgzr + C,
cczisx
7. /f = —ctgx + C;
smdx )
x x
8. /x2+a2:aarc‘cga+0, a # 0;
dx 1 r—a
9. =—1 C 0;
/xQ—cﬂ 2 |7 +a +C a?0;
dx

.
=arcsin— +C, a > 0;

\/a?d—x2 a
11. /\/%:lnu—i-\/xz:taﬂ—i-a a # 0.
>+ta

ITomesno Tak:xe IOMHUTD HEKOTOPLBIE NHTET PaJIbl, COOECPKaIIIe rmnep60m/1qecm/1e (pyHKLII/II/IZ

10.

12. /sh:tda: = chx + C;

13. /Chl‘dl‘ ==shz + (|
dx
14. =th C;
/chza: v

dx

Bce mpuBenennble GOpMyTbl MOTYT OBITH HOKa3aHbI MuG(OEPEHIINPOBAHIEM MPABBIX UYACTEH.

[IpoBepum, Hampumep, dopmyny 11; nmeem

(In|z + Va2 £a?]) =

1 T 1
S S R
T+ V2 E£a? ( \/372:|:a2> Va2 +a?

7 MBI BUIUM, UYTO HaHHas (HOpPMyJia CIpaBeINBA.



Kadenpa «MaTemaTuueckoe MOOEJINPOBAHUES
npod. II. JI. UBankoB

NuTerpanbl u nudpdepeHInnaibHble YPaBHEHNU A

KOHCIIEKT JIEKITUIA
IIsL CTYIEHTOB 1-TO Kypca 2-TO cemecTpa

cuermasbrocTent PJI1,2,.3,6, BMT1,2

Jexyug 2

WNuTerpupoBanue MONCTAHOBKON W 3aMeHOU mepeMenHon. VHTerpuposa-
HIe 10 JacTsM. VHTerpmpoBaHme BBIPAXKEHUN, COMEPXKAIINX KBaIpaT-
HBIA TPEXUIIEH.

OCHOBHBIME TIpUEMaMU BBIUUCIICHUS WHTETPAJIOB SIBIISIIOTCS MONCTAHOBKA U 3aMEHA Iepe-
MEHHOM.

Teopema (06 UHTErPUPOBAHUU TIOICTAHOBKOIL ).

[Tycts dyukmum ¢ wm f ompemeneHbBl COOTBETCTBEHHO Ha MpOMex)yTKax [; u Is, ¢
muddepentpyema Ha [ , npuuem o(z) € Iy masa moboro x € I . [lycts namee

/f(u)du =F(u)+C

Ha mpoMmexyTke [5. Torma

Ha TPOMEXYTKe [;.

HoxkazaTeabcTBo.

Vteen (Fp(2))) = F'(p(2)) - ¢'(x) = f(e(x)) - ¢ (),
1 JOKa3bIBACMOE PABEHCTBO CIIPABEIJINBO.
OTMeTuM BaXKHBII JACTHBIA CIIyYail HOKA3aHHON TEOPEMBI:

ec/im

/f(u)du = F(u)+C,

TO

/f(al’—i-b)dx:%F(ax—l—b)%—C, a # 0.

OcobenHo yacTo 5TO 3aMedaHne UCroib3yercs npu b =0 wmu npu a =1 :

/f(a:v)d:v = %F(a:p) +C, a#0;
/f(x+b)dx+F(x+b) +C.
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IIpumep.

1 2 in 2
/cos%vd:vzfydac:g—i-sm4 x+C;

AaHaJIOTMTYIHO

in 2
/sinzxdx: g — s1n4 L +C.

[Tpu mpaxTw9ecKoM MPUMEHEHUN JOKA3aHHON TeOpeMbl OOBLIYHO HCIOJIL3YIOT (POPMAILHBIIL
mpueM, Ha3bIBaeMbIl “nodsedenuem nod snak dupdepenyuana’:

/ﬂwmwmwx:/ﬂwmmw@=/GWMw:ﬂw+c:Fww»+a

B IIPOCTBIX CITyUasX BCIIOMOTATEIbHYIO IIEPEMEHHYI0 U = ¢(Z) He BBOOAT,T.e. Cpasy IUIILYT

[ et = Flo@) + €.

I:/)@.
SIn T

IIpumep. Beraucamm mHTErpast

Nmeem

d cos L d 1 dtg2
1= [ = [ = [ gy = [TE —nfwi]+c
2sin 5 cos 3 sing  2cos® 5 tg 5 2 tg 5 2

_ m
T.x. cosx = sin(x + 5) ,TO OTCIONA

dx dx T 7
[= — [ - —1 h (— —)‘ .
/cosx /sm(x—i—I ne 2+2 +C

2

Teopema (06 UHTErPUPOBAHUU 3aMEHOIl TIEPEMEHHOIT).

[Iyctb dpyukus ¢ nuddepeHIIpyeMa HA TPOMEXKYTKe [| U B3aUMHO OTHO3HATHO OTOOpa-
JKAET ero Ha MPOMEKYTOK [y , mpuueM ¢ (t) # 0 mis mo6oro ¢ € I;. Ilycrs, nanee, dyHkimst
f ompenenena wa I, . Torma, eciu Ha mpoMexkyTKe [

[ et =ro -+,
TO Ha TPOMEXYTKe [o
[ Hade = Pl @)+ C.

rne o~ !(x) - dynkuwms, obpatHas x Gynkima o(t) .

HoxkazaTeabcTBo.

W3 ycnoBuit TeopeMbl ciienyeT, 9TO GYHKITUS go_l(x) nuddepeHupyemMa, n
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[TosTomy

1
_ / _ _ _ _
(Fle (@) = Flle7 (@) - (¢ (@) = flole (@) - el () - ——— = f(x).
¢ (¢~ Hx))
OTCIO,E[& HeHOCpeI[CTBeHHO BBITEKaeT yTBep}K,HeHI/Ie TeOpeMbI.
IIpumep. IlycTb TpebyeTcs BHIYUCIUTH
I:/\/aQ—xde, —a <z <a, a > 0.
. T T
Pacemorpum dyskmmio  ¢(t) = asint, ——= < t < —. HerTpynHo mpoBepuTh, YTO BCE

2 2
YCIIOBHSI TIOCTIENHEN TeOPeMBI BBITOTHEHBI. VIMeem

t in 2t
/\/a2—aZSiDQt-acostdt:a2/0082tdt:a2 (5—1—811 )—l—C:
2
:%(t+sint-\/1—sin2t)+0.

.
Bamenss B mocienHeM BeIpakeHnn t Ha @~ '(z) = arcsin — , momydaem
a

2

I = % (arcsin z + zva? — x2> +C.

a

Teopema (06 MHTErPUPOBAHUU O YACTSIM).

[lycts pyskumm v u v guddepeHnupyeMbl Ha TpoMexyTke [ i GyHKums u' - v umeeT
Ha 5TOM IIPOMEXYTKe IepBoobpasnyio. Torma

/u-v’dx:u-v—/u'-vdx.

Sanurem npaBuiio nudGepeHnnpOBAHNS TPON3BEICHS:

HokazaTeabcTBo.

(u-v) =vv+ur.

/u' Cvdr = /((uv)' — w)dz = uv — /u v'da.

Teopema nmokazaHa.

Orcrona

Ipumepuor.

1. PaccmoTpuMm mHTErpasibl

I, = /bxdx u Iy, = /e‘”” sin bxdzx.

3



Nmeem

b b b b b

. / . .
sin bx sinbr a . sinbx a
I, = /e“x ( ) dr = e* - - - /e‘” sin bxdr = e** — —1Is;

!/
L= /e‘w (_cosz) dex = —e - Cosz + % / e cosbrdr = —e Cosbbx

T.o., nima maxoxmeans [, m [, ToIydaeM Takylo CUCTEMY:

I = emsinbbx B %127
I am COS DT gy
= —e —1I.
2 b 1
Orcrona
acosbr + bsinbr
h= a® + b? R
asinbr —bcosbr ,,
I2+ a? + b? e

a

+ 1.

b

PaCCMOTpI/IM TEIIEPb HEKOTOPBIEC MHTETPAJIbI, COOEP2Kallle KBaleaTHbeI TPEXYJICH.

Az + B

—d 0.
ar? 4+ bxr +c T a7

[Iycth I=1

BrruncenuM BeroMoraTenbHbIN nHTerpasl:

7 _/ dx
YU ar v b+

BbIIIe.TII/IB B 3HaMeHAaTeJIe ITOJIHbIN KBaapaT, IIOJIyIIM

7 1 dx
1= b2 b2-dac’
a (IE + 2a> 4a?

Ecm D = b? — 4ac > 0, T0, 0603Ha4YMB

b? — 4ac
2 _
k 74—0,2 n U—l"i‘%,
TIOJTY TIIIM
1 du 1 u—k
a/uz—k;Q Qaknu+k‘+ ’
ectm ke D <0, To k*=—D ,n
1 du 1 U
! a/u2+k2 akangk+
I[lpu D =0 nmeem
1 [d 1
I = - _Z:___|_C
al u au



T.o., ocTaeTcs MUITL BEPHYTHCS K MPEXHEN IEPEMEHHON T .

Boruncnenne narerpasga [ MOXHO CBECTU K BBIYUCTEHUIO [q :

A 2ax + b Ab
i L s A S B
2a/aa:2+ba:—|—c$+( Qa) b

2 b d(ax® +b
/de:/ (az” + x+c>zln|ax2+bx+c]+0.

ar? +bxr +c ar? +bxr +c

AHAJIOrMYHO BBIYNCIACTCSI U nHTErpaJl

Ax + B
= dz.
var? +bxr +c

BrruncnumM BemmoMoraTensbHbIN nHTEeTrpall

J

4a?

Jl:/\/#bxﬂz/\/a((er;;—M) :/\/%7

N . |b? — 4ac|
e U=+ — =
g 2a’ 4a?

npu D = b® — 4ac > 0 mom pammKajoM B IIOCICTHEM HHTerpaje GepeTcs 3HaK -7, a IIpH
D <0 -3mak "+”. B pe3ymnpTaTe Ieno CBOOUTCS K BHIYUCIEHNIO TaOIMIHBIX NHTETPAJIOB BUIA

du du du du
_— ————  winu — =4 | —;
VK2 —u? vu? £ k? |ul u
3HAK TepPeT MOCIEIHIM THTETIPAJIOM BBIOUPAETCS B 3aBUCUMOCTHU OT PACIIOIOKEHUS TTPOMEXKY TKA
UHTETPUPOBAHUS OTHOCUTETHHO HYJIS.
Borancnenue unrerpana J cBOOUTCS K BBIYUCIEHUIO Jp :

A 2 A
J=— az b dx+(B——b)J1;
2a ar? + bx + ¢ 2a

2 b
S ar + dr = 2vax? +bx +c+ C.
vax? +bx +c



Kadenpa «MaTemaTuueckoe MOOEJINPOBAHUES
npod. II. JI. UBankoB

NuTerpanbl u nudpdepeHInnaibHble YPaBHEHNU A

KOHCIIEKT JIEKITUIA
IUIsL CTYOEHTOB 1-10 Kypca 2-ro cemecTpa
cuermasbrocTent PJI1,2,.3,6, BMT1,2

Jexuyug 3

Panwmonanbubie mpobu. PaszmoxkeHnne mpaBUWIBHOW paIMOHAIBHON TPOOHT
Ha CyMMy mpocreiimmx (6e3 mokasaTenbcTBa). VHTerpupoBaHume mpo-
crenmux apobeit. MuTerpupoBanHume MpPaBUIbHBIX U HEPABUIBHBIX pa-
IMIOHAJIBHBIX OPOOET.

OTHomIeHne OBYX MHOTOYJICHOB
P(z)  bpa™+ b1 ™ L 4 ...+ by
Q(z)  apr™ 4 ap_iz" 1l + . dag

roe Q(z) #Z 0, HA3BIBAETCS PAIMOHAIILHON Npo6bio. Mbl Gymem mpeamnonaraTsh, 910 Kosbdu-
[UEHTHI MHOTOWICHOB P(x) u (Q(r) BellecTBeHHBL.

Ecnu crenenb yncanTesss MEHbIIE CTENEHN 3HAMEHATEIIs, TO IPOOb HA3bIBAETCSI MIPABUIHLHON; B
MIPOTUBHOM CJIyYae - HepaBWIbHOM. Fciu npobb sBiseTCs HeIPaBUILHON, TO, PA3IeINB TUCIIU-
Tellb Ha 3HaAMeHATEIh, MBI IPEACTABUM TaKyI0 OpOOb B BUE CYMMBI MHOTOUJIEHA U TTPABUIIHHON
parnoHaabHON mpodu. [lockombKy MHTEr pupoBaHUe MHOTOUJIEHA He TIPENCTABIISIET TPYIHOCTEN,
MBI OTPAHUYINMCS PACCMOTPEHUEM BOMpPOca 00 WHTErPUPOBAHNT MPABMITHHBIX MPOOEN.

Panmonanbubie npobu Buma

A Bx +C
(x —a)™ (22 +pr +q)"
HA3BIBAIOTCA mpocreiimumu. [Ipu sTom mpemmomaraercs, uro A # 0, B*+ C* > 0, n

KBAIPATHLIN TpexwiIeH 2 + pr + ¢ He UMeeT BellleCTBEHHBIX KOPHeiH. 3aiiMeMcs cHauaJa
MHTErpUPOBAHUEM MIPOCTENIuX apodeit. Mmeem

m,n=12, ...,

A
/ de=A-In|z — o]+ C;

r—a
A A
/—d:c:— +C, m=23,...
(x —a)m (m—1)(x — a)m!
WNuTerpansr oT mpobeit
Bx+C
2+ pr+q

MBI y2Ke paccMaTpuBain. [[eficTBys B TOM XKe HyXe, MOIydaeM

Bz +C [ E@r+p)+C - B B [d@®+prtq)
dr = dr = —
(22 4+ px +q)" (22 +pxr+q)» 2 ) (224 px+q)n

1



2 2 + pr + q)" 2 (n—1)(@*+pr+q"!

2C — Bp/ dx
_l’_
2 (22 + px + q)"

n O0ej0 CBOOUTCA K BBIUMCIICHNIO MHTErpaJla

/ dx
I, = .
(22 + px+q)

Boimenum B 3HAMeHATE e TOTHBIN KBaIpaT:

ZC—Bp/ dz B 1
! <

B dx
ey

T.X. O IPEIIOOKEHNIO KBAIPATHEIN TPeXwiIeH o2+ pr -+ ¢ He UMeeT BeIIeCTBEeHHBIX KOPHET,

2
p p o
— > 0. [Tocne 3amensr ¢t = x + 3 MBI IIOJIyYNM TaKOU

4

dt
In_/(t2+a2)n'

I[Ipu n =1 umeeM TaOIUYHBIT UHTETPAJ:

dt 1 t
]1:/ = —arctg — + C.
a a

12 + a2

TO MBI MOXKeM O0O3HAUUTh a° = g —
MHTErpaJI:

Hamnee, npumensst GOpMYITy UHTETPUPOBAHUS TI0 YACTIM, TTOJIYIaeM

1 t t2dt
/ (2 + az)”( ) (2 +a) n/ (2 + a?)"t

t 2 +a? —a? t
= 4o — dt=—— 4+ 2nJ, — 2na®*J,.1.
(2 + a?)" / (2 + a?)n+! (2 + a?)" +1
OTcrona Takoe peKyppeHTHOE COOTHOIIIEHE:
1 t 2n —1
In—i—l - " [na

2na? (2 +a?®)"  2na?
KOTOpOE TO3BOJISAET, 3Has [ , B mpunnune Haiitu I, mpu moboM HaTypansaom n . Hampuwep,

1. L t ! + ! +C
= —arctg — + ————
27 243 %4 2a2(t% + a?)

T.o., MBI MOXEM TPOMHTETPUPOBATH JTIOOYIO MMPOCTERIITYIO TPOOL.
HanomuuM HEKOTOpPBIE CBemeHUs U3 areO6pbl MHOTOUWIEHOB. Besaknit MHOTOUIIEH

Q) = anz™ + ap_12" ... +ag, ap#0,
CTEIEHN 7 C BEIIECTBEHHLIME KOd(h(pUIUeHTaMI MOBITH IPEICTABICH B BUIC
Q) = a,(x — ozl)kl...(x — ar)k’“ . (x2 +pix + ql)ll...(:z:2 + psx + qs)ls, (%)

TIE O, ..c) Oy D1y eevy Psy Q1 ---, §s — BEIIIECTBEHHBIE UNCTIA; KBAIPATHBIE TPEXUIEHBl HE NUMEIOT
BEIIIECTBEHHBIX KOpHell, u ki + ... + k. + 2(l1 + ... + 15) = n.
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[Ipu sTom ecnu MHOTOWIEH (Q(X) HE MMEeT BEIIECTBEHHBIX KOPHEll, TO B HAIIMCAHHOM PAa3JIoXkKe-
HUM OTCYTCTBYIOT JIMHENHLIE MHOXKHUTEJIN, a €CJIM BCE€ KOPHMU 5TOI'O MHOT'OYJICHA BCIIICCTBCHHEI,
TO OTCYTCTBYIOT KBaJpaTHBIE TpexwieHbl. OTMeTuM erre, 4To pasjioxenue (*) enumHCTBEHHO
(¢ TOYHOCTBIO MO TIOPSIKA COMHOKUTEEIN).

B kypce Boiciiein aare6pel HOKA3BIBAETCSI, UTO BCSKas IPABUIIbHAS PAIOHAIIBLHAS TPOOH
P(z)/Q(x), 3sHamenaTenb KOTOpOU 3amuckiBaeTcs B Bume (*), ciaemyrommm o6pa3soM mpencTa-
BJISIETCSI B BUE CYMMBI IIPOCTENIINX IPOoOei:

P(x A A A, A,
() = 1 ...-i—;kl—f-...—i-—l-f-...—i-—kr-i-
Q(x) T — (x — ap)k T — (x — . )kr
Bll.ilﬁ + 011 Blhx + Olll le.%’ + Csl i lesx + Csls <**)
?2+prt+q 0 (@+prtq), 0 24 patq 0 (P4 pa+g)h

Takoe mpencTaBieHre eOUHCTBHHO (C TOYHOCTBIO MO TOPSOKA CllaraeMbix). Mbr Bumumm,
TakuM 06pa30M, UTO IJIT TOTO, YTOOBI MPOMHTET PUPOBATEH MPABUIBLHYIO PAITNOHATLHYIO OPOOH,
CllefyeT HANTH [JIs 3HAMEHATeNIs pa3ioxkenue (¥), a 3aTeM OpencTaBuThb 5Ty ApoOb B Bume (*F).
[Toce »Toro 3amaua cBemeTCs K WHTEIPUPOBAHUIO MPOCTERNIHX Apobeit. HToObl haxTuaecKn
HallTu pasinoxkenne (**), pekoMeHmyeTcs 3ammcaTh MPaBYIO YACTb C HEOMPEIETeHHBIMEI KOd(h-
dunmeHTaMM, 3aTEM BBIOIHUTD CJIOXKEHNE HAMMCAHHBIX APo6eil 1 MpUpaBHATH KO3(DOUIIMEHTHI
[IPU OMUHAKOBBLIX CTEIEHSAX B YUCIUTENAX JIEBOI U IIPABO YacTell IOy YMBIIErOCs PABEHCTBA.
7151 HaXOXKNEHNST HEONIPENEIEHHBIX KOA(DPUIIMEHTOB 00pa3yeTcs CUCTEMA JIMHEHHBIX YPaBHEHM;
5Ta CUCTeMa Beerma coBMecTHa (1 6ojee TOro, MOXKHO NOKA3aTh, YTO OHA UMEET eUHCTBEHHOe
pererne). [Ipu perieHun 5ToM CHCTEMBI MOXKHO UCIIOIB30BATH U IOMNOJIHUTEbHBIE DABEHCTBA,
nosyuatomnecst u3(**) moncTaHoBKOI BMECTO T KAKUX-TMO0 KOHKPETHBIX 3HAYECHUI.

IIpumep. 'TpebyeTcss TPOMHTErPUPOBATH PALMOHAIIBHYIO OPOOD

P(z) 22°—a'+22% —a2?—a+45
Qz) -3 —ar+1

B OJaHHOM CJIy4dae CTEII€Hb YNCJ/IUTETIsA OOJILIIIE CTEIIEHN 3HaMCHATEJIA; pa3dde/InM YUCJINTE/Ib Ha
S3HaAM€HATE/b, IOJIb3YsCh U3BECTHLIM aJITOPUTMOM:!:

205 — gzt 4223 — 22 412 —|—5‘:134—x3—x—|—1

2% — 22" -2z +2r |20 +1
2 4223 22 -3z +5
= —r +1

3x3  +27 —2r +4.

CrenoBaTesnbHO,
P(x) 3z + 2% — 20+ 4
=2r+1+— 3 .
Q(z) zt—axd—ar+1
Hasee, pas3moKuM Ha JTHHENHBIE U KBAIPATUIHBIE MHOKATEIN 3HAMEHATEIIb, 3aMEeTUB, YTO T =
1 - ero xopenb. Nmeem

ot -t 1= 1) —(r-1)=@-DE*-1)=(@—-1)*2*+2+1);

T.K. KBaJpaTHBI TpexuneH «° + x + 1 He mMeeT BeIleCTBEHHBIX KODHeEi, TO Tpebyemoe
pa3IoKEeHNe IMOIYUYeHO. JSalNIleM Telepb Pa3iloKeHHe BBIIECHHON paHee MPaBUILHON Ipobu
Ha MIPOCTENIINE C HeolpeneJeHHbIMI KOd(pDuiineHTaMu:

3t 42 —20+4 A N B N Cx+ D
vt —2+1 -1 (r—12 224+z+1
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BrimosuuB cioxxeHue npobelt B TpaBOl YaCTU U MPUPABHIB YNCIUTEIN CJIEBa U CIIPaBa, MOJIY-
UM

32° +2* =22 +4=A(2® — 1)+ B(z® + 2+ 1) + (Cx + D)(2* — 2z + 1).

Orcrona
x3 3=A+C
x? 1=B+D-2C
T —-2=B+C-2D
1 4=—-A+ B+ D.

CnoxuB Bce ypaBHeHus, mojayuuMm, uro 38 =6, t.e. B = 2. IlogcraBum 510 3Hauenne B
BO BTOPOE U TPETHE YPABHEHUS CUCTEMBI:

D—-2C=-1C—-2D = —4.

Otcioma C' = 2, D = 3; wu3 nmepBoro ypaBHeHus cucteMbl HaxoqumM A = 1 . OxoHUYATETLHO
HOJTydaeM TAKoe PABEHCTBO

3x3+x2—2x+4_ 1 2 2r + 3

-2 —x+1 _x—1+(:v—1)2+a:2+x+1'

Isist mexonHsoi panuoHansHoi apobu P(x)/Q(x) mMeem

Plx) 225 —z2'+22° —22—2+5 o 414 1 N 2 N 2z + 3
et = LI .
Q(z) =13 —x+1 r—1 (z—-12 22+z+1

S,E[GCB 3aCJIY2KIIBA€T BHUMAHNUA JIMIITb MHTETPaJl

2x 4+ 3 2x +1 dx
2?24+x+1 24+ xz+1 (x+35)2+73

4 2z +1
=In(z*+z+1)+ —=arctg ——— + C.
V3 V3
s maTerpana or panuoHanbHOl Gyakunn P(z)/Q(x) mMeeM cIemoBaTelbHO, TAKOE BbIPa-
JKEHHe

/2$5—x4+2x3—x2—x+5

.2
. de =z +z+1Injz—1|—
4 2z + 1
+1n(x2+x+l)+—arctg£—|—0.

2
z—1 V3 V3




Kadenpa «MaTemaTuueckoe MOOEJINPOBAHUES
npod. II. JI. UBankoB

NuTerpanbl u nudpdepeHInnaibHble YPaBHEHNU A

KOHCIIEKT JIEKITUIA
IUIsL CTYOEHTOB 1-10 Kypca 2-ro cemecTpa
cuermasbrocTent PJI1,2,.3,6, BMT1,2

Jlexuyusa /

NuTerpupoBanure BBIpaXEHU, PAIMOHAIIBHO 3aBUCUMBIX OT TPUTOHO-
MeTpuuecknxX ¢pyHknuii. WHTerpmpoBaHme mppanuoHAILHBIX (QYHKITUI.

[Ipumepsr mHTErpasoB, HE BBIPAXKAIOIINXCS Uepe3 3eMeHTapHble (yHK-
IIUT.

Yepes R(z,y,...,t) Oymem 0603HAUYATH PAIUOHAILHYIO (HYHKIMIO YKA3AHHBIX apIyMEHTOB
(T.e. OTHOLIEHUE ABYX MHOTOYIEHOB OT HTUX apryMEHTOB). BhIllle Mbl HAYYWINCH MHTErDU-
POBATH palMOHAIbHBIE QYHKINN. B majbHeHIeM OCHOBHBIM NIPUEMOM WHTErPUPOBAHUS (yHK-
NI Pa3InYHBIX KJ1acCOB OyneT NMpUMEHEHNe TAaKUX IOICTAHOBOK, KOTOPBIE MPUBOMIST MONLIH-

TerpajibHOE BhIpaXKEHNE K PAallOHAJILHOMY BUOY. Oror IIpueM Ha3bIBaeTCiA pauMOHaHmaumeﬁ
IIOOBIHTEI' PAJIBHOI'O BbIPDa2KCHU .

WNuTerpan
/R(sinx,cosx)dx (%)
MIOACTAHOBKOU
x
u:tgg, —rT <z <,

CBOIUTCS K MHTETrPAIIy OT pallmoHajbHON dyHKIuu.B camom nere,

' 2sin § cos § 2tg 2 2u

SINT = 2 x : 2x: 2:(:: 27

cos?§ +sin”" 5 1+tg”5 14w

0052§—Sin2§ 1—tg2§ 1 —u?
cosx = 7 g RS B

cos? § + sin” 3 g2

2du
r = 2arctgu, dr = ——,
& 14 u?

CTIeNoBaTEIbHO,

' 2u  1—u? du
/R(sm:v,cosx)da:zQ/R(1+u2>1+u2) 1+ a2

PaCCMOTpeHH&H II0OCTaHOBKa HA3bIBACTCs yHHBGpC&JIbHOfI.

IIpumep. IlpumeHUM YHUBEpPCAIBLHYIO MONCTAHOBKY IJIs BRIYUCIICHUS MHTErpajia

]:/d—m.
1+ 3cosz

Nnmeem




1 2 1 24+ tgl
_ ln\/_+u+C: 1n\f+g2
22 V2 —u 2/2 ﬂ—tg%

[Ipu BeranCaeHnN nHTErpata (*) YacTo UCHONb3YIOT TaKkKe IIONCTAHOBKIM

+C.

u=cosxr, u=sinx, u=tg.

B mHekoTOphIX ciydasx MpuUMeHEeHHe 3TUX MOICTAHOBOK OKa3bIBaeTCs O60JIee BBITOOHBIM, YeM TPU-
MEHEHHE YHUBEPCAJIBLHON MOICTAHOBKU. B KadecTBe mpuMepa paccCMOTPUM UHTETPAJT

)

Ly, = /cosm x - sin” xdz,
rme m u n - neible yucia.  [lycTh cHauaja m - HEYeTHOE YUCJIO0; TOTIa

)

. n— . n=1
Imn:/cosmx'smn 1x~smxdx:—/Cosmx~(1—0052x) 2 dcosx =

= —/um(l - UQ)%du,

rme u = cosx . Ecau HeUeTHBIM SBIISIETCS M , TO MPUMEHSIeM MONCTAHOBKY « = sinx . Ecmm
m U N ABJILIOTCS YeTHBIMH, TO, IIOCKOJIBKY

2 . 1 .9 tg
cos” T = ——5—, sin“r = —————,
1+tg°x 1+tg°x
du
MOXXHO IPUMEHUTH MOACTAHOBKY u = tgx . B sTom ciyuae = = arctgu, dxr = 152 1 MBI
U

oIy 9aeM, ITO

|3

I 1 2 u? du
m,n — PR : :
1+ u? 1+ w2 1+u?’
T.e. [IeJI0 CBOOWTCS K WHTErPUPOBAHWIO pPalroOHaIbHON QyHKInu. Ecam oba uuciaa m u n
SIBJISIFOTCST HEYETHBIME, TO MOYXKHO TPUMEHUTH MOICTAHOBKY u = cos2x . B camom mere,

Imn:/(cos2 )mT_l-(sin2 )nT_l-cosm-sinxdx:

1 1 + cos 2z " 1 — cos 2z e
- _ = — S dcos2x =

1 [ 14u\T l—unT_ld
T 2 2 Y

1 IOJIYYMJICA MHTETrpaJl OT paHHOHaHBHOﬁ q)yHKI_II/II/I, T.K. IIOKa3aTeJIn CTeIICHNU ) n

ABIIAIOTCA LEJIBIMI YMCJIaMIT (6BITI) MO2XKeET, OTpI/IIIaTeJH)HbIMI/I).

IIpumep. IlpuMeHuM TOCIEOHUN IPUEM IJIS BLIUYKUCICHAS HHTEIPAIA
Iy7 = /Cos9 x - sin’ zdz.

Nmeem

1 1 SIVE TN
for = /(C052 z)*- (sin®z)* - cosx - sinwdw = _Z/ eru : 9 %) du=



- (Hﬂm1—ﬁﬂmz—§é(/u—mﬁmw+/u—u%mm>:

= —5% (/(1 —3u® + 3u’ — u®)du — %/(1 —u?)d(1 - uz)) —

3 7 1— 2\4
:——(u—u3+gu5—u7—(Tu))+C, u = cos 2x.

WNurerpansr /sin ax - cos fxdr, /sin ax -sin fxdxr u /cos ax - cos fxdr

BBIUHUCIISIFOTCSL € TOMOIIBIO (hOPMYJT DJIEMEHTAPHON TPUTOHOMET DU
. 1, . .
sin o - cos B = é(sm(a + B)x + sin(a — f)z),
. . 1
sin ax - sin Sz = é(cos(oz — B)x — cos(a + f)z),

cos ax - cos fxr = %(cos(oz + B)z + cos(a — B)z).

Hampumep,
. 1 . 1 . 1 1
/stx - cos xdx = 3 /sm?)xd:c + 3 /smxdm = G cos 3x — 5 cosz + C.

PaccmoTpuM mHTErpasibl OT HEKOTOPBIX UppanuoHaabHbIX GyHKIUi. [lycTts Tpebyercs Burum-

CIINTH MHTETPAJT
T1 Tn
I:/R x, oz + e oz +/ dx, rme
v+ 0 yx + 9

#0; 7ry,...,r, — PAIIMOHAIILHBIE UUCIIA, 1M — UX OO

HaIMEHBIINN 3HAMEHATEIh.

IIycTs
 (ax+p o .
B (790 + 5) ’
Torma
r=rt)= M—_ﬁ; dr = r'(t)dt,
o — ytm

1 MBI IIOJIy4aeM, 9TO

I= / R(r(t), £, . ™) (t)dt,

TIOCJIe 9EeTo JIEJI0 CBOOUTCS K MHTET PUPOBAHUIO PAITMOHAILHON (DYHKIIIN.

= /4/1’—1—1
N r—1 x+1

Torpa, mpuMeHss yKa3aHHYIO BBIIIE MOICTAHOBKY, ITOIyYaeM

IIpumep. Ilycthb

Jr+1 tt+1 —8t3dt
r=— dr = :

t = -
r—1 1 =12




t—1  —8t3dt dt 1 1
[ = t- . = —4 - =9 — dt =
/ 2t4 (tt—1)2 /t4—1 /<t2—1 t2+1)
1 1
i + 2arctgt + C, t:@4/$+ .
t—1 r—1

PaccvoTpuMm Temeps mHTErpasbl BUIA f R(z,vaz? + bx 4 ¢)dx ;pasbepem nBa cirydas.
[IycTs cHavaa KBAOPATHLIL TpexwieH ax? + br 4 ¢ He mMeeT BeIeCTBeHHEIX KOpHeil; B 3TOM
cayuae a > 0, 1 ©UMeeT CMBICIT ITOICTAHOBKA

Var? +br+c=t—+a-z.

Torma ar? +br +c =t* — 2y/a - tx + az?;

=1In

x_ﬁ—_c- dr = tQ—_C /dt'
C2a-t+ b S \2va-t+b)

/R( Vaz® + bz + c)d /R C-c 4 e bt=c e Ny
x axr x c)ar = —_— — a .
’ 2y/a-t+b’ 2y/a-t+b 2\/a-t+b ’

U [eJ0 CBOOUTCS K WHTETPUPOBAHUIO PAIMOHAIBLHON (yHKIUU. PaccMOTpeHHas MOICTAHOBKA
SIBJISIETCST OMHON U3 MOICTAHOBOK JWUIIEpPA.

IIpumep. Ilyctb
[ / dx
V2 +1

} 2 -1 t2+1
[Tpumenum noncranoBky Oitnmepa: Va2 +1 =1 — x, x = = —

d
P T e

ot 21\t 21 dt t—1
I= t— : dt =2 —In|—|+C=
/t2—1( of ) 212 /t2—1 n‘t+1‘+
r+vVaet+1-1 LC
r+vVr2+1+1

IIycTs Temepsb KBaApATHBIN TpPeXwieH ax? + bx + ¢ MMeeT IBa BeIeCTBEHHBIX KOPHS, T.c.

dt;

=In

az® + bz +c=a(r — \)(z — p).

Vaz? +br +c=alx — Nz —p) = |z — A - a%,
V.

I MBI IM€EeM MHTErpaJll y2K€ PaCCMOTPEHHOI'O THUIIA:

/R(m, \/am2+bx+cdx:/R<a7, |x—)\|-~/am_§> dx.
l‘_

SHGCB panluOHaJIMU3aIusd JOCTUTaCTCsA IIOIC TAHOBKOM

Torna

T —p
r—\

B 3axmo9eHNE OTMETHM, YTO MHOTHE WHTETDAIbl OT 3IeMEHTAPHLIX (DYHKINI He BBIPaXkKa-
I0TCs depe3 7IeMeHTapHBIe (DYHKITNN; TAKOBEI, HAIIPIMED,BCTPEYAOIINeCS B IPUIOKCHIIX ITH-

2 ) cos T sin x dx
Terpasbl /e “dx, /costdx, /81nx2da:, / dx, / dx, —  u aop.
x

t=14/a

T Inz



Kadenpa «MaTemaTuueckoe MOOEJINPOBAHUES
npod. II. JI. UBankoB

NuTerpanbl u nudpdepeHInnaibHble YPaBHEHNU A

KOHCIIEKT JIEKITUIA
IUIsL CTYOEHTOB 1-10 Kypca 2-ro cemecTpa
cuermasbrocTent PJI1,2,.3,6, BMT1,2

Jexyuu 5-6

OmnpeneneHnublil MHTErpaja Kak IMpenejl MHTErPAIbHBIX cyMM. Teopema
06 MHTErpUPyEeMOCTH KyCOYHO-HEIPEPHIBHON GyHKImMK (6€3 moKa3aTeh-
crBa). [eomerpuueckas wWHTEpIpeTaNus ONPENETIeHHONO WHTErpala.
OcHOBHBIE CBOMCTBa OIMpENeIEHHOTO mHTerpaia. TeopeMbl 06 OlEHKEe U
O CpenHeM 3HA4YeHUU.

Muo)ecTBO TOUEK a = xg < 1 < ... < X, = b Ha3bIBaeTCs pasbuenuem orpeska [a, b] ;
oTpeskn [x;_1, ¥;], @ = 1,...,n, Ha3BIBAIOTCS OTPe3KAMU Da30MeHUs; IJINHA {—T0 OTPE3Ka
pasbuenust obosHauaercs Axz; T.e. Awx; = x; — v, ; ancno A7) = max Ax; Ha3bBaeTCs

(2

ouaMeTpoOM pa3OueHus.

[Iycts Ha orpeske |a, b] 3amana dymkuums f(z) . Beibepem mpomsBonbHO TOUKH §; €
[z;_1, x;], 1=1,...,n, U cocTaBuUM CyMMy

o(r) = Zf(&)Awi,

KOTOpasi HA3bIBAETCs MHTErpPaIbHON cymMMonl dyukimu f(x) , oTBevatomieil pasbueHno 7 u
Toukam &, ..., &,, BBIOPAHHBIM Ha OTpe3Kax pasbuenus. lIpenen uHTErpasbHBIX CymMM o(T)
mpu ycaoBuu, 9To auaMeTp pasbuenus A(7) — 0, Ha3BIBAETCs OMPENEIICHHBIM HHTETPAJIOM
or ¢yukuum f(z) mo orpesky [a,b] . DroT mpenen ( eciam OH CYIIECTBYET U HE 3aBHCHT OT

BLIOOpa TOUEK &; ) 0603HAUALTCS
b
| i,

B KOTOPOM a ¥ b HA3LIBAIOTCS COOTBETCTBEHHO HIDKHWUM W BEPXHHUM IMPENEIAMU HHTETPHPO-
BaHWsA. Bojee TOUHO ompenesnenue Ipeneia MHTErPATLHBIX CyMM BBITJISOUT Tak.

Yucno [ Ha3bIBaeTCs MPENesioM MHTErPalbHbIX cyMM o(7) mpu A(7) — 0, ecnu muis
moboro & > 0 cymecrByer uncio 6 = §(g) > 0 Takoe, 4To M a060r0 pasbueHus T
st Kotoporo  A(7) < 0 mpm ar060M BBIGOPE TOUEK HA OTPE3KaxX pasOUeHUs BBIIOIHAETCSE
HEPaBEHCTBO

I —o(7)| <e.

D10 XKe ompemesieHre, Kak U B CIydae mpeneia QYHKINN, MOXKHO 3alUCcaTh U Ha S3BIKE TOCIe-
OOBaTEILHOCTEN.



IIpumepur.
1. Ilycrs f(z) =C wma orpeske [a,b]. Torma

o(r) = Z f&)Az; = CZ(xi — ;1) = C(b—a).

Mu1 BuouM, 9TO B HAHHOM CJIydae MHTErpajbHbIe CYMMBI HEe 3aBUCIT OT Crocoba pa3bueHus
oTpesKa u BeI6Opa TOUeK Ha oTpe3kax pasbuenus. [losToMmy mpemen Takux cymMm (IIpU yCiIoBUm,
yTO nuamMerp pasbueHus cTpeMuTcs K Hymo) pased C(b — a) ; 5TOMy Ke UHCIy paBeH U

COOTBETCTBYIOLUINN NHTETPaJI:
b

/Cd;l: =C(b—a).

a

b

2. Mycrs f(x) = ¢ wa orpeske [a,b] . MoXHO mOKa3aTh, YTO MHTETPAI / xdx cy-

a
IIeCTBYET. HOBTOMY npeneili THTEerpaJIbHbIX CYMM HE€ 3aBUCUT OT BI)I60pa TOYEK Ha OTpe3Kax

pa30ueHus, u , CJIeNOBATE/IBHO, TAHHBII NHTErPajl paBeH IIpenesly MOIyCyMMBI IBYX HHTETr PAIb-
HBIX CYMM:

1 1 9 2 y_ Llpgo oo
5 in,lei—i-ZmiAxi —52(:@ _$i71)—§(b —a”).

OTcronma sicHO, 9TO

3. Paccmorpum dyukmuio [lupuxite

(z) 1, ecaum x paluoHAIBLHO
€T =
X 0, ecnu x uUpPpPAIMOHAJIBHO.

s moboro orpeska [a,b] u mis m060ro ero pasbmenust T , BBIOPAB BCe TOUKHM HA OTPE3KAX
paszOueHus paloOHAILHBIME, TIOJTYYUM, KaK U BBIIIIE, YTO

O’(T):Zl'Ain:b—a.
i=1

BribpaB ykazaHHBIE TOUKU UPPAINOHATILHBIMUI, TOJIYIIM,ITO

o(r) = ZO - Az; = 0.
i=1

HeTpynuo mpoBepuTs, 4To TeopeMa O ¢IMHCTBEHHOCTH Hpenesia CIpaBed/IiBa U I IIPeesioB
MHTErpaidbHex cyMM. [losTomy mis GyHKmm Jupuxie nHTerpajbHbIe CyMMBI HE IMEIOT Ipe-
nena (mpu A(7) — 0 ), u 5Ta GYHKIUSA HEUHTETPUPYyeMa.

B cBa31 ¢ TIOCACOHUM IPUMEPOM BO3ZHHKAET BOIPOC 00 YCIOBUSAX MHTETPUPYEMOCTU (DyHKITUN.

Teopema (0 HEOOXOAMMOM YCIIOBUU MHTEIPUPYEMOCTH (DYHKIIIN).
Ecnu dyHKums uaTErppyemMa Ha OTPe3Ke, TO OHA OrpaHWdeHa (Ha HTOM OTPe3Ke).
B cBsa3u ¢ 901 Teopemoit (Ha MOKa3aTeIbCTBO KOTOPOIl Y HAC HET BPEMEHU) 3aMETHUM, UTO Ofl-
HOM JTUIITb OTPAHUIYEHHOCTH €Ille HEIOCTATOYHO [JIsl MHTETPUPYEMOCTH (PYHKIINH - B 9TOM MOYXKHO



ybenuThbea Ha npumepe Gy Jupuxie.
[Iycts cHOBa mMeercst dyukuus f(z) , onmpemenenHast Ha oTpe3ke [a,b] . DrTa QyHKIMS HA3BI-
BAETCs KyCOUYHO-HEIPEPBLIBHON Ha 3TOM OTPE3Ke, eCIN CYIIECTBYeT pasOueHme

a=xg<r1<..<x,=0b

Takoe, 4To f(r) HempepbIBHA HA KAXKIOM WHTepBajie (T;_1, T;) , U OPU DTOM CYLIECTBYIOT

KOHEUHBIE OMHOCTOpOHHUE mpemenbl  lim f(x) uw  lim f(z), i=1,2,...,n.
z—x;—1+0 z—x;—0

Nupivu croBamu, dyukims f(r) HempepblBHA BO BCEX TOYKAX OTPe3Ka [a,b] 3a mckimode-
HreM, OBITh MOXKET, KOHEYHOIO JHMCIIa TOYEK, B KOTOPBIX f(x) umeeT paspwiBel 1-ro poma. B
JACTHOCTHU, HETPEPBIBHASA HA OTPe3Ke [a,b] (yHKIMS KyCOYHO- HEmpephIBHA Ha 5TOM OTPE3Ke.

Teopema (06 MHTErPUPYEMOCTHU KYCOYHO-HEMPEPLIBHON (DYHKIINM).
Ecnu @yHKINS KyCcOYHO-HEIIpepBIBHA Ha HEKOTOPOM OTPE3Ke, TO OHA MHTErPUPYeMa Ha 3TOM
OTPE3Ke.
DTy Teopemy nmpuHIMaeM 6e3 IOKa3aTelbCTBa. VI3 Hee cllemyeT, 9To HeImpephIBHAS HA OTPe3Ke
byHKIMA uHTErpupyeMa (Ha 5TOM OTpe3Ke). 3aMeTHM eIlle, UTO KyCOYHAas HENpPEPLIBHOCTH
(DYHKIINM He IBJISeTCS HCOOXOMMMBIM YCJIOBUEM MHTErPUPYEMOCTH.
PaccMOTpuM reoMeTprIYecKy o HHTepIpeTalnio OIPeNeIeHHOro nHTerpaia. IlycTs mana reoMe-
Tpudeckas QUrypa, orpaHUYeHHas: CBeepXy I'paduKoM HEIPEPBIBHON HEOTPUIATEITHHON (yHK-
mun  f(x) , ¢ GOKOB OTpe3KaMy BEPTUKAJBHBIX NPAMBIX & = @ U & = b U CHU3Y OTPE3KOM
[a,b] ocu abcrmce. Takas Gurypa HasbBaeTCs KPUBOIMHENHON Tpamermeit (puc. 1).

Ya

>

a=xy Xy X9 A3 A4 b:x5

Puc. 1

Beraucnum nnomans S kpuBosuHenHON Tpamenuu. s 5Toro Bo3bMeM paszbueHue a =
rg < 1 < .. < x, = b wHa orpe3ke [a,b] wu BbbepeM Ha OTpe3Ke [T;_1, ;| TOUKH
& ® 1; , B KOTOPBIX MOCTUTAETCS COOTBETCTBEHHO MUHUMAJIHLHOE U MAKCHMAaJIBLHOE 3HAUEHUS
HETPEePBIBHOI Ha 5ToM oTpeske pyukuuu f(z); i =1,2,...,n. O6o3uauuB uepe3 S; MIOMIALL
KPUBOJIMHEMHON TPAENUN, OTBEUAIOIIell N3MEHEHUI0 T Ha OTPe3Ke [T; 1,T;] , 3amuimeM
OUEBUIHOE HEPABEHCTBO

f(&)Ar; < S < f(m)Aw;.
[Ipocymmupyem Takme HepaBerncTBa mo ¢ = 1,2,...,n. T.k. 2?71 S;,=S5, To

n

Zf(&)ﬁxi < S < Zf(m)Axi.
=1

i=1

3



[Tockonbky HenmpepbIBHAS QYHKINS THTETPUPYEMA,TO IIPU CTPEMJICHIN TUaMeTpa Pa3dbueHms K
HYJIIO TIOJIy49aeM OTCIONa, 94TO

/bf(x)d:v < S < /bf(:v)dx.

b
Crnenosarensro, S = [ f(z)dz. T.o., mETErpan 0T HEOTPULATEIHLHON HEIPEPLIBHON (yHKIUN

a
paBeH IJIOIIAAN COOTBETCTBYIOIIEN KPUBOJIMHENHON TPATIEIINN.

PaccMoTpuM OCHOBHBIE CBONCTBA OIPENENIEHHOTO MHTErpasia.

1. Jlumensocts. Ilycrs dyukimun fi(z) u fo(r) mETErpUpyeMbl HA OTpeske [a,b] , u mycTh
Q) U (i - TIPOU3BOJIbHBIE BellleCTBeHHBIE umcia. Torma dyukuus o f(z) + asfo(x) Takxke
uHTErpupyema Ha |a,b| , u

b

/ (anfo(@) + asfo(x))dz = o /b fu(@)dz + as /b folw)dz.

a

Hﬂﬂ OOKa3aTEJIbCTBa 3allUIIIEM OYE€BUOHOE PABEHCTBO OJId MHTETPAJIbHBIX CYyMM:!:

n

Z(Oé1f1 (&) + azfa(&i)Ary = ay Z fi1(&)Ax; + Z fo(&i)Aw;.

i=1

[Mepexons 3meck K mpenerty npu  A(1) — 0, mosmydaem Tpebyemoe. 3aMeTUM, UTO IPOCTO
COCTIATBCS HA M3BECTHLIE TEOPEMBI U3 TEOPUU IIPENESIOB MBI 3[€Ch HE MOXKEM, T.K. IOHITHE
npezena WHTErPAIbHBIX CyMM He CBOOUTCS HEMOCPENCTBEHHO K MOHATHUIO Ipenena (yHKIUN.
[Ipu 605ee MOTPOOHOM M3JTOKEHUN CJIENOBAJIO OBl PACCMOTPETH HECKOJIBKO TEOPEM O CBOMCTBAX
IPELIENIOB MHTErPaIbHEIX cyMM (mpu A(7) — 0).

2. Anmurtusnoctb. IlycTs dymkius f(z) uaTerpmpyema Ha oTpeskax |a,c| u [¢,b] . Torma
OHA MHTErpupyeMa u Ha OTpeske [a,b| , mpuuem

/b fla)da = / fla)dz + /b f(a)da.

Hoxazameavcmeo. Wurerpupyemocts Gyukuun f(x) Ha oTpeske [a,b] odeBumHa B ciryuae
KyCOYHO-HEIIPEPBLIBHON (PYHKINNU; B OOIIEM CIydae OCTaBIAeM 5TOT (HaKT 0e3 MOKa3aTelIbCTBA.
[Mockoneky f(x) wumTerpupyema Ha [a,b] , TO OpU COCTABIEHNN UHTETPAJIBHON CyMMBI [JIs
MHTErpaJsa u3 jJeBOi 9acTU JOKA3BIBAEMOIO PABEHCTBA MOXKHO CUYATATh, YTO COOTBETCTBYIOIICE
pazbuenne a =) < 1 < ... < Tp=c=Y <Y < ... < Yy = b comepxut Touky c . Torma
cyMMa

Z f(&)Az; + Z J(n;)Ay;
i=1 J=1
b

OyzmeT MHTerpasbHOI cyMMol myist narerpana [ f(z)dr u OXHOBPEMEHHO CyMMOIl HHTEIDATIb-
a

c b
HBIX CyMM myist uTerpanos [ f(x)de u [ f(z)dx.
a Cc

[Toce mepexona x npenerny npu maxr Az; — 0 n  max Ay; — 0 nomyunm Tpebyemoe.
MoxHO moKa3aThb, UTO Ha CAMOM [eJie ONPENeIeHHBIN MHTErPasl SBISIETCS aIIUuTUBHON (yHK-
el OpUeHTUPOBAHHOTO TpoMexXyTKa. s Toro, 9Todb chopMyImpoBaTh COOTBETCTBYIOIIIEE
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CBOICTBO, PACIPOCTPAHUM IOHSITUE OMPENESIEHHOIO MHTEerpaja Ha ciydait a > b (T.e. Ha
cityJail, KOrna HUXKHUIM Tpeerl MHTerPUPOBAHUS GOTIbIIIe BEPXHET0) ¢ MOMOIIBI0 PABEHCTBA

b

/ f(x)dr = — / f(z)da;
b

a

npu a = b OymeM cuuTaTb, UTO
b
/ f(z)dx = 0.

[Ipu Taxom 0OOOIIIEHUN TIOHSATHS WHTETPajia CIPaBEIJIMBO CJEMYIOIee YTBEPXKICHNE.
Ecmu ¢dyukuust  f(x) wunTerpumpyema Ha orpeske [ , m eciu a,b,¢ — TPOU3BOIIBHBIE TOUKK

29TOTrO OTp€3Ka, TO
b c b
/ f(@)dz = / f(x)dz + / f(x)d,

IpuYeM, pa3yMeeTcsl, BCe HAIMCAHHBIC MHTErPAJIBl CyIIECTBYIOT.
s moKasaTenbCTBa CIIeMyeT PacCMOTPETH BCE BO3MOXKHBIE CIIydal PACIONOXKEHUS TOYEK da, b,
¢ Ha oTpe3ke [ (mpu 5TOM, eCim Cpenu TOYeK a,b, ¢ eCThb COBIAMAOIINE, TO MOIyIaeTC s 06~
BIIHOE PABEHCTBO, 4 €CJIM BCE 3TU TOYKN PA3INYHLI, TO JOKA3LIBAEMOE PABCHCTBO OUCBUIHEIM
obpa3zoM cliemyeT W3 YCTAHOBJIEHHOTO BBIIIE CBONCTBa ~ OOBIYHON AOAUTUBHOCTHU OIIPENeIeH-
HOT'O HHTerpasa,).

3. Wurerpuposanue vepasencts. Ilycts dyuxkuun fi(z) u  fo(x) umHTErpupyeMbr Ha O0T-
peske [a,b] , m mMycTb B KaX[Ol TOYKE X HTOTO OTPE3KA BBIMOIHAETCS HEPaBeHCTBO f1(z) <
fo(x). Torma

/bfl(l“)dx < /bfa(fr)dl"- (%)

HJI?I OJOKa3aTeJIbCTBa, KaK O6bI‘IHO, 3allUIIeM COOTBETCTBYIOIIEE COOTHOIICHUE /I MHTET PAlb-
HBIX CyMM:

Zﬁ(&)mi < Z Fa&) A,

I[lepexonst 3mech K Ipemeny, MOy IuM Tpebyemoe.
Eciu va orpeske [a,b] BBINOIHSAETCS HEPABEHCTBO

m < f(z) < M,

To u3 (*) cremyer, uTo
b
m(b—a) < /f(a:)dw < M(b—a).

4. HepaBeHCTBO Wi abCOMIOTHBIX BeWuuH. IlycTh dyukius f(x) wuwHTErpupyeMa Ha OT-
peske [a,b] . Torma dyuxuus |f(x)| Taxxke mHTerpmpyema Ha 3TOM OTDE3Ke, U

b

[ e < / f(@)\de. (+4)

a



dakT wnaTerpupyemoctu ¢yukuun |f(x)| HETpymHO HOKa3aTh I KYCOYHO-HEIPEPBIBHOM
byuxuun  f(x) ; B obimeM ciyuae OpuHEMaeM 5TO 6e3 MOKa3aTelIbCTBA. SalliIleM OUeBHI-
HOE HEPABEHCTBO VI MHTErPAJILHBIX CYMM:

D fE)AT| < D If(&)| A,
i=1 i=1

[Tepexomsa k mpemesty mpu CTPEMJIEHUN K HYJIIO qUaMeTpa pas3bueHus, moisydaeM Tpebyemoe.
BamernM, uro (**) MOKHO 0600LIIMTE U Ha CIydail @ > b ; B 9TOM CiIydae COOTBETCTBYIOIIEe
HEPABEHCTBO MPUOOPETAET BULL:

/bf(f)dév < /blf(l“)ldw

PaccmoTpuM errie Teopemy O cpemHeM MJIsl ONPENeIeHHOTO NHTerpada.

Teopema (o cpednem). llycts pyukuns f(x) mempepwiBHa Ha orpeske |a,b] . Torma
cymectByeT Touka & € [a,b] Takas, 4To

[ f@ds =10

Zloxazameavcmeo. T.x. f(r) mempepbiBHa Ha [a,b] , TO 5Ta GYHKIUS MOCTUTAET HA DTOM
OTPE3Ke CBOEr0 HAUMEHBIIEro 3HaueHUs 11 U HauOOJBIIHTO 3HaueHUs M U IpUHEMAET BCe
sHaueHus u3 orpe3ka [m, M| . amee, u3 wepasenctBa m < f(z) < M momydaem, 9To

b
m(b—a) < /f(x)dx < M(b—a),

nim

m < 1 /f(x)dang.

[Mosromy cymectsyer uucio € € [a,b] Taxoe, 4To

16 = 5= [ S(oe

Otcioma merko cienyet Tpebyemoe. Teopema mokaszana.

[leoMeTpraecKkuil CMBICT TOKA3AHHON TEOPEMBL 3aKJII0UAETCS B TOM, U4TO Ha OTpe3ke [a, b]
HalmeTcs Touka & Takas, 9TO INIOMIAOb COOTBETCTBYIOIIEH KPUBOJIMHENHON Tpamelnn paBHA
IJIOLIAY TIPAMOYTOJIBHIKA ¢ OCHOBaHHEM b — a u BBICOTOI (&) ; MpM 9TOM MPENNOIaraeTcs,
yro f(x) HeorpumarenbHa Ha [a,b] (puc. 2).



Y

A8

Puc. 2



Kadenpa «MaTemaTuueckoe MOOEJINPOBAHUES
npod. II. JI. UBankoB

NuTerpanbl u nudpdepeHInnaibHble YPaBHEHNU A

KOHCIIEKT JIEKITUIA
IUIsL CTYOEHTOB 1-10 Kypca 2-ro cemecTpa
cuermasbrocTent PJI1,2,.3,6, BMT1,2

Jexuyua 7

OmnpeneneHHbI MHTEPAJ C IEPEMEHHBIM BEPXHIM TIPEIETIOM U TeopeMa
o ero npom3pomuoit. Popmysa Heiorona-Jleitbuuna. Broraucmenue ompe-
NeJICHHBIX WHTETPAJIOB MONCTAHOBKOW U IO YacTsM. VHTerpupoBanue me-
puoouYecKnx (PyHKINN, THTETPUPOBAHUAE UYETHBIX U HEYETHBIX (DYHKIIUN
Ha OTpEe3Ke, CUMMETPUIHOM OTHOCUTETHHO Havdajla KOOPIWHAT.

Ecmu dyukuns f(xr) wumTerpupyema Ha oTpeske [a,b] , TO, KaKk OTMeYANOCh BBIIIE, MJIs
aoboro x,a < x < b, cylecTByeT MHTErpaJ

F(z) = / f(t)dt, (+)

KOTOprfI Ha3bIBACTCA MHTErPpAJIOM C IIEPEMCHHBIM BEPXHUM IIDEOCIIOM.

Teopema (0 HENPEPLIBHOCTH MHTErPAJIA C MIEPEMEHHBIM BEPXHUM MIPEIEIIOM ).
Ecmu dyskuns f(x) wunTerpupyema Ha orpeske [a,b] , To dyukuus F(z) , ompenensemas
PaBEHCTBOM (%) , HEIIPEPBIBHA HA HTOM OTPE3Ke.

Hoxazameavcmso. Ilycts © m x4+ Ax - Touku orpeska [a,b] . T.x. f(z) urrerpupyema
Ha [a,b] , u, clemoBaTENIbHO, OFpaHUYEHA Ha DTOM OTpe3Ke, TO CyllecTByeT uucio M Takoe,
41O miis oboro x € [a,b] Bemonusercs wepasercTBo |f(z)| < M. Ilostomy

r+Ax

|F@+A@——F@ﬂ::d/f@ﬁ——/fmﬁ -

a

r+Ax z+Ax T+Az
::L/fwﬁ < /ﬂﬂmﬁ < / Mﬁ::M¢Am

re. |Flz+Az) — F(z)] < M|Az| -0 upu Az — 0, u QyHKIUS HEIPEPBIBHA B TOUKE
x . Teopema mokasaHna.

Teopema (0 TPOU3BOMHON MHTETPAJIa € TIEPEMEHHBIM BEPXHUM MIPEIESIOM ).
[IycTs dyukuus f(x) uaTerpupyema Ha oTpeske [a,b| u HempepbIBHA B HEKOTOPOU TOUKE T
sToro orpeska. Torma dyuknus (*) muddepenmupyema B Touke z , u F'(z) = f(x).

ﬂO’KJGS’(Im@./I,bCTTLGO. HOCTaTO‘{HO OOKa3aTb, 9TO

mn(F@+A@—F@ﬁ_ﬂ@>:0 (xs)

Ax—0 AQ?

1



OneHnM CBepxXy MOMY/b BBIPAXKEHUs IIOH 3HAKOM IIpedesia B JIEBOH UAaCTU 5TOTO PABEHCTBA;
nMeeM

z+Ax T+ Az
‘F(x+AA:2_F(x) — f(@)] = Aix / f(t)dt — / Flo)dt || =
1 r+Ax ) ot Az
_ K;ZXﬂﬂ—ﬂ@MthEﬂ.!mﬂw_ﬂmw_

T.x. dyukmusa [ HempepbIBHA B TOYKE T , TO MJIsI JI060r0 € > (0 CyIIecTByeT Yucio o =
d(e) > 0 Takoe, uTo mpu moboM t, |t —z| < §, BeImOMHSIETCs HepaBeHcTBO |f(t)— f(x)] < €g/2.

[TosTomy mnst ykazaHHBIX

rz+Azx
€
[ 150 = s@lar] < 5+ 1al.
OxoHYATEIBHO : Ag) @)
F(z+ Ax) — F(x 1 ¢
— < - .2
‘ Az flo)] < Az| 2 |Az| <e,

ecmun |Az| < . Dro ozHauaer cupasemmuBocTh (**). Teopema mokaszaua.

Caedcmeue. Ecnu dyukuns f(r) mempepbiBHa Ha OTpe3ke [a,b] , TO OHA UMeeT Ha HTOM
oTpe3Ke rmepBoobpa3Hyo. B kauecTBe Takoil mepBOOOPA3HON MOXKHO B3ITh, HAIIPUMED, THTET PAIT
C TIEPEMEHHBIM BEPXHUM IIPEIEIOM.

Teopema. Fcmu dyuxnus f(x) wmempepwiBHa Ha orpeske [a,b] , u ®(x) - xakas-mu6o
nepBooGpa3Has 5TOi (HYHKINE HA YKA3AHHOM OTPE3Ke, TO

[ @ =0t - 2@,

Loxazameavcmso. OpHoit n3 nepBoobpasHbIx GyHkuun f(x) sSBIseTCs

ﬂw:/}ww

nBe mepBoobpasubie GyHKIMu f(r) pasnuyuaroTcs camoe GOJIbINee Ha KOHCTAHTY, T.e.

d)(x)—/f(t)dt—C.

[oncrasnsas ciona = = a , nomydaem, uro C' = ®(a). [osromy
/f(t)dt = ®(z) — D(a).
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[lpu z = b monyuaem Tpebyemyio dhopmyiay. Teopema moxasaHa.
IToKa3aHHYIO TeopeMy 9acTO HA3LIBAIOT OCHOBHOI TE€OPEMOIl MHTEr PAILHOrO ncunciaenus. dop-
myuna (*) HaseiBaercs dopmysiont Heorona-Jleiibuuma; 5Ty GopMyIty 4acTo 3aluChbiBaiOT B BIIE

b

fﬂmm=¢m>,

a

MPABYIO YACTh MPU 5TOM HA3BIBAIOT MBONHON MONCTAHOBKOW OT a m0 b . 3amerum erre, 4TO
dopmyna HeioTona-Jleiibuuiia cipaBeniuBa u mpu a > b.

Ipumepur.
b 2b L p
1. / rxder = —| = - pe3ynbTaT, He 0e3 Tpyla IOIYYEHHBI HaMU
a e 2
pamee.
rd
t T
2. — =1Int| =Inuz;
t 1

1
9TO PAaBEHCTBO CIIPpABEMJINBO IIpN moboMm x > 0.

Teopema (0 3aMeHe TEPEMEHHON B ompenesieHHOM uHTerpase). Ilycrs dyukius f(z)
HEIIPEPBIBHA HA OTpe3ke [ , a QYHKIWs ¢ HempepsiBHO nuddepeHnupyema Ha OTpeske «, 3
npuaeM @(t) € I mns moboro t € [, []. Torma, ecmn a = ¢(a), b= p(H), To

b B8
/&quz/fw@wwwMt

Hoxazameabcmeo. B culy criesaHHBIX NPENIONOKEeHN 06a MHTErpasia, BXOMAIIME B IO-
CIle[IHee PABEHCTBO, CylnecTByIoT. Ilycrs F(x) — mepsooGpasuas Gyukuun f(x) Ha OTpeske
I ; >Ta mepBoobpasHast CylecTByeT B cuity HempepbisHocTH f(2) Ha I .

Torma F(p(t)) 6ymer mepoobpasHoit dyukuun f(p(t))¢'(t) Ha oTpeske o, 3], aToO mpoBe-
psieTcs HenocpencTBeHHO. [lo dopmyne HeroTona-Jleiitbauma nmeem

I
3
5
=

|
3
5
£

I

~
=

|
3
s

B
/&ww»wwﬁ

ns ABYX HallMCaHHBIX PAaBEHCTB CJICOAYET YTBEP2KIOCHUEC TE€OPEMHEIL. TeopeMa JOKa3aHa.

Teopema (MHTErpUpOBAHUE TIO YACTIM IJIsI OIPENETEHHOTO nHTerpasia). 1lycTs dyHKmmn
w(z) m v(z) mempepwiBHO nubdepeHnUpyeMbl Ha oTpeske |a,b] . Torma

/b w(@) v (@)dz = ulx) - v(z) b _ /b o (2)v(z)dz.



Lloxazameavcmeo. PaccmorpuMm GyHKIINIO

MeeM

F'(z) =d/'(z) - v(z) +u(z) - v'(z) — () - v(z) = u(z) - v(z).
CremoBatensHo, F(x) — mepsoobpasnas mist u(x) - v(z) . Ilo dopmyne HeroTona-JleitGruma
TIOJLy IaeM

xT

— (ul@) - v(a) = [ w(0)- oty

b

a

Teopema nokazaHa.

IIpumep. PaccMoTpum mHTETrpaI

g
I:/lntgg~sinxdx.
5
Nneem
bl
]:/lntgz(—cosx)'dx: —cosx-lntg£ St
g
1 1 2 2
+ [ ct a:dxz—ln—%—lnsinx) =In—.
/ & 2" /3 x /27

wly

Oyuknus  f(r) , 3amaHHas HA BCEll BEIIECTBEHHON MPSIMON, HA3LIBAETCS TEPUONUIECKON C TIe-
puonom T # 0, ecnu muist moboro @ BeimonHsgeTcs pasecTtBo f(z+ 1) = f(x).

Teopema (o6 uHTErpase or nepuonuyeckoint yuxmn).Eemn nmepuonuueckas ¢ mepuomgom

T >0 dyukuus f(x) uaTErpupyeMa Ha KAaKOM-IU00 OTPe3Ke IIMHLL 1’ | TO OHA UHTerpupyemMa
Ha JTI000M OTpe3Ke, I WHTEerpaJl
a+T

/ f(@)da

a
HE 3aBUCUT OT .

Lloxaszameabcmeo. s ynpolneHnHs: moKa3zaTeIbCTBA MPENIOIOKIM TONOTHUTEIHLHO, ITO
f(x) mempepeiBHA mp; Becex x . Hammiem oueBMIHOE paBEHCTBO:

a+T 0 T a+T
[=]+]+ ]
« a 0 T



B nmocnenreM mHTErpasie cresaeM 3aMeHy IIepeMeHHOM:

7Tf(x)dx = /af(u+T)du:/af(u)du.

CrnenosatensHo, B paBencTse (*)

0 a+T T
J«)-ow [
« T 0

Teopema nokazaHa.

[Iycts f(x) mmrerpupyema ma orpeske [—«; af . Torma

/af(x)dx:/0+/a.

[Ipennonoxkus, uto Gyukuus f(r) HeNpepbIBHA, CoeIaeM B IEPBOM MHTErPAJle 3aMEHY T =
—1; TOIy4InM:

/0 fla)de = — /0 F(—t)dt = /a F(—t)dt.

Orcrona ) )
/f(x)dxz/(f(as)+f(—x))dx.

[TosTomy B ciiydae 4eTHOU (yHKITIT

/af(ﬂi)dfl? = ij(x)dx,

a B CJIy4dae HeYeTHON

/ F(@)dz = 0.

—x



Kadenpa «MaTemaTuueckoe MOOEJINPOBAHUES
npod. II. JI. UBankoB

NuTerpanbl u nudpdepeHInnaibHble YPaBHEHNU A

KOHCIIEKT JIEKITUIA
IIsL CTYIEHTOB 1-TO Kypca 2-TO cemecTpa

cuermasbrocTent PJI1,2,.3,6, BMT1,2

Jexuyug 8

HecobcTBennbie mHTErpasibl 0 GECKOHETHOMY TIPOMEXYTKY (1-ro poma).
HecobcTBenHbIe MHTErpaIbl OT HEOTPAHUYECHHBIX (DYHKIIUN Ha OTPE3Ke
(2-ro pona).

OmpeneneHHbI UHTETPAJI OT HEOTPAHUUICHHON Ha OTPe3ke QYHKINU HE CYIIECTBYET; (PyHK-
[0, 3aJIAHHYI0 HA HEOTPAHUYEHHOM IIPOMEXYTKE, HEJIb3sl MPOMHTErPUPOBATH IO TOMY IIPO-
MEXYTKY. GTI/I OI'PaHNYCHUSA OKa3bIBAIOTCA HeyI[O6HbIMI/I IIpum pacCMOTpPEeHUN MHOT'UX Teope-
TUYECKNX W MPUKIATHLIX 3amad. 1109TOMY BOBHMKAET HEOOXOMMMOCTBH PACIINPUTH MOHITHUE
UHTErpaja. JDTO HeaeTcs ¢ TIOMOIIBIO IOMOJTHUTEIBHOIO MPENETIBHOTO ePexoa.

PaccMoTpuM cHaYasia MHTErpasbl 0 HEOT PAHNIEHHOMY ITPOMEXKYTKY.
[Iycte dyukums f(x) ompemeneHa mpum « > @ U UHTErpUpyeMa Ha j060M oTpeske [a,b] .
Torma Ha TPOMEXKYTKe [a, +00) ompenenena QyHKIMsI

Fb) = / F(@)da.

a

Ecmu cymectByeT (KOHEUHBIIT) mpemest

lim F(x), (%)

b—+4o00

TO DTOT Hpeesl Ha3BIBAETCs HECOOCTBEHHBIM mHTerpajoM (1-ro poma) ot dyukiuu f(x) mo
IPOMEXKYTKY [a, +00) u 0603HAYACTCS

a

B ClIyda€ CYLIEeCTBOBaHUA IIpeneJsia (*) IOCTIETHUI IHTErpaJl HA3bIBalOT CXOOAIIIUMCSI, B IIPO-
TUBHOM CJIy4dae - PaCXOOAIIIMMCA.

oo
Ecmm  f(z) > 0 u maverpan [ f(x)dr cXOOMTCs, TO 3HAYEHHE STOTO MHTErPAJIA MOKHO
a

HCTOJIKOBATH T€OMETPUUECKI KAK IIIOMIAalb GECKOHEUHON KPUBOIMHENHO Tpamenun (puc. 1).

s dysxnun  f(x) , 3amasdon mis = < b u MHTerpupyemoil Ha J060M oTpeske [a, b] |
MOXKHO PacCMOTPeTh HeCOOCTBEHHBIN MHTEr paJl

b b

[ swite= g [ sy

a——00
a



fla),

Puc. 1

Ecmu xe dyukiust f(x) ompemesiena Ha BCll BEIIIECTBEHHON MIPSIMOI U HHTEIPUPYEMa Ha JTI0O0M
orpe3ke [a,b] , To, BBIOpAB MPOM3BOJIBLHO TOUKY € HA DTOM OTPE3KE, MOXKHO PacCMOTPETH
HEeCOOCTBEHHBIN MHTETPaJT

00 c b
/ flz)de = lim [ f(z)dz + blim f(x)dx.

a——00
a (&
Taxkoit mHTerpas canTaeTCs CXOMSAIITNMCS, €CIN CYIIECTBYIOT o0a Mpeneia B MPaBOW YaCTH II0-

CIIE[IHETO PABEHCTBa. HeTpymHO MpOBEpUTh, YTO CXOMUMOCTD (T.€. CYIIECTBOBAHUE) HHTErPaJIa
o

/ f(z)dz wu ero 3sHaueHUe He 3aBUCAT OT BBLIOOPA TOUKU C .

—00

W3 onpenenennii HeCOOCTBEHHBIX MHTETPAJIOB CIIEAYET, YTO Il HEIpephIBHON GyHKImn f(7)
B CIIydae CXOOUMOCTU COOTBETCTBYIOIINX WHTEIPAJIOB CIPABEIIMBLI CIEAYIOMe 0600IIeH s
dopmynsl HeroTona-Jleitbrura:

]O f@)dz = F(@)| ",
/b Sz = F@)|
7 f@)de = F(@)| "

rone F(z) - mepBoobpasHast dyHkimu f(x) Ha COOTBETCTBYIOIIEM IPOMEXKYTKE;

F(—o0) = lim F(x), F(+o00) = lim F(x).

T——00 Tr—-+00

IIpumep. PaccmoTpuM mHTErpas

(o)
dz
xa
1
[Ipu a #1 umeem
T du ploa | 00, a<1
_— = = ]_
o 1-— , a>1.
/ x al, p—
I[Ipu o =1 nomyuaem
dz 00
— =lnz| =o0.
x 1



o
dx
WNrax, narerpai g CXONUTCS IPU v U pacxomures npu o < 1.
1

CpolicTBa HECOOCTBEHHBIX MHTEIPAJIOB BLITEKAIOT W3 M3BECTHLIX CBOMCTB IIPENENIOB U OMpeme-
JICHHBIX WHTErPAJIOB.

B nepeunciennbx HuKe CBOCTBaxX 1-3 Gymem cuntarh, uto byukmun f(zr) u  g(x) ompemne-
JIEHBI IIPU & > @ U UHTErPUPYeMbl Ha J1060M oTpeske [a,b] .

1. Addumusnocmyv. Ilycrs ¢ € [a,+00) . Torna HecoGCTBEHHBIE HHTErPAJIBL

7 flx)dr — m 7 f(a)da

CXOOATCA MIIN PAaCXOOATCA OOHOBPEMCHHO U B CJIy4dae CXOOUMOCTN

o0

/j+j
J+]

[Tepexons 3mech kx mpemeny mpu b — 00 , momydaeM Tpebyemoe.

B camom nere,

S
Il

2. Jlunetinocmyv.  IlycTb CyIIecTBYIOT MHTET PAITBL

7f(x)das u / g(z)dz.

a

Torma msis MOOBIX BEIIECTBEHHBIX YUCEN v U [ CyIecTByeT uuTerpai ot dyukmmn o f (z)+3g(x)
0 TPOMEXKYTKY [a,00), HmpudeM

7(Ozf(fﬂ) + Bg(z))dr = Oz]of(l“)d:c + ﬁ]og(x)dx-

CHpaBeI[JII/IBOCTB 9TOT'0O YTBEPXKICHUSA HEIIOCPEOACTBEHHO BBITECKACT U3 OIIPENCTICHU A HecoOCTBeH-
HBIX MHTEIr'PaJIoB.

3. Ilycrs dyskumun f(z) u ¢(x) uHTErpEpyeMbl Ha MPOMEXKYTKE [a,00), ¥ MyCTh
s moboro © u3 sToro nmpomexyTtka f(x) < g(x).

Torna .
/f(x)d:c < /g(:v)d:v.

a

JToka3aTeabCTBO OUEBUIIHO.
Pacemorpum HecoGcTBeHHBIE MHTErpasibl 2-r0 poma. Ilycrs ¢ymkimus f(x) ompenmeneHa Ha
la,b) u me orpanmveHa HI Ha KakoMm uHTepBase Buga (b—e, b), 0 < e < b—a. Ipennonoxum
najee, 9TO 5Ta QYHKINI UHTErpupyeMa Ha oTpeske [a,7] mpu mobom 1 < b.
[Ipenen (ecnu oH cyecTByeT)

lim f(x)dx (%)

n—b—0



HA3BIBAETCSI HECOOCTBEHHBIM MHTErPAJIOM (2-ro poma) oT (HeorpaHUYeHHO) hyHKIIT
f(z) mo mpomexyTky [a,b) u obo3HauaeTCS

b
/f(x dx

MO)KHO IOOKa3aTh, YTO €CJIN IIPU BBIIIOJTHCHUN IIPOYUX IIE€PEUYNCIICHHBIX BBIIIIC YCJIOBI/Iﬁ prHKHI/IH
f(z) orpammuena ma [a,b), TO mOCIE mOOMpeneeHus 5T GYHKIUN Tpu & = b JIIOOBIM 3Ha-
b

YeHMeM TOJIyJaeTCst HHTerpupyeMas Ha [a,b] dyHKIms, npudeM MHTErpas / f(x)dx pasen

a
npeneny (*). IosTomy HOBOE MOHSATHE MOy YaeTCs MUIh M7t GyHKuun f(z) , HeOrpaHUIEeHHOI
Ha mo6oMm mHTepBasie Buma (b — &, b). T'eomeTpumueckn HeCOOCTBEHHBINI MHTErPAJl PACCMa-

TPHUBAEMOTO BUA UCTOIKOBBIBAETCS KAK IIOMIANb HEOTDAHITIEHHON KPUBOIMHENHON TpaTenn
(puc. 2).

fa),

Puc. 2

Ecmu gyskuns  f(x) samana ma nomyunTepBasie (a,b] u He orpaHHYeHa HA WHTEPBaJe
(a, a+¢) npm mobom e, 0 < e < b—a, uOpu HTOM HHTErpUpPyeMa Ha JIIOOOM OTPe3Ke
[£,b], € > a, TO MOXKHO PACCMOTPETH MPEees

b
I d
5ngio/f(ff«“) x
§

B CJIy4da€ CYILIECTBOBAHUA 9TOT IIpeOesI Ha3bIBaeTCda HeCOOCTBEHHBIM nHTErpajoM OT q)YHKI_[I/II/I
b

f(z) mo mpomexyTky (a,b] u obozHauaeTcs / f(z)dz

a
B ciayuae meorpanmuennoctn dyukuun f(x) , 3amanHoit Ha unTepBasie (a,b), B COOTBETCTBY-
IOIIINX TIOJIYOKPECTHOCTSAX TOYEK @ U b, MOXKHO PACCMOTPETb MHTETDAIT

b

[ e = 5gggo/f d:v+ngm0/f (+)

a



KOTOPBIN CYMIECTBYET TOTIa W TOITLKO TOT/Ia, KOTOa CYIIECTBYIOT 00a mpenesia B ITPaBON YaCTH.
Kax u B cimyuae HECOOCTBEHHBIX MHTEI'PAJIOB 1-TO poma, MOXKHO [MOKa3aTh, UTO 3HAUYEHUE MHTE-
b

rpaa / f(z) me 3aBucuT OT BHIGOpPA TOUKH C .

a
PasymeeTcs, npu pacCMOTPEHUN MOCIIEHET0 WHTErpajla IPenonaraioch, 9ro dyukuus f(r)
uHTerpupyema Ha ob6oMm orpeske [£,7] C (a,b). s HeCOGCTBEHHBIX MHTETPAJIOB 2-TO POIa
cripaBemyinBa obobierHas dopmyina Heorona-Jleibuuma; mis unterpana (*) sra dopmyiia
IMeeT BHI:

/f(:r;)dx ~ F(b—0) - Fla+0),

roe Gyukuusa f(x) wempepwiBHa Ha (a,b) u  F(x) — mnepBooGpasHas 5TON (DYHKIUM HA
ykasaHHOM uHTepBase; F(b—0) = lignO F(z), F(a+0)= lin}ro F(z).
T—b— T—a
IIpumepur.

1. Ilyctb TpebyeTcs BBIYUCINTD WHTETPAIT

1
[_/ dx
. V1—a22
1
-

[TepBoobGpasuoit pyukuun f(r) = Ha untepBaiie (—1,1) asmgercs pyukuus F(x) =

arcsinzx. I[losTomy
1

[ = arcsinz

.

-1

1
dx
2. Paccmorpum mHTErpait —.
x
0
HecobeTBennbim Takoir maTerpad ssisercs npu « > 0. Ilycts « # 1. Torma

1
dx pla |t 00, a>1

 1—al, — a <l
0 0 1—@’

dx 1
— = 1nx|0 = 0.

0

IIpu o =1 umeem

T.o., paccMaTpuBaeMbIil THTErPaJl CXOOUTCS npu « < 1 u pacxomurcs mpu o« > 1.
CoiicTBa HECOOCTBEHHBIX MHTET'PAJIOB OT HEOTPAHUUIEHHBIX (DYHKIINN AHAJIOTHMIHBI CBOU-
CTBaM MHTETrPaJIOB 110 HEOTPAHUYEHHBIM ITPOMEKYTKAM.



Kadenpa «MaTemaTuueckoe MOOEJINPOBAHUES
npod. II. JI. UBankoB

NuTerpanbl u nudpdepeHInnaibHble YPaBHEHNU A

KOHCIIEKT JIEKITUIA
IIsL CTYIEHTOB 1-TO Kypca 2-TO cemecTpa

cuermasbrocTent PJI1,2,.3,6, BMT1,2

Jlexyuu 9-10

[IpusHaky cXoOUMOCTU HECOOCTBEHHBLIX WMHTErpasioB. A6ComoTHas u
ycIitoBHas cxonuMocTu. HecoOcTBeHHBIE MHTETPAITBI ¢ HECKOIIBKIME OCO-
OEHHOCTSIMNU.

[ToCKOMBKY BLIMACIATH HECOOCTBEHHBIN MHTETPAJI yIACTCA JAJICKO He BCErIa, OCHOBHOE BHI-
MaHUe YIeIseTcs BOPOcaM CXOMUMOCTH.
Paccmorpum cHauasma HeoTpunaTenbHyo GyHKmo f(r), 3amaHHYIO IPH T > @ W UHTErPU-
pyeMyio Ha Jiro60M oTpeske [a,b]. B arom ciyuae dyHKIms

F(b) = / f(x)de (+)

OymeT HeyOBIBAIOIIIEH HA TIPOMEXKYTKE [@, +00); IMPUMEHs U3BECTHBI IIPU3HAK CYIIECTBOBAHUS
Ipenesa MOHOTOHHOU (DYHKIINN, IOJIydaeM OTCI0Aa, YTO Ipene

b—+o0

lim F(b):/f($)d$ (%)

CYIIIECTBYET TOTIA W TOJIBLKO Torma, korma F(b) orpaHmuena mpu BCeX HOCTATOYHO GOIIBIINX
b. PaccMmoTpuM TeopeMbl, B KOTOPBIX HCIOJIB3YETCs MOCTIEOHEe 3aMedaHue.

Teopema (upusuak cpasuenus). Ilycrs dyukumu f(x) u g(r) wuHTErpupyembl Ha
orpeske [a,b] mpm mo6oM b, W mycTh It EOOOTO & > G BBINOJHSETCS HEPABEHCTBO

0 < fla) < g(2).

o0 o0

Torma m3 cxomuMoOCTH WHTETPAIA / g(x)dzr cremyer cXOMMMOCTH MHTErPAIIA / f(x)dx, awus

a a
o0 o0

PaCXomMuMOCTHI / f(x)dx, cremyer pacxommmMocThb / g(x)dz .

a a

Hoxazameavcmeo. W3 wepasencrsa f(x) < g(r) caemyer, uto mist mo6oro b



Ecnu BTOpOil U3 5TUX UHTErPAJIOB CXOMUTCSI, TO, BBULY HEOTPUIATEIHLHOCTH ¢(X) I HEKO-
Topoit koucTauTel C' 1pu Becex b > a BBIMOIHIETCS HEPABEHCTBO

b
/g(z)dm < C.

Ho Torma u3 mpenbimyIiiero HepaBeHCTBa M1 UHTErPAJIOB CIIeAyeT, 9To npu b > a

jﬂ@mgc.

OTCIOI[& BBITEKAET CXOOMMOCTD ITOCJIEOHETrO MHTErpaJla.
00 00

Ecau uaTerpan / f(z)dz pacxomures, a mHTErpas / g(x)dx cxommrTest, TO MBI TIOITyUaeM
a a

MPOTUBOPEYNE ¢ TOIBKO UTO MOKa3aHHBIM. [[oaToMy pacxomquMocTh IepBOro MHTErpaja BiedeT

PACXOOUMOCTH BTOPOTO.

Teopema nmokazaHa.

1 | [ da
Ipumep. Ilycts f(z) = —, g(r) = ———=. MW3BecTHO, UTO UHTErpaj —
T V1 1 T

n -+ /

1 1

< -
r Vinz +1

pacxoguTc:d. HOBTOMy 3 HEpaBE€HCTBa cjIeqyeT pacxooumMOCTh HMHTETPaJia

/ dx
Vinz+1
1
Teopema (npusHak cpaBHeHUs B mpenenabHon popme). Ilycers dyukunun f(x) u g(z) mo-

JIOXKUTENBHBL TIPU T 2> 4 U WHTETPUPYeMbI Ha JII060M oTpeske [a,b]. Torma, eciu cymecTByer
npeneit

lim M:K, 0< K < o0,
z—+oo g()

e} [e.e]
TO WHTEI'DAIILI / f(z)dzr u / g(x)dx cxomaTes MM pacXOmsATCs OIHOBPEMEHHO.
a a

Lloxasameavcmeo. B TeopeMe comepikaTcs deTBIpe yTBepxkaeHUs. [lokaykeMm IuNIb OTHO
oo oo

U3 HUX: €CJII MHTErpal / f(z)dx cxommrest, TO CXOMUTCS M MHTEIPAIT / g(z)dz. Bosbmem

K a a
e=5> 0. Torma mpu Bcex x > A(€) BBIIOIHSIETCS HEPABCHCTBO
ﬂ—K<5 — K—€<@<K+8.
g(x) g(x)

K
Tk K—e= 3, TO OTCIOOa CJIEOAYET, 9YTO IIPpU BCEX YKAa3aHHBIX T BBIIIOJIHAECTCA HEPABEHCTBO

> g(z) < f(x). Ha ocHOBaHUU MpEBIIYIEN TEOPEMBI MOy YAeM, UTO CXOMUTCSI MHTETPAIL

K
5 g(x)dx,

\8

>
=~

™
N



o0

a TOorOga CXOOUTCS W MHTETrpaJl /g(x)dx OcraJjpHbBIC YTBEPXKIOCHUSA TEOPEMbI JOKA3BIBAIOTCA

a
AHaJIOTMYHO. TeopeMa JOKa3aHa.

Bameuanue. W3 sroit Teopembl BhITekaeT, 4To ecnu  f(z) wu  ¢(x) HOMOKUTEIHHBL
(mo kpafiHeil Mepe IS HOCTATOYHO OONBIINX T ) U SIBISIOTCS SKBUBAJCHTHBIMU GECKOHETHO
MaJbIMI IIpX & — OO, TO MHTErPaJbl OT 3TUX (DYHKINN YKa3aHHOIO BHOA CXOOATCH NN
pPacxXonAaTCss OMHOBPEMEHHO.

Ipumep. PaccMoTpuMm MHTErpas
oo
1
arcsin —dzx.
x
1

o1 o1 1
Tx. arcsin— >0 mpu z > 1, u arcsin — ~ — mIpu T — 00, TO U3 PACXOOUMOCTHU UHTErPajIa
T r oz
o dx
f — cllenyeT pacxXomUMOCTDb JAHHOTO WHTErpPasIa.
1T

Ananoruunble TPU3HAKE CXOOUMOCTH (PACXOMUMOCTHY) CIPABEMJINBLL U V11 HECOOCTBEHHBIX MH-
TErpajioB BTOPOrO pPOIa.

IIpumep. WccnenoBaThb Ha CXOMUMOCTb WHTETPAIT

1
/ VT -sinz - arcsinz - arctg z - shx d
x
(V1+2x—1)(1 —cosz)(e* —1)In(1 + )
0

O6o3naunM momsiHTErpasibayo GyuKmio yepe3 f(z). [lomoxurensHOCT 5TOM QyHKINN TSI
Bcex z € (0,1] He BBI3BIBaeT coMHeHUs. Vcmomb3ys M3BeCTHYIO TabIMIy SKBUBAJICHTHBIX
OECKOHETHO MaJIbIX, MOJIyYaeM, ITO

f(x)’\’f:_ z — +0.

1
dx .
W3BecTHO, uTO MHTETpAT T cxomurcs. [loaToMy cXommTcest m mcciemyeMblil THTerpadl.
x
0
Bosee CIoKHBIM SBISETCS BOIPOC O CXOMMMOCTH HECOOCTBEHHBIX MHTETPAJIOB OT (QDYyHKIIUIA, TPU-
HIMAIOILINX 3HAUEHWs DA3HbIX 3HAKOB. llycTh dyHkums f(x) ompemeneHa mpu > a U
uUHTerpupyeMa Ha jio6oM orpeske [a,b]. Torma To xe camoe BepHO u mis Gyukuuu | f(z)].

HOSTOMy B JaHHONI CATyalur MBI MO2KEM DAaCCMOTPETH OBa HeCcOOCTBEHHBIX nHTErpaJla

I = 7f(x)dx n L= 7|f(x)|dm.

Ecnu [, cxommrces, To mpo [ TOBOPSAT, 9TO 5TOT WHTErpPasl CXOMNUTCS abCcooTHO. Ecmm xe
I, cxomutces, a [ pacxomuTcs, TO TOBOPST, 9YTO [; CXOOUTCS yCJIOBHO.

Teopema (0 cxonuMocTH abCOTIOTHO CXOMSIIErOCs WHTerpasia). Hemm uHTerpas
o0

/ f(x)dx cxommres aBCOMIOTHO, TO OH CXOIUTCSL.

a



Hoxazameabcmeo. 3mech, Kak 0OBIUHO, MpemnosiaraeTcs, 9to dbyukuus f(zr) ompemereHa
Opu & > a ¥ UHTEerpupyeMa Ha KaxaoMm oTpeske [a,b]. Hamummem oueBmmHOe HEpaBEHCTBO,
BEPHOE I JTI000TO0 X 2 a :

0< fz) +1f(@)] <2/f(z)].

[e.o]

o0
T k. / |f(z)|dx mo ycmoBuiO CXOMUTCS, TO CXOMUTCS M MHTEIPAII / 2 |f(x)|dz. Cnemosa-
a

a
TEJIbHO, II0 IIPU3HAKY CPAaBHCHUA CXOOUTCA MHTETPaJll

o0

/ (f(2) + |f(@)])da.

a

Ho TOrOa CXOOUTCA U MHTErpaJl

]Of(l’)dx:7(f($)+\f(fﬂ)\)dx—]o\f(x)ldw-

Teopema nokazaHa.

[e. 9]

IIpumep. WuTterpan /
1

COsS T

e

dr cxomuTcst abCOTIOTHO, T.K. CXOMUTCS MHTETPA

o0
| cos x|

1

CXOI[I/IMOCTB IIOCJIEAHETO MHTEr'pajla BbITCKaeT U3 OYEBUOHOI'O HEPABCHCTBA

| cos | 1

/T o7

[e.e]

dx
1

[IpuBecTn mpuMep yCIOBHO CXOMSIIIETOCS MHTErpajia He TAK-TO IIPOCTO.

" CXOOMMOCTHU MHTETPaJia /

PaCCMOTpI/IM nHTEerpaJl

Nnmeem
A A A

: A
sin x (—coszx) cos x 1 [coszx
T e = [T g, ST 2 dz.
N / N V7T |, Z/x\/E v
1

[Tpemen mpasoit wacTu mpu A — 00 CyIIECTBYeT: [JIs ABOWHOW MONCTAHOBKU 5TO OYEBUIHO,
a IUIsl UHTerpajia 9TO BEPHO B CUJLY €r0 CXOMUMOCTH (yCTAHOBJIEHHON B MOCJIEIHEM IPUMEpE).
Taxum obpaszom, materpait [ cxomurcs. [okaxem, 9To abCOTIOTHON CXOMUMOCTH 3/I€Ch HET.
7151 5TOrO 3aMeTUM CHAYaJIa, UITO

1

(K+1)7T s
/ | sinz|dz = {md:xti;fﬂ] :/sintdt:—costg:l
Km 0



| sin z| | sin z|

u > , ecm Kr<z<(K+1)m, K=12 ..
VT V(K + D)7
Orcrona
(n+1)w | | | | . (k+1)m
sin x sin x
sinz|dz =
| Z / > > e / sin

Z S, 2 .. n
W NIV R

npu n — o0.

sin x
[TosTomy muTErpaT / | |dx pacxXomuTCs, a TOTMa PACXOMUTCSI I WHTErpaJl

NG
7'l'
o0

sin x

NZ

o0
| sin z|
Td:c. WNrak, nuarerpan dxr CXOmMUTCS YCIIOBHO.
x

PaccmoTpum errte T.H. MHTErpasibl ¢ HECKOIBKUMU 0COOeHHOCTsIME. [lycTh I — mpoMexyTok
€ TPaHUYHBIMU TOYKamMu a u b, —oo < a < b < 400, U myCcTh CYIIECTBYET pa3bueHne

a=xg<r1<.<x,=0>0

5TOrO MPOMEKYTKA Takoe, 4TO HeKoTopas GyHKus f(x), ompeneneHHas BO BCEX TOYKAX IIPO-
MeXyTKa [ 3a uckaodYeHueM, ObITh MOXKET, TOUeK YKa3aHHOTO pas30ueHus, UHTerpupyeMa B
COOCTBEHHOM CMBICJIE Ha JTFOOOM OTpe3Ke, IEIMKOM JIEXKAIeM Ha KaKOM-JIMOO W3 MHTETrDAJIOB
(ri—1,x;), i=1,..,n. B oroil curyamum MOXKHO PaccMOTpPeTh (BOOOIIIE TOBOPsI, HECOOCTBEH-

/f(:c)d:c, i=1,2,...,n.

Ecmu Bce 5TU HHTErpasbl CXOIATCS, TO TOBOPAT, uTo f() uWHTerpupyema Ha MpOMexyTKe [;
COOTBETCTBYIOUINN HECOOCTBEHHBIN MHTETPAJI OIPENesIIeTCsl pABEHCTBOM

/bf(x)dx = ,il ] f(z)dx

MCHOJII)SyH CBOWICTBA NHTErpajioB, MO2KHO IIOKa3aTb, YTO IIpaBasd 9aCTb HE 3aBUCUT OT BbI60pa

HBbIE) UHTErPAIIEL

pa3bmeHns, o0IaIAIOIIero YKa3aHHBIMI BHIIIIE CBONCTBAMMU.
1
dx
IIpumep. Paccmorpum mHTerpan [ = ———————. Pa3sbueHue, 0 KOTOPOM pPeYb B
v/ x(z? —1)
—1
TOCIeMHEM OmpeneeHnu, cocTouT n3 Toaek —1, 0, 1;
0 1
I = / + / .
~1

0

O6a mocenHIx NHTerpaia CXouaTcs, nostomy byukmus — f(x) = FY o p UHTErpupyema

Ha (—1;1).
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Jlexuyua 11

Brrancnenmne nomaneir miockux GUryp, OrpaHUYeHHBIX KPUBBIMU, 3a-
IAHHBIMU B NEKAPTOBLIX KOOpAMHATAX, TapaMeTPUUECKIN U B HOJISIPHBIX
KOODINHATAX.

PaccvoTpuM Bompoc 0 BBIYNCTIEHNN TIIIONIAIN ¢ TIOMOIIIBIO OIIPENeJIeHHOTO NHTerpasia. Boiire
ObI0 ycTaHoBIeHO, uTo mpu  f(x) > 0 mwiomaas S COOTBETCTBYIONIEH KPUBOIMHEITHOM
Tpallellny BBIYUCIIETCs 0 (HopMyTie

S:/bf(x)dx.

Ecmu ma orpeske [a,b] dyukuus f(x) memomoxurenbha, T.e. f(x) <0, TO, 04eBUIHO,

S=— /b f(a)dz.

[Tonb3ysich 5TUMHI 3aMEYAHUSIMU, HETPYIHO YCTAHOBUTH, UTO €CIIHM IUIOCKAs T€OMETPHYECKast
durypa orpaHmueHa CBEpXY U CHU3Y COOTBETCTBEHHO IpaGUKaMU HEIIPEPHIBHBIX (MYHKIW (1)
up(z), v(xr) = p(r), a < x < b, acBOKOB - OTPE3KAME MPSIMBIX £ = a ©U & = b, TO IJIOIIAIb
S »TOol GUTYPHI BEIMUCIAETCS IO GOPMYIIe

npuIeM
ola)=a, oB)=0>b, a<b ¢(t)>0 ma [a,p],

TO E)Ty Ke KpI/IByIO MO2KHO 3a0aTh I IBHBIM ypaBHeHI/IeM
y=y(x), a<az<b,

rne y(xr) = Y(p~l(x)); ¢ Yz) — oyrkmma, obpaTHas mo oTHomenmio XK (t). Bee sTo
XOPOITIO W3BECTHO M3 HAYATLHOTO KyPCca aHATM3A.



Ecmu y(x) > 0, To miomans S CcOOTBETCTBYIONIEH KPUBOIMHEIHON TPAIIEIINN MOYXKHO BBIUL-
CIINTH CJIEAYIOIINM 00pa30oM:

S = /by(x)dx = /b¢<¢l(x)>dx = [ dxx—_;?((;))dt } =
:jw¢%wm>¢mﬁ:i¢@wwﬁ

T.o., B maHHOM ciydae cmpaBeminBa GopMysia

B
s:/w@¢mw

Herpyano Bunets, uro npu ¢’ (t) < 0 sTa dhopmylia ClpaBeminBa JIUIb ¢ TOYHOCTHIO [0 3HAKA;
MIO3TOMY B OOIIEM Cilydae

15
s:/wmw&mw

2 2
z Y
[Ipumep. BorumennM miIoManb, OrpaHIICHHYO SJUIUICOM — + o 1.
a
Sanuiem mapaMeTpUIecKue YPaBHEHUs JAHHOTO SIUIATICA!

r=uacost, y=bsint, 0<Lt<2m.

[Ipu TakoMm mpenmcTaBiIeHUIN MyTa SIUTUICA, JIEXKAIlas B IEPBON YeTBEPTU, OTBEYAET N3MEHEHUIO
napamerpa ¢ Ha orpeske [0,7/2]. Ucmomssys cuMMETPUYHOCTB SJUIAICA, IS MCKOMOI
wio@aan S moydaeM GopMyIty

/2 /2
S = 4/bsint|—asint|dt = 4ab/sin2tdt =
0 0
/2
= 4ab/ ﬂdt = 4dab <z — sin2t> v = mab, T.e. S =mab.
2 2 4 )|,

KpuBoamHeiHbIM CeKTOPOM Ha3bIBAeTC TeoMeTpHIuecKas (DUrypa, OrpaHndeHHas OTPe3KaMI
nyuein p =a, ¢ =0 wmxpusoir 1 =71(p), ¥ € [a, 5] (puc. 1).

1 BBIYMCIIEHNS TIOMIA AN KPUBOJIMHETHOTO CEKTOPa PACCMOTPUM pa3dueHne

a=py<p <..<@,=[ orpesxka |a,f]

U TPEeANoNoKNUB, 9TO 1 (@) HempepblBHA HA PACCMATPUBAEMOM OTpe3ke (puc. 2), Hamuimem
OYEBUIHOE HEPABEHCTBO

1 1
§T2(77¢)A<Pz‘ <5 < 57’2(&)A90i7 (%)



r=7(9)

a .
Puc. 1
A
3
&
\‘\VCA\
Qi ©;
Puc. 2
B KOTOPOM S; — TIOMIANb KPUBOJIMHENHOTO CEKTOPA, OTBEYAIOIIETO N3MEHEHUIO (0 Ha OTPE3Ke
[0i—1, wil; 7(mi) m r(&) — COOTBETCTBEHHO HAUMEHbINICE U HAMOOIbIICE 3HAUCHUS (YHK-

(@) Ha yKa3aHHOM YaCTHYHOM OTpe3Ke pasOUeHWu; IpPU COCTABIeHUN HepaBeHcTBa (*)
OBbLJIa MCIOJIb30BaHA M3BECTHAs IIKOJIbHAsA (OpMysa IS IJIOANN KPUBOIMHEITHOTO CEKTOPA.
Kpome Toro, Mbl mpenmnosiaraem HOMOIHUTENBHO, 9TO 1(@) HempepbiBHA Ha oTpeske [«, (.
Cymmupys mepasercTsa (*) mo i =1,2,...,n moaydmMm, 9TO mjs Wiomann S paccMaTpUBae-
MOTO KPUBOJIMHETHOTO CEKTOPa CIIPABEIJINBO HEPABEHCTBO

1 < 1 <
527”2(771‘)A80i < S < 527"2(51‘)A90i-
i—1 i=1

[Mepexons 3meck x mpeneny npu max;Ag; — 0, momyuaem Tpebyemyio GhopMyITy:

IIpumep. IlycTs TpebyeTcs BBIUYUCIUTS IIOMIAIEL, OTPAHUYIECHHYIO JIEMHUCKATON bepHyn

r = ay/2cos2p (puc. 3).

Ncnonb3ys cuMMeTPUYIHOCTD TON KPUBOM, TTOITYIaeM:

/4

S:4-§/a2-20082gpd<p:4a
0

in?2 w/4
i & IR FES

2 o



/2

v

Puc. 3



Kadenpa «MaTemaTuueckoe MOOEJINPOBAHUES
npod. II. JI. UBankoB

NuTerpanbl u nudpdepeHInnaibHble YPaBHEHNU A

KOHCIIEKT JIEKITUIA
IUIsL CTYOEHTOB 1-10 Kypca 2-ro cemecTpa
cuermasbrocTent PJI1,2,.3,6, BMT1,2

Jlexyuu 12-13

Boruncnenne o6beMOB TeNl MO INIOMIAOSIM TOINEPEUHBIX CEUYEHUH U 005b-
€MOB TeJI BpallleHus. BbruncseHune MinHBL OIyTU KPUBOU U IJIOMIAMN TIO-
BepxHOcTHU Bpaienus. Meton CuMmicoHa TPUOIMKEHHOTO BBIMICIEHUS
OTIPENETIEHHOTO WHTErpaJIa.

OmpeneneHHble THTETPAIBI MOXKHO MIPUMEHSITH U I BBIUKCIeHUS o0beMoB. [lycTh Teso
M (puc. 1) 3aKkII0U€HO MEXKIY INIOCKOCTSIMI & = a ¥ I = b , U IyCTb IJIsI KAXKION TOUKIH
x € [a,b] m3BecTHA WiIomans S(x) GUrypbl, Homydaomeics B ceuenun Tesa M I0CKOCTHIO,
MEPIEHINKYISPHON ocu abCIKCC U MPOXOMSIIEN Yepe3 yKa3aHHyo TOoUKY. [Ipenmomoxum nasee,
YTO MPOEKINK ABYX ceueHnir Tesra M TakuMu mIOCKOCTsSME Ha miockocTh OY 7 nmexat omHa
B IpyToil (BO BCAKOM CITydae, IJIs CEYEeHUil, OTBEYAIOINX MOCTATOYHO GIU3KIM IIOCKOCTSIM ).
Pasobbem oTpes3ok [a,b] Ha wacTu TOUKaMu

a=x90<x<..<x,=0>. (%)

N
AIEA

\J/] L

v
8

\

Puc. 1

Torma obwem V; wactu M; Tema, PacHoIOKEHHON MEXKMIY IJIOCKOCTIMU T = ;1
I T = T; B CWIy COCJAHHOIO BBIIIC MPEIIOJOKCHIS O IMPOeKIUIX cedeHuin Teaa M mpm
MOCTATOUHO MAJIOM IuaMeTpe pasbuenus (*) ymoBieTBOpseT HEPABEHCTBY

S(m)Ar; < V; < S(§)Ax,

roe S(n;) m S(&) — COOTBETCTBEHHO MUHIMAJIBHOEC U MAKCHMAJIbHOE 3HAUCHUE (DYHKIIIN
S(x) ma oTpeske [r;_1,%;]; 3HeCh MBI IpEIOIAraeM MOMOIHUTEIbHO, 9YTo S(r) HempepbIBHA
Ha [a,b].

leomerpuueckuit embica Benumaua  S(n)Ax; u  S(§)Azr; oueBumeH - 5T0 06BEMBI TIPIMBIX



KPYTOBBIX IWJINHIPOB, ONWH W3 KOTOPBIX comepXkutcs B yactu M; Tena M, a npyroi
COMepXKUT BHYTpHU cebs 5Ty uacTh. [lepexoms B 5TOM HEpABEHCTBE K Tpeneiay upu mar; Ax; —
0, momyumM HepaBeHCTBO

b n
V= /S(m)dm : re V= Z Vi — obwem Tena M.
i=1

a

Ecnu Teno M monydeno BpaitienueMm rpaduka HenpepbiBaoll Gyskmmun Yy = f(z) , a <
r < b, TO, OYEBUOHO,

S(z) = mf*(x),

1 MBI IIOJIy4YaeM TaKYIO (I)OpMy.TIy OJIsl BEIUYMCIIEHNSI 00beMa Teja BpallleHuA:

V + W/be(x)dx.

IIpumep. HaiiTu ob6beM >rTUIICOUIA

2 2 2
x>y oz
;+—+C—2:1.

PaccmaTpuBaeMoe TeI0 pacrmosokeHO MeXIY IJIOCKOCTIMU T = *a. B ceueHum sToro tesma
IJIOCKOCTBIO, MPOXOMSIIEN Yepe3 TOUKy & € (—a,a) NepHeHAuKYIIIPHO OCH abCIMCC, NMeeM

3JIIATIC ) )
Yy z
1.

R(1-2)  &(1-5)

[Tnomans cevenust S(x) pasHA

3ameTuM, 9TO 5TO PABEHCTBO CIpaBemaInBO u pu & = +a. OTcooma mist mCKoMoro oobsema V'
MIOJTy YaeM:

a

r 2 27 3
VzQ/S(x)dx: T C/(a2—x2)d:v: WC(@%—%)
0 0

a?

PaccMoTpuM Bompoc 0 BBIUKCIIEHUN [JINHBL IyTH KPUBOH. B HagaabHOM Kypce aHaim3a ObLIIO
YCTAHOBJIEHO, YTO HENpephIBHO nuddepeHupyemMas miIockas KpuBas [, 3alaHHas ypaBHEHU-

SIMU
r=zxz(t), y=yx), a<t<b

crpsiMiieMa, u npousBopHas S’(t) HmepeMeHHON IIMHBI AYTH BBIYUCISIETCS 10 HOpMyJIe:

T.x. omHON M3 IEPBOOOPA3HBEIX PYHKIINN U3 MPABON YaCTU STOTO PABEHCTBA SBIISIETCS

F(t) = / V@O (),

2



TO OTCIONA, HOCKOIBKY F'(a) =0, cremyer paBeHCTBO

S(t) = / V@ ()

[TosToMy mist IIWHBI BCell KpUBOW nMeeM (hopMyTy

b
I(T) = / V@ OR T (7 (0)dt.

ECHI/I KpI/IBaﬂ F 3adaHa sABHO ypaBHeHI/IeM
y=y(z), a<z<b,

TO, Oepsi T B KadecTBe IlapaMeTpa, MojydaeM Takyoo (GopMmyIy

Z(F)::l/n\/l—k(yTaﬂ)de.

[Iyctb xkpuBas ' 3amaHa B HOJISIPHBIX KOOPIWHATAX:
r=r(p), a<e<p.

Torma z=r(p)cosp, y=r(p)sing, a<p<f;

V(@) + ()2 = V(1 (¢) cos o — r(p) sin )2 + (1'(p) sin @ + () cos p)? =

=V ("(9))? +1%(p).

[HosTomy

Ormerum erre GopMyITy

() = / V(@ ()2 + (' ()2 + ((1))2dt

TIJIS IUTUHBI TPOCTPAHCTBEHHON KpuBoi ', 3amaHHON ypaBHEHUSIMUI

r=ux(t), y=uyt), z==z(1), a<t<b.

IIpumep. Ilycts xpuBas [' 3amana ypaBHEHUSMUI
xr =cost, y=sint, z=cht, 0<t< 1.

Tornoa

1 1
l(F):/\/Sin2t+0082t+sh2tdt = /\/1+Sh2tdt =
0 0

3



Puc. 2

1
= /chtdt = sht|, = shl =

0

e — 1
2¢

PaceMoTpuM MOHSATHE MIIOMIANN TOBEPXHOCTU BparteHus (puc. 2).

N3 xypca sneMeHTaApHON CTEPEOMETPHUN M3BECTHO, UTO TIJIOMIALbL OOKOBOI TTOBEPXHOCTH yCEUCH-

HOT'O KOHYCa PaBHA
1+ 1o

2r——— - L.
2

[IycTs mnockas xkpuBas [’ 3amana B Bume rpaduka HeIpepbIBHO nuddepeHInpyeMon Heo-
TpULATEeIbHOU QYyHKIIUN
y=y(x), a<x<b,

I IIyCTh MOBEPXHOCTH S TIOJIyUeHa BpAIlleHreM dToil KpuBoil BOKpyr ocu OX (puc. 3).

Y

Puc. 3

Pacemorpum pasbuenne 7
a=xg<11<..<T,=0 orpeska [a,b),

[OCTPOVM JIOMAaHYIO C BepIIMHAMEI B ToUkaX (z;, y(x;)), i = 0,1,...,n, BIMCAHHYIO B KPUBYIO
[', u pacecMOTpUM TIOBEPXHOCTE S’ MOy YeHHYIO BPAIIIEHTEM 3TOM JIOMaHHO! BOKPYT ocu OX.

OTa MOBEPXHOCTH SIBIISIETCS OObennHeHnEeM GOKOBBIX MMOBEPXHEOCTEH YCEeUEHHBIX KOHYCOB, U €€
IJIOIIA b

NS/ _ Z 27_(3/(%'—1)2‘1‘ y($z> \/(1% — fEi—l)Q + (y(xo — y($¢_1))2.

[Tmomaneio @S moBepxHOCTH S, TOIYyYeHHORN BparreHumeMm kKpusoni [ Bokpyr ocu OX,
HA3BIBAETCS Hpenelt mwiomanen S’ mpu A1) = max;Az; — 0. s BEIYUCIEHUS DTOTO

4



npemesa npeobpasyeM yKa3aHHOE BBIIIE BhIpaxkeHnue mis (S’, UCIONb3ys YK€ U3BECTHBIN
IIpUeM C IpuMeHeHueM TeopeMbl Jlarpamxa:

uS' = QWZ ?J(xi—l);- y(x;) 1+ (y/(&))2Az; = 2ﬂzy<5i) 1+ (v (&) Axi+

+27TZ <3/($i1)2+ ?/(Z'z) _y(&)) A1+ (y/(&))zA%. (*)

[Ipu A(7) — 0 mepsas cymma, OUYEBHUIHO, CTPEMUTCS K MHTEIPAITY

b

27r/y(x)\/ 1+ (y/(z))%dx.

a

Bropoe citaraemoe npu yKazsaHHOM MPENETILHOM TIEPEXOe CTPEMUTCS K HYITI0. UToObI MOKa3aTh
5TO, 3aMEeTUM CHauasa, 970 ¥ () B CHIy HENPEepPBIBHOCTH OIPAHUYEHA HA OTpe3ke [a,b] :

1Y/ (z)| < M nmns mobGoro  x € [a, b].

[HosTomy
o [y@ia) —y&)| + ly(@:) —y(&)l _
~X 2 -

—y(&)

‘y(ﬂfi—l) + y(wi)
2

' () (& — 2] + Y& — &
2 ~ (N

[Tonb3ysach 9TOM OIEHKOM, MTOJTyJaeM

Z <y(xi_1) ) — y(&)) L+ (y'(&))*Az;

, 2
=1

<Y MVI+MPAz} <
=1

< M7T)MV1+ M? ZA:CZ- = MN7)MV1+M?*(b—a)—0 upu A7) — 0.
i=1
[TosTomy B (*) BrOopast cymma crpemutces K Hymo opu A(7) — 0 o 171 I7IOIIAIu TOBEPXHOCTH
BpAIlleHus] nMeeM (HOpMYILy

b

uS = o / y(@) - VI T (7 (@) .

a

3amernM, 4TO eciam B 5TOI (hOpMyIe 3aMEHNTH MO 3HAKoM mHTerpana y(x) ma |y(x)|, To
YCJIOBIE HEOTPHUIATEIHHOCTH MYHKIMK () MOXKHO OTGPOCUTS.

IIpumep. 1lnomans TOBEPXHOCTH BBITSHYTOTO 3JIJIAIICOUIA BPAIIEHUSA. ['aKOW 3JIIUIICOUT
[oJTyJaeTCst Ipu Bpartiennn BOKpyr ocu OX smumca

x2 y2
? + ﬁ =1, a>b.
Nneem ) )
b b
y' =0 -2t y-y =,
a a



2 2 2 2 b22 b42 b 2 a2—b22
y\/1+?/ :\/y —|—(yy) = b__gx + 5Tt = et - —
a a a
a? — b?
OTHOomerne — = 52, roe € — DOKCIEHTPUCUTET AJUINICA, TOPTOMY, YIUTHIBAS CHAM-
a
METPUIHOCTHb PACCMATPUBAEMOR MOBEPXHOCTH, IJIs UCKOMOW IIOIAMN [1S TOIyIaeM TaKoe

BhIpaKeHue (KOTOpoe Mpeobpa3oBBIBAEM C MOMOIIBIO 3aMEHBI & = —):
€

a ag
b b
wS = 4dm— / va?—e2x? de = dr— / Vva? — t2dt.
a as
0 0
Wcnoneiys HalimeHHYIO paHee mepBOOOPa3HYIO

t 2 t
/\/@2 —t2dt = 5\/&2 — 2+ %arcsin— +C,
a

noJIiydaeM OTCrooa:

b [t > ot
wS = dr— 5\/a2 —t2+ — aresin —

ag

ac

b [ae a? .
=4r— 7\/ a? —a2e? + 5 arcsine | .

0 ac

a2 — b2*
Tx. a® —a%? =a® — a>——— =b* TO OKOHUATEILHO MMEEM
a

b [(abse a® a
wS =4n— | — + —arcsine | = 27b (b + — arcsin 8) :

as \ 2 2 €
Pacemorpum Teneps hopmyny CumIcona, MO3BOIAIONIYI0 HAXOOUTH TPUOIIKEHHBIE 3HAUCHIS
ONpeNeSIeHHBIX THTErPasioB. POPMYIIBI AT TPUOINKEHHBIX 3HAYCHIIT HHTET PAJIOB HA3BIBAIOTCS
KBaJIpaTyPHBIMEU (POPMYJITaAMU.
[Iycts Ha orpeske [a,b] samana dyukuus f(z). Bossmem pasbuenue 5Toro orpeska TOUKAME

b—a.

1, 1=0,1,...,n,

T; =a+

Ha T pPaBHBIX gacTen u BbI6epeM TOYKI

i T Ti— b— 1
o BT a(z_ﬁ),

2 n

SIBIISIOIITNECS] CEpEUHAMU OTPE3KOB pa30omeHus.

Ha xaxmom oTpeske [r;_1, x;] 3aMeHUM OPUGIIKEHHO WHTET DA / f(z)dz  waTerpamzom
Ti—1
/ (Az® + Bx + C)dx (%)
Ti1

OT KBaJpaTUIHOU PYHKIINU, I'paduk KOTOPOU MPOXOAUT Uepe3 TOUKHI

(wi—1, f(wi1)), (&, f(&)), (i, f(x0))-

Henocpencreennoe naxoxnenne xkospdunmentos A, B, C' CBA3aHO ¢ TPOMO3IKUMU BBIUUCIIE-
HUSME, KOTOPBIX MOXKHO 130€KaTh, HATIPUMED, ciemytormm obpasom. B unrerpase (*) cnenaem
3aMeny mepementon r =t + &. Torma momydmm mHTErpas

n
_ . _ 1
/ (At2 + Bt + C) dt, roe n= §Axi,

-n



AP 4+ Bt+C=A(t+ &)+ B(t+ &)+ C.

[MoncraBmsis B mocsenHee paBeHCTBO BMECTO ¢ TociIenoBaTelbHO unciaa —n, 0, 7, momydaeMm
TaKyI0 CUCTEMY YPaBHEHWUH Tl HaxoxkmaeHus koddduimentos A, Bu C :

121?72 — B]] + é = f(ﬂ?l',l)
) C = f(&)
An? + Bn+ C = f(x;).

Ucnonwb3ys crienmuduky 5TOH CUCTEMBI, JIETKO HAXOMNM, UTO

i flzioy) + flx;) — 2f(£z)’

2n?

f(xi) = f(wim1)
2n

[TosToMy mocemHUN MHTErPaI paBeH

3 2 | o Jlrio) + flw) —2f(&) »?
(A§+B§+Ct> _9. e L

-n

+2f(&)n =

_ flwica) + f(a) +4f(&) = flzioy) + fl@) + 4f(€i)A

3 6 "

TakoBo ke u 3HaueHume umHTerpasa (*), U3 KOTOPOTO BBIYUCIEHHBIN WHTETPal ObUT MOIIyYeH
b

3aMeHOH nepeMeHHOH. s mcxomHOro mMHTErpasa / f(z)dr momywyaem Temepb Takyi mpu-

a

OMmKeHHYI0 QOPMYILY:

6

=1

[ e~ BISN (Flain) + f() + 4F()) =

= b6_na <f(a) + f(b) +2;f(a:i) +4;f(&-)) :

b—a b—a 1
B KOTOpOU T; = a + i, 1=1,...n—1, &=a+ (i—— , 1=1,..n.
n n 2

[Monyuennas mpubamkeHHas GopMyia HasbBaeTcs gopmynon Cummcona. MoxHO moKa-
3aTh, 4TO eciam  f(x) dUeTHIpeXKIbI HempephlBHO nuddepeHnunpyema Ha oTpeske |a,b], u
|f@(z)| < M nmas Bcex x U3 5TOrO OTPe3Ka, TO abCOMIOTHAS TOTPEITHOCTD hopMysr Civ-
IICOHA OILICHUBACTCS CBEPXY BEJIMIUHON

1 M(b-—a)®
2880 n4 '




Kadenpa «MaTemaTuueckoe MOOEJINPOBAHUES
npod. II. JI. UBankoB

NuTerpanbl u nudpdepeHInnaibHble YPaBHEHNU A

KOHCIIEKT JIEKITUIA
IIsL CTYIEHTOB 1-TO Kypca 2-TO cemecTpa

cuermasbrocTent PJI1,2,.3,6, BMT1,2

Jlexuyusa 1

Samaun, npuBonsime K nuddepeHnaabHbM ypaBHeHusM. ubdepen-
[UaIbHOE YPaBHEHNUE TEPBOTO MOPSOKa, ero perieHus. YacTHble U 00-
e perrenusi. VHTerpanbubie Kpusbie. [[oHSTHE YaCTHON MTPOM3BOMIHON
(OYHKITIN HECKOJBKIX MepeMeHHbIX. Samnada Ko miis nuddeperimaib-
HOTO ypaBHEHUs IepBOro mnopsaka. Teopema Komm o cymecrBoBanum
perenns quddepeHIanIbHOro ypaBaenus (6e3 moKa3aTelbCTBa ).

HuddepeHnmanbHbIMI YPABHEHUSIMEI HA3bIBAIOTCS YPABHEHUs, B KOTOPBIX HEM3BECTHBIMU
SABIISIOTCS (DYHKIIMM OOHOU WM HECKOIBKUX MEePEMEHHBIX, IIPUUYeM B YpaBHEHUS BXOOSAT He
TOJIBKO caMy (DYHKIIUKM, HO U UX ITPOU3BOMHBIE. KCiIM HEM3BECTHBIMU SBIISIOTCS (QYHKIIUU He-
CKOJIBKIX TIEPEMEHHBIX, TO YPABHEHUS HA3BIBAIOTCS YPABHEHUSIMU B UYACTHBIX TMTPOM3BOAHBIX. B
IIPOTUBHOM ClIydae, T.e. €C/IM HeU3BeCTHbIe (DYHKIINU SBIAIOTCS QYHKIUSIMU ONHON IepeMeH-
HOU, YpaBHEHUS HA3BIBAIOTCS OOBIKHOBEHHBIMU nuddepeHnnaabHbIMu ypaBHeHusMu. Mbr Oynem
n3yvJaTh OOBIKHOBEHHBIE NuddepeHInaIibHble YPABHEHNS I CUCTEMBI TaKUX YPaBHEHU.

ITpumep. CocraBuTh ypaBHeHHe KpHBOI, mpoxompsiein depes touky M (0;1), y xoropoit
YTJI0BOH KO(POUIINEHT KacaTeIbHON B KAXKIION TOUYKe paBeH OpIWHATe TOYKUA KaCaHUSI.

[To ycnoBuio, eciu ypaBHeHne KpUBON nmeeT Bup y = y(x), To

Yy =y.
HomonauTensHo n3BecTHO, uTo y(0) = 1.

[Tomyuennoe nuddepeHNMAIEHOE yPABHEHNE SBIISIETCS MPUMEPOM yYPABHEHUS TIEPBOTO TIO-
panka; mopsakoM nub@epeHInaIbHOT0 YPaBHEHNS Ha3bIBAETCS HANBBICIINHN TOPSIOK ITPOM3-
BOMHON HEM3BECTHON (DYHKIIWE, BXOMSIEH B ypaBHeHme. B obiiem Bume nuddepeHInaIbHoe
ypaBHeHIe 1-ro mopsaka MOXKHO 3aIlllCaTh TaK:

F(z,y,y) =0, (1)

rIe T — He3aBUCUMas mepeMenHast, y = y(z) — nemsBecTHas Gyukuus, y' = y'(z) — npousBonHas
sToll dhyHknum, a F — 3amannHas QyHKIUS TPEX MePEMEHHBIX.

Pemmenunem Takoro nuddepeHnuaibHoro ypaBHeHus HasbiBaeTcs GyHknmsa y = y(x), ompe-
neneHHas u auddepeHupyeMas Ha HEKOTOPOM UHTepBajie [, Mocie MOICTaHOBKU KOTOPOH B
ypaBHenue (1) momyuaercs BepHoe paBeHCTBO mpu jrobom x € [. I'paduk perenus mud-
(bepeHnnaIbLHOTO YpaBHEHNS HA3BIBAETCS MHTErPAILHON KPUBOW 3TOrO ypaBHeHUs. llporecc
HAXOXKIIEHUS perreHnit nuddepeHnaIbHoro ypaBHeHNns 9acTO HA3LIBAIOT MHTETPUPOBAHUEM, &
CaMM PEIICHNs — MHTErPAIAMI 3TOTO YPABHEHUS.

Ham nmoTpebyroTcss HEKOTOpBIE MOHSATHS, OTHOCSIIINECS K (DYHKIWSIM OBYX IepeMeHHbIX. Bce
MHOXKECTBa, O KOTOPBIX MOET PE€Yb B HUMKCECICAYIOIIUX ONPENETICHUAX, ABJISIOTCSA IIJIOCKUMMN.
OKpeCcTHOCTBIO TOYKM HA MIIOCKOCTU HA3BIBAETCS OTKPBLITHINA KPYT (T.e. KPyr 6e3 TOuek orpa-
HUYUBAIOIIEH €r0 OKPYKHOCTH ) TOJIOKUTETHHOTO PAINYCa € IEHTPOM B 5TOI Touke. MHOKeCTBO



Ha3bIBAETCS OTKPBITBIM, €CJIM BMeCTe C KaKIOW CBOEW TOYKON OHO COHEPKUT U HEKOTOPYIO ee
OKPECTHOCTh. MHOXECTBO Ha3BIBAETCS CBSI3HBIM, €CJIN JIIOOBIE ITBE €ro TOUKU MOXKHO COEIu-
HUTH HENPEPBIBHOW KPUBOH, IETMKOM JIEXKAIIIEH B 5TOM MHOXKecTBe. MHOXKECTBO HA3BIBAETCS
00J1aCTBIO, €CIIM OHO OMHOBPEMEHHO OTKPBITO U CBS3HO.

ITpumeprr. Kpyr K = {(x, y) : 2 +y? < 1} panuyca 1 ¢ meHTpoM B Havdaje KOOpOAMHAT
SIBIISIETCS OTKPBITBIM MHOXKECTBOM; KPyT K = {(:c, y) 22 +y* < 1} OTKPBITBIM MHOXKECTBOM
He SBJISIeTCS.

O6a xpyra K u K SBISIOTCS IPIMEPAMI CBA3HBIX MHOXKECTB; IIPH 5TOM KpyT K sBisercs
obnacteio. ObbenuueHne NBYX HEePeCeKaronxcst KPYTOB He SIBIISIETCS CBS3HBIM MHOXKECTBOM
(u, crenoBaTeIBHO, He SIBISIETCs 06IACTDIO).

T

»

\'y/]/ \a/ v Puc.1
Y paBHEHIEM, Pa3peIIeHHbIM OTHOCUTETBHO MTPOM3BOMHON, HA3BIBAETCS YPaBHEHUE BUIA
/
Y = f(z,y). (2)

[TycTh mpaBast 4acTh 9TOrO ypaBHEHUs OIpenesieHa Ha HEKOTOpOoi obacTtu (G IIJIIOCKOCTH Tiepe-
MEHHBIX & U ¥, & PYHKIIIS

y=f(z,C). (3)
ompenesnena Ha obmactu D maockocTn mepeMeHHbx x, C.
A Yy = y(x, C)
4 C
C
N
x X
O} > 0 >
Puc.2 Puc.3

®yukuus (3) HA3BIBaeTCs OOLINM peIlleHneM ypaBHEHUs (2), eCiIi BBITIOIHEHbI CIIEIYOIIIe
Y CIIOBUS.

1. pu mobom dpukcuposanaom C' dyukuus y = y(x, C') ecTsb pereHne ganHoOro muddepen-
[UAIILHOTO YPABHEHUs (TAKOe PeIeHre, IOy Yaroleecs n3 O0IIero pelieHns npu GuKCHpoOBaH-
HOM C' HA3BLIBAIOT YACTHBIM DEIIEHUEM ).

2. s moboit Touku (Zg, yo) € G maiinercs saauenune C' = Cy Taxkoe, uTo Yo = y(zo, Cp).

ITo moBomy MEpPBOrO IyHKTa 5TOTO ONPENEICHUs CIELyeT 3aMeTUTh, YTO IPU HEKOTOPBIX
sHaueHnsx C' MOXeT M He CYIIeCTBOBATH TaKuxX &, npu KoTopeix (z,C) € D. Dru 3Hade-
s C' cliefyeT UCKIIOYNTH U3 paccMOTpeHus. Ecmum 3Hauenus x, npu xkotopwix (z,C) € D
CYILIECTBYIOT, TO MOXeT CIIyUUTbCs, U4TO 06JIACThIO onpenenenus Gyukunu y = y(z,C') npu
dukcupoBanHoM C' Iy KUT OOBEIUHEHNE HECKOIBKUX (UK Maxke GECKOHETHOTO UUCIIa) Helepe-
CEKAIOIINXCs MHTEPBAJIOB. B 5TOM cllydyae IMEIOTC B BUAY PEIICHN, 3a0aHHbIe Ha OTIC/ILHBIX
MHTEpBaIaX, BXONAIMX B YKA3aHHYIO 00JIACTH ONPEICICHNS.

WNaTerpupys To mim uHoe nuddepeHmaabHoe ypaBHeHNe, Mbl HEPEIKO IPUXOIIM K COOT-
HOITIEHUIO BUIA

O(x,y, C) =0. (4)

Pasperue 5T0 COOTHOIIEHNE OTHOCUTENBHO ¥, MOJIydaeM OTCioma obiree pererme. OmHAKO
BBIDA3UTh Yy u3 (4) B sieMeHTapHBIX (QYHKIUAX HE BCErOa BO3MOXKHO. B Takmx ciydasx 06-
I1Iee PeIeHne OCTABISIIOT B HESIBHOM Bume. PaBeHCTBO (4), HesBHO 3amaioriee o0lliee peleHue,
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HA3BIBAIOT OOIIIMM MHTErpajioM COOTBETCTBYIONIETO nuddepeHInaIbHoro ypasaenus. HesBHo
3allaHHOE pelleHue, moiydaeMoe u3 (4) npu dukcupoBanHoM C', HA3BIBAIOT YACTHBIM UHTErDa-
JIOM.

IIpumep. Ilokaxkewm, uTo

y=Ce" (5)

ecThb o0lllee pellleHUe YPaBHEHUS
v =y, (6)

IOJIy9€HHOTO B PACCMOTPEHHOM B HadaJje JICKIINU IIpIMepe.

Ouesumno, npu mobom dukcuposarroMm C dyukus (5) ecTs perenue ypasuenus (6). Ecmam
3aIaHa HpOI/ISBOJIbHaSI TOYKAQ (l‘o,yo), TO OJI1 HAXOXIOCHIMA COOTBETCTBYIOILIETO 3HAYECHUA O()
nmMeeM ypaBHEHUE

yo = Ce™,

Zo

orkyna Cy = ype ™, 1 MBI TIOJIyIaeM TAKOe JaCTHOE PEIeHne

Y = yoe" .
Takum 06pa3oM, ycTaHoBieHO, uTo (5) ecTh obiee pemtenue ypasaenus (6). Kpusas, mpoxo-
namas gepes 1. M(0;1), 0 KOTOpOIl pedb B yKa3aHHOM MpUMEpe, 3a[aeTCs, CIeNOBATENbHO,
ypaBrerneMm y = €*. To, 4TO APyruxX TaKWX KPUBBLIX HE CYIIECTBYET, CIEAyeT 13 (hopMyIupye-
MOU HUZKE TE€OPEMBI CYIIECTBOBAHUS U EIUHCTBEHHOCT.

Sanaga Ko nis ypaBHeHUs

yl = f(xvy)

CTABUTCS CIIEAYIOIINM 0Opa3oM.
Hama Touka (g, Yyo) U3 06IACTU OMpPENEeHNs TPABOil YaCTU HTOT0 ypaBHeHus. TpeGyercs
HAWTH peIleHne, yIOBIETBOPSIOIIee YCIOBHIIO

y(wo) = Yo-

OTO yClIoBUe HA3LIBAETCS HAYAILHBIM YCIIOBUEM, & To U Yy — HAYaIbHBIMI 3HAUYEHUSIME. | eome-
Tpuueckn 3amada Ko 3akoyaeTcss B OTBICKAHIT WHTET PAJIbHON KPUBOI, TPOXOMAIIIEN Yepes
TOUKY (%0, Yo)-

YT06bI cHOPMYIUPOBATE YKE€ YIOMUHABIIVIOCS TEOPEMY CYIIIECTBOBAHUS U €IUHCTBEHHO-
cTH, HAM TOTpebyeTcs MOHsTHe JacTHON mpomssomuoit. Ilycts dyukuus f(x,y) ompenenena
B obnactu (G Ha IJIOCKOCTH MEPEMEHHBIX X, Y; YaCTHON IIPOM3BOMHON 5TON (YHKINN B TOUYKE
(z,y) € G mo mepeMeHHOMY Y Ha3bIBAETCsI Tpenesl (MIPU YCIOBUU, YTO OH CYIIECTBYET):

of (z,y) [,y + Ay) — f(z,y)

SCASAY A

dy Ay—0 Ay

7151 BBIYMCIIEHUsI TaKOH TPOU3BOMHON CilenyeT 3aduKCcupoBaTh & U mponuddepeHImpoBaTh mo-
JIYIUBIIYIOCS (PYHKIIMIO OMHOU MEPEMEHHOU.

Teopema (Kormu o cyIecTBOBAHIN U €UHCTBEHHOCTH pellieHnst TudbepeHInanbHOTO YPaBHe-
HIIsI TIEPBOTO TIOPSIKA).
[Iycts dyukrms f(z,y) ompeneneHa U HEOPEPBIBHA BMECTE CO CBOEHl YACTHON IIPOU3BOMHOM

of (z,y)

———> Ha HeKoTopon obmacTu (G MIOCKOCTU TEPEeMEHHBIX T,%y. lorma s 000 TOYKHI

Jdy

(zo,Y0) € G cymecTByer pelterue y = y(x) ypaBHEHUsE

y = fl,y),

3



YOOBJIETBOPAIOIIIEEC HAYAJIBHOMY YCJIOBUIO

y(wo) = Yo-

JTtobble mBa pereHns 5TOro ypaBHEHUs, YIOBIIETBOPSIOIINE OMHOMY W TOMY K€ HAYAITBHOMY
YCJIOBHIO, COBIIaJIalOT BCIOAY, '€ OHU 00a OIpenesieHHl.

D1y Teopemy nmpuHEMaeM 6e3 MOKa3aTeIbCTBA.

Taxum 06pa3omM, Tpu BHITIOTHEHUN YCIIOBUT CHOPMYITUPOBAHHON TEOPEMBI PEIIEHE COOTBET-
CTBYIOIIEeH 3amta4un Ko cylecTByeT W eQUHCTBEHHO. Ha reoMeTpudueckoM s3bIKE yTBEPXKIe-
HIIe TeOpeMBbl O3HauaeT, UTO uepe3 KaXKIyIo TOUKY 00JacTH, B KOTOPOH 3a[aHa IpaBas JacThb
yPaBHEHUsI, TPOXOMUT B TOYHOCTU OIHA MHTErPAJIbHAs KPUBAsi 9TOTO YpaBHEHMs. YICHO Takxe,
YTO YpaBHEHNE, MJIsI KOTOPOTO BBITIOTHEHBI TPEOOBAHUS TEOPEMBI CYIIIECTBOBAHUS W €INHCTBEH-
HOCTH, nUMeeT OeCKOHEYHO MHOTO PeNIeHWH: IOCTaTOYHO 3apUKCUpoBaTh Ty U PACCMOTPETH
PEIIEHNs, YIOBIETBOPSIOIINE HAYAILHOMY YCIIOBUIO Y(To) = Yo MPU PA3INYHBIX Yy TAKUX, ITO

(wo,90) € G.

/—’_‘ y3
/ Y2

L— P’

v

T
Puc.4

TakuM crmocoboM MOXKHO IIOJIYYUTL CTOJIBKO PAa3/JIMYHBIX peLHeHI/IfI, CKOJIBKO TOYE€K MMeEETCA
Ha COOTBETCTBYIOLIIEM HHTEPBAaJIC.



Kadenpa «MaTemaTuueckoe MOOEJINPOBAHUES
npod. II. JI. UBankoB

NuTerpanbl u nudpdepeHInnaibHble YPaBHEHNU A

KOHCIIEKT JIEKITUIA
IIsL CTYIEHTOB 1-TO Kypca 2-TO cemecTpa

cuermasbrocTent PJI1,2,.3,6, BMT1,2

Jlexyusa 15

Pemtenne nuddepeHINaAIBHBIX YPABHEHUN TIEPBOTO MOPSIKA: C pa3mesis-
IOITIMUCS TIEPEMEHHBIMU, OMHOPOMHBIX, IMHEWHBIX, bepHyiin.

Pemmuts nuddepennmanbioe ypaBHeHIE — 3HAYUT HANTU BCE €r0 perieHus. Kcium 3amaHbl
NONOJTHUTEIIbHBIE YCIIOBHsE (OOBIYHO HAUAJIBHBIE), TO TPeGYeTCs HANTHU PEIIeHns, YIOBIeTBODSI-
IOIIE TUM JONOJHUTEIBHBIM YCIIOBUsAM. Kak mpaBuio, Oerno CBOAUTCS K HAXOXKIEHUIO OOIITIX
MHTErpajioB (OOIINX PEIIeHNiT) 1 BBIIEIEHNIO YACTHBIX UHTErPAJIOB (YACTHBIX PEIIeHMUI), VI0-
BJIETBOPSIIOIINX JOHOTHUTEIBHBIM YCIOBUSIM (€C/IN TaKue YCIOBUS 3a/IaHbl).

Ecnu pemrenne nuddepeHnaabHOrO ypaBHEHUST YIA€TCs 3alUCaTh C MOMOIIBIO apudme-
TUYIECKUX OIepPAInil, onepanun B3sTus QYHKIUN OT GYHKIINN U ONEPAIINN HAXOXKIEHUS MIEPBO-
00pa3HOW, MPUMEHEHHBIX KOHEYHOE JICIIO Pa3 K 3JIEMEHTAPHBIM (QYHKITISIM, TO TOBOPSIT, UTO 3TO
nuddepeHnraIbHOe YypaBHEHNE HHTETPUPYETCs B KBAApaTypax. 3aMeTuM, 9TO OOIBIITHHCTBO
nudbepeHInaIbHBIX YPABHEHNH, BCTPEYAIOIINXCS B TEOPETUYECKNX U MPUKJIIAIHBIX 3a1adax,
HE WHTETPUPYIOTCS B KBaApaTypax.

PaccvoTpuMm MeTonbr mHTErpUpOBaHUS B KBAApPATypPax HEKOTOPBHIX TUTIOB muddepeHInab-
HBIX YPABHEHUI MEPBOTO MOPSIIKA.

YpaBHeHUE BUIa

y = f(x)g(y) (1)

HA3BIBAETCS YPABHEHIEM C PA3IEIIONMMECS TepeMeHHbivu. [lycrs dyukunm f(z) u g(y) He-
IPEPLIBHBI COOTBETCTBEHHO Ha uHTepBanax I; u Iy, npuaém ¢(y) # 0 npu mobom y € I. Ecmm
y = y(x) — pemenne ypasuenus (1), To

y'(x)
——5 = f(2). (2)
9(y(@))
O6osuaunm uepes G(y) u F(y) mepBoobpasubie coorBercrBenno ¢yukuuit 1/g(y) u f(x) Ha
yKasaHHbIX nHTepBaiax. V3 (2) ciaemyer, uTo

G(y(z)) = F(z) + C.

MoxHO moKa3aTh, UTO P CHEIAHHBIX OTHOCUTENLHO f () u ¢(Yy) IPEnnoIoKeHusX COOTHOIIIE
HIe

G(y) = F(z) + C

ecTb 00wl mHTerpan ypasuerus (1). Orcioma momyuaeM Takoil GOPMabHBIA TPUEM MJis
OTBICKAHUS PEINIEHNN 3TOTO YPAaBHEHUS.
Pasnensem nepemennbie n ymHOX)aeM 0b6e dacTu Ha dr:



HAXOIUM COOTBETCTBYIOIINE IEPBOOOPA3HbIE (MIPUUEM B JIEBOI YACTH MEPEMEHHON MHTErPUPO-
BAHUS CIMTAECM ¥) U 3AIICHIBAEM OOIIUI MHTErPaJl B BUIE

/%:/f(x)dx—i-(}’.

B sToM paBencTBe mHTErpasibl 03HAYAIOT KaKme-inbo (HDUKCHPOBAHHBIE IepBOOGpa3sHble (a He
BCIO UX COBOKYNHOCTBH). KEcmm TpebGyeTcs HANTU MHTErPAIbHYIO KPHUBYIO, MPOXOMSIIYIO Yepes3
TOUKyY (Zo,%0), To € 11, Yo € I3, TO COOTBETCTBYIOIIEE DEIIEHNE 3a0a€TCI HEBHO PABEHCTBOM

/y% :]f(n)dn-

Yo

Moxer okasarbcs, uro B ypaBHenun (1) dyHkims ¢(y) paBHA HyJI0 B HEKOTOPBIX TOUYKAX
Y1,y ... uATEepBana I,. B TakoMm ciaydae yKasaHHBII IPUEM MPUMEHSETCS HA KAXKIOM U3 MH-
TEPBAJIOB, HA KOTOPHIE OTH TOUKY NEJIAT [o; IPU 5TOM CJIeMyeT UMETh B BUIY, UTO BCe (DYHKIUN
Y = Y1,y = Yo,... ABISHOTCA pemeHusyu ypasaenus (1). IIpo sTu pemienust roBopsar, 4To
OHI " TepIOTCS TIPU PA3LeTIeHNN TIepeMeHHbIX (T.e. IPH IeleHAH 00X dacTeil ypaBHeHIs Ha

9(y)).

IIpumep. Paccmorpum ypasrenue 2v/1 — 22 ¢ = z(1 — y?).
[Tocne pasmeneHns IePeMeHHEIX HOIydaeM, 9TO

nmajiee, HaXOMUM TIePBOOOpa3HbIE

d -1
2/ i zln‘y ‘—FC,
y?—1 y+1

[HosToMy mMeeM Ha Kaxmmonr u3 obracTen
1_Il = {(:E,y) S (_L 1)7 Y€ (—OO, _1)}a

My = {(z,y) : z€(-1;1), y€ (-;1)} u
M3 = {(z,y) : z€(=1;1), y € (l;00)}

TaKoOW OOIMI WHTETPA

m‘y; VI—#2+C
y

+1‘:

paccMaTpuBaemoro ypasaenus. Croma ciiemyeT MOOABUTH ellle PelleHus Yy = =+ 1, moTepsHHbIe
IIpU Pa3lesIeHNN IIepeMeHHBIX. B maHHOM citydae HeTPYIHO HalTH U OOIIlee pellleHne; HarpuMep,
Ha OTKPBITOM KBanparte Iy mMmeeM mocienoBaTeIbHO:

1— Yy _ e\/lfoJrC i
1+y '

1-— 016 1-a*

= 0, =e>0.
Y 1+Cl€m !
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3mech obiriee perrierue onpeneneHo B obmactu —1 < x < 1, C7 > 0. Ecmm B mocmenioo
dopMyITy IS Yy TOACTABUTH Kakoe-1n6o orpunaTensHoe 3Hadenue C (manpumep, Cp = —1), To
MBI TaKKe TOJTyInM PeIeHne NCXOMHOTO YPABHEHU, OMHAKO COOTBETCTBYIOIIAS NHTEer PATbHAS
KpuBas He OymeT jexarh B kBagpate [I;. DTor mpumep mokassBaeT, 9TO HYKHO COOTIONATH
OIpENESIEHHYI0 OCTOPOXKHOCTH, YTBEPXKIast, UTO ~IMpHU MOACTAHOBKE B OOIIee peIleHne jIrboro
saadenns C' TOTYyYaeTCsT YACTHOE PEIleHne MCXOMHOTO YPpaBHEHUs .

HuddepennmanbHoe ypaBHeHnEe 1-TO MOpsAKa YaCTO 3alUCHIBAIOT B BUIE

M(z,y)dx + N(x,y)dy = 0. (3)

Bmecs M(x,y) u N(x,y) — 3amaHable B HEKOTOPOI o6iacTu (HempepbiBHbIE) GyHKIWMN. Fcmm
CUNTATH T HE3ABUCUMON MePeMeHHON, a y = y(r) — Hem3BecTHON (yHKIMel, TO ypaBHeHue (3)
SKBUBAJICHTHO TAKOMY

dy

Ecimu ke cauTarh, 4TO Yy He3aBUCUMAsl lepeMeHHast, a © = x(y) — HemsBecTHas QyHKIUs, TO (3)
SKBUBAJICHTHO yPaBHEHUIO

dx

[Ipo ypasrenue (3) roBOpsT, YTO OHO 3aIMCAHO Yepe3 nuddepeHnnasl (U B CAMMETPIIECKOI

dopwme).
YpaBHeHnE ¢ pa3smesIOIIIMUCS TePEMEHHBIMIE, 3allICAHHOE B TAKOil (hOpMe, MMEET BUL:

M (z) Ms(y)dx + Nq(z)Na(y)dy = 0.

[Tocne pasnmenenns mepeMeHHBIX HOIydaeM ypaBHEHNE

Na(y) , M)

2] Y

My(y) T T Ni(w)

Pacemorpum erné ogroponuste ypasaenus. Oyukuus h(z, y) Ha3bIBAETCS OMHOPOMHON (QYHK-
el CTeneHu M, eCan I J00bIX X,y U t > () BBIIOIHAETCS PABEHCTBO

h(tz,ty) = t"h(z,y).

Ecmu dyskumm M (z,y) u N(z,y) ABIAIOTCS OQHOPOTHBLIMU (GYHKIUAME OIHOI U TOI JKe CTe-
neHu, To nuddepeHnnaaIbHOE YPABHEHNAE

M(z,y)dx + N(z,y)dy =0

HasbiBaeTCst opHoponubiM. Cumrast mis onpenenénHoctu, aro © > 0, a dyukuuun M (z,y) un
N(x,y) SBISIOTCSI OMHOPOMHBIMU (DYHKIUSIMU CTEIEHN M, TIpeobpasyeM 5TO ypaBHEHUE CIIEMy-
FOITTIM 00pa3oM:

d_y _ _M(xay> _M(x; I%) _l’mM <1; %
dr — N(z,y) N(:c; x.Q) e <1; %> N(1;

) x
X
M(1,u)
roe u) = ———"———".
TaKI/IM O6pa30M, OOHOPOOHOE YpaBHEHUE MO2KHO 3alliCaThb B BAIOE

=1 ()
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YTo6bI pemuTh 5TO ypaBHEHNUe, BBEIEM HOBYIO HEM3BECTHYIO QYHKIUIO 2z = y/x, T.e. Tz = Y.
Torna

dy i dz
— =z4+x—,
dx dx
U I HAXOXKIEHUS 2 MMeeM ypaBHEeHUe
dz
z— = f(z) — z.

DTo — ypaBHEHIE ¢ PA3OeISIOIINMUCS TepeMEeHHBIMU. PemmuB ero, HaiimeMm z, a 3aTeM 1 Y.
vat—y?+y
- :

Bymem cumraTts, uto > 0 m 22 — y?> > 0; cooTBeTCTByIOmAas 06IACTH 3aIITPUXOBAHA HA
yepTexe (FPAHUYHbIE TOUKN UCKITIOYAIOTCS).

IIpumep. IlycTs TpebyeTcs peluTh ypaBHeHUE 3 =

Puc.5
B sToit obnacTu narHOE ypaBHEHUE SKBUBAJIEHTHO TAKOMY:

2
y = 1_<g)+y_
X X

DTO — OMHOPOMHOE YDABHEHNE; BBOIMM HOBYIO HEM3BECTHYIO MYHKIWMIO 2z = y/T U TOIydaeM
ypaBHEHE

dz dx
22 +2=vV1—-22+2; =
Haiins mepBooOpasHbIe , Oy InM
arcsinz = In |z| + C'; arcsin 2 = In lz| + C .
x

D10 — obImuil HHTErpas UCXOMHOTO ypaBHeHUs (B ykazauuoi obmactu). Ilockonbky z > 0, To
9TOT OOIINI MHTErpaJl MOXKHO 3aIIACATh U TaK:

.Y
arcsin = =Inx + C' .
x
B manHOM citydae MOXHO HAWTH U OOIllee peIeHne:

y =z sin(lnx + C), —g<lnx+0<g.

YpaBuenue
y' +px)y = f(z) (4)

HA3bIBAETCsI JIMHENHBIM; GyHKunu p(z) u f(r) GymeM CUYUTATh HENPEPLIBHBIME HA HEKOTOPOM
uaTepsasie . Ytober pemnts ypasaerue (4), HailmeMm cHadasia o0lllee PeIleHne COOTBETCTBY-
IOIIIETO OMHOPOTHOTO YPaBHEHNS

Y +p(z)y = 0. (5)

[Iycts P(z) — xakas-mu6o mepBoobpasuast Gyukimu p(x) Ha naTepsasie [. Torma, xak serko
IPOBEPUTH, PYHKIIUS
y(z,C)=Ce @ zel —0o<C <0,
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ecthb oblee perenne ypasHeHus (5). DTOT pesyiabTaT MOXKHO MOJIYYUTH U ~e€CTECTBEHHLIM
IIyTeM, 3aMEeTHUB, YTO (5) SIBIISIETCSl YPABHEHMEM C pa3mesIsIoNINMUcs mnepeMeHHbIMu. [lasee
IIPpUMEHNM METOH Bapualllll HOCTOﬂHHOﬁ, COCTO?IH_[I/Iﬁ B TOM, 4YTO IIOCTOAHHAas C, BXOIOAIIIASL B
obiree perrienue, samensercs Gyuknueit C'(x); 3aTeM Ta TOCTeMHs s GYHKINS OMPEIesIeTcs u3
ICXOMHOTO HEOMHOPOMHOTO ypasHeHus (4). Umeem:

(Cla)e ") +Cl@)p(x)e "D = f(a);  C'(x)e " =Cla)p(a)e " +C(x)p(x)e ") = f(x)

C'(x) = f(x)eP™,

Orcrona

C(z) = /f(x) e P@ dx + Oy |

rae MHTerpaj B IPaBOI YACTH O3HAYACT KAKYIO-JII000 (DMKCHPOBAHHYIO IMEPBOOOPA3HYIO COOT-
BETCTBYIOLIEH QYHKINN (& He BCIO COBOKYITHOCTD 9THUX MepBo0Opa3Hbix). CremoBaTenbHO, obIee
peltienue ypasHenus (4) uMeer BUI:

y(x,Cy) = /f(x) e @ dg 40y | e @

rne P(z) — kakas-nu6o nepsooGpasuas Gyukuun p(x) Ha unTepsase I.
K numefiHbLIM ypaBHEHUSAM IepBOrO MOPIANKa CBOOUTCA ypaBHeHHe Bepmysmm

Y +p(x)y = flx)y*,

roe « otinyHo oT 0 m 1 (T.K. [pHW 5TUX 3HAUEHWSX (¢ MOJIYYACTCS JIMHENHOE yDABHEHUE).
Paspenmum o6e wacTu mocieqHero ypaBHeHUs Ha y*:

y oy p(x) y' T = fla).

«

Ecmu 2z = ¢y 1o 2/ = (1 — )y’ - y~“ u OTHOCUTENILHO 2 UMeeM JIMHelHoe ypaBHeHuMe:

1
1l -«

A pla) 2 = [ ()

Pemms ero, maiineMm z, a 3atem u y. [Ipu o > 0 ypaBHeHuto BepHynmu ymoBieTBOpsieT TakKe
(bYHKIINS, TOXIECTBEHHO paBHas Hyi0. Ipyroll momxom K pelleHuto ypaBHeHUN bepHysn
coctouT B crenymomieM. IlycTts y = u - v; Torma

u v+ u 4+ px) - v) = fz)(uv).

[Tombepem v # (0 Tak, ITOOBI OBIIO
vV 4+ p(z)v=0,

IIJISL 9€TO MOCTATOYHO PEITUTh JIMHEWHOEe OMHOPOMHOE YPaBHEHIE TIePBOro nopsiaka. Ilocie sToro
IJIs ONIpeneNeHns 1 MOJIydaeM yYpaBHEHUE

d v = f(@)(u-v)?,

KOTOpOE SIBJIIETCS yPaBHEHUIEM C PA3OeISIOIINMUCS TeEPEMEHHBIMU. PermB ero, Ha@meM u, a
3aTEM U Y = U - V.
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['eomeTpuueckas muTepnperanus nuhdOepeHIINATIEHOTO YPAaBHEHUS TeP-
Boro mopsinka. Mzoxkmuwabl. ['eomerpudeckoe pererune mnuddepeHnaib-
HBIX YPABHEHUN C MTOMOITBI0 M30KIuH. OcoOble TOUKI U OCOOBIE PEIeHUST
nuddepeHInaTLHOTO YPABHEHNS TIEPBOTO TOPSIIKA.

PaccvoTpum nuddepeHnmanbHOe ypaBHEHNE TIEPBOTO MOPSIIKA, Pa3PEIIeHHOe OTHOCUTETHHO
ITPOM3BOITHON

y = [flz,y), (1)

e IpaBas 4acThb ONpenesiena Ha oomactu G IIOCKOCTH TIEPEMEHHBIX &, §. Takoe mupdepermn-
AJIbHOE YPABHEHUE YCTAHABIUBAET CBA3b MeX Iy KoopauHaramu Touku M (z,y) € G u yrioBbM
KO3(hOUIIIEHTOM KacaTeNlbHOIl 3 () K MHTerpalibHON KpUBoil y = y(x), Ipoxonsieit yepes sTy
TOUKY:

tga=y'(z) = f(z,y) .

v

O T

Puc.6

KacaTenpHBIM BEKTOPOM K 5TOH KPUBOW B YKA3aHHON TOYKE SIBIISIETCSI BEKTOD

{1,y ()} = {1, fz,0)} .

Ecmu xaxmoit Touke M (z,y) € G mOCTaBUTHL B COOTBETCTBUE TAKOW BEKTOP, TO MbI IOy IUM B
obmactu G mone HampapiaeHuil. NaTerpaababie KPUBBIE — 9TO T€ KPUBLIE, I KOTOPBIX BEKTOP
{1, f(z, y)} SBJISIETCS KacaTelIbHBIM B COOTBETCTBYIoIIelnr Touke. IlosTtomy, eciu B obmactu G
BBIOpPATH JOCTATOYHO IYCTYIO CETh TOUEK U B KaxKIoil Touke M (x,y) HApUCOBATDH MCXOMAIINN 13
9TON TOYKU BEKTOP C KOOPOWHATAMU {1, f(z, y)}, TO MOYXKHO TIPUOIMKEHHO M300pa3uTh WHTe-
rpajibHble KpUBBIE ypaBHeHUs (1), MPOBOIS 5TH KPUBBIE TAK, UTOOBI OHI B KAXKJION CBOEH TOYKe
KacaJllCh BEKTOPOB MTOCTPOEHHOTO TOJIs HampaBieHuil. [locTpoenne mosms manpaBieHuit obsrer-
YaeTCsl UCTIOIb30BaHueM n30KInH. V3okmuuoi nuddepenmanbaoro ypasaenus (1) HazbBaeTcst
MHOXKECTBO TOUEK IIJIOCKOCTHU, B KaXKIOW M3 KOTOPBIX YTVIOBON KO3(hDUIMEHT KacaTeIbHON K NH-
TerpajibHBIM KPUBBIM 5TOTO YPABHEHUsI MMEET MOCTOsSHHOe 3HadeHwe. OUeBUOHO, ypaBHEHUE
M30KJINHBI UMEET BUJI

flz,y) =k,



roe k — yooMsiHyTOe B OIpEIe/IeHIN N30K/INHLL IIOCTOSHHOE 3HAUEHNE YITIOBOrO Ko3hduiueHTa
kacaTenpHON. TaxuMm 00pa3oM, M30KIMHBL SBISIOTCS JIUHUSIME ypoBHs Gyekumn f(z,y) u3
IpaBoil yacTu ypasHeHus (1).

IIpumep. Ilycts mano ypaBHeHUE
y/ — .T2 . y2 )

O6macThio OnpenesieHnsT TPABON YaCTH SIBIISIETCSI BCS TIJIOCKOCTH MMEPEMEHHBIX X, Y. Y PABHEHUS
M30KJIMH UMEIOT BUI
-y =k.

[Ipu k£ = 0 mveeM mapy BEIIECTBEHHBIX IIEPECEKAOIINXCS MPSAMBIX (OHCCEKTPUC KOODIMHAT-
HBIX yrioB). [lpum mocrpoennu moss HampaBieHuil (4TOOBI HE 3arPOMOXKIATEH YepPTeX) Gymem
pUCOBAThb HE BEKTOPHI, & KOPDOTKME OTPE3KM IPIMBIX, IPOXOOAIINX Yepe3 TOUYKU IOCTPOEHHBIX
M30KJIMH W UMEIOIINX COOTBETCTBYMoIME yrioBele kKodbdurumenTol. [lpun k # 0 m3okmuaaMu
SBIISIIOTCS. TUIEPOOJIBL.

[Iyctb cHOBa nMeeTcs muddepeHIaAIEHOEe yPaBHEHTE

y = flz,y), (1)

mpaBas JacTh KOTOPOTO ompemenieHa Ha obmactu (G INTOCKOCTH TepeMeHHBIX x,y. HBcmm mms
touku M (xg, o) € G HAlMYTCs IBe MHTErPAIbHBIE KPUBLIE, TPOXOIAIIIE Yepe3 5TY TOUKY U He
COBMIAJAIOIINE HU B KaKOU ee OKPECTHOCTHU, WJIM depe3 3TY TOUYKY He MPOXOOUT HU ONHA MHTEe-
rpanbHas KpuBas, To M Ha3biBaeTCs 0cOO0# TOUKON MaHHOTO NuddepeHITnaTbHOTO YPABHEHNS.
Touxka, He sBIAONIAsICS 0COOOH, HA3BIBAETCS OOBIKHOBEHHOW. B 9acTHOCTH, OOBIKHOBEHHBIMU
SIBASIOTCST BCE TOUKW, MMEIOINE OKPECTHOCTH, B KOTOPOU BBITIOTHSIOTCS TPeOOBAHUST TEOPEMBI
CYIIIECTBOBAHUS U €MUHCTBEHHOCTH. Pemenue ypasuenus (1) Ha3bIBAeTCS OCOOLIM, €CIIH BCE
TOYKU COOTBETCTBYIOIIEN WHTErPAJIbHOU KPUBOU CyTh OCOOBIE TOUYKU 3TOT0 HuddepeHInalb-
HOTO ypPaBHEHUSI.

IIpumep. PaccmoTpum ypaBHeHUE

win



3nech mpaBasi JacThb ONpeeeHa Ha BCEll INIOCKOCTU IEPEMEHHBLIX X,Y; YCIIOBUS TEOPEMBI Cy-
IIIECTBOBAHNUS 1 €OUHCTBEHHOCTHU HapylleHbl B Toukax ocu OX, T.k. mpm y = 0 dyHKIUSA
flz,y) = 3y?/3 He mMeeT wAaCTHON TIPOM3BONHOI IO TepeMeHHoit y. T.K. IaHHOE ypaBHCHIE
ABJISETCS YPAaBHEHHUEM C PA3HelISIOIINMUCS IIePeMEeHHBIMI, TO B KaxK/Ioi u3 obsactell y > 0 unn
y < 0 moxHO 06e3 Tpyna HailTu oOIllee pelleHne

y=(z+C)>.

dlcuo, uTo mpu mo6om dukcupoBanuoM 3uadeHuu C' vTa GopMysia maeT pelleHne pacCMaTpu-
BAEMOTO yPABHEHUs, 3aIaHHOe Tpu Beex 3HadeHmsx r. C mapyroit ¢cToponbl y = () Takxke eCThb
pellienne 5TOro ypapHueHus. Ilociennee perenne sBiseTcs 0coOBIM, T.K. 4epe3 KaXKIyH TOUKY
COOTBETCTBYIOIIE NHTErPAIILHON KPUBOIL (B MAHHOM CITydae OCu abCIUCC) MPOXOAUT He MEHbIIIe
IBYX MHTETPAJILHBIX KPUBLIX 5TOTO YPABHEHUS.

Ecnu touka M (xg, o) MeKUT HA UHTErPAJIBLHON KPUBOIl, OTBEYAIOIIE 0COOOMY DEIIIEHIIO
y = y(x), TO Yepe3 5Ty TOUKY IPOXOMUT U APYras MHTErpajbHas KpuBas y = () DAHHOTO
nuddepennmansHoro ypasuenus. T.k. 4 (zo) = y'(xo) = f(o,Y0), TO 5TU KPUBbIE UMEIOT
OOIIIYIO KacaTeabHylo B Touke M. DTo mpocToe 3aMedaHue I03BOJILET UCIOIL30BATh I Ha-
XOXKIEHWs OCOOBIX PEIeHNIT TIOHATHIE OTUOAIOIIEH U3 TEOPUN KPUBBIX.

[IycTb mMeeTcs CeMelcTBO MIIOCKIX KPUBBIX

CI)(JI,y, O) =0, (2)

sapucsmx oT napamerpa C. Ilpu xaxnom dukcuposanaom C' ypaBHenue (2) 3amaeT HESBHO
COOTBETCTBYIOLIYIO KPUBYIO 9TOI'0O CEMEHCTBA.

KpuBast v HasbBaeTcs ormbaroreil cemeiictBa (2), ecim B KaKIOW CBOEl TOYKE 7y Kaca-
eTCcsl HEeKOTOPOU KPUBOU 3TOTO CeMeNCTBa, He COBHAHas ¢ HEW HU B KaKOW OKPECTHOCTHU yKa-
saHHON Toukm. Ecmm (2) 3amaer cemeiicTBo perternit nuddeperunaabaoro ypasaenus (1),
TO orubarolias 9TOr0 CeMeNcTBa Takke OymeT peleHueM (OYeBUIHO, OCOOBIM) HTOrO ypaB-
HCHUSA (eCJII/I TONBKO 3Ta ormbaromiasi MOXKeT ObITH 3allaHa YPaBHEHUEM Y = y(x)) Heti-
CTBUTENIbHO, eciu y = y(r) — ypaBHeHUe Oorubarolleil u Ty — MPOU3BOJIBHAS TOUKA U3 06JIa-
cTu onpenenenns GyHKIUKI y(r), TO IJISI HEKOTOPOTO PeIleHus y = Y (r) DaHHOTO ypaBHEHUsI
y(0) = w1 (w0) 1 o/ (z0) = v} (o). Toorony w3 paercraa yj (z0) = f (20,1 (20)) caemyer, wro
y'(z0) = f(z0,y(xo)). T.k. Ty — IpOM3BOIBHASL TOUKA U3 06IACTH omnpeneneHns GyHkuun y(z),
10 y(x) — peurenue ypasuenus (1).

YT06BI COCTABUTDH YpPaBHEHUE OTUOAIOIIEN, MOXKHO PAaCCyXKIaTh CIeOyIouM oopaszoM. Ecan
7 KacaeTcs KPUBBIX ceMeiicTBa (2), OTBedaromx u3MeHeHHio mapamerpa C' Ha WHTEpBase
() < C < (3, TO HA 5TOM UHTEPBAJIE Y MOXKHO 33[1aBATh MapaMeTPUIECKN YPABHEHUSIMUI

r=p(C), y=v(C).

B Takom CJIy4a€ OOJI2KHO BBIIIOIHATHCS PABEHCTBO

(I)(QO(C),Q/J(C),C) =0,

Tx. B Touke (¢(C),¢(C)) kpusas v u Kpusas cemeiicTsa (2), OTBedalollas JAHHOMY 3Ha-
yenmio mapaverpa C, uMeT o6y ToukKy. YTOOBI 3ammcarh yCIOBHE HAIUUUs OOIIel Ka-
CATEeNIbHOW, HAaWIEeM COOTBETCTBYIOIINE YTJIOBble KodddurumeHTl. s v yrioBoit kKosdduriu-
eHT KacaTeJbHOIl B TOUKe KPUBON, oTBevaroleil 3Hadernio C' nmapamerpa, paser ¢ (C') / o'(C).
[pennonoxkum, uro dyuknus P(z,y, C') uMeeT HeMpepLIBHbIE YACTHBIE TPOU3BOIHBIE IO BCEM
[IePEMEHHBIM, 1

(9,)* + (9,)> > 0.

3



[IycTb, mus onmpeneseHHOCTH, B OKpecTHOCTU Touku (z,y) kpusoit ®(x,y,C') = 0 ornauuna ot
/ o o

Hyns mpomssonaas . W3 Teopemer o mesBHON (QyHKIME, paccMaTPUBAeMON B Teopun (ByHK-

i1 HECKOIBKIX MEPEMEHHBIX, CICAYEeT, 9YTO TOTIa YIJIOBOI KO3(D(UINEHT KACATeIBHON K STOM

KPUBOHI B yKa3aHHOU TOYKE €CTh

P (2,9, C)
! (z,y,C)

[TosTomy ycroBue Hammaus OOIIEN KacATETBLHOW 3alUIIeTCs] B BUAIE

Y'(C) _ 0, (0(0),9(C). C)
¢'(C) ! (0(C),%(C),C)

Orcroona
¥, F(C) + @ (C) =0

Takum obpasom, mwist yskiwit ¢(C) u 1(C') BEIIOMHSIIOTCS PABEHCTBA

D (p(C). (C).C) =0

¥, /(C) + @, u/(C) =0, @

rJle 3HAUYEHU S YACTHBIX TPOM3BOMHBLIX (GYHKINU P BEIUUCIISIOTCS B TOUKE (cp(C’ ), v(C),C ) [Tpo-
nuddepennupyem o C' mepBoe U3 3TUX PABEHCTB:

D, - (C)+ @, -Y(C)+ P =0.

C yueroM (3) mosydaeM OTCIOmA TaKue HEOOXONUMBIE YCJIOBHS TOTO, YTOOBI KpHBas 7y ObLIa
orubarorrent cemeiicrsa O(x,y,C) =0

D((C), ¥(C),C) =0 }

O (0(C),9(C),C) =0 (4)

N3 sroit cucremsl MoxHO, B mpuHimie, Hailt ¢(C) u ¢ (C). Ecnn mepenmcars mocienHue
PaBEHCTBa B BUIE

)

Co(z,y,C) =0
T0, ucKmounB C, MOXKHO IOJIYYNTH HESIBHOE yDABHEHHE KPUBOR . 3aMETHM, UTO YCIIOBHS
(4) mnu (5) nuure HEOOGXOMUMEL AJISL TOTO, YTOOBI OIpeesseMas UMI KPUBas Oblia OrubaroLei,
IOCTATOYHBIME 3T YCIOBUS He SBisttorcs. [losToMy, Haflnsg mapaMeTpudecKie ypaBHEHNS KPU-
BOit U3 (4) wian HesiBHOe ypaBHeHue u3 (5), cIemyeT MpOBEPUTD, NEHCTBUTENIBHO I HallIeHHAS

KpUBasl SIBJISIETCSI OrubaroIei.
IIpumep. Pacemorpum nuddepeHimaibHoe ypaBHEHEE

y = 3(y —sinz)¥3 + cosx . (6)
HenocpencreenHolt mpoBepKoil HETPYOHO yOenuThes, YTo mpu 1odoM C' QyHKIIS

y=(z+C)*+sinz (7)

€CTb PEIIIeHNe HTOT0 YPABHEHU. 3IeCh CEMENCTBO NHTErPAILHBIX KPIUBBIX 3a1a€TCS C IIOMOLLBIO
pyHKIIIT
O(z,y,C) =y — (z+C)* —sinz .

4



15 HaXOXOEHUs YPABHEHUST OTUOAOIIIEN UMEEM CUCTEMY

O(z,y,C)=y— (z+C)® —sinz =0
O, (x,y,C)=-3(x+C)*=0

Otrcrona ¢ + C = 0, u y = sinz. Hamo eme nmpoBepuTb, 4TO MOCTIEIHEE PABEHCTBO 3a0a€T
orubatortyio. JIerko BUIETh, UTO MPU & = To KpuBble y = sinz u y = (z — x¢)> + sin x umeroT
OOIITyI0 KacaTelIbHYI0 B TOUKE ¢ abcIumccoit x = xg. [loaToMy y = sin x — orubatorias ceMencTBa
KpuBBIX (7) U, CIIEOOBATENLHO, 0c060€ perenue ypaBuenus (6).
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HubdepeHnmanbable YpaBHEHUS N-TO TOPSAKa. HacTHbe u oOIme pe-
menust. 3amava Komm u ee reomerpuueckas uaTeprnperanus (n = 2).
Teopema Kot o cyiiecTBoBaHUU U €NMHCTBEHHOCTHU perreHust nudde-
peHIuaIbHOrO ypasHeHus (6e3 mokaszarenscTBa). Kpaesas samaua. [lo-
HIDKEHIE TIOPSIIKA HEKOTOPBIX TUTIOB Hu(@EPEHIINATIBHBIX YDABHEHUIH N~
r'0 TOPSIIKA.

HuddepeHNnaIbHBIM yPaBHEHIEM N-TO TOPSIIKa HA3BIBACTCS YPABHEHUE

F('x? y?yl7 ttt 7y(n)) = O Y

rIie T — He3aBUCHMas mepeMeHHas, y—y(r) — HemssecTHas byskmms, y' =y (z),...,y™ = y™(z)
— TPOM3BOMHBIE COOTBETCTBYIOIINX MOPSIKOB HEM3BECTHON (yHKIWU, F' — 3amaHHas QYHKIUS
VKa3aHHBIX TIEPEMEHHBIX.

B nmanbrelieM B OCHOBHOM OT'DaHUYUMCS paccMoTpeHneM nuddepeHnaibHbIX YpaBHEHUN
N-TO TIOPSNKA, Pa3peNIeHHBIX OTHOCUTEILHO CTapIIell MPOU3BOMHON, T.€. YPaBHEHUN BUIA

y™ = f(x,y,,...,y"Y). (1)

Mgl 6ymeM cauTaTh, 9TO MpaBas 4acTh MOCJIENHETO YPABHEHUs ONpPENe/ieHa U HelpephIBHA HAa
HEKOTOpPOiT 06sacTu (n + 1)-MepHOro IpOCTPAHCTBA MEPEMEHHBIX X, Y, Y, . . . .y~ Pemrennem
ypasHenus (1) HasbiBaeTcs n pas (HenpepbiBHO) nuddeperuupyemas GyHkuus y = y(x), 3aman-
Has Ha HEKOTOPOM MHTepBaJjie [, Tocie MOACTAHOBKM KOTOPOH B yPABHEHNE TOJIyIaeTCs BEPHOE
paBeHcTBO nipu Beex © € I. O6umwM pentenuem ypasHerus (1) HasblBaeTCs GyHKIMS

y:y(xach---acn)a (2)

3amaHHas Ha HeKOTopon obimactu D (n + 1)-meproro mpocTpancTsa nepemenusix x, C1, ..., C,
1 06JIAIAIONIAsT CIEMYOIIUMEI CBOMCTBAMIL.

1. Tlpn mobbix ¢ukcuposanubix C1, ..., C),, IS KOTOPLIX CYIIECTBYET XOTS OBl ONMH WMH-
repBast [ Taxoit, uro mis moboro x € I touka (x,C,...,C,) nexur B obnactu D, dyHKIMS
(2) sBasercs perneHnem ypasreHus (1) Ha mro60M TakoMm mHTepBase. MHOrma 5To CBOMCTBO
dopmynupyoT Kopoue: mpu jobeix dukcupoBanubix Ci, ..., C, dyHkuus (2) ecTb pereHune
ypasaenus (1).

2. Hna moboit Toukn (o, Yo, Yy, - - - ,y(()nfl)) 13 06JIaCTU OIpeNesieHs IPaBOoil YacTU ypaB-
werus (1) maimyres uucia Cyg, . .., Cho Takue, 9T0 OYHKIWS

Yy = y(xa C(107 ey Cn())



onpenesieHa Ha HEKOTOPOM WMHTEPBaJle, comepiKallleM TOYKY Lo, W YIOBIIETBOPSET HAUAILHBIM
YCIIOBUSIM

y(zo, Cho, ..., Cno) = %o ,
y’(wo, Cho, - - - 7Cn0) = 3/6 )

CooTHomenne

O(x,y,Ch,...,Cp) =0,

HESIBHO 3aJalolree oOIllee peIleHne, Ha3bBalOT obimmM mHTerpasjgoM. llompo6HO cMmBICT TO-
CIIEITHETO OIPENeSIeHnsT He paccMarpuBaeM. Beskoe perienue ypasaenus (1), mosrydarorieecst
u3 obirrero perrrenns mpu pukcupoBadHbix Cf, ..., C),, HA3BIBAETCS YACTHBIM PEIIeHIEeM 3TOrO
yPaBHEHUs; HESIBHO 3aaHHOE pelleHue, MojydaeMoe TaKUM CIOCOOOM M3 OOLIero MHTerpasa,
Ha3bIBAETCs YACTHBIM HHTETPAJIOM.

Pemmnts nuddepennmanbHoe ypaBHEHNE — 3HAUUT HAWTU BCE €TO PEIIEHUs; OOBIYHO NEJI0
CBOIWUTCS K HAXOXKIEHWUIO 00IIero mHTerpasa (obuiero pemtenus). Ecmu 3amaHbl HauaabHbBIE
ycroBus (WM UHBIE IOMOJHUTENbHBIE YCIOBUS), TO TPeGyeTcs HANTH YaCTHOE pellleHue, YIo-
BJIETBOPSIOILIEEe STUM yCIIOBUSIM.

s ypaBHEHUN N-T0 MOPSIOKA CIIPABEIIINBA TeOpeMa, aHAJIOTUYHAsT TeOpeMe CYIIIeCTBOBAHMS
7 €OUHCTBEHHOCTHU 71 YPABHEHUN MIEPBOTO MOPSIKA.

Teopema (Kot o cyiecTBOBaHIN U €IUHCTBEHHOCTH perierns nuddepeHnaibHOro ypaBHe-
HIUS N-TO HOPSIIKA).
Ecnu B ypaBHeHun

y™ = flz,y,y, ...,y Y)

GyHKIMS f U ee UACTHBIC IIPOM3BONHBLIC IO IEPEMEHHBIM ¥,y , . ..,4 " ! HempepeBHBI B He-
KoTOpoil obsactu (G IPOCTPaHCTBA IMEPEMEHHBLIX I,Y, Y ,...,y(”*l), TO O 000 TOYKH
(0, Yos Yo - - - ,y(()n_l)) 13 9TOil 06JIACTU CyLIECTBYeT perreHue y = y(x) MDAHHOTO YpABHEHUS,
YIIOBJIETBOPSIOIIEE HAYATIBLHBIM YCIOBIIM.

n— n—1
y(zo) = vo, ¥'(x0) =ty .-,y (wo) =y

JItoOble mBa peleHus, YIOBIeTBOPSIONINE OMHUM U TeM K€ HaYaJIbHBIM YCJIOBUSIM, COBIAOAIOT
BCIONY, T/le OHU 00a ONpeesieHbl.

OTy Teopemy mpuHHMaeM 6e3 HOKa3aTeIbCTBA.

Kak u B ciayuae ypaBHEHUs NEePBOrO MOPSIIKA 3afada OTBICKAHUS pelieHus ypaBHerus (1),
YOOBJIETBOPAIOIIETO HAYAJIBHBEIM YCIIOBUIM

o / o (n—1) _ . (n=1)
y(ﬁo) =%Yo, Y (Io) =Yos---»Y (xo) =Y )
Ha3bIBaeTcs 3amadeit Komm. W3 chopmymumpoBaHHOM TeOPEMBI CIIEAYET, UTO IPU BBHITOTHEHUN

ee YCIIOBUN pelteHne 3ana4un Ko cyiecTByeT u eMuHCTBEeHHO. PaccMOTpUM reoMeTpuIecKy o
nHTepIpeTanuio 3anaun Ko s ypaBHEHEUST BTOPOTO TOPSIIKA.

y' = flz,y,y) . (3)
3nech TpebyeTcd HaTU pellleHne 3TOr0 yPaBHEHMs, YAOBICTBOPIONICe HAYAILHBIM YCIOBUSAM
y(@o) =yo.  ¥'(20) =yo,
rae (Zo, Yo, Yj) — HEKOTOPas TOUYKa U3 0OIACTU OIpenesieHns mpaBoil gactu (3).
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y A
y = y(z)
Yo
i) "
0 v Puc.8

["'eomeTpuueckn 5TO 0O3HAYAET, YTO HAMIO HANTH WHTET PATEHYIO KPUBYIO Ha INIOCKOCTH IIepeMeH-
HBIX T, Y, TIPOXOSIIIYIO Yepe3 TOUKY (g, Yo) U KACAIOIILYIOCS B 9TOIl TOUYKE MPSAMOIL C 3aJaHHBIM
YITIOBBIM KO3bduimenToM tg ¢ = y|. Bappupys y), MBI MOXeM MOIyInTh OECKOHEUHO MHOIO
MHTErPAJIbHBIX KPUBBIX, MPOXOIAIINX Uepe3 yKasaHHyo Touky. Orcioma cremyer, 9To (mpu
BBITIOJTHEHUN YCIIOBUN COPMYIIMPOBAHHON TeOpeMbl) ypaBHeHUE (3) BTOPOrO MOPSAMKA MMeeT
6ECKOHETHO MHOTO PeIIeHUi. AHAJOTUYHBIN BBIBOI CIIPABEMJINB U MJIsI YPABHEHUH 60ee BBICO-
KX IOPSIIKOB.

[Ipu pemernnn 3amaun Ko myist ypasaerus (1) n-ro mopsiaka IpH W3BECTHOM OOIIEM De-
wennn y = y(z, Cy, . .., Cy,) IPOXOMUTCSI BBIACIATE YacTHOE pelienue, onpenenss C1, ..., Cp, u3

CUCTEMBEI
y(x07 017 s 7071) =%Yo,

Y (20, Cry. .., Cn) =Yg »

y(n—l) ('T07 Cl? s 7Cn) = y(()”_l) )

B KOTOpOWl HadajbHBbIC 3HAUCHUs 3allaHbl B OMHOU TOUYKEe Xo. llpm pereHmum MHOTHX 3a1ad,
ONHAKO, MPUXOOUTCI HAXOMUTH YACTHOE PEIeHNe, YIOBIETBOPSIOIIee HAYAIbHBIM 3HAYCHUSIM,
3aIaHHBIM IIPU PA3INIHBIX . 3a/1ada OTBICKAHUS TAKOTO YaCTHOTO PEIIeHNs HA3hIBAETCSI Kpa-
€BON 3aJavuenl IjIsd ypaBHEHUS N-TO MOPSAOKA.

PaccvoTpuMm kpaeByto 3amady st ypaBHEHUST BTOPOTO TOPSIIKA

y' = f(z,9,9) (4)

[Ipu sTOoM Gynmem paccMaTpuBaTh PEIIEHUs YTOTO YPaBHEHU, 3aJaHHbIe HE Ha WHTEPBaJe, & Ha
OTpe3Ke; TOf MPOM3BOMHLIMU (MYHKIWMK y = y(2) B IPAHUYHBIX TOYKAX OTPe3Ka OymeM MOHU-
MaTh COOTBETCTBYIOIIE OTHOCTOPOHHME IpousBomHble. OOIee pelleHne ypaBHEHHsS BTOPOTO
HOPSIKA CONEPKUT MIBE IIPOU3BOILHEIE IOCTOSHHEIE, II09TOMY IJIS UX OMpPeNeSeHUs IOTPeOyeTcs
IIBa yCJIOBUSL.
[Iycts Tpebyercs HaiiTu pelerne ypaBHeHUs (4), 3amaHHOe HA OTPE3Ke [T, Ts] W YIOOBIIE-
TBOPSIOIIEE yCIOBUSAM
y(@i) =y, y(@2) =y .
OTu ycaoBus HA3LIBAIOTCS KPAEBLIMU YCIOBUSIMU 1-TO poma.
A A
Y y 3

Y2 S

U1 Q.

v
v

T Z2 x O T T2

Puc.9 Puc.10

CeoMeTpudeckn Takas 3amada O3HAYAET, YTO TPeOyeTcs HANTU UHTErPAIBHYI0 KPUBYIO,
IPOXOMAIILYIO Yepe3 [IBe 3alaHHble TOUKE (T1,Y1) U (T2, Ys).
Ecnu 3anaTh 3HaYEHUS TPOU3BOMHBIX

/ / / /
y(xl):yu y(x2):y2,
TO TIOJTY YUM KPaeBbIe YCIIOBUsI BTOPOTO poma. 3amada OTHICKAHUS PEIeHI PEIeHN Y PaBHEHIS
(4), VIIOBIIETBOPSIONIENO TAKUM YCJIOBHUSIM, T€OMETPUUECKN O3Ha4JaeT, UTO TpeOyeTcs HANTH
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UHTErPAIBHYIO KPUBYIO, UMEIOIIYI0 B TOYKAX ¢ abCIUCCaMy X1 U Ty KacaTeIbHbIE C YIJIOBBIMA
kosddurmenTamn y; = tg o u y, = tg f COOTBETCTBEHHO.

PaccMmaTpuBaroT u cMeIIaHHYIO KPaeByIo 3a1ady, KOTIa 3aIal0TCs YCJIOBHAS PA3HOrO poma.

B ormumune or samaum Komm, xoTopas mpm HOCTATOYHO OOIIMX IPEOIIONOKEHNIIX NMEET
eIMMHCTBEHHOE DEIeHne, KPaeBas 3a/1ada MOKeT He UMETh DeIleHUl W UMeTh HECKOIBKO (1
nmaxe GECKOHEYHO MHOTO) pertenuil. [l perreHus KpaeBoll 3a1adn HAXOMAT OOIIee PeIleHre
COOTBETCTBYIOIIETO (M HEPEHINATLHOIO YPABHEHM S, CONEPIKAIIIEE IBE IIPON3BOJILHBIE TOCTOSH-
ueie C u Cy, a 3aTeM (ecim 5T0 BO3MOKHO), onpenensitor C u Cy, IPpU KOTOPBIX BBITOIHSIIOTCS
KPAaeBbIe yCIIOBHSL.

IIpumep. IlycTs umeeTcs ypaBHEHUE
v +y=0.
Herpynuo npoBeputs, uTO 00lllee pellleHre MMeeT B JaHHOM CIIydae BUII:
y=Cicosz+ Cysinx .

Haiimem perrierne, ynoBieTBOpSIOIIee KPDAEBBIM YCIIOBUSIM

™

s =1, y(3)=1.

Nnmeem
Cicos0+ Cysin0 =1

C’lcosg—l—Cgsing:l

[Tonryuennas cucrema numeer equacTBeHHOE perteHne C = Cy = 1. Tpebyemoe perrierne ecTsb
Yy =cosx+sinz .

Ecnn 3amate xpaesbie ycmoBust B Bunme y(0) = 1, y(r) = 1, to mus onpenenenns C; u Cy
HOJIYyYIM CHCTEMY:

Cicos0+ Cysin0 =1

Cicosm+ Cysinm =1

Y

KOTOpasi, KaK JIeTKO BUIETh, HECOBMECTHA. PeIeHnit y cooTBeTCTBYIOIEH KPAeBON 3a1aUl HET.
Herpynuso mpoeeputs, uTo mpu kpaesbix yeinosusx y(0) = 1, y(m) = —1 kpaeBas 3amaua
IJIsI PACCMaTPUBAEMOr0 ypaBHEHNSI UMeeT OECKOHEYHO MHOTO DEIeHU.
PaccemorpuM HEKOTOpBIE ypaBHEHNSI, MOy CKAIOIIINeE TIOHIRKEeHIe opsinka. 1lycTh mano ypas-
HEHIe

F(xay/7y//7"'7y(n)) = 07

He comepxalriee sBHO y. llomoxkum z = y' u B pesyiabTaTe MOAyunM ypasHerue (n — 1)-ro
TIOPSIITKA,
F(m,z,z',...,z("_l)) =0

OTHOCUTEIHLHO HOBOI HEM3BECTHOW (yHKIuU z. Pemus ero (ecim 5T0 BO3MOXKHO), HAIEM z, &
3aTeM U .
Ecnu TpebyeTcs pemuTh ypaBHEHNE N-TO TMOPSIKa, HE COMEPIKAIIee IBHO X, T.e. YPaBHEHUE
BUIIQ
F(y/,y", e ,y(”)) =0,
TO IIOHMU3UTH IIOPAOOK TaKOI'O ypaBHeHHH MO2KHO C IIOMOIIIBIO HOBOfI HeH3BeCTHOﬁ q)yHKHI/H/I
p = p(y), s koropoit y' = p(y). Y3 mocnenuero paseHcTBa



U Ipy 1. = 2 JIJIS ONpeNe/ieHns Hen3BeCTHON PYyHKIINU p TOJIydaeM ypaBHEHUE

F(y.p(y).0'(y) - p(y)) =0

[IePBOr0 MOpPSOKa, IPU PelIeHUu: KOTOPOro ¥y cjegyeT CUNTaTh HE3aBUCUMOU II€DEMEHHOI, a

p = p(y) — HeW3BeCTHON GYHKIME STOI MepeMeHHO. Pemus nocienHee ypaBHeHUe, HalmeM

p(y), a 3atem u y u3 ypasuenus y' = p(y). B ciyuae ypaBHeHus: n-ro mopsiaka 3TOT IpHEM

TO3BOJISIET CBECTU MCXOMHYIO 3a/1a4y K aHAJIOTMYHON 3aade it ypasHenus (n— 1)-ro mopsuka.
IIpumep. Ilycts TpebyeTcs HAWTHU pelleHNe YpaBHEHMS

ny// -1 + (y/)2 7

yIoBIIeTBOpsitoree HauaabHbM yesoBuaM y(0) = ¢/ (0) = 1.
Beemem moByio memssectHyio ¢yukimioo p(y), mis koropont ¥y = p(y). Ilockomnbky
v ' =9'(y) v =p'(y) - ply), To nas onpenenenus p(y) umeeM ypaBHeHHE 1-ro mopsaka

yp-p=1+p".

OTO — ypaBHEHUE C Pa3IeISIONINMICS TePEMEHHbBIMU. Pa3nersis mepeMeHHble U HAXOMs TePBO-
oOpa3Hble, IOIyJIaeM

In(1+p*) =Inly| +C. (5)
st onpenenenus C' 3amuineM 5TO ypaBHEHUE Tak
1n<1 + (y’(x))2> =Inly(x)|+C.
[ToncTaBuB = = 0, mOIyYnM ¢ yUIeTOM HAYAIBHBIX yCIIOBUI
In2=In1+0C,
r.e. C' =1n2. [losromy u3 (5) momyuaem
1+p*=42;

T.K. y(x) > 0 B OKpecTHOCTH MHTEpecytolell Hac Touku x = 0, TO cnpaBa BeIOHpaeM 3HaK ~+7;
nockonbky p(y(0)) = y'(0) Takxke Takxke HOTOKUTENBHO, TO

p=+/2y—1.

s onpenenenus y nMeeM, CIIeNOBATEIHLHO, YDAaBHEHNE

v =+/2y—1.

Pemms 310 ypaBHEHUE C pa3mesTSIOIINMUICS TEPEMEHHBIME, Oy YAM

V2y—1l=xz+C.

nonctaBuB x = 0, Haiinem C' = 1. [Tostomy /2y — 1 = x + 1, u oKOHYATEIBLHO

y:%(:p2+2w—|—2) :



Kadenpa «MaTemaTuueckoe MOOEJINPOBAHUES
npod. II. JI. UBankoB

NuTerpanbl u nudpdepeHInnaibHble YPaBHEHNU A

KOHCIIEKT JIEKITUIA
IIsL CTYIEHTOB 1-TO Kypca 2-TO cemecTpa

cuermasbrocTent PJI1,2,.3,6, BMT1,2

Jlekyuu 18-19

Jluneiinere nmuddepeHINAIBEHBIE YPABHEHUS N-TO MOPSIKA, OTHOPOMHBIE
1 HeonmHOponHbIe. TeopeMa CYIIIeCTBOBAHUS U €IMHCTBEHHOCTH PEIICHUS.
Huddepenrtmansubri onepatop Ly, ero ceoiicrsa. Jluneitnoe npocTpan-
CTBO PEIIeHN OMHOPOIHOTO IMHENHOTO MU GepeHTNAILHOTO YDABHEHNUS.
JInHelHAsS 3aBUCUMOCTDH W HE3aBUCUMOCTH CUCTEMBI DYHKIINN HA ITPOMe-
xyTke. Omnpenenurens Bporckoro (Bponckman). Teopema o BpOHCKHU-
aHe CUCTEMBI JIMHETHO He3aBUCUMBIX PEIIEHUN OMHOPOIHOTO JTMHEWHOTO
nuddepeHInaIbHOTO ypaBHeHus. TeopeMa 0 CTPYKType OOIIero pere-
HIUsI OMHOPOMIHOTO JIMHEHHOTo nuddepeHImaabHoro ypaBuenus. Pa3mep-
HOCTH IPOCTPAHCTBA PEHIEHNN OMHOPOIHOTO INHENHOTO nuddepeHInalIb-
HOTO ypaBHeHUs. PyHIaMeHTaIbHAS CUCTEMA, PEIIeHUN OTHOPOMHOTO JIU-
HertHoro nuddepernuaabHoro ypasuenus. Popmyna OcTporpanckoro-
JInyBunns u ee cinenctBus. [loHMKeHNE TOPSIKA OMHOPOIHOTO JIMHEITHOTO
ypaBHeHUs: (DX U3BECTHOM YACTHOM DEIIeHNN ).

JInueitneiv muddepeHmaTEHBIM YPaBHEHIEM N-TO TOPSIKa HA3bIBAETCS yPaBHEHUE BUIA
Y™ +ar(@)y" Y+t an(z)y = b(x) (1)

roe Gyskunu ai(z),...,a,(x),b(z) onpeneneHsl Ha HEKOTOPOM MPOMEXKYTKe [ UMCIIOBOM TIPS
MOIT; MBI OyZIeM CUMTATh, YTO BCE STH (DyHKIIUH HEIPEPBIBHLI HA YKA3aHHOM IIPOMEXKyTKe. Kemm
b(x) = 0, To ypasHenue (1) Ha3BIBAETCSI OMHOPOMHBIM, B IPOTUBHOM citydae (T.e. ecin b(x) oT-
JIMYHA OT TOXKAECTBEHHOTO HYJIs) — HEOMHOPOIHBIM.
Teopema (0 CyHIECTBOBAHUM ¥ EOWHCTBEHHOCTU DEINEHUsS JIMHEHHOTO YPABHEHUS N-TO IO-
psinka). s moboit Toukn xg € I u ans mobBIX Tucem Yo, Yy, - - - ,y((]n_l) CYILECTBYET DEIICHUe
y = y(z) ypaBuenus (1), onpenesieHHOe Ha BCEM IPOMEXKYTKe | U yIOBIETBOPSIIOIIEE HAYAIBHBIM
yemosuam y(zo) = yo, ¥ (w0) = U, ..., ¥V (x0) = y(()n_l).

JIrobBle mBa peIeHus, yAOBIETBOPSIONINE OMHAM U TeM Ke HAYaJbHBIM yCJIOBUSAM, COBIIA-
IAIOT BO BCEX TOYKAX ITPOMEXYTKa I.

OTy Teopemy mpuHIMaeM 6€3 HOKA3aTeILCTBA.

B nmambreiiiem GynemM paccMaTpPUBATh JIUINL Te PerneHns ypaBHenus (1), KOTopble 3amaHbl
Ha BCeM MPOMeXyTKe [ (T.H. HEmpOmOIKaeMble DeIleHus ).

[Iycts X — MHOXECTBO BCexX n pa3 HEPePHIBHO nuddepeHnnpyeMbIx QyHKITNN Ha THTEPBAJIe
I; Y — MHOXEeCTBO BCEX HENPEPBLIBHBIX (DYHKINN Ha 3TOM mMHTepBase. Jlerko mpoBepuThb, UTO
X m Y — nuHelHBIE MTPOCTPAHCTBA OTHOCUTEIHBHO OOBIYHBIX OMEPAINil CIOXKEHUs (QYHKIUN 1
YMHOYXKEHUS UX Ha gucia. HyméMm 3Tux NpocTpaHCTB CIIYKUT (PYHKINS, TOXKIECTBEHHO DAaBHAS
HYJIIO Ha TIPOMEXYTKe 1.



Orobpaxenue L : X — Y onpenensemoe paBeHCTBOM
Lyl =y + ar(2)y" " + ..+ an(2)y,

SBTISIETCS JIMHENHBIM OIIepaTOPOM, T.K.

Llyy + o] = Llya] + Llya] ,  L]ay] = aL[y]

IITst JTFOOBIX 3JIEMEHTOB Y, Y1, Yo TpocTpancTBa X u miist jroboro umcna . Oba 3Ty paBeHCTBA
IPOBEPSIIOTCST HelocpencTBeHHo. JluneitHsbiil onepatop Lly| HaspiBaeTcst muHENHBIM AuddepeH-
[IUAJIBHBIM OIIEPATOPOM N-T'0 MOPSOKA.

TeopeMa (0 IPOCTPAHCTBE PEILIEHIN TMHEHOTO OIHOPOIHOTO ypaBHEHUs n-T0 nopsiaka). CoBo-
KYITHOCTB BCEX PELIeHNN JIMHENHOrO OIHOPONHOTO YPABHEHUs N-T0 MOPsAAKa 00pasyeT JMHENHOe
TIPOCTPAHCTEO.

Loxazameavcmso. Ypasaernue (1) npu b(x) = 0 MOXKHO 3ammucaTh B BULE

Lly]=0. (2)

Ecmu y, 41,y — TIpOU3BOIIbHBIE PEIIeHUs 3TOTO YPABHEHHUS U (v — BEILIECTBEHHOE YUCIIO, TO B
CUJTy JIUHEHOCTH ornepaTopa L mmveeMm

Llyy +yo] = Llyn] + Klya] =0, Llay] = aLly] =0,

roe 0 o3HAwaeT (YHKINIO, TOXKOCCTBEHHO PABHYIO HYJIO Ha IpoMexkyTke I. Mer BummM, 4To
Y1 + Yo m ay — Takxke pemenus ypasuerus (2). [Ipounme yc/ioBus w3 ONpeneseHus JTMHETHOTO
IIPOCTPAHCTBA TAKXKE IMPOBEPAIOTCA 0e3 TpyHa. 1103ToMy COBOKYIHOCTHL PELICHHUN yPaBHEHUS
(2) obpasyer suHEHOE TPOCTPAHCTBO. TeopeMa moKazaHa.

g cuctembl QyHKITUT
hn = yl(x)a sy Yn = yn(l‘) ’

3a/laHHBIX HA TPOMEKYTKe [, OOBITHBIM 0OPa30M BBOIUTCS TIOHSATHE JIMHEHON 3aBUCUMOCTH; Ta-
Kas CUCTeMa Ha3bIBAeTCS JIMHEHO 3aBUCUMON, €CIN CyIllecTBYyeT HeTpUBUAJIbHAS PaBHAsS HYJIIO
JIMHENHAas KOMOMHAIINS 3TUX (QYHKIINN:

ayy + ...+ oy, =0, oz%+...+oz3l>0.
B nporusnoM cityuae (T.e. KOrma TOXIECTBEHHOMY HYITIO MOXKET PABHITHCS JIUIIb TPUBUATILHASL
JMHelHAsS KOMOMHAIMS 9TUX QYHKINI) cucTeMa QyHKINN HA3BIBAETCS JIMHEITHO HE3aBUCIMOIL.
Ecnu cucrema dysxumit yi,...,Y,, 3a0aHHBIX Ha IPOMeXyTKe [, cocTouT m3 n — 1 pa3
nuddepeHnupyeMbIx (GyHKIU, TO onpenenuterneM BpPOHCKOTO (BPOHCKHAHOM) HTON CHCTEMBbI
(DYyHKIIUT HA3BIBAIOT ONPENeINTEND

n Y2 cer UYn

/ / /
we= |

n—1 n—1 n—1

TR

Teopema (06 ompenenurene BpoHckoro mamHeiHO 3aBuCHMOil cucTeMbl GyHKIWiT). Ecmm cu-
crema n — 1 pa3 nuddepeHImpyeMbIX Ha TPOMeXYTKe | GYHKIINARL Y1, . . . , Y, IAHEAHO 3aBUCUMA,
TO ompeneauTe/Tb BpoHCKOro 5Tol cucTeMbl PYHKIINA TOXIECTBEHHO PaBEH HYJTIO.

lloxazameavcmeo. T.x. yHKIUU Y1, . .., Y, JUIHEHHO 3aBUCUMBI, TO CYIIIECTBYeT HETPUBU-
aJTbHAs JIUHENHAS KOMOUMHAIUS dTUX GQYHKIINNA, TOKICCTBEHHO paBHAs HYIIIO:

oy + ...+ oy, =0.



HuddepeHtupyst 5To paBeHCTBO N — 1 pa3, moIydIuM

Mer BummM, 9TO CTOOIBL OHpenenuTelis BpoHCKOro paccMaTpuBaeMoll cucTeMbl HYHKIU JIu-
HEJHO 3aBUCHMEL, U, CJICIOBATENILHO, STOT OIPEACIUTENIb PaBeH Hyio. Teopema mokasaHa.

3ameuanue. PapencTBo HymO ompemenuTesisi BPOHCKOTO SBISETCS JIUIIL HEOOXOMUMBIM
ycroBreM JuHeiHo# 3apucumoctu gynknuit. Hampumep, dymxuun vy (r) = 22 u yy(7) = |z
NIUHENHO He3aBUCUMBI Ha nHTepBase (—1;1), onHako onpenennrens BpOHCKOTO 5TOI CHCTEMBL
GyHKIMIT paBeH HYIIO B KaXKIOU TOUYKE YKA3AHHOTO MHTEPBAJIA.

Teopema (06 ompenenuresie BpOHCKOTO JIMHENTHO HE3ABUCUMON CUCTEMBI DEIIEHUN JINHEITHOTO
OIHOPOIHOTO ypaBHEHUs n-ro mopsnka). Ilycts yi,...,y, — JIMHENHO HE3ABUCHMAs CHCTEMa
pelIeHnl ypaBHEeHUs

y™ a4+ 4ay=0, (3)
roe a; = ay(z),...,a, = ay(r) — dyHkuu, HermpepsiBHBIE Ha npoMmexyTke [. Torma ompe-
TeTNTeNb BPOHCKOTO 9TON CHCTEMBI DEIIeHNT He PaBeH HYJII0 HU B OTHON TOYKE IIPOMEXYTKA
1.

lloxazameavcmeo. IlycTb Bompekn yTBEPXKIOEHNUIO TEOPEMBI B HEKOTOPOI TOUKe To € [

yl(fﬂo) yn(xo)
Wiao) = | 0wl
oy Vwe) oy (o)

N3 sroro paBeHcTBa cremyeT, 9TO CTOMOIBI ompemenutess W (o) IUHEHHO 3aBUCUMBL, T.e.
CYIIECTByeT HeTPUBUAJIBHBIN HAOOD 4muCes yq, ..., &, TAKOH, 4TO
oy (o) + ...+ ) (z) =0, ()
j=0,1,...,n—1.
Pacemorpum dyuakumio y(x) = ayi(z) + ... + apyy(x) ; mo Teopeme 0 MPOCTPAHCTBE pelle-
HUI JIMHENHOTO OMHOPOIHOIO ypaBHEHUs 5Ta (DYHKIMs eCTh pellienne ypasuenus (3). PyHkims,
TOXKIIECTBEHHO paBHAs HYJIIO Ha MPOMEXYTKe [, TakxkKe yIOBAETBOPSET 5TOMY yPABHEHUIO 1
HauabHbIM yeioBusaM (4). Tlo Teopeme cyiiecTBOBaHUS U UHCTBEHHOCTH TOIYYaeM OTCIOMA,
uto y(z) = 0, T.e. CyIIECTBYET HETPUBUAILHAS DABHAS HYIIIO JIMHEHAS KOMOMHAIINS (DyHKIIIT
y1(x),...,ys(x), 9TO MPOTUBOPEUNT JIMHENHON HE3aBUCUMOCTH 5TuX QyHKIwmil. [lomyuenHoe
IPOTUBOPEUNE NOKA3LIBAET TEOPEMY.

Teopema (0 cTpyKType O0IIEro pereHns JINHEHHOTO OMHOPOTHOTO MuddePEHIINaIbHOIO YPaB-
werus). [lycTs mmeercs muddepeHmanibHOe ypaBHEeHIE

y(”) + a; (q:)y("’l) +...+a,(x)y=0,

roe GyHkumn aq(z), . . ., a,(r) onpeneneHbl u HempepBIBHBI Ha poMexkyTke [. Torma coBOKyII-
HOCTBb BCEX PEIEHUI TOr0 YPABHEHUS €CTh JIMHENHOE TPOCTPAHCTBO Pa3MEPHOCTH 1.
Lloxazameavcmeo. To, 94TO COBOKYMHOCTHL X BCeX PeIIeHUNl HAaHHOTO nuddepeHInab-
HOTO ypaBHEHUsI 0Opa3yeT JIMHEHOe MPOCTPAHCTBO, YK€ MOKA3aHO (CM. TeopeMy O JIMHeN-
HOM IPOCTPAHCTBE DPEIIEeHNI JIMHENHOTO OIHOPOIHOTO ypaBHeHUs). YToObl HOKa3aTh, YTO
dim X = n, mocrarouno ykaszarb B X 0Oa3uc m3 n BeKTOpoB. C 5TOH METbI0 PACCMOTPUM



petenust yi(x), .. ., y,(r) marroro mudhepeHuaIbHOrO YPABHEHNS, YIOBIETBOPSIOIINE TaKIM
HAYAJIBLHBIM YCJIOBUSIM

(zo) =1, ti(z)=...=y" V(z) =0,
ya(10) =0, wh(z0) =1, y(z0) = ... = 45" V(wo) =0,
Yn(x0) = ... = y(n_Q)(CUO) =0, yﬁzn_l)(xo) =1,

roe rog — IIPOM3BOJIbHAA TOYKa IIPOMEXYTKa 1. CYI_I_IGCTBOBaHI/Ie TaKNX peIJ_IeHI/Iﬁ caenyer mus3
TeOpeMbI CyILIeCTBOBaHMA 1 €ANHCTBEHHOCTH. Pemenns stu nuaeirno HE3aBUCHUMBI, T.K.

1 0 . 0
weo=|" 1 V=120
0o 0 . 1

Hasnee, eciu y(x) — IPOU3BOIBLHOE PEIEHIE PACCMATPUBAEMOTO YPABHEHUsI, 1 €CIII
Y(o) = C1, y(m0) = Co, oo,y (o) = Cy

TO B TOYKE Xy, OUE€BUOHO, BBIIIOJTHAIOTCA PaBECHCTBA

7j=0,1,...,n—1.

HOSTOMY 10 TeopeMe CyeCTBOBaHd 1 e AMHCTBEHHOCTHU

npu mobom x € . Taxum o6paszom, yi(x),. .., y,(x) obpasyior 6asuc B X u, CIemOBATENIBHO,
dim X = n. Teopema mokasana.

Basuc mpoctpancTBa pelleHuil JIUHENHOTO OMHOPOMHOTO NuddepeHnnaaIbHOTO yPaBHEHUS
Ha3BIBAETCS (HDYHIAMEHTAIBHON CUCTEMOI pelneHnii 5Toro ypasaenus. Ecan yi(x),. .. y,(x) —
(byHIDaMeHTaJIbHAS CUCTEMa DEIIeHU! JIUHEHHOIO ONHOPOOHOIO ypaBHEHUS, TO OO0lllee pelleHue
TaKOT'O YpaBHEHMNA MO2KHO 3aIllICaTb B BAOE

y(z) = Cryi(z) + ... + Coyn()

roe C1,...,C, — IpOU3BOIbHBIE TOCTOSHHBIE.
[Iycts y1 = y1(x) u yo = yo(x) — permeHns: IUHETHOTO OMHPOMHOTO MuMHOEPEHIINATLHOTO
ypaBHEHUsST BTOPOTO MOPSIIKA
Y +ai(2)y +az(z)y =0,

rue, Kak OObIUHO, a1(x) u ag(r) — QyHKUNM, HEpepHIBHBIE HA HEKOTOPOM NpOMexyTke. lis
onpenenuTens BpOHCKOrO yKa3aHHBIX PEIIEHNN NMeeM

d | y1 Yo Y1 Yo Y1 Yo
= / / / + 1! 1
dr | yi v Y1 Yo Y1 Yo

= lyl V2 = —ay(z)W(x), 1.

—ay(2)y; — ax(2)yr  —ar(x)yy — ax(w)y2



Mgt BumuM, uTo ompemenuTens Bpouckoro W (x) ymoBneTBopser ypaBHEHUIO

V' +a(x)y=0. (5)

HenocpencTBeHHOI TPOBEPKOIT MOXKHO YOEMIUTHCS, ITO STOMY KE€ YPABHEHUIO YIOBJIETBOPSET 1
pyHKIIIA

€T

— [ ai(t)dt
y(x) =Wixg) e o :

npuuéM y(xg) = W(xg), rme x¢ — mpousBoibHAs (GUKCUpOBAHHAsS TOUKa mpoMexyTka [. U3
TEOpEeMBI CYIIECTBOBAHNS U €NUHCTBEHHOCTU Ui ypaBHeHus (5) MOydaeMm, 9TO I BCEX
x € I BBITIOITHSIETCS PaBEeHCTBO

x

— [ a1(t)dt
W(z) = W(zg)e = .

OTO0 paBeHCTBO HasbiBaeTcs Gopmysioir OcTporpanckoro-JInyBusmis.
Ananmornunas GopMyiia COpaBemjinBa U [Jisk JTUHETHOTO OMHOPOMHOIO YPaBHEHUs 1-TO TI0-
psaOKa: eciau yi,...,Y, — PELIeHUs] YPaBHEHUS

y(”) + a; (x)y(”_l) + ... +a,(x)y=0,

TO
— [ a1(t)dt
W(zx) = W(xg)e o ,
rme
Y1 Yn
Y Y,
W(,T) — 1 . n ’
(n—1) (n—1)
1 n

a T( — IPOMW3BOJIbHAS TOUYKA MIPOMEXKYTKA, HA KOTOPOM 3adaHbl KOA(PUINEHTHl ypaBHEHNS.

Ecmu usBecTHo wacTHOE perienue (&) JIUHENHOTO OTHOPOIHOTO YPABHEHUs, TO MOPSIOK
ypPaBHEHUs] MOXKeT OBbITh MoHmXKeH. (COOTBETCTBYIOUIMI TPUEM PACCMOTPHUM IJIs YPaBHEHUS
BTOPOTO MOPSIKA

y'+a(x)y +ax(x)y =0. (6)
[ToncraBum B 5T0 ypasHeHue y = z - ¢(x), roe z = z(x) — HOBas HemsBecTHas PyHKuus. T.K.

/

vy =z-¢(xr)+2px)=0,
y// = . (p//(m) + 22/()0/(1.) + Z”(,D(Qf) ,

TO OJIs OIpEeNeseHUs 2 UMeeM yPaBHEHHE
2(¢"(@) + a1 (2)¢' (z) + az(2)p(2)) +22'¢(2) + 2"p(x) + ar(x)2" - o(z) =0 .
Kosddurment mpu 2 30ech paBeH HYJIIIO, U 2 OMPENEIIeTCs U3 YPABHEHU
Zp(z) + (2¢'(2) + au(2)¢' () - ' =0,

KOTOPO€e He CONEPXKUT 2 U JIETKO CBOOUTCS K JIMHEMHOMY OTHOPOMHOMY YDaBHEHUIO TEPBOTO
OPSIIKA.



IIpyToi mOIXon K MOHIKEHNIO TOPSAIKa JINHENHOTO OMHOPOMHOTO YPABHEHNUS MIPU M3BECTHOM
YaCTHOM PEIICHUN OCHOBAH Ha mpuMeHenun dopmyisl Octporpanckoro-Jlmysmmisa. Ecinm, xak
U BBIIIE, () — U3BECTHOE YaCcTHOe peleHne ypasaeHus (6), To

— [ ait)ar
W) =Y P Dy e 70" (7)
Yy ¢(z)

U IS onpenererus Y = y(r) MoIydaeTcs JINHETHOe OMHOPOIHOE YPABHEHUE TEPBOTO MOPSIKA.
Eciau nmpu 5ToM Hac He MHTepeCyT HadaibHbe yeimoBus st y(x), To xg u W(zy) B mpasoit
gacTu (7) MOXKHO 3a[aTh IPOU3BOIBHO. Hampumep, MOXHO HAXOOUTH y = y(T) U3 ypaBHEHUS

y o) _—[ai(z)da
/ / =€
Yy ¢'(x)

)

rie / a1 (z)dr o3HAYAET MPOM3BOILHYIO (DMKCHPOBAHHYIO MEPBOOOPA3HYIO (MYHKIUU a1 (T).

IIpumep. Ilycts Tpebyercs HaliTu oblllee pellleHne ypaBHEHUS

ey =@+ 1)y + 2V +1)y=0,

ecJIM M3BECTHO €ro YacTHoe perieHune ¢(x) = e”. BTopoe wacTHOe perenne (JIMHENHO HE3aBU-

CHIMOE € IEPBBIM) ;IleM B Bume y = z e¥; umeeM y' = (2/ + 2) e, v = (2" +22' + 2) €*, u nns
OIIPEIeNIeHNsT 2 MOJIyIaeM yPaBHEHHE
V(2" + 22 +2) — AV + 1)(Z +2)+ 2V +1)2=0.
2" 1
[Tocne oueBuOHBIX MpeoOpa3oBaHMil HaxoouM — = ——. Hac mHTepecyeT JuIllb YaCTHOE pe-

LN

IIIEHIIe STOTO YPABHEHMsI, HApUMeD, 2’ = eV*. Orciona

z:/eﬁda::/2tetdt:2tet—2/etdt:2(t—1)et+C:2(\/5—1)eﬁ+C.

TakuM 06paszoM, MOKHO B3aTh 2 = 2(v/z — 1) eV®. TlosTomy (hyHIAMEHTAILHYIO CICTEMY
perennii nanHoro nuddepeHuaaIbHOr0 YPaBHEHU COCTABIAIOT (DYHKIIHA

yi(x) =e® u ys(z) = 2(\/5 -1) eVate ,
a o0llIee perleHne MOXKHO 3aIlicaTh B BUIE

y = Cre” + Cy(y/x —1) V™ |

7

rae Cy u Cy — IPOM3BOJIbHBIE HOCTOSHHBIE (KO3(DGUIUEHT 2, BXOMIINII B pemenue s (), ”mo-
riomaercss’ nocTosHHol Cy).



Kadenpa «MaTemaTuueckoe MOOEJINPOBAHUES
npod. II. JI. UBankoB

NuTerpanbl u nudpdepeHInnaibHble YPaBHEHNU A

KOHCIIEKT JIEKITUIA
IUIsL CTYOEHTOB 1-10 Kypca 2-ro cemecTpa
cuermasbrocTent PJI1,2,.3,6, BMT1,2

Jlexyuu 20-21

JIuHeliHBIe OMHOPOMHBIE YPABHEHUS C MOCTOSHHBIMU KO3(M(DUIINEHTAMM.
XapakTepuCTUIeCKOe YpaBHEHUE JIMHEIHOTO OMHOPOMHOTO muddepeH -
aJTbHOTO ypaBHeHUs. [locTpoeHme 0obIIIero perreHns mo KOpHIM XapaKTe-
PUCTUYECKOTO ypaBHeHus: (BBIBOM Myt n = 2). JIuHeiiHbe HeOMHOPOIHBIE
nuddepernuaabubie ypaBHenus. CTpyKTypa OOIIEro peleHus InHen-
HOTO HEOTHOPOMHOTO muddepeHInaIbHOTO ypaBHeHus. Teopema O Ha-
JIOXKeHNN YacTHBIX perrennit. Meton Jlarpamxka Bapuanum moCTOSHHBIX
(BbiBOm st n = 2). CTPyKTypa YaCTHOTO PEIIeHUs JINHEHHOTO HEOIHO-
ponHOTO nudPdepeHInaIbHOTO YPABHEHNUS ¢ MOCTOSHHBIMUA KOd(pPUImeH-
TaM# U IIPABOM YaCThIO CIEIUAIBHOIO BUIA.

Pacemorpum nuneltHOE omHOpOmHOE muddepeHImaabHOe YpaBHEHNE ¢ MTOCTOSHHBIMEI KOd(]-
(unmerTAMU
v+ a4 ay =0, (1)

TIie Gy, ...,ad, — BEIIIECTBEHHbIE YKCIa. Y paBHEHUE
AN+ Nt +a, A +a, =0

HA3BIBAETCS XapaKTePUCTUIECKIM ypaBHeHneM muddepenimanbaoro ypasaenus (1). Ilycts Ao
— BEIECTBEHHBIN KOPEHb XapaKTePUCTUIecKoro ypasruenus. Torma yo(z) = e ecTh perrenue

k
ypasuenus (1). B camom nerne, y(() )<I> = \keM? (nokasprBaeTcs MO WHIYKITIM ), TIO3TOMY

—1 —
yé”)—l—aly(()n Vb tany = A+ a4 Fay) e =0,
[IycTs nMeercs koMIuiekcHO3HAUHAS GyHKIMs w(x) = u(r) 4 4 v(x) BelecTBEHHON TePeMEeHHOI
x. Cunras, uro u(r) u v(x) nubdepeHuupyeMbl (COOTBETCTBYIOIIEE YUCIIO Pa3), MOIOKIM TIO

OIIPENIETIEHUIO
w®(z) =u® +ivk)(z), k=0,1,....

[Ipu Taxom ompeneneHUN COXPAHSIOTCS MpaBuia auddOepPeHIInPOBAHUS CYMMBbI, TPOU3BEICHUS
7 JaCTHOTO, a TaKXKe MHOTUEe OPYyTrue CBOMCTBa omepanuu nuddepennuposanus. [lamee, eciu
z =T+ 1y, To OymeM cUnTaTh MO OMPENEeIEHNI0, YTO

e” ="tV = ¢e®(cosy + i siny) .
[Iycte A = o + i 3, m mycThb T - BellleCTBeHHas TlepeMenHast. Torma

M = e TIT — 0% (cog Ba 4 i sin Bx) .



[TosTomy
(M) = a e™(cos B + i sin fz) + e*®(—Fsin Bz + i B cos Br) = (a4 1 ) eletiBe — )\ Av
[To uHIYKIIIE MOXKHO MOKa3aTh (GOpMYITy
()R = €A —=0,1,2... .

Herpynso nposeputs, uto ecnu dyukunst w(z) = u(x)+iv(zr) ects perrenne ypasrenus (1), To
ee BEIIIeCTBEeHHAS YacTh u(X) U MHUMAas 9acTh v(x) Takke GyIyT PeIIeHusIMI 5TOTO YPABHEHU s
(IpU BeIeCTBeHHBIX KOMDMUIUEHTAX ag, a1, . . .,y ). C moMommbio paBercTBa (e2*)*) = \keAr
MOXKHO 6€3 TpyIa MPOBEPUTh, UTO ecin Ag = o+ # (), eCThb KOMIUTEKCHBIN KOPEHb XapaKTepu-
CTUYECKOTO ypaBHeHus, To w(z) = 0% = ¢**(cos Bz +1 sin Bx) ecTdb permenue ypasaenus (1), a
torma u dyukimn u(x) = e** cos fr u v(r) = e* sin fr Taxxke OyIyT PELICHUSIMI TOTO YPaB-
HeHus. Mbl BUIUM, 9TO, 3HAasE KOPHU XapaKTEPUCTUIECKOTO YPABHEHNSI, MOKHO HAXOMUThH YaCT-
HBIE PEIIEHNs COOTBETCTBYIOMIETO JIMHEMHOTO OMHOPOMHOrO nuddepeHnnaabLHOT0 YPABHEHUS C
MOCTOSHHBIME KOdbduimenTamu. Ecau n3BecTHBI BCe KOPHU XapaKTEPUCTUIECKOTO YPABHEHMS,
TO MOXKHO MTOCTPOUTDL U OOIIIEe peIleHne COOTBETCTBYIONIEro nudepeHmaabHOr0 ypaBHEeH M.
[Tompo6HO paccMOTpUM ypaBHEHHE BTOPOrO MOpsaka. JluHeitHoe omHOponHoe muddepeHnaib-
HOE ypaBHEHUE 2-TO MOPSAIKa ¢ TOCTOAHHBIME KO(POUIIMEHTAMI UMeeT BUIL

Y +ay +ay=0, (2)

roe a; U as - BEIIEeCTBEHHBLIEC 4YUCJIIA. Hammurmmem COOTBETCTBYIOIIIEEC XapaKTEPUCTUICCKOE ypaB-
HEHUCEC:
)\2+a1)\+a2:0. (3)

s ypaBrenus (3) Bo3MOxKeH onuH (¥ TOIBKO OWH) U3 CJIELYIOIINX CIIyJaeB.

1. Kopun ypasuenust (3) BerecTBeHHb 1 pa3inuuibl. O6G03HAUNM 5TH KOPHU A 1 Ao, Torma
pyHIAMEHTAIBLHYIO CHCTEMY pellleHnil ypapHeHns (2) 06pas3yioT byHKINN y; = eM?% 1y = 22
a o0ITIee pereHne nMeeT BUI

y = C1eM* + Coe™ .

3mech HY:KHO MPOBEPUTH JIUIE JINHEHHYIO HE3aBUCUMOCTD PEIICHUN Y1 U Ya; ITOOBI yOSOUTHCS
B 9TOM, COCTABUM OIPENeINTeIb BPOHCKOro:

AT Ao-T
e 1 1
W(Q?) — — e)q-x . 6)\2.96

= eMTh)T (N —N\) #£0.

Taxum 06pa3oM, Y1 U Yo JIMHENHO HE3ABUCUMBI I, CIENIOBATEILHO, 00Pa3yIoT (hyHIAMEHTATLHYIO
CHUCTEMY pereHuil ypaBHeHus (2).

2. Ypasuenue (3) uMeeT OINMH BEIIECTBEHHBIN KOPEHb KPATHOCTH 2; 0603HAYNM DTOT KOPEHb
Ao. Torma @yHIaMeHTAIBHYIO CUCTEMY pellleHuil ypaBHeHus (2) o6pasyiorT QyHKII y; = eloe
Yo = x 0% a obIee PeIeHe >TOr0 yPABHEHNS €CTh

y = (Cy + Cox) e .

[IpoBepuM, 9TO Yo ecTh pemienne ypasuerus (2). T.k. Ao - KOpeHb KPaTHOCTH 2 XapakTepu-
ctuueckoro ypasaenus (3), To A2 + aj g + az = 0 m 2\ + a; = 0. Iasnee



Orcroma
Yo+ aryh +asys = e (200 + AjT + a1 + a1 Ao +asx) = 7 (20 + a1+ (Af+arido+as)) =0,

T.e. Yo — perenue ypasuerus (2). [IpoBepum TUHEHHYIO HE3ABUCUMOCTD Y1 U Yo!

Ao . pA0T
W) =| v _ e | ! ’ =0T £
)\0 €>\O'x (1 + )\037) GAO'x )\0 1+ )\OU’C
Taxum o6pasom, y; 1 Yo 00pa3yIOT GyHIAMEHTAILHYIO CUCTEMY peIlleHull ypaBueHus (2).
3. XapakTepucTuueckoe ypaBHeHEHe (3) MMeeT KOMIJIEKCHO —CONPSIKEHHbIE KODHU
Mg =a=xif, f# 0. Borom ciydyae dyHIaMeHTaIbHAs CUCTEMAa PEIICHU ypaBHEHUs

(2) umeer BUI
Y1 =€e*cosfr, Yy =e“sinfx,

a oblllee peIleHne 3alUChIBACTCS TaK:
y = e**(C} cos fx + Cysin fz) .

S,E[er B IIPOBEPKE HYXKOACTCA JINIIb IUHeTHAas He3aBUCUMOCTDL peH_IeHI/Iﬁ Y1 1 Yo; UMEEM

W(z) = e** cos Px e** sin fx
v = e**(acos fr — fsin fx) e**(asin Sz + [ cos [r)
= 27 cos sin e = Be***(cos® Bz +sin® Br) = B’ £0 .

acosfr — Bsinfr  asin 3+ (cos [fx

[TosTomy Yy U Yo MUHENHO HE3ABUCHMEL.

B cnyuae ypaBHeHus n-ro TOpsIOKa KaXIOMy BEIIIECTBEHHOMY KODHIO Jg Xapakx-
TEPUCTUYIECCKOT'O YpPaBHCHUA KpPATHOCTU 7 CTaBMM B COOTBETCTBUE CUCTEMY CI)YHKHI/Iﬁ
T gpetor g 1eMT g xaxknolf Tape KOMIUIEKCHO CONPSIKEHHEIX KOopHeit a i 3, 3 # 0,
KPATHOCTHU S — CUCTeMY (DYHKIINT

e cosfxr, xe*Tcosfr, ..., x°'e*Tcosfr,

e*Tsin Br, xe*TsinfBr, ..., ¥ le*TsinfBz .

MoxHO mokasaTb, YTO BCe Takue QYHKINUU SBISIIOTCS PelleHns My ypasHerus (1), a COBOKYII-
HOCTB 5TuX (QyHKIUN oOpa3dyeT GyHIaMEHTAJIbHYIO CUCTEMY DEIIeHUI YKa3aHHOTO yPABHEHUS.
PaccmoTpuM Teneps nmuHeHOEe HeOMHOPOIHOE nuddepeHnaIbHOe YPaBHEHNE N-TO TOPSIKa

y™ 4 ay (@)Y 4+ L+ an(z)y = b(z) | (4)

roe ai(x),...,a,(x),b(r) — byHKIUU, HEIPEPLIBHbIE HA TPOMEKYTKe I.

Teopema (0 cTPyKType OBIIETO PEIeHns HeOMHOPOIHOIO JIMHeHOro ypasHenus ). Obiiee pe-
IIeHre ypaBHeHNs (4) MOXeT ObITH 3allMCAHO B BUIE

y=1vyo(z)+ Cry1(x) + ... + Cryn(x) , (5)
rae yo(z) — gacTHOe perenue ypasaerus (4), a y1(z), ..., y,(r) — dyHmamenTambHas cucTeMa
PEILEeHNT COOTBETCTBYIOLIEro onHoponuoro ypasuerus; Ci, ..., C, — IPOU3BOIbHBIE TOCTOSH-

HBIC.
Hoxazameavcmeo. Ypasrerue (4) ¢ MOMOIIBIO PACCMOTPEHHOTO Bhiie nuddepeHnnaabHOro
omepaTopa MOXKHO 3aIiCcaThb TaK:



COOTBETCTBYIOILIEEC OOHOPOOHOE YPABHCHNIE 3allUIICTCS B BUOEC
Lly]=0.
[Ipumenss sToT nuddepeHmanbHblil onepaTop K (5), MOy dumM:

Lly] = Llyo + Ciyr + ... + Coyn] = Llyo] + C1 L[] + ... + C, Lly,] = b(z) ,

1, CJIeNOBATENBHO, pu J0ObIX C1, . . ., C), GyHKUuA y, onpenessemMas paBeHCTBOM (D), SIBIISETCsE
pererneM ypasaeHus (4).
[IpoBepum Temeps, YTO MpU COOTBETCTBYOIIEM Tonbope kKoucTauT C1, . .., C), MOXKHO TOJTy-

YUTDH peEIIcHNEe, YOOBJICTBOPAIOILICE JTIOOBIM HaYaJILHBIM YCIIOBUAM

y($0) =Y , y’(xo) = y6 , y(nfl)(xo) _ yénfl) '

Hns onpenenenus kouctant Cf, ..., ), UMeeM TaKyiO CUCTEMY:

Y(zo) + Cryi(xo) + ... + Cryn(®0) = 1o

n—1 n—1 n—1 n—1
wy' (o) + Crt" (o) o Cughl” (w0) =
OnpenenuTesnb 5TOM CUCTEMBI
y1(xo) Yn (o)
W('TO) e 7§ 0 ,
n—1 n—1
w"wo) ()
T.K. Y1(2), ..., yn(T) — DyHIAMEHTATIBHAS CUCTEMA PEIIeHUTT OMHOPOIHOTO YPABHEHUS, COOTBET-
cTByiortero ypasuaenuio (4). Iosromy Tpebyembrit Habop moctosuubx C1, . . ., C), CyIIeCTBYyeT.

O6a ycmoBust, BXOMSIIIE B ONpenesieHne oOIIero pelieHns, mpoBepensl. Teopema mokasaHa.

TeopeMa (0 HAJIOKEHUN YACTHBIX perenuit). [lycTh nMeTCes nBa JTNHENHBIX HEOTHOPOMHBIX
ypaBHEHUS

Lly = bi(z) m  Lly| = bs(z) ;

roe Lyl = y™ 4+ ay™™Y + ... + a,y, u nyers y; = y1(x) u vy = yo(r) — pemenus sTux
ypasHenuit. Torma y;(x) + ya(x) Gymer perennem ypasaerus Lly| = by(x) + by(x).

Hoxazameavcmeo. Vimeem L{yy +yo] = L{y1] + Lly2] = b1(z) +ba(z), T.€. y1 +yo — perenne
ypasHenus L[y| = by (x) + be(z). Teopema moxazama.

Pacemorpum meron Jlarpanxka Bapuaruu noctosHubiX. [lyets v = y1(x), ..., yn = yn(T)
— dyHmaMeHTaIbHAS CHCTeMa perreHnil omHopomHoro ypasHeHus L[y] = 0. Torma wactaOE
peleHne HeOmMHOPOIHOro ypasHenus L[y| = b(x) MoxHO ucKaTh B BULe

y(@) = Cr(@)y(z) + ... + Cul(z)yn(2) (6)
roe yukunu C = Ci(x),...,C, = C,(x) onpenenstorcs u3 CUCTEMBI

4. . +Cly, =0



T.x. onpenenmuTens

n Yn
(1) ........ &.1) £0,
n— n—
Y1 Y
To u3 sToit cucremer O, ..., C! onpenensiorces omHo3HAYHO, a camu Gyukiun C,...,C, — ¢
TOYHOCTBIO [I0 MPOU3BOJIBHBIX MOCTOSHHBIX. Kcau B (6) mOOCTaBUTH MMEHHO 3TU (DYHKIUK
Cy = Cy(z),...,C, = Cy(x), TO MOIYyINM YaCTHOE peIleHre ypaBHeHus (4).

HokaxxeM mocienHee yTBEPKIACHNE U 1 = 2. Y paBHEHUE B ATOM CJIydae UMeeT BUI]

y' + a(x)y + ax(z)y = b(z)

rae ai(x), az(x), b(r) — HEIpepLIBHBIE HA HEKOTOPOM MPOMEXKYTKe QyHKIMU. YacTHOe pereHue
IAHHOTO yPAaBHEHNUS WIIIEM B BUIE

y(z)=Cry + Caya

rae y1(), y2(x) — QyHmamMeHTaIBHAS CHCTEMA DELIeHUN OMHOPOIHOTO YPABHEHU S
Y+ a1 (x)y +ax(z)y =0,

a C; = Ci(z) u Cy = Cy(x) — mommexarue onpenenenuto GyHKImA. [Ipenmonoxum, 4To oHKI
VIOBIIETBOPSIOT CUCTEME:
Clyn+Coy2 =0

1Y+ Coyp =b(x) .
Torna
Y (@) =Cly +Coyp+ Cryy + Coyy = Cryy + Coyy
y'(x) =Cly1 + Cayp + Cryl + Cayy = b (x) + Cryl + Cayy
Orcrona
Y+ a1 (x)y + ax(x)y = b(x) + Cry! + Coyy + a1 (2)(Cryy + Cayy) + az(z)(Cryr + Ca yz) =
= b(x) + C1(y] + az(x)y; + az(x)y1) + Ca(vh + ar(x)yh + az(x)y2) = b(x) |

T.e. Y + a1(x)y + as(z)y = b(x), n Hame yTBEpKACHUE TOKA3AHO.

KBasuMHOrouseHoM Ha3LIBACTCS CyMMa HECKOJIBKUX CJ/lara€MbIX BUOA

e (P(x) cos fz + Q(x)sin fz) | (7)

roe P(z) u Q(z) — MHOTOUICHBIL.
YacTHOe pellleHne JIMHEeITHOrO HEOIHOPOIHOTO YPABHEHNUS ¢ OCTOSHHBIMEI KOdhuImenTamm

Lly] = b(z)

U KBA3UMHOTOWIEHOM B IIPABOl YACTH PEKOMEHIYeTCs WCKATh METONOM HEOIPEIesEH-
HBIX KOoobhduimenToB (MeTomoM mombopa). Hus  xaxmporo cmaraemoro Bupma  (7),
BXOMSIIETO B MPABYI0 YaCTh DELIaeMOro ypaBHEHUs, YaCTHOe DelleHne yPaBHEHUsI
Lly] = e**(P(z) cos Bz 4+ Q(z) sin fz) nuwercs B Buze

z"e** (R(z) cos Bz + S(x) sin fz) (8)

roe r = 0, ecin v+ 3 He €CTh KOPeHb XapaKTePUCTHICCKOTO YPABHEHNUS, U I' PABHO KPATHOCTH
5TOrO KOPHsI B IIPOTUBHOM cityuae; R(x) u S(z) — MHOTOUIIEHBI ¢ HEOMPenenéHHbIME KOdhduIm-
eHTaMHU, CTeleHb KaXKIOro U3 KOTOPBIX PaBHA MakCUMaJsibHOI u3 crenedent P(x) u Q(x). s

>



HAXOXKICHUST HEOPEIETIEHHBIX KOY(hDUIIMEHTOB BhIpaXKeHue (8) MomCTaBisieTcss B COOTBETCTBY-
IOIllee ypaBHEHUE, W 3aTeM TPUPABHUBAIOTCI KOI(DOUIIMEHTHI TPU MOMOOHBIX UjIeHAX CIJIEBa U
crpaBa. [lociie TOro, Kak JacTHBIE PEIIEHUs HAIIEHBI JI BCEX CIIAraeMbIX, BXOMSIWX B b(x),
YaCTHOE PEIIeHNe UCXOMHOTO YPAaBHEHUS OMPENEIISIeTCS ¢ TOMOIIBI0 TEOPEMBI O HAJIOXKEHUN pe-
IIEHUN.

IIpumep. Ilycts TpebyeTcs HAWTH YaCTHOE PEIeHUE YPABHEHUS
" / x
Yy =2y +y=x+2".

3nmeck xapaxkTepucTmdeckoe ypasHeHne A2 — 2\ + 1 = 0 mMeeT eqWHCTBEHHBIH KOpeHb \ = 1
kpaTtHocTu 2. Haiimem gacTHOe pellieHre ypaBHEHUS

y' =2 +y=ux. (9)

3neck a = [ = 0; MmakcuMasbHas cTeneHb MHOrouieHoB P(z) u Q(x) pasna 1. Perenne nrem
B BHIE
Yo =ax +b.

[Moncrasinss sTo B ypasaenue (9), nomyuaem —2a+ax+b = z, orkynaa = 1,b = 2u yj;o = x+2.
s ypaBHEHUS
y//_2y/+y:26m

a=1,3=0,r = 2; yacTHOe pelleHNe UIIleM B BUIE Yoo = ax>e”. [loncTapnds 3To B ypaBHeHIe,
oIy IaeM
a(z? + 4z + 2)e” — 2a(z® + 27)e” + ar’e” = 2", a=1;

JaCTHOE PeIIeHme Ioy = x2e®. g MCXOMHOTO ypaBHEHHIS YACTHOE PEIIeHHe 1y HAXOOUTCA ITI0
TeopeMe O HAJIOXKCHUU PelIeHUN:

?Jozy10+yzo:x+2+x2e“.



Kadenpa «MaTemaTuueckoe MOOEJINPOBAHUES
npod. II. JI. UBankoB

NuTerpanbl u nudpdepeHInnaibHble YPaBHEHNU A

KOHCIIEKT JIEKITUIA
IUIsL CTYOEHTOB 1-10 Kypca 2-ro cemecTpa
cuermasbrocTent PJI1,2,.3,6, BMT1,2

Jexuyua 22

Hopmamnbubre cuctembl nuddepeHnna bHBIX ypaBHEHN. ABTOHOMHBIE
cucteMbl nuddepeHInaIbHbIX ypaBHeHnT. Pa30Boe MPOCTPAHCTBO U da-
30BbIE TpaeKTopum. 3amada m Teopema Komm. YactHble um obiee pe-
merns. Cenenne nubdepeHInaIbHOTO YPABHEHNS BBICIIIETO TOPSIKA K
HOpPMaJILHOU cucTeMe nuddepeHnInalIbHBIX YPABHEHIN IEPBOTO MOPSIKA.
Caenenne HOpMAaIBLHON CUCTEMBI K AUG(HEPEHIINATEHOMY VPABHEHITIO BBIC-
trero nopsinka (BeiBom mitst n = 2). Ilepsble unTerpasist cucteMbl. [lomHu-
JKeHHe TOopsOKa CACTeMbl nuddepeHIInaabHbIX YPAaBHEHUH IPU IIOMOIIIN
nepBbIX UHTerpasioB. MuTerpupyemble kombunarmu. CuMMeTpudeckast
(hopMa 3amucu HOpMaJIbHOU aBTOHOMHON cuCTeMbl OuddepeHunalIbHbIX
YPaBHEHU.

HopmambHoit cucTteMoil OOBIKHOBEHHBIX MuDEePEeHITNATBFHBIX YPABHEHNT HA3BIBAETCS CU-
cTeMa BHUIA
/

Y1 = fl(ajayl?"'ayn)
A
y2_f2($’y17"'7yn) (1)

y':z = fn(x7y17 <. 7yn)

T

vi = filz,yr, . yn), i=1,....n. (2)
B cucreme (1) (mwnu (2)) & — HesaBuCHMAs TEPEMEHHAS, Y1, . . . , Yy, — HEU3BECTHBIC OYHKIIN 5TOI
MEPEMEHHOM, f1, .. ., f, — 3amanube dyukinunu. Mbr 6ymem cunrarh, 9T0 5TH HOCHenHne GYHKIIIT
OIIpeIeNIeHbl Ha, HEKOTOPO 06sacTu (n + 1)-MepHOro mpoCTPAHCTBA MEPEMEHHBIX X, Y1, - - -, Yn-
Pernerrem cucremst (1) Ha3BIBAETCSI COBOKYIHOCTD Y1 (), - . . , Yn () muddepeHtmpyeMbIx Ha He-
KoTOpoM uHTepBajie I (QyHKIUI, KoTopas obpalaeT BCe ypPaBHEHUS DTOW CUCTEMbI B BepHBIE
paBencTBa 1pu a0060oM T € I. I'padux pemrenus (t.e. kpusast y3 = y1(x), ..., Yn = Yn(x),z € 1
B mpocTpancTee R"T! ) maspisaercs mnTerpanbhoil kpusoit cuctemer (1). HopManbaas cu-

ZyY1,--3Yn
CTEMa Ha3BIBAETCI aJBTOHOMHOI‘/)I7 €CJIn IIpaBble YaCTHU 3TON CUCTEMBLI HE 3aBUCSIT SIBHO OT X:

yll = fl(y17-~~7yn)
yé = fQ(yla"'ayn)

y;z = fn<y17 s 7yn)

Beenst HOBYIO HEM3BECTHYIO (DYHKIIUIO, BCSIKYIO CUCTEMY MOXKHO CBECTH K ABTOHOMHOI: eCyIu
HOJIOKUTD Y, = &, TO cucTeMa (1) mepenurercs B Buie

(3)

y;:fi(yn-‘rl?ylw"ayn)v 'L.:].,...7TL,

y1,1+1 = 17



7 MBI ITOJIyYUM aBTOHOMHYIO cuctemy. O6jacTts (G IPOCTPAHCTBA MEPEMEHHBIX ¥, . . ., Y, HA
KOTOpPOU 3aJaHbl IIpaBble YaCTU CUCTEMBI (3), Ha3bIBAIOTCA (Pa30BBIM HPOCTPAHCTBOM; €CJIN
vi = yi(x), i=1,...,n, x € I — pelneHne yKasaHHOI CUCTEMBbI, TO KpuBas B obractu G, 3ama-
BaeMas STUMU YPaBHEHUIMU, Ha3bIBaeTCs (PAa30BOU TpPaeKTOpUEl TaHHON aBTOHOMHOU CUCTEMBI.

Bamaga Komm mns cucrembr (1) craBuTcs  CriemyommM - 06pasoM. Hana TouKa
(0, Y10, - - - » Yno), TPUHAIIIEKAIIIAS OOJIACTH OMPENESICHUS IPABLIX YaCTell 9TON CUCTEMBI; Tpe-
OyeTcs HAITU pelIeHne y; = yl(:ﬂ), 1 = 1,...,n, yOOBIETBOPAIOIIee HAYAIILHBIM YCIIOBUASIM

yl(l’o) = Y0, 1= 1, o, n.
Teopema (Kommn cymecTBoBanus 1 eqUHCTBEHHOCTH [JIs1 HOPMAJIbHOI cucteMsl). [lycTs mpa-
BBbIE JACTHU CUCTEMBI

v = filz,y1, .o yn), i=1,...,n,

OTpeneieHbl, HEMPEPHLIBHBI W WMEIOT HENpPEPLIBHBIE YaCTHBIE IIPOM3BOMHBIE TIO IEPEMEH-

HBIM  Y1,...,Y, B HekoToponl obmactu G C Rgzll " Torma nms 060 TOYKI
(0, Y10, - - Yno) € G CylIECTBYET pEIlleHNEe NAHHON CUCTEMBI, yIOBIETBOPSIOIIEE HAUATBLHBIM
yenoBusaM yi(xo) = Yo , @ = 1,...,n. Jlio6ble nBa pemeHus: 5TOil CUCTEMBbI, YIOBIETBOPSIO-

mue OOHUM 1 TEeM XK€ HadaJIbHBIM YCJIOBUAM, COBIIaJalOT BCIOAY, I'Ie OHU 00a, OIIpeneJICHbI. bBes
JOKa3aTeJIbCTBA.

O6mum pemenunem cucteMsl (1) HA3BIBAETCS COBOKYITHOCTE (DYHKITHI
yizyi(x,Cl,...,C’n), izl,...,n, (4)

OIIpeme/IeHHbIX Ha HEKOTOpon obacTu [ mpocTpaHCTBa ]R;”rcll ..C,,» Obramaoras Cremy oM
CBOICTBAMU.

1. Ins moboro mabopa C1,...,C,, Ipu KOTOPOM CYIIECTBYET XOTs Obl ONUH WHTEPBAJ
I Takoit, uro npu mobom x € [ Touka (x,C,...,C,) € D, dyukuun (4) 3amai0T pereHne
cucrems! (1) Ha 060M TaKOM HHTEpBAJIE.

2. s mo6oit Touku (Xg, Y10, - - -, Yno) U3 OOIACTH ONPENETeHNs MPABBIX YACTEN CHCTEMBI
(1) maimercst mabop (Cho, - . . , Cro) Taxom, ato y;(xg, Cro, - - -, Cno) = Yio, i = 1,...,n.

Pemenne cucremer (1), momyvarorieecst u3 o6IIero perrenns mpu GUKCHPOBAHHBIX 3HAYCHUSIX
C1,...,C,, HA3BIBAETCS YACTHBIM PEIIEHUEM dTON CUCTEMBI. PeruTs cucteMy — 3HAUNT HANTHU

BCe ee perneHns (WIN HANTH YaCTHOE DEIIeHue, yIOBIETBOPSIOIee HEKOTOPBIM IOMOIHITE b
HBIM YCJIOBHSIM ).
Besikyio cucremy, B KOTOPOIl YPaBHEHUs PA3PEIIeHbI OTHOCUTENILHO CTAPIINX IPON3BOIHBIX,
& IUCIIO YPABHEHUN PABHO UHCIIY HEM3BECTHBIX, MOXKHO C IIOMOLIBIO BBEICHUS HOBBIX HEM3BECT-
HBIX (QYHKIUI CBECTH K HOPMAJIBHOW cucTeMe. PaccMOTpPUM COOTBETCTBYIOIIUI HMpUEM MJIs
CHCTEMBI U3 IBYX yPABHEHUIL:
ygn) = f1<x>y17 yia s 7y£n_1)7 y2>yév st 7y§m_1)) )

m n—1 m—1
" = ol vl oy ey )
(m

I _ _ _ ,,n-1) _ — _ -1 0
YCTB Y11 = Y1, Y12 = Y15 - Y1n = Y1 Y21 = Y2, Y22 = Yo - -5 Y2m = Yo - UTHOCHUTEJIEHO
5TuX QYHKIWIT TTOIyUIaeM TaKyio (HOPMAILHYIO) CHCTEMY:

Y1 = Y12, - - 7y/1,n—1 = Yin ,
yin = f1(56,y11,y12, <oy Yins Y21, Y22, - - ,?j2m) 3
Yor = Y225 -+ Yom1 = Y2m
yém = f2($7y117y127 s Yin, Y21, Y22, - - ,y2m) .

YlcHO, UTO OMHO ypaBHEHUE N -TO MOPSIIKA YTUM IMIPUEMOM OYIeT CBEOeHO K HOPMAJIBLHOM CICTEME
OTHOCHUTEIBLHO N HEM3BECTHBIX (DYHKIUWN. B mpuHIute BEpHO 1 oOpaTHOE: TPU OIMpeneIeHHbIX



YCTIOBUSIX HOPMAJIBHYIO CUCTEMY MOYKHO CBECTH K OmMHOMY ypaBHeHUio. IlycTb mmeercs HOp-
MaJIbHasI CUCTEMAa NBYX ypaBHEHUN

yi - f1<x7y17y2)
yé = f2(x7y17y2) .

[Iponuddeperiupyem o x mepBoe ypaBHEHNE U TOACTABUM B IMOJIYUUBIIIEECs BhIPAKEHIE BMe-
CTO Yh MPABYIO YACTh BTOPOTO YPABHEHUsS CUCTEMBI:

3f1($;yl,y2) 3f1($,y1;y2) 3f1(957917y2)
"o / .
Yy = ax + 8y1 Y + ayQ f2<x7y17y2> .

3areM W3 MEpBOrO ypaBHEHUS CHCTEMbI ONPENeNuM Yo Kak (QYHKUOIO T , Y , Y, T.e.
Yo = y2(x,y1,y]) u mocTaBUM 5Ty GYHKIMIO BMECTO Yo B MOJyUEHHOE paHee paBeHCTBO. T.0.,
CITENICTBUEM TaHHOI CUCTEMBI ABJIAETCS YpPaBHEHUE BTOPOrO MOPAIKA OTHOCUTEILHO ONHOM He-
U3BECTHON GyHKIMN Y = Y1 (). AHAIOMMYHBIM IIPIEMOM MOXKHO TOJIYUATh U YPABHEHUE OTHO-
CUTEIIBHO Yoy = Y2().

PacecmoTpuM cHOBa HOpMabHYIO cucreMy (2):

y;:fi(xaylv"'7yn)7 izlv"‘vnu (2)

IIpaBble YaCTU KOTOPOIl ompeneseHsl Ha obnactu G C RQZ% .y,- Beerna OynmeMm npeanosnaraTs,
YTO IJIg 9TOU CUCTEMBI BBIIOJIHEHBEI TpeOOBaHUs TEOPEMBI CYILIeCTBOBAHUS U €IUHCTBEHHOCTH.

[Iycts umeercs dyuxuusa P(z,y1,. .., Y,), 3anannas va obnactu G. Beipaxenue

0P <~ 0P
%+ i—1 (9_Z/ifi($vyl7""y”) ’

B KOTOPOM BC€ YACTHBIE IPOU3BOMHBIE BEIYUCIISIOTCSI B TOUKE (T, Y1, . - . , Yy ), HA3BIBAETCS IPOU3-
Bomuol dpyuakunu P B cuny cucremsr (2). Pyuxrmst ¢ : G — R Ha3BIBAETCS IEPBBIM THTETPAIIOM
cucTeMsl (2), ecn 15 JIIOOOTO PeIeHust 5Toi cucreMsl y; = y;(x), i = 1,...,n, 3amanHoro Ha

HEKOTOPOM WHTepBaje [, GyHKIIns

CI>(:E, yi(x), ... ,yn(x))

IIOCTOsSTHHa Ha 3TOM HHTEPBAJIC.

Teopema (06 yciaoBUSX, IPU KOTOPBIX (DYHKIWS SBIISETCS IIEPBBIM HHTETPAJIOM CHCTEMBI).
[Iycts B cucreme (2) mpaBble yacTu HempepbiBHO nuddepenimupyeMbl B obaactu G o BeeM
nepeMeHHbIM. [ Toro, YToOBI HenpephIBHO nuddepeHnmpyemMas QyHKIIII

. G—R

OblIa IepPBBIM UHTErPAJIOM 3TON CUCTEMBI HEOOXOOUMO U NOCTATOYHO, YTOOBI IPOU3BOIHAS ITOU
(YHKITIHT, COCTaBIEHHAS B CUJIy CHCTEMbI, paBHSIACH HYITIO BComy B obnactu G.

Llokazameavcmeo. Heobrodumocms. [Iycts ® — mepseiil mHTErpas cucremst (2), u
nycTh (Xg, Y10, - - -, Yno) — OPOU3BOIBHAs Touka obmactu G. Ilo Teopeme cyiilecTBOBaHMs
U eNUHCTBEHHOCTHU Haiimercs peinenue y; = y;(x), i = 1,...,n, cucremsl (2), 3amaHHOoe Ha
HEKOTOPOM WHTepBajie [, comep:KalleM TOYKY T, VIOBICTBOPSIONIEE HAYAILHBIM YCIIOBUSIM
vi(zo) = vo, @ = 1,...,n. Hamee, 7.x. ® — mepswiil wHTErpas cucreMsl (2), TO GyHKIMS
®(z,y1(2),...,ya(z)) mocTosHHA Ha UHTepBase I. [looToMy

d® 0P 0P , 0D 0D

Tz~ a T 2oy M = gt 2 gy Fe (o)) =0



mis groboro o €1 ( BCe YACTHBIE MPOM3BOAHBIE (GYHKIUU P BBIYUCIAIOTCI B TOYKE

(m,yl (x),... ,yn(a:)) ) [Toncrapngas B mOciemHee PaBEHCTBO & = I, MOJYyYWM, YTO IIPOU3-
BOIOHAS B CHJIy CHCTEMBI
n
od 0P
-+ —— fi®0, Y10, - -, Yno)
or 4~ Oy,
=1
paBHA HYIIO B TOUKE (T, Y10, - - -, Yno) O0MacTu G. T.k. mocienHss ToUuka ObLIa B3STA MPOU3-
BOJILHO, TO 5Ta IPOU3BOMHAS paBHA Hy/IIO BComy B obmactu GG. HeobxommMmocTh mokasaHa.
Locmamounocmsn. yctes mis ¢ysknum  $  mpomsBomuas B cwily cucrteMbl  (2)
paBHa Hym0 Bciomy B obmactu (. PaccMOTpUM HPOM3BOILHOE pEIIeHHe 3TOH CHCTeMEL
yi = yi(x) ,i = 1,...,n, 3amansoe Ha HekoTOopoM mHTepBasie [. Tpebyercst mokasaTb, UTO
pyHKIIIA

nocTosiHHa Ha wHTepBaie [. Ilponuddepennupyem 3Ty GYHKINIO IO & Ha YKA3aHHOM WHTEP-
BaJe:

0> <~ 0D 0P = 0P
o+ 220y =y T 2y Hle @) =0,

T.K. (x,yl(a:), . ,yn(x)) € G, u npoumssomHas pyHkuuu P B cuIy cucTeMbl paBHA HYJIO B
KaXKIOI TOUKe 5Toit obiacT. Mbl BuanM, 4To mpon3BonHas GyHKIuN (5) paBHA HYIIIO B KaXKIOi
touke mHTepBana [. [lostomy ® mocrosuHa Ha >TOM MHTepBasie. [loCcTaTOYHOCTH HOKa3aHA.
Teopema nokazaHa.

1 aBTOHOMHOI CHUCTEMBI

Yi = filyis - yn) i=1,.00m, (6)

IpaBble 9acTU KOTOPOH 3amanbl Ha obmactu G C RY . TepBBIM HHTErpajioM Ha3bIBACTCH
rakas ¢yukinus ¢ G — R, uro mis moboro permenus y; = y;(x1,...,T,), ¢ = 1,...,n,
cuctembl (6), 3amaHHOro Ha MHTEpBase I, QyHKIus

CID(yl(ac), . ,yn(x))

IIOCTOSIHHA Ha 5TOM nHTepBase. pyrumu ciaosaMu, byskims ¢ mocrosHHa BOOIbL BCIKOM haso-
BOil TpaexTopun cucteMsl (4). s dysxnnn ®, 3anamnoil Ha obnactu (G, IPOU3BOLHON B CIITY
cucremsl (4) Ha3BIBAETCS

n
0P

8 ] fl(ybayn) 9 (7)
im1 Vi

rme BCe YaCTHBIC IIPOU3BOOHEBIC BBIUUCIIAOTCA B TOYKE (yl; Ce 7yn) I[JISI ABTOHOMHBIX CHCTEM

CIpPaBEIJINB aHAJOT TEeOpPeMbl 00 YCJIOBUSIX, MPU KOTOPBIX (DYHKIINAS SBIISIETCS MEPBBIM HHTE-
rpajioM: B IMPENOIOIOKEHUN HepephIBHON nuddepenniupyemoctn GyHKIun ¢ u mpaBbix dacTei
cucremsl (6) mis Toro, 9To6bl ¢ OblTa TEPBEIM UHTETPAJIOM HEOOGXOMMMO U JOCTATOUHO, ITOOLI
npousBonHas Gyskunu ¢ B cuty cucremsl, T.e. dyHKIws (7), pABHAIACH HYIIIO BO BCEX TOYKAX
obnactu G.

Ecmu ussecren nepsbiil uaTerpan ¢ cucremsr (2), To, paspelras ypaBHeHUe

O(x,y1,...yn) =C
OTHOCUTEIILHO, HAIIPUMED, ¥y, Oy IIM
Yn = yn(‘ra Yty -5 Yn—1, O) .

4



[loncrasmsis mpaByio 4acTb 3TOrO0 PABEHCTBA BMECTO ¥, B IEPBBIE N — 1 ypaBHEHUN CUCTEMEI
(2), MBI Iepeiinem K cucreMe u3 n — 1 ypaBHEHUIT OTHOCUTENBHO 1 — | HEeM3BECTHBIX (YHKIIHIL.
Eciu HallleHbl 17 HE3aBUCUMBIX [MEPBBIX MHTEIPAIIOB CUCTEMBI (2):

........................ (8)

TO, pa3pellas 3TU YPABHEHUS OTHOCUTEIBHO Y1, ...,Yn, HNOJIYUUM OOIllee pelleHue NCXOTHOU
CHACTEMBI:

U1 :yl(x,C’l,...,C'n),...,yn:yn(:c,Cl,...,C’n) .

Pasenctsa (8) o6pasyer o0LInil HHTErpaJl CUCTEMBI (2); TOUHOE ONpPeIeNIeHIe STOr0 MOHATHS He
paccmaTpuBaeMm. HezaBucumocTs dyukumit @y, ..., $, moHIMAaETCS B TOM CMBICIIE, YTO OTIINUEH
OT HYJISl OIPENENIUTENE (SIKOOUAH):

0, 09,
FTE o
............... 7§ 0 .
0P, 0o,
0xy ox,,

Nurerpupyemoit kombuHarmein cucremsl (2) HaswpiBaeTcs nuddepeHnnaabHoe ypaBHEHNE,
SIBIISIOIIIEECS] CITENICTBUEM TOW CUCTEMBI U JIETKO MHTerpupyoieecs. MHorna cucremy nudde-
PEHIINAIILHBIX YPABHEHUN YVIAE€TCS PEUIUTh, HAOsI OOCTATOUYHOE KOJIMYECTBO MHTETPUPYEMbBIX
KOMOITHAITHIA.

IIpumep. Ilycts mana cuctema
Y=Y2, Yo =1
CxragpiBasi ypaBHEHUS CUCTEMBI, IOy IaeM:
(1 +v2) =1+ ya, T Y1 + Y2 = Cre” .

Borauras u3 nmepBoro ypaBHeHUsI BTOPO€e, HAXOMUM €I1le OOHY MHTEIPUPYEMYIO KOMOUHAIIWIO:

T

(11 —y2) = —(y1 — ya), T.€. Y1 — Yo = Cae”

OOr1iee pelleHne TaHHON CHCTEMBI 3AIIAIIETCS B BUIE

Yy = (C’lex + CQG_I) ,

Yo = (Clex — Cgeix)

N — DN~

Koaddurment 1/2 nepen ckob6kaM B HPABBIX YACTIX ~ HMOTIIOMIAETCS POM3BOIBHBIME TOCTO-

SITHHBIMU] ITIO3TOMY O6IlI€e peleHne MOXKHO 3allliCaTb M TakK:
Y1 = 0162: + Cge_r s Yo = Cle’” - CQG_m .

Hpyras ¢opma 3ammcu OOIIErO PeIIeHns TOIYUYNTCs, €CiIi TPUBIedsb runepbonnydeckne QyHK-
IIAN:

yp =Cichae+Cyshx, y=Cishax+Cycha.



Haxoxnenune nHTErpupyeMbIx KOMOWMHAIINN WHOTIa 06JIerdaeTCs 3allIChi0 CUCTEMbBI yYpaBHEHU
B cuMMeTpudeckoil popme. s aBToHOMHOM cucTeMbl (6) Takas 3aliCh IMEET BUII:

dyl o - dyn

fl(y17"'7yn) ‘ fn<y17ayn) ‘

HpI/I HCIIOJIB30OBaHNI CI/IMMeTpI/I‘{eCKOfI @OprI 3alliCl OJI1 HaXOXIOCHUA MHTETPUPYEMBIX KOM-
OuHAaAITIIT HEPEOKO OKa3bIBaeTCid IIOJIE3HBIM CBOWCTBO PaBHBIX OTHOWICHUN: eCclIu OaHBI PaBHEBIE

a a anp
Ipobu 22 =2y MIpPOM3BOJIbHBIE uncaa Ry, ..., R,, To
b1 b b,
al_CLQ_ _an_R1a1+R2a2+...+Rnan
by by by Ribi+ Roby+ ...+ Rub,

IIpumep. Ilycts TpebyeTcs HAWTH MEPBLI UHTETPAJI CHCTEMBI

dr dy dz

Y

yz Tz Xy

roe x = x(t), y = y(t), 2 = 2(t) — Hem3BeCcTHBIE QYHKIMN OT TepeMeHHOi t. VCronb3ys cBOCcTBO

PaBHBIX OTHOIHeHI/IfI, IIoJIiydaeM
rdr +ydy  dz

2xyz Ty
Orcrona
xdx + ydy = 2zdz ;
1
5 (@) =2+0.

[Tocnennee paBeHCTBO 3a0a€T MEPBBIN MHTETPAJT PACCMATPUBAEMON CUCTEMBI.
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Jlexuyua 23

Cucrembl nmuHeNHBIX MU(GGEPEHINATBHBIX YPABHEHUN IEPBOTO MOPSIIKA.
Omnpenenurens Bporckoro. dyunamenTtanmbuas cuctema pernennit. Pop-
mysa Octporpamnckoro-Jluysumnsa. Teopembr 0 cTpyKType 0OOIIEro perre-
HISI OMHOPOOHON U HEOMHOPOMHON CUCTEM TUHENHBIX nuddepeHInaabHbIX
ypaBHeHuit. MeTon Bapuanuu mocTOSHHBIX.

Paccvorpum cuctemy nuHelHBIX nuddepeHInaIbHbBIX yPABHEHUT

Yy =any + ...+ amy, + b1,

..................... (1)

roe a;; = a;j(x), b; = bi(x), 1,7 =1,...,n — yHKIUN, HEIPEPEIBHLIE Ha HEKOTOPOM IIPOMEXKY TKe
I; a;; Has3bIBatoTCsE KOA(GUIIEHTAME CUCTEMEL, b; — cBoGonubMu wieHamu. Cuctemy (1) MOxHO

3alliCcaThb KOpOYe:
n

yl’-:Zaijyj—l—bi, z:l,,n
j=1

B marpuunoit popme cucrema (1) sanurmercs tax:

Y'=AY + B, (2)
ai;pr a2 ... QAip
Y1
a921 A29 ... QA9pn
roe Y = e — ¢TOJIOEI] HEM3BECTHLIX, A = — MaTpuia xKoapdpu-
Yn
Qp1  Gp2 Qnp
by
IIIEHTOB, a B = e — cTon0e1] CBOOOMHBIX UJIEHOB.
bn

Ecnu Bce cBoGOmHBIE UIEeHBI PABHBI HyI0, TO cucTeMa (1) HA3LIBAETCS OMHOPOMHON; B IIPO-
TUBHOM CJIyYae — HEOTHOPOIHOM.

Teopema (CyIIeCTBOBAHUSA U €NUHCTBEHHOCTHU sl CUCTEMBbI JIMHENHBIX MudGbepeHInaIbHbIX
ypasaenuit). g m060r0 ro U3 TpoMexyTKa [, Ha KOTOPOM OIPEeNeSieHbl U HeIPEPLIBHBI KO-

5PUIUEHTH U CBOGOMHBIE WIEHBI cucTeMbl (1), U I JE00bIX YUCEIT g, - - - , Ypo CYLIECTBYET
peltenue 3Tol cucteMsl y; = y;(x) , @ = 1,...,n, oOpenesieHHoe Ha TPOMEXKYTKe [ U yIOBIETBO-
psIfOIIee HAYalIbHBIM YCIOBUAM Y; (To) = Y0, ¢ = 1,...,n. JlroOble aBa pemenns 5Toil CUCTeMBbI,

3adaHHBIE Ha IIPOMEXKYTKE I u VOOBJIETBOPAIOIINE OOHUM U TEM 2KE€ HaYaJIbHBIM YCJIOBUAM, CO-
BIIadalOT BO BCEX TOYKaX 9TOI'O IIPOMEXKYTKA.



Kak o6bruHo, maHHyI0 TeopeMy NpuHUMaeM 0e3 HOKazaTeabcTBa. B chopmymupoBaHHON
TeopeMe pedb UIET O PEIIEeHUIX, 3a/laHHBIX Ha BCEM MPOMEXKYTKe [, T.e. O HEIPOIOIKAEMBIX
PEIIeHnsX; BCIOMY B HaJIbHENIeM OyIeM pacCMaTpUBATh TOIBKO Takue perieHus cucteMbl (1).

PacemorpuM cucteMy JTUHEHHBIX OMHOPONHBIX YPABHEHUN

Y1 =auyr + ...+ Q1nln ,

..................... (3)

nnn
n
/ .
Y, = E aiy;, t=1,...,n.
j=1
B maTpuunoil hopMme Takas CUCTEM 3aIIUIIETCs CIEMYIOITIM 00pa3oM:
Y'=AY (4)

rae Y u A ObLIn OIpeesieHbl BhIIIIe.

Teopema (0 IPOCTPAHCTBE PEIICHUI CUCTEMBI JIMHEHHBIX OMHOPOMHBIX MuMGbEPeHIINATbLHBIX
ypasaenuit). COBOKYIHOCTb BCex (HEMPOMOIKAEMBIX) PEIIeHUI CUCTEMbI JTMHENHBIX OIMHOPOLI-
HBIX yPaBHEHUN 00pasyeT JIMHEMHOe MPOCTPAHCTBO.

Hoxazameavbcmeo. s nmokazaTenbCcTBa yIOOHO UCIONB30BATH MATPUIHYIO (HDOPMY 3aIlUCH
(4) mammont cucremsr. Ilycts YY), Yy — pelenus 5Toil CHCTEMBI, (v — BELIECTBEHHOE UHCIIO.
Torna

(Y1 +Y2) = AY1 + AY, = A1 + Y3)
(oY1) = aY' = aAY = A(aY) .

Mur BumuMm, uto Y] + Y, u oY Takxke sBisercs pernenusmu cucreMbl (4). IIpoume TpeGosa-
HIsI, BXOMSIINE B ONpeNe/eHre JTUHEHHOTO MPOCTPAHCTBa, MPOoBepsaioTes 6e3 Tpyna. Teopema
TIOKA3aHAa.

OO6bIYHBIM 00PA30M BBOOUTCS MOHSATHE JIMHEAHON 3aBUCUMOCTH U JIMHEHON HE3aBUCUMOCTH
BeKTOP-QYHKIIUI BUIA
()
Y = - ,
roe 41 (z), ..., Yn(x) — GyHKIUN, 3a0aHHBIE HA HEKOTOPOM IPOMEXKYTKe [ (OMHOM ¥ TOM K€ MJIs
BCEX PACCMATPUBAEMBIX (QYHKIINI).
Omnpenenurenem BpoHckoro cucTeMbl BeKTOP-GyHKITHHT

Y11 Y12 Yin
Yi=| ... |.va=|...|,...,v.=
Yn1 Yn2 Ynn
Ha3bIBAETCs OIPEOCINTEIb
Y11 Y12 Yin
W = Yo1 Y22 ... Yon . (5)
Yn1 Yn2 Ynn

Teopema (06 onpenenuTesie BpOHCKOToO TMHENHO 3aBUCHMON CHCTEMBI BeKTOp-GyHKInit). Ecmm
cucteMa BeKTOP-GyHKIU Y7, . . ., Y, 3a0aHHBIX HA MPOMEXYTKe [, TMHEWHO 3aBUCUMA, TO OIpe-
IeTnTeNTb BpOHCKOTo 5T0i cucTeMbl DYHKIINN TOXKIECTBEHHO PABEH HYITIO Ha 5TOM ITPOMEXKY TKE.



Hoxazameavcmeo. Ilo ycsioBuio CyiecTByeT paBHas HYIO (T.e. CTOJIOIY BBICOTEHL 1, COCTO-
AIIEMY CIUIONIb U3 HyJlell) HeTPUBUAIIbHAS JIMHENHAS KOMOUHAIMSE BeKTOP-PyHKImiA Y, ..., Y.
D10 03HAUAET JIMHENHYIO 3aBUCUMOCTD CTONIONOB onpenenuTers (5). [losTomy maHHBII onpemne-
JINTEeNb paBeH HYJII0 B Kaxmonl Touke nmpomexyTka [. Teopema nmokazana.

Teopema (06 onpenenuresie BPOHCKOTO JIMHENHO HE3aBUCUMON COBOKYITHOCTU DPEIIEHUI OIHO-
pomHoll cucTeMbl). Ecau COBOKYMHOCTH BEKTOp-GyHKIMI Y, ...,Y, JuHENHO He3aBucHMAa U
COCTOMT W3 PEIIeHUI OMHOPOMHOI cucTeMbl (4), TO onpeneauTesib BPOHCKOrO 9TOM COBOKYIIHO-
CTU BeKTOpP-GQYHKIINN HE paBeH HYJIIO HU B OMHOU TOYKE TMPOMEKYTKA, Ha KOTOPOM ONpPeNeIeHbI
(1 HempepbIBHBI) KOA(DOUIIMEHTHI YKA3AHHOI CUCTEMBL.

Hoxazameavcmeo. IlycTh BOIpekn yTBEPKIEHUIO TEOPEMbI ONMpenenTelb BpoHckoro (5)
paBeH HYJII0 B HEKOTOPOI TOUYKE T = T, IPOMEXYTKa [, Ha KOTOPOM OIpeNesieHbl (1 Hermpe-
PBIBHBL) KOdbduimeHTsl cucTeMbl (4). B Takom ciaydyae cTONOUBI 5TOTO OMPENENUTENS B yKa-
3aHHOU TOYKEe JIMHEITHO 3aBUCUMEBI, T.€.

Y(ZL’Q) = Clyl(l'o) + ...+ CnYn([L'O) = . s
0

roe C',...,(C, — HETPUBUAIBLHBLI HAOOP BEIeCTBEHHBIX uucesn. [lo Teopeme o mpocTpaHCTBe
PELIeHNiT OMHOPOMHON cucTeMbl Y = Y (z) — pererne cucteMsl (4), mpuyeM peIeHne, He pABHOE
TOXKOECTBEHHO HYJIIO, T.K. IO YCJIOBUIO Y7,...,Y, nuHeilHO He3aBucuMbl. C OPYroil CTOPOHBI,
9TO peEIICHUEe B TOYKE Tg YIOOBJICTBOPACT TEM K€ HaYaJIbHBIM YCJIOBUAM, YTO U TOXKICCTBEHHO
paBHOE HYJIO perrerne cucteMbl (4). DTo, OMHAKO, IPOTUBOPEYUT TEOPEMe CYIIECTBOBAHUS 1
€QUHCTBEHHOCTM [IJIsl IMHENHbIX cucTeM. [loydyeHHOe MpOTUBOpeUne NOKA3LIBAET TEOPEMY.

COBOKYITHOCTD 1 JINHEITHO HE3ABUCUMBIX DEIeHUN JTMHENHON OMHOPOMHON cucTeMbr (4), B3si-
TBIX B ONpPENEJICHHOM TOPSIKEe, HA3BIBACTCS (GPyHIAMEHTAIbHOU CUCTEMOH PEIIeHUN 5TON CU-
crembl nuddepeHIuanbHbX ypaBueruii. CylecTBOBaHNE TAKOW CUCTEMBI PEIIeHni OymeT Ho-
Ka3aHO HIXKE.

[Iycts Y7, ..., Y, — COBOKYIHOCTB PEIICHUN CUCTEMbI JTUHEHHBIX OMHOPOMHBIX YpPAaBHEHUN
(4), W = W(z) — onpenenurens Bporckoro sToit coBokynHocTn pertenuii. Torma

W (z) = W (zo) - o e A(t)de 7 (6)

roe Ty — IpOU3BOJIbHAS TOUYKA MPOMEXKYTKA, HA KOTOPOM 3a0aHbI KO3(DPUIINEHTHI CUCTEMBI (4),
aTrA=ay +ax+ ...+ a,, — cren MaTpubl KO3QGUIIMEHTOB 3TOi cucTeMbl. Popmyiia (6)
Ha3biBaeTCs dopmynon Octporpanckoro-Jluysumis. HokaxeMm ee mjist n = 2, T.e. IS CUCTEMBI

Y1 = anyi + a2y

Yy = a1y1 + a2l

Y1:<Z/11) - YQZ(yH)
Y21 Y22

COCTaBUM OIpENeTnTe/h BpoHCKOTO

s perieHni 5TON CUCTEMBI

W = Y11 Y12
Y21 Y22

1 3alliiaeM ero IMpon3BOOHYIO:

W' — Y Yo i Y11 Y12 i a11Y11 + a12Y21  A11Y12 + Q1222

/ / +
Yo1 Y22 Yo1 Yo Y21 Y22



Y11 Y12 = 4y Y11 Y12 + a9y Yin Yz | _ (@11 + ag) W,
a21Y11 + A22Y21  A21Y12 + A22Y22 Y21 Y22 Y21 Y22
r.e. W = W (x) ynoBnerBopsier ypaBHeHUIO y = (@11 + agq) Y. DTOMY XKe YPABHEHUIO YIOBIIE-

TBOpSET 1 PYHKIUI
y(z) = Wag) - eflrnrem) it

gTO mposepsiercst HenocpencTerno. T.k. y(zg) = W(xp), TO mo Teopeme CyIeCTBOBAHUS W
COMHCTBEHHOCTHU [UIsl JINHEHHOro ypaBHeHUs paBeHCTBO y(x) = W (z) BBIDOMHSETCS Ha BCeM
npomexkyTke . @opmymna Octporpanckoro-JIluyBumiis mokasaHa.

Teopema (0 cTPyKType OBIIETO DPEIeHus JTMHENHON OMHOPOMHON cucTeMbl). COBOKYIIHOCTH
PEIIEeHNIT CHCTEMbI JIMHENHBIX OMHOPOMHBLIX ypaBHeHUN (4) obpasyeT JUHEHHOe TIPOCTPAHCTBO
pPa3MepHOCTHU n; O0Illee pellleHre TaKOU CUCTEMBbl 3allICHIBAeTCS B BUOE

Y=CYi+...+C.Y, ,

roe Yi,...,Y, — 6a3uc mpocTpaHcTBa pemreHnil (hyHIAMEHTAIbHAS CUCTEMA, PEIICHNI ).

Iloxazameavcmeo. Ilo Teopeme 0 TPOCTPaHCTBE PEIIEHUN JIMHEWHON OMHOPOIHON CUCTEMBI
COBOKYITHOCTBH PEIIEHNH TaKOW CUCTEMbI 00pa3yeT JIMHEHOe mpocTpaHcTBO. Hamo muirk moka-
3aTh, YTO B 5TOM IPOCTPAHCTBE CYIIECTBYeT 0a3mc, COCTOSINNI u3 n pemteHuir. Pacemorpum
pellieHns

Y11 Yin
vi—=| .. |...oov.= ... |,
Yn1 Ynn
VIOBIIETBOPAIONINE CCHYIONIIM HAUYATHLHBIM YCIOBIIM
i (zo) =1, yar1(wo) = ... = yn1(x0) =0,
Yo2(20) = 1, y12(w0) = ys2(x0) = ... = Yn2(20) =0,
Ynn(T0) = 1, Yin(w0) = ... = ynfl,n(xo) =0,

rIie To — IPOU3BOJIbHAS. TOUKA MPOMEXKYTKA I, Ha KOTOPOM 3aaHbl KOS(hDMUIIMEHTH CucTeMbI (4).
Cy1recTBOBaHIE TaKMX PEIIEHUN 00ECIeINBACTCS TEOPEMON CyIIeCTBOBAHUS U €IUHCTBEHHO-
ctu. Pemrenus Y7, ..., Y, JTUHEHO HE3aBUCHUMBI, T.K. ONPENETUTEHh BPOHCKOTO 5TOW CUCTEMBI
pEIeHNT B TOUYKE X SIBIISIETCS OIPENeINTeNIeM eNMHITIHON MaTPULBL U paBeH 1, T.e. OTINYEH
ot mymns. [lycrs maHo kakoe-mubo perreHne cucteMs (4)

n
Y —

Yn

TOI‘I[&, O4YCBUOHO, B TOYKE X BBIIIOJIHACTCA PAaBEHCTBO
Y:y10n+~~'+yn0an (7)

roe yio = Y1(20)s- -, Yno = Yn(To). OTO 03Hauaer, uro pemerus Y u Y10Y1 + ... + YnoYn
cucteMbl (4) YIOBIETBOPSIOT OMHUM U TE€M YKe HAUYaJbHBIM yCJIoBIsM. [losTomy pasencTso (7)
CIIPABEJINBO HE TOJIBKO B TOUKE X, HO U HA BCeM IMpOMexyTKe [ (10 TeopeMe CyIIeCTBOBAHUS 1
enquHCTBEHHOCTH). TakumM 06pa3oM, MOKa3aHo, UTO perteHns Y7, . . ., Y, JTUHEeHO He3aBUCUMBI,
U Yepe3 HUX JIMHENHO BhIpazKaeTcs Beskoe perenne cucteMsl (4). CremoBaTenbHO, yKa3aHHBIE
pertieHnss 00pa3yloT 0a3mc MPOCTPAHCTBA PEIIEHU, Pa3MEPHOCTh 3TOT0 MPOCTPAHCTBA paBHA
n, a o0IIlee pelreHne 3alnChIBAeTCS B BUIE

Y=C0Y1+...+C.Y,.

4



Teopema nokazaHa.

Teopema (0 cTpyKType OBIIEro pereHns: HeOTHOPOMHOM cucTeMbl). ObIiee pelleHre HeomHO-
POHOII cuCcTeMBI (2) MOXKeT GbITH 3alUCAHO B BUIE

Y=Yo+CY1+...4CY,, (8)

rre Yy — 9acTHOe peleHne HeOMHOPOIHOM CUCTEMEBI, a Y1, ..., Y, — dyHIaMeHTaIbHas CUCTEMA
PEIIEeHNT COOTBETCTBYIOLIEN OMHOPOIHON CUCTEMBL.
Hoxazameavcmeo. Umeem

Y' = (Yo+C1Yi+...4C.Y,) =Y +(C1Yi+.. . +C.Y,) = AYy+ B+ A(C1Y1+...+C,Y,) =
=AY, +C\Y1+...+CY,)+B=AY + B,

T.e. Y =AY + B, u Y — peuterne cucremst (2).
0 0
IlycTh Temephb faHa Tpou3BoIbHasL Touka (Zo, 1., . .., y\)), rlie 2y GepeTcs 13 MpoMeKyTKa,
Ha KOTOPOM 3a1aHbl KO3 OUIUeHThI cucTeMbl. UTo6b! pertenue (8) yaoBIeTBOPSIIO HaYaIbHBIM
YCJIOBUSIM, OIPENesIsieMbIM JaHHOM TOUKOI, Hamo nonobparst KoHCcTauThl Cf, . . ., C,,, YIOBIETBO-

PSIIOIINE CUCTEME yPaBHEHUN

y10(xo) + Cryin(xo) + ... + Criin(zo) = 4
Y20(w0) + Crya(wo) + - . + Cryan(T0) = Yo

Yno(20) + Cryn1(z0) + . .. + Cpypn () = yﬁLO) )

rae  KodhQUIMEHTAME CHCTEMBI CIIy:KAT B3HAYEHWS B TOYKE Xy KOMIIOHEHT PEIIeHUN
Yo, Y1, ..., Y,. Takas cucrema Bcerma paspernnma (1 UMeeT eIUHCTBEHHOE DEIeHNe), T.K. ee
OTIPENETUTEb €CTh ONPENeTuTeIb BpOHCKOTO hyHIaMEHTAIBHON CUCTEMBI PEIICHUN Y7, . . ., Yy,
BBIYUCJIEHHBIN B TOUKE Xg. TakuM obpas3oM, oba TpeboBaHUsI, BXOMIINAE B OMpeneeHne obIero
peltieHnsi, BBITTOTHEHBI. 'T'eopeMa moka3aHa.

PacemoTpum MeTon Bapualuy MOCTOSHHBIX OIS OTBICKAHUS YaCTHOTO PEIIeHNs HeOTHOPOI-
HOI CUCTEMBI

Y' =AY +B. (2)

IIycts Yi,...,Y, — dyHmameHTa bHAS CHCTEMa PELIEHU COOTBETCTBYIOLIEN OMTHOPOOHON CH-
crembl. Torma yacTHOE peIeHre HEOMHOPOMHOM CUCTeMBI (2) MOXKHO MCKATH B BUIE

Y=CY +...+C)Y,, (8)

roe C; = Cy(x),...,C, = C,(x) — vekoropeie pyukruu. [logbepem ux Tax, YTOOLI BBIIOJIHS-

JIOCh PABEHCTBO
ClY1+...+CY,=B.

DTO BO3MOXHO, T.K. OIpPeNeInTe b BpoHCKOro pyHIaMeHTaIbHON CUCTEMBI PEIIeHI OTInIeH
or mymnst. Ilposepum, urto mus Cf,...,C, BexTop-®yuKIwms (8) ymoBrerBopser cucreme (2).
Nneem

Y=(CYi+..+CY,) =CYi+...+CY, +CiY/+...+CY, =
=B+ CiAY1 + ...+ C,AY, =B+ ACiY1+...+CY,) =AY + B,

T.e. Y = AY + B, u Haie yTBepxIaeHue CIpaBemInBo.
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OmnuOpOmHBIE CUCTEMBI JTMHENHBIX TuddepEeHInaIbHBIX YPABHEHUI C 110~
CTOAHHBIMU Kod(dduimeHTaMu.  XapakKTePUCTUIECKOe yDPABHEHUE CH-
cremsl. [locTpoeHue oBIIEro pemeHus o KOPHIM Xapak TePUCTUICCKOTO
ypaBHEHUsI (BBIBOI TOJIBKO IJIsl CIIydasl ACHCTBUTEIBHBIX U PA3IMIHBIX
KODHeIt).

PaCCMOTpI/IM JII/IHefIHYIO OOHOPOOHYIO CUCTEMY C ITOCTOAHHBIMUI KOC—)(l)(I)I/IHI/IeHTaMI/I
n
/ .
yi: E aijyj,Z:l,...,n. (1)
Jj=1

B maTpumunoit hopme 5Ta cucTeMa 3almIIeTcs] Tak:

Y' =AY, (2)
roe
y a11 Qa2 Q1n
1
Q21 Q22 Q2n,
Y = . A=
Un
Ap1 Gp2 ... Gpp

ay — A Q12 A1n
ag1 ag — A Q2n —0
an1 an?2 Ann — )\

FEcnum xopHU XapakxTepucTUYecKOro YpPaBHEHWS BEIIECTBEHHBI U PA3INYHBI, TO HETPYIHO IIO-
CTPOUTDH (QYHIAMEHTAIBHYIO cucTeMy pemteHnit cuctemsl (1). B camom meme, o6o3naumm 5Tu

KODHU Ay, ..., \, U IJIs KQXKIOTO KOPHS HAWIEM OTBEUYAIOIINN eMy COOCTBEHHBIN BEKTOD:
a1 A1n
E, = Y E, =
(07751 Qnn

3aMeTHUM Tenepb, ITO BEKTOP-PYHKIINN

_ N s
Y,=e"E;,, i=1,...,n,



SIBJISIFOTCSL PEIICHUSIMI CHCTEMBI (2):

Y/ = NeNTE; = MTAE; = A(MNTE) = AY;, e Y, =AY, i=1,...,n.

HpOBepI/IM, qTo Yi, C ,Yn JINHETHO HE3aBUCHUMBIL; OJIs 3TOI'0 COCTaBUM OIIpeOe/InTelIb BpOH—
CKOTO:
11 12 ... O1p
(6 (6% e
_ (i) 21 22 2n
Wi(a) = ePttle ) 08 70,
Ap1 po ... Opp

T.K. COOCTBEHHBIE BEKTOPBI, OTBE€YaIOIINEC Pa3JINIYHBIM COOCTBEHHBIM SHAYCHUAM, JIMHETHO He-
3aBUCUMBL. MBI BUAUM, 9TO DelteHus Y7, . .., Y, HefCTBUTENILHO 06pa3yioT OyHIAMEHTAIBHYIO
CHUCTEeMY DeIeHntil cucTeMol (2).

IIpumep. Ilycts mana cuctema

vy =y +3y2,
Yo =31 + Yo

CocraBriseM XapakTePUCTUIECKOE YPABHEHNE U HAXOOUM ero KOPHH:

1-A 3

)2 _ _ R — - _ =
S0 =N -8=0 N=-2 =4

CobcTBeHHBIE BEKTOPHI, OTBEUAIOIINEe HAWIEHHBIM COOCTBEHHBIM 3HAUEHUSM, OMpENe/sseM u3

CUCTEM:
30(11 -+ 3@21 =0 s —30612 + 30622 =0 s

3@11 + 30(21 =0 s 30&12 — 3@22 =0.
B xauecTBe coOCTBEHHBIX BEKTOPOB MOXKHO B34Tb

-1 1

Elz 1 )

DyHIaAMEHTAIBHYIO CUCTEMY PeIIeHn 00pa3yoT BeKTOP-(yHKITII

_op -1 . 1
Yi = e 2 . 1 n S/é = 4 . 1
Oobtriee perreHne nMeeT BUIT
Y = 016_2z . _1 + 0264x 1 )

B KOOPIMHATAX
y1 = —Cre > + Cae™ | yo = Cre > + Coe™ .

T.x. ko>DOUIMEHTH XapaKTePUCTUIECKOTO YDABHEHUs CUCTEMBI (2) BEIeCTBEHHBI, TO €ro

KOMIIJIEKCHBIE KOPHU PACIaIaiOTCs Ha Mapbl KOMIIJIEKCHO COMPSKEHHBIX. s KaxXmow maphr
a+if, B # 0, MOXKHO TOCTPOUTD [IBA JIMHENHO HE3ABUCMBIX PEIEHUs CUCTEMBI (2).
Haiinem HEeHYIEBOM KOMILIEKCHBIN BEKTOD

aq B

Z=1 ... | +1 -

a, Bn



st kotoporo AZ = (a+ if)Z. Kak u B BElIECTBEHHOM CIIyuae HETPYIHO IIPOBEPUTH, UTO
KOMIIJICKCHO3HaUYHAasl (QYHKII

) a1 B b Qi
eltiBry — o eos B | .| —e®sinBz | ... | +i|e*®cosPr | ... | +e®sinpz | ...
On Bn Bn Qp,
ABIIsieTCs pererneM cucteMsl (2). OTcioma momyuyaeM IBa BEIIECTBEHHBIX DEIIEHUs] STON CU-
CTEMBI:
aq b1
X=e*cosfr | ... | —e*sinfzr | ... ,
O Bn
b1 ay
Y = e cos fx oo | +e*sin fBx
ﬁn an

Ha mokaszarenbcTBe MUHEHHON HE3aBUCUMOCTH perieHnil X un Y He ocTaHABINBAEMCS.
Bamaua (ma xkemarormx). HokasaTs, uto pemenns X u Y JUHEHHO HE3ABUCHUMEBL.

IIpumep. Ilyctb TpebyeTcs HaiTu oObIllee peleHne CuCcTeMbl

y{=y1—3y2,
Yo = 3Yy1 + Y2 .

CocrasigeM u pearacM XapaKTEPUCTUIECCKOE YPaBHCHUEC!

1-XA =3

3 1. =(1-X*+9=0, Mo =143i.

" KOMIIIEKCHBI COOCTBEHHBIN BEKTOD”

HaxXOoOouM 13 CUCTEMBI:

() (2)=(0)
3 =3 29 0 )"’
—3iz1 — 325 =0,
3z1 — 3tz = 0.

OTcroma BUOHO, 9TO B Ka4eCTBE KOMIIOHEHT / MOXKHO B3SITb 21 = 1, 29 = —i. KowmmiekcHo-
3HAYHOE PEIlIEHNEe CUCTEMBI €CTh

- 1 ) 0 cos 3x + ¢sin 3z
(1430)z — T
€ ((O)+Z (—1 )) € (sin?)x—icosi’)x)

OTmensist BEIIECTBEHHYIO U MHUMYIO YaCTHU, TOIydaeM GyHIAMEHTAIBHYIO CUCTEMY PEIeHUN

NCXOIOHOU CUCTEMBI:
cos 3x sin 3x
Y, =¢€" ) n Y,=¢e"
sin 3x — cos 3z

OTcroga HaxomuMm obIIIee perreHne:
cos 3x sin 3x
Y = 0163; . + CQG:E s
sin 3z —cos 3

3



Il B KOOpOXMHaTaXx

y1 = €"(C} cos 3z + Cysin 3x) |

Yo = €”(Cy sin 3z — Cy cos 3x) .
ECJH/I cpenu KOpHefI XapPpaKTEPUCTUYIECKOI'O YpaBHEHNUA NMEIOTCS KpaTHBIE, TO CJIeAyeT IJId Ka-
JKIIOTO BEIIECTBEHHOI'O KOPHS A KPDATHOCTH I" HAWTHU Pa3MEPHOCTH 1M COOTBETCTBYIOIIIETO IIPO-
CTpaHCTBa COOCTBEHHBIX BEKTOPOB. Ecmum m = r, To, B3aB 6a3uc FEy, ..., E,. sTOoro mpocTpaHn-
CTBa, TOJIyUNM I A B TOUHOCTU 7 JINHEHO HE3aBUCUMBIX PEIIEeHUl CUCTeMBI (2):

Y;=eME; ,i=1,...,r.

Ecnmu m < r, To HAWTHU r TUHENHO HE3aBUCUMBIX PEIICHUN MJIT A MOXKHO METOIOM HEOIPeesIeH-
HBIX KoaddurmenTos. [Ipu sToM pelrenns ciemyeT ncKaThb B BUIE

Y =(Co+Crx+ ...+ Crpz™™™) e, (3)
roe
C(10 Cl,r—m
Co=| .. |, .., Cm=1[ ...
CnO Cn,rfm

— CTONOIIBI, KOMIIOHEHTHI KOTOPBIX TOMJIEXKAT onpeneneHuio. [ 3Toro Y moncTaBssioT B MCXOI-
HYIO CHCTEMY, COKPAIIAIOT 00e YacTy Ha e I IPUPABHUBAIOT KOA(D(PUIMEHTHI IPH OITHAKOBLIX
CTENeHSX & CJIeBa U CIpaBa. B pe3yibTare MOIydaeTcs CUCTEMa JIMHEHHBIX OTHOPOMHBIX aJire-
6panuecKux ypaBHEHUI, KOTOPOH YIOBIETBOPSIIOT KOMIOHEHTHI ¢TOI0I0B Cy, . .., C)._,,. Pemmas
3Ty CUCTEMY, MOXKHO MOIYUUTh T JUHENTHO HE3aBUCUMBIX PEIIeHUN MCXOOHOU CUCTEMBI nudde-
PEHINAIBHBIX YPAaBHEHUN.

KaK n3BECTHO, KOMIIJIEKCHBIE KOPHU (He ABJISAIOIINIECS BeL[IeCTBeHHbIMI/I) YpaBHEHUA C BEIIe-
CTBEHHBIMU KO3(PGUIImeHTaMI PACIagaioTcs Ha Mapbl KOMIIEKCHO COMPSXKEHHBIX KOPHEHN OIHON
u Toil x)e kpaTHocTu. Ecmu o £ 145,  # 0, — omHa u3 Takux map KPaTHOCTH 7, TO OMUCAHHYIO
BBIIIIE TIPOIIEIYPY CJEOyeT TPUMEHUTH B KOMIIJIEKCHOM CIIydae MJIs OMHOTO U3 KOpHeH « + i3,
a 3aTeM OTHOC/INTH B IMOJTYYEHHBIX KOMIIJICKCHOZHAYHBIX PEIICHUAX BCILIECCTBCHHYIO M MHHMYIO
vacTu. [Ipomenas Bce 5TO M1 KayKIOTO KOPHS XapaKTEPUCTUIECKOTO YPABHEHU S, TIOJTYInM QY H-
ITaMeHTAJIbHYIO CICTEMY PeIIeHN IS MCXOMHON cucTeMbl NuddepeHnInalbHbIX YPAaBHEHNTH.

IIpumep. IlycTs Tpebyercs HallTu GyHIAMEHTAIBHYIO CUCTEMY PEIIEHUN CUCTEMBI YPaB-

HeHu’
Y1 =1+ 2y2 + s,

vh=—y +4ys +ys ,
yh = —y1 + 2y2 + 3ys .

CocTaBuM U permM XapakTePUCTUICCKOE YPaBHEHNE:

1—A 2 1 2—\ A—2 0 1 -1 0
0=| -1 4-Xx 1 |=| =1 4-Xx 1 |=2-N-|~-14-)X 1 |=
~1 2 3-A —1 2 3-A -1 2 3-2A
10 0
=(2=-X) -1 3=X 1 [=(2-0(B=X)=1)=(2-2)’(4-N); M=X=2 \3=4.

1 1 3—A

Hsist cOBCTBEHHOTO 3HAYEHUSI \; = A\ = 2 MATPUIla OMHOPOMHOW CUCTEMbI, KOTOPOU YIOBIIETBO-
PSIOT KOMIIOHEHTHI COOCTBEHHBIX BEKTOPOB, UMEET BUI]

-1 21
-1 2 1
-1 2 1



3meck 6e3 Tpyma HAXOOUM [Ba JIMHEHHO HE3aBUCUMBIX COOCTBEHHBIX BEKTOPA, OTBEYAOIIINX
3TOMY COOCTBEHHOMY 3HAUEHUIO:

2 1
E1: 1 n EQZ 0 )
0 1

3TUM COOCTBEHHBIM BEKTOpPaM OTBEUAIOT MIBA JIMHEWHO HE3ABUCUMBIX PEIIEHUs paccMaTpuBae-
MOW CHUCTEMBIL:

2 1
Y, = e 1 n Y, =e*® 0
0 1

st cobCTBEHHOTO 3HAUEHUS A3 = 4 COOTBETCTBYIOIIYIO MaTPUILY OTHOPOIHON CUCTEMBI IIPUBE-
IleM K CTYIIeH4YaTOMY BHUIY:

-3 2 1 -1 0 1 -1 0 1
-1 0 1 |~ 0 2 -2 ~ 01 -1
-1 2 -1 0 2 -2 00 0

B xauectBe cobcTBEHHOTO BEKTOpa MOXKHO B34ATHb

9TOMY BEKTOPY COOTBETCTBYET TaKOE€ PECIIIECHNE MCXOIHON CUCTEMBI

1
Yé:e4z 1
1

Tpebyemas dpyHmaMeHTAIbHAS CUCTEMa PEITEHUN HaNIeHA:

2 1 1
le — 621 1 7 Y*Q — eQz 0 7 Y*3 — e4z 1
0 1 1

IIpumep 2. Haiinem dyHDAMEHTATBHYIO CUCTEMY PEIIEHUN I CUCTeMbI muddepeHInab-
HBIX YpaBHEHUU

vi=1%+Yy,
yh=—y1 + 3y2 .
CocraBmseM u pelraeM XapaKTepUCTUIECKOE ypPaBHEHNUE:
1—X 1 )
0_‘ s '_(,\—2) M= =2.

s ompeneneHnss KOMIIOHEHT COOCTBEHHBIX BEKTOPOB MMEEM OIHOPOOHYIO CUCTEMY JITMHENHBIX
ajarebpanyeCcKnx ypaBHEHUN ¢ MaTpPUILEN

(1)

3mech MPOCTPAHCTBO COOCTBEHHBIX BEKTOPOB UMEET Pa3MEPHOCTH M = 1, T.e. MEHbIIe KPATHO-
CTU 7 = 2 COOTBETCTBYIOIIEr0 COOCTBEHHOTO 3HaUeHUs. [[09TOMY pellleHre MCXOMHOW CUCTEMBI
UIIeM B BUIE

Y = (C() + le) 62m s

>



c c
rneC():(ClO),Clz(cn).
20 21

Haxonum mpou3BomHyto
Y' = (Cy +2C, + 2C1 ) e**

" 1IoACTaBJIAEeM B MCXOOHYIO CUCTEMY; IIOCJIE COKPAILICHUA Ha 6235 IIoJIygaeM
O] + 200 + 20155 =A (C() + Cll') s

nim

1 1
ntxeA:(_1 3>.

OTcioma Takast cucTema IjIs OlpenesieHuss KOMIOHeHT BeKTopoB Cy u Cf:

Cl—FQC’O:ACO,
201:1401,

c11 + 2¢10 = ¢10 + C20
Co1 + 2¢o0 = —C10 + 3¢y
2c11 = ¢ +co1

2621 = —C11 + 3621 .
yHOpSLHO‘{I/IB HEU3BCCTHEIC, IIOJIyYUM

cio—Co+ci1 =0,
Clo — Co0 + 21 =0,
ci1—c =0,

C11—C21:O.

MaTpuity 3TO# cucTeMbl IPUBENEM K CTYIIEHYATOMY BUIY:

[ 111 II IV

1 -1 1 0 1 -1 10 ] 1 -1 o0

1 -1 0 1 0 0 -1 1 0 ] _O ]

0 01 -1 0 0 00 0 _0 0 0
1 -1

0 0 0O 0 00 0 0 0 0

HewusBecTHBIE 19 U €11 — Ba3UCHBIE, Cop U Co1 — CBOOOMHBIE. DyHIAMEHTATBHYIO CUCTEMY PEIlle-
HIT 00pa3yioT peIleHus

Otciona Takas GyHIaMeHTaIbHAs CUCTEMa PEIIeHUI MCXOMHON CuCTeMbl nuddepeHnnaaIbHbIX

ypaBHEHUI:
2z 1 . -1 1 2z



