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Jlekmusa 1
JINMHENHBIE ITPOCTPAHCTBA

AKCHOMBI 1 TPUMEDPHI JIMHENHBIX TPOCTPAHCTB. JIMHEAHO 3aBUCUMBIE U JINHEITHO HE3aBUCUMBIE BEK-
Topel. Kpurepwit suueiiHol 3aBucuMmocTH, ero ciencteus. Omnpenesenune 6a3uca U pa3sMEpHOCTH
JITHETHOTO MPOCTPaHCTBA. TeopeMbl 0 Gasuce u pasmepaocTu (6e3 mok-Ba). Teopema 0 enuHCTBEH-
HOCTU pasioxkeHus o 6asucy. KoopmnuraTbl BekTOpa. JInHeHHBIE Omeparuu Hall BEKTOPAMHI B
6a3uce. Marpuna nepexona xk HoBoMmy 6azucy. IIpeobpazoBaHue KOOpAWHAT BEKTOPA IPU IIEPEXOIE
K HOBOMY 0a3ucy.

1.1. OnpeneneHne JIMHEMHOTO IIPOCTPAHCTBA

[HenTpanbHOE MECTO B JIMHEWHON aJrebpe 3aHUMAET CIIEOYIONIee TOHITHE.

Onpenenenne 1.1. MuoxectBo L 37€MEHTOB X, Y, Z, ... JO0O0I MPUPOMOLI HA3LIBAIOT JAUHET-
HbIM TLPOCTNPAHCIMEOM, €CII BBLITIOTHEHBI TPHU YCJIOBUS:

1) 3amano caoxHcenue 3aemenmos L, T.e. 3aKOH, [0 KOTOPOMY JIIOOLIM 3JieMeHTaM &, Y € L
CTABUTCSI B COOTBETCTBUE 3JIEMEHT 2 € L, HA3bIBAEMBIl CYMMOU IAEMEHMOB T U Y U 0OO3HATae-
MBIl 2 = & + Y;

2) 3a[IaHO YMHOHNCEHUE IAEMEHMA HA YUCAO, T.e. 3aKOH, 110 KOTOPOMY JTHOGOMY SIIEMEHTY
x € L un mobomy guciay A € R craBuTcs B COOTBETCTBHUE diIeMeHT 2z € L, Ha3bIBaeMbIll npou3eede-
HUEM IAeMENMA T HA (IEfICTBUTEIHHOE) YUCAO U OOO3HAUAEMBI 2 = \T;

3) ykasaHHbIE 3aKOHBI (AUHETHbIE ONEPAYUY) TIONUNHSIIOTCS CIEAYIOMINM GKCUOMAM AUHET-
HO20 MPOCMPAHCMEA:

a) CJIOXKE€HIE KOMMYTATUBHO: & +Y = Y + &;

6) cloxeHne acCOUaTuBHO: (T +Y) + 2z = @ + (y + 2);

B) cyImrecTByeT Takoi sneMeHT 0 € L, uto x + 0 = & mis moboro ¢ € L;

) UL KAQXKIOTO SJIEMEHTa & MHOXKeCTBa L CyIIeCTBYeT Takoil syeMeHT (—x) € L, uto T +
+ (—x) = 0;

1) TIpOM3BENEHMe JII00ro BJIeMeHTa € U3 L Ha eNUHUILy PABHO STOMY JIEMEHTY: 1-& = &;

e) YMHOX€EHIE Ha JYUCII0 acconuaTuBHO: A(ux) = (Ap)x;

) YMHOYXKEHIE Ha YUCIIO U CJIOKEHIE CBA3aHbI 3aKOHOM AUCTPUOY TUBHOCTH 110 guciaaM: (A+u)x =
= \x + px;

3) YMHO2KCHHIE Ha YHNCIIO U CJIIO2KCHHUE CBA3aHBI 3aKOHOM JII/ICTpI/I6YTI/IBHOCTI/I IIO S5JIEMEHTaM:

Mz +y) =z + \y.

OJeMeHTHI JTUHENHOTO TTPOCTPAHCTBA MPUHSATO HA3LIBATH 8ekmopamu. DiaeMmeHT 0, CyIecTBo-
BaHIEe KOTOPOTO MOCTYIMPYETCSI AKCHOMOIT B), HA3LIBAIOT HYAEEbIM 8EKIMOPOM, & DIIEMEHT (—&) —
BEKTOPOM, MPOMUBONOAOHCHBIM K BEKTOPY &.

B momsTun «mmHeiiHOE TPOCTPAHCTBO® BaXKHO HE TOJIBKO PACCMATPUBAEMOE MHOXKECTBO L, HO 1
3a/laHHbIE OMEPAIINN CJIOXKEHWS BJIEMEHTOB U YMHOXKeHus Ha umcyio. OmHo u TO XKe MHOKeCcTBO L
MIPU OOHUX OIePAIUSX MOXKET ObITh JIMHEMHBIM IIPOCTPAHCTBOM, a HpU APYrux — HeT. PaxTuue-
CKU JIMHEMHBIM TIPOCTPAHCTBOM SBJISIETCSI COBOKYIHOCTD (L, +,+) U3 MHOXKECTBA DJIEMEHTOB U IBYX
orepaluii, KOTopas yIOBIETBOPSET yCaoBUsM ompenesnerus 1.1. B sToir Tpoiike 00beKTOB 6a30BBIM
BCe-TaKW SIBIISICTCST MHOXKECTBO L, TaK KaK OlepaIinit BBOMSITCSI MMEHHO Ha 5TOM MHOXKecTBe. [losTo-
MY MOHSATHE JIMHEHHOTO IIPOCTPAHCTBA OOBIYHO ACCOIMUPYIOT ¢ MHOXKECTBOM 3JIEMEHTOB L 11 TOBOPST,
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uro L — NuHENHOe MPOCTPAHCTBO. [Ipm 5TOM, Kak mpaBmsO, OYEBUIHO, UTO MOHUMAETCS TIOM OIe-
pPAIUSME JIMTHEITHOTO TPOCTPAHCTBA. cmm ke TpeOyeTcs SIBHO yKa3aTh UCIOJIB3YeMble OlEPAINU, TO
TOBOPST: MHOXECTBO L — JIMHEHHOE TPOCTPAHCTBO OTHOCUTEIBHO TAKUX-TO OMEPAITUI.

Cormmacuo onpenenennio 1.1 nuHeHOrO MpocTpaHcTBa L CyMMa OIpemesieHa miIst JIIOObIX SJIeMeH-
ToB W3 L um Bcerma sABiseTcs dimeMeHTOM MHOXKecTBa L. IlomuepkumBasi mocsemnee, TOBOPSAT, UTO
MHOHCECMBO L 3AMKHYMO OMHOCUMEAbHO ONEPAYUY CIIOKEHUs. AHATOTMIHO, COTIACHO
TOMY K€ ONPENESIeHNIO, MHOXKECTBO L 3aMKHYTO OTHOCUTEIHLHO OIEepPAIlui YMHOXKEHUs ero 3JIeMEeHTOB
Ha OENCTBUTEIbHBIE YNCHA.

IIpumep 1.1. [IpuBenem npumepsl TUHEHHBIX TPOCTPAHCTB:

1) muoxkecTBO V3 (V3) Beex ¢60600nbiz 6ekmopo6 B IPOCTPAHCTBE (Ha MIOCKOCTH) C JIMHEHHBIMI
OmepanusIMu Hall BEKTOPAME — JIMHEIHOe MPOCTPAHCTBO, TAK KAK BEPHBI BCE AKCUOMBI JIMHEITHOTO
IIPOCTPAHCTBA;

2) MHOXKECTBO BCEX 2€0MEMPUUECKUT 6EKMOPOE B MPOCTPAHCTBE C HAUAJIOM B JAHHOI TOYKE U
MapajuIeTbHbIX TAaHHON ockocTu (puc. 1.1) ¢ IMHENHBIME OMEPAIUSAME HAI BEKTOPAMHI SBIISETCS

JIMHETHBIM TIPOCTPAHCTBOM;
3) mHOXKeCTBO M, (R) MaTpum Tuma mxn, sIeMeHTAMU KOTO-
A>O«' PBIX SIBJISIIOTCS NEHCTBUTENbHBIE UUCTA, C JTMHENHBIME ONEPAIUSIMI
HAIl MATPULAME TaKKe YAOBIETBOPSET BCEM aKCHOMAM JIMHEHOTO
IIPOCTPAHCTBA;

Puc. 1.1

4) MHOXKECTBO MATPUI-CTPOK (MATPUI-CTONONOB) IINHLL (BBICOTHL) 1 SIBJISIETCSI JIMHEMHBIM IIPO-
CTPAHCTBOM OTHOCHUTENIEHO MATPUYHBIX OHEPAINIl CIIOKEHUS 1 YMHOXKEHUS Ha YUCIO (9TO YaCTHBIN
CITydail TPEIbIIYIIero IPUMepa );

5) MHOXKeCTBO K[| MHOTOUIEHOB MEPEMEHHOTO & CTEeHU, He MPEBBLIIIAIONIEN 1, KOTOPIE KaK
(PYHKIINN MOXKHO CKJIabIBATh U YMHOXATbh Ha NEHCTBUTE/IBbHBIE YHUCIA;

6) MHOXKECTBO BCEX DEIIEeHWUI NAHHON OTHOPOIHON CHCTEMBI JIMHENHBIX alre0panvecKux ypaBHe-
uuit (CJTAY). Pemenns M0XHO paccMaTpuBaTh KaK MaTPUILI-CTOJIOUBL, CKIAABIBATL U YMHOXKATH
Ha YNCIa 0 3aKOHAM MATPUYHBIX oneparuii. CTonberr, moaydaeMbIil B Pe3yIbTaTe CIOXKCHUS Perlre-
HIW WM YMHOXKEHUs PeIeHns Ha YUCiIo, CHOBA OymeT pemreHneM cucTeMbl. [loaTomy ompemerneHsI
orepanuy, 0 KOTOPBIX FOBOPHUTCS B ompeneneHuu 1.1, mogumHsONIzECS aKCHOMaM JIMHEWNHOTO IIPO-
CTPAHCTBA;

7) MHOXeCTBO (DyHKIIUIT, HEIPEPHIBHBIX Ha OTPE3KE, ¢ OOBIYHBIMU OIEPALNSIMU CIIOXKEHUsT QyHKIINI
7 YMHOXKeHUsT QYHKINYM Ha 9nucio. [Ipu cioxeHNn HeIPEPBIBHLIX (DYHKINN HOTyYaeM HeIPEPBIBHYIO
DyHKINIO, IPU YMHOXKEHNN HEIPEPBIBHON (DYHKINWHU Ha YHUCJIO TaKxkKe IOoJIydaeM HelPEePBHIBHYIO GQyHK-
nuio. IlosToMmy crnoxkenue GyHKInNt m yMHOXKeHWE GYHKINN Ha UNCIIO, HEe BLIBOMIIINE 32 IIPENeIb
MHOXKECTBa HEINIPEPBIBHBIX Ha OTPe3Ke QYHKINM, MOXKHO PacCMaTpUBATh KaK OIepalllyl JIMHEUHOIO
IPOCTPAHCTBA. JIerko ybenuThest, YToO T STUX OIePalldii BEDHBI BCE aKCMOMBI JIMHETHOTO TPOCTPAH-
CTBA.

ITpumep 1.2. Ha muoxkecrBe R" = {x: ® = (1, ..., x,)}, 2IeMeHTaME KOTOPOTO SIBIISIOTCSI
YIOPAOOYEHHBIE COBOKYITHOCTH 7 IIPOM3BOJILHBIX IEHCTBUTEILHLIX YNCEII, BBEOEM OIEPALINN

c+y=(r14+y1, .- Tn+Yn), A= A11, ..., Ax,), AER.

TOFH& IIOJIYy9YUM JINHEHOoe IIPOCTPaHCTBO, TaK KaK BCE€ aKCMOMBI JIMHENHOI'O IIPOCTPaHCTBa OJIA HaH-
HBIX OIepPaIliil BBIMOIHSIIOTCA. DTO JUHEAHOEe MTPOCTPAHCTBO, IO CYTH, €CTh JINHERHOE MTPOCTPAHCTBO
MaTpui-cTpok. Ornumume nuis GopMagbHOE, TaK KaK MEPBOE OMPENEeIeHO KAaK MHOXKECTBO YIIO-
PSAMOYEHHBIX HAOOPOB YMCEJI, & BTOPOE KaK MHOXKECTBO MaTpuil. HoO 5JeMeHTHI MaTpPHUILI BCETOA
3allCBIBAIOT B ONpeneseHHoM nopsinke. JIuneiinoe mpocTparncTBo R™ HA3BIBAIOT AUuUHEUHbIM apudg-
MEMUUECKUM NPOCMPAHCINEOM.



JIEKIIAA 1. TUHEUHBIE TIPOCTPAHCTBA )

1.2. CBoiicTBa JIMHETHOI'O IIPOCTPAHCTBA

HemocpencTBenHO U3 akcuom AuHetlino20 MPocmparcmea MOXKHO TOIYUNTH Ps MPOCTEHITNX
CBOHCTB.

Cgoiictio 1.1. JIo60e nuHeHOE TPOCTPAHCTBO UMEET TOJIBLKO ONUH HYAE80TU 68EKMOP.

< B akcmome B) JIMHEMHONO MPOCTPAHCTBA HE YTBEPKIAETCSI, UTO HYJEBOU BEKTOD MOJIKEH ObITh
enuacTBeHHBIM. HO 13 akcroMm a) u B) B COBOKYIIHOCTH 3TO BHITEKAET. [lycTh CYIIECTBYIOT 1Ba HyJIe-
Boix BekTopa 0 u 0'. Torma

3mech B pos HYJIEBOTO BJIeMEHTa cHadasa BoicTymaeT BekTop 0, a 3arem 0. Bumum, 9T0 BEeKTOPEHI
0 u 0’ coBnanatmoT. »

CpoiictBo 1.2. Kaxnplii BEKTOP JUHEHHOTO MPOCTPAHCTBA MMEET TOJIBKO OOUH NPOMuUE0ono-
AOHCHDIY 8EKMOP.

<« [lycth muis BeKTOpa & CyLIECTBYIOT B MPOTUBONOIOKHBIX BekTOpa (—x) u (—x)’. Cormacuo
AKCHOME T') JIMHETHOTO IPOCTPAHCTBA 9TO 03HaYaeT, YTo L+ (—x) = 0 u x4 (—x)’ = 0. Paccmorpum
nBoitayto cymmy (—x) + x + (—x) saemenmos muHeiiHOrO npocTpancTBa. CormacHo akcuome 6) 5Ta
CyYMMa HE€ 3aBUCUT OT IOPAOKa BBIIIOJIHEHUA OBYX OHepaHHﬁ CJIO2KCHIIA. MeHHH IIOPAOOK CJIOXKEHU A,
TIOJLY JaeM:

(—z)+z+ (—x) = (—z) + (x + (—=z)') = (—) + 0 = | axcnoma ) | = (—x),

(—z)+z+(—z) = ((—x)+ =) + (—x)' =|axcmoma a) |= (x + (—z)) + (—z) =0+ (—z) =

= | akcmoma a) | = (—x) + 0 = = (—x). >

CsoiicTBo 1.3. Ecim BeKTOp (—&) IPOTHBOMONOKEH BEKTOPY &, TO BEKTOP & TPOTUBONOJIOKEH
BEKTOPY (—x).

<« YTBepXKIeHNE OMUPAeTCs Ha KOMMYTATUBHOCTD CJIOXKeHUs. [leficTBUTENTBHO,

«(—x) nporuBomonoxen x> < x+ (—x) =0,

«T NPOTUBOLONOXKEH (—&)» <= (—x)+x=0.

CropaBa CTOAT 5KBUBAJIEHTHBIE PABEHCTBA (B CUJIy aKCUOMBI a) ) 3HaunT, W YTBEPXKIOCHUSI CIIEBa
PaBHOCUJILHEL. P>

CsoricTBo 1.4. Jlns m00bIX IBYX BEKTOPOB @ u b ypaBHeHUEe @ + & = b OTHOCUTENIBHO & UMeeT
pelllerne, 1 TPUTOM €IUHCTBEHHOE.

<4 CymecrBoBanue. Pemennem ypasuenus a + x = b ssnsercs BekTop (—a) + b, Tak xak
a+((—a)+b)=(a+(-a)) +b=0+b=0b.

EnuacrBenuocTs. [lycrs & — Kakoe-mmu6o pelieHne yKa3aHHOTO YPABHEHWS, T.€. BBIIOIHEHO
paBeHCTBO @ + « = b. I[IpuGaBus kK 06enM YacTsIM 5TOTO PaBEHCTBA BEKTOp (—a), nomyunMm (—a) +
a+x = (—a)+b, orkyna = (—a)+b. Bunum, 9T0 BEKTOP & COBIAI C YKA3AHHBIM BHIIIIE PEIIICHIEM
(—a) + b. 3uaunT, Apyrux peuieHuit HeT. P

[Tocnenuee cBOMCTBO MO3BOMISET BBECTH €III€ OHY OMEPAIINIO B IMHEWHOM MTPOCTPAHCTBE, KOTOPAast
SBJISIETCSI IPOTUBOIOJIOKHON caoxHceruro. Pa3znocmubio 1Byx eexmopos b— a Ha3bIBalOT BEKTOD &,
SIBILSIOLLIUIICST PEIIIEHIEM YPaBHEHUS @+& = b (BCIIOMHIM, UTO PA3HOCTHIO IBYX UHCEIT h—a HA3BIBAIOT
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Taxoe YuciIo, KOTOpOe B CyMMe C BBIUUTAEMBIM @ TaeT yMeHbInaemoe b). V3 mokasaTenscTBa CBOMCTBA
1.4 BRITEKAET, YTO

b-—a=(—a)+b=b+(—a), b—(—a)=b+a.

CsoiicTBo 1.5. IIpoussedenue TPON3BOIBLHOTO d4EMERMA TUHEHHOTO TPOCTPAHCTBA Ha %ucA0 ()
paBHO HyjJIeBOMYy BekTOpy: 0 - = 0.

<« OTMeTHuM, UTO pelreHneM YPaBHEHUS & + Y = € OTHOCUTETHHO HEM3BECTHOTO Y SBIIAETCS HYJIEBOI
BekTOp (akcumoma B) ). ITokazkeM, 4TO B KaueCTBE PeIeHHs YTOTO YPABHEHUsI MOXKHO B3ATh U BEKTOD
0 - &, KOTOpBIH TOra, B CUJIy €MUHCTBEHHOCTH pereHus, Oynet copnanath ¢ 0. Urak, mpoBepsem:

33—1—0-:1::1-33—1—0-:1:::(1+0)a::1~a:::a:. >

CpoiicTBO 1.6. BekTop, NIPOTHBONOIOKHBIA JAHHOMY BEKTOPY &, PABEH IPOU3BENCHUIO T HA
yucio —1: (—x) = (—1)x.

<« Braronapst equHCTBEHHOCTH MPOTUBOIOIOKHOIO BeKTOpa (CBOMCTBO 1.2) MOCTATOYHO MOKA3ATH,
9TO BEKTOp (—1)& yHOBIETBOpSET aKCHOME T') JIMHENHOrO MPOCTPAHCTBA. IJisi 5TOro MCHoIb3yeM
AKCUOMY MUCTPUOYTUBHOCTH ) U TOJIBKO UTO HOKA3aHHOE CBOMCTBO 1.5:

z+(-z=1-z+(-l)z=(1+(-1)z=0-z=0. >

3ameuanue 1.1. DKBUBaJIEHTHOCTH PABEHCTB @ + & = b 1 € = b — @ MOXHO TPaKTOBATh KakK
IIPABUJIO, COMJIACHO KOTOPOMY CilaraeMoe, KOTOPOEe IEPEHOCIT B APYTYI0 YacTh PABEHCTBA, MEHSET
cBOW 3HAK. YlcHO Taxxke, uTo mis o € R u3 paBenctBa a = b crenyet paBercTBo va = ab u Ha060POT
(mpu « # 0), Tak Kak
1 1
—(aa)=(—-a)la=1-a=a
o o

I aHAJIOIUIHO |
- b ES b-
(ab)

CsoiicTBo 1.7. IIpousBenenue HyI€BOro BEKTOPa Ha JIFOO0E YUCIIO eCTh HyIeBoil BeKTop: A0 = 0.

<« Mer Temeps 3HaEM, UTO HYJIEBOI BEKTOD MOXKHO IIPEINCTABUTH KAK [IPOU3BENEHNE IIPOM3BOILHOTO
BekTopa (Toro xke 0) ma uncmo 0 (cBoitcTtso 1.5). Ucnonssys sTo, momydaem:

A0=A0-0)=(A-00=0-0=0. »

1.3. JInmenuas 3aBUCIMOCTD

W3 mannOrOo HAGOpa 8€KMOPOB T1, Lo, . . ., T AUHEUHO20 NPOCMPAHCMEA L TIPU TIOMOIIA AUHETUHbLT
onepayuti MOYXKHO COCTABUTH BBIPpAXKEHUE BUIA

a1 + Qo + ... + Ok,

rme oy, g, ..., (4 — IPOU3BOJILHBIN HAOOP HENCTBUTEIBLHBIX UUCell. 1'akoe BBIpaKeHHE Ha3bIBa-
0T AUHETHOU KoMOuUHAYUelw BeKTOPOB X1, X3, ..., Lk, & NEACTBUTEIbHBIE THUCIA (1, (9, ...,
o — KoadPuyuenmamu aurelinot kombunayuu. Eciu Bce KoahhOUIUEHTHI TUHETHON KOMOM-
HAIIUW PaBHBI HYJIIO, TO TaKyIO JIMHEHHYIO KOMOMHAIINIO HA3BIBAIOT MPUEUAAbHOU, & B TPOTUBHOM
caydae — HempueuaLbHoU.

KonkpeTHslil (HEyHIOPSIOUEHHBI) HAGOP BEKTOPOB &1, L2, . .., L) JIMHEHHOTO IPOCTPAHCTBA Oy-
IIeM HA3BIBATH CUCMeMmot 8EeKMOPO8, a OOYIO €ro 4acTh — nodcucmemo.

Omnpenenenne 1.2. Cuctemy BEKTOPOB X1, &3, ..., L B JIMHEHTHOM TpPOCTpaHcTBe L HA3BIBA-
0T AUHETUHO 3A8UCUMOTU, €CITU CYITIECTBYET HETPUBUAJIbHAS JIMHETHAS KOMOMHAITS 9TUX BEKTOPOB,
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paBHas Hysesomy 6exmopy. Fcau xe muHeHAS KOMOMHAIINS STUX BEKTOPOB PaBHA HYJIEBOMY BEKTOPY
TOJTBKO JIWIITh B CJIydae, KOTOa OHA TPUBHUAJIbHA, CICTEMY BEKTOPOB HA3BLIBAIOT AUHEUHO He3a8U-
cumoti. Omyckas CJIOBO «CHCTEMa®», YaCTO TOBOPSAT: BEKTOPHI L1, Lo, ..., i AUHETHO 3G8UCUMbL
U COOTBETCTBEHHO AUHETUHO HEe3a8UCUMDL.

Jluneiinas 3aBUCHUMOCTBL CHCTEMBI BEKTOPOB &1, L, ..., L} O3HAYAET, YTO CYIIECTBYIOT TAKNE
KOODPUITUEHTH vy, (g, ..., q € R, OMHOBpEMEHHO HE paBHBIE HYJIIO, MJIS KOTOPBIX BBITIOJIHEHO
PABEHCTBO

o1, + oy + ...+ oz = 0. (1.1)
BekToper @1, @o, ..., X} IMHETHO HE3aBUCUMEL, €CIIA 13 PABCHCTBA

0[1131+042$2+...+Olk$k:0

BBITEKAET, UYTO (] = Qg = ... = o = (. B Taxoil nHTepnpeTannu MOHATHUS JTUHENHON 3aBUCAMOCTHI
U HEe3aBUCUMOCTHU MBI OyIeM HCIOIb30BaTh B PA3IMUYHBIX JOKa3aTeIbCTBAX.
Crenyrotiiee yTBEpKICHIE NA€T MPOCTON KPUTEPUil INHENHON 3aBUCUMOCTU BEKTOPOB.

Teopema 1.1. Ilyist TOro 94To6bl CUCTEMA BEKTOPOB L1, Lo, ..., Ly (k > 2) Obuta IUHENHO 3aBU-
cMa, HeOOXOMMMO U HOCTATOYHO, YTOOBI ONWH U3 BEKTOPOB CUCTEMBI SIBIISJICS JTMHEMHON KOMOMHAITE
OCTaJIbHBIX.

<4 HeobxomumocTn. IlycTh BEKTOPBI X1, Ta, ..., X} AuHENHO 3aBucuMbL. COryIacHO ompere-
JeHuio 1.2, 5TO 03HAYAET, UTO CYIIECTBYIOT KOSMDMUIMEHTH (1, (g, ..., @ € R, OMHOBpEMEHHO He
paBHBIE HYIIIO, IJI1 KOTOPBIX BBIIOIHEHO paBeHCTBO (1.1). He Tepss obimHocTH, MBI MOXeM CUNTATH,
uT0 7 # 0, Tak Kak 5TOro BCErIa MOXKHO NOOUTHCSI M3MEHEHHEeM HyMEepaIlull BEKTOPOB B CUCTEME.
W3 pasenctsa (1.1), ucnons3ys o6bIYHbIE TIpaBUIIa TPeobpasoBaHus BeIpazkeHuil (M. 3amevanue 1.1),
HAXOIUM

a2 Qg

L1 =——TLg — ... — —TLk.

aq aq

CrenoBaTeIbHO, BEKTOD &1 SBISETCS JIMHEMHON KOMOMHAIINEN OCTaIbHBIX BEKTOPOB CUCTEMBI.
HocraTtounocTsb. Tenepb mpenmnosokuM, 9TO OOUH U3 BEKTOPOB CUCTEMBI SBJISETCS JIMHET-
HOIl KOMOWHAIIMEN OCTaJIbHBIX. Kak u BBIIIe, MOXKHO, He Tepss OOIIHOCTH, CUMTATh, YTO TaKO-
BLIM SBJIsIeTCA BEKTOp @1. COryIacHO 5TOMY TPEMIIONIOKEHUIO, CYIIECTBYIOT Takue KOd(PQPUIMEeHThI
a9, (X3, ..., O, 9TO
T = Qs+ ...+ Q.

[Ipeobpasyst oueBUIHBIM 0Opa30M 3alMUCAHHOE BBIPAXKEHNE, TTOTYYaeM
l'wl—OégiBQ—...—Oékin:O.

B meBoit wacTu 5TOrO paBeHCTBA CTOUT JUHENHAS KOMOMHAIINS BEKTOPOB cucTeMbl. OHaA paBHA HYJIe-
BOMY BEKTODPY, HO HE BCe ee KOdh(UIUEHTH PaBHbLI HYIIIO (HampuMep, Ko3hOUIMEHT Ipu BEKTOpE &1
paser enqunnie). CormacHo ompenesieHnio 1.2, 5To 03HAYAET, UTO CHCTEMa BEKTOPOB &1, L3, ..., Lk
JINHEWHO 3aBUCUMA. P

ITpumep 1.3. B muneitnom npocrpanctse C|0, 27| dyHKImil, HempepbBHBIX Ha oTpeske [0, 27,
pacemoTpuM dyrknma 1, sin? z, cos 2o, CucTeMa U3 5THX TPEX SIEMEHTOB JIMHEITHOTO IPOCTPAHCTBA
JTHHETHO 3aBUCIMA, TTOCKOIBKY B CITY W3BECTHON (hOPMYIIEI TPUTOHOMETPHHI (BYHKINS Sin’ @ SBIsSeTCS
JIMHENHON KOMOWHAaIuel OByX OpyruxX GyHKIINN:

1 — cos2x
2

sinz =
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1.4. CBoiicTBa CICTEM BEKTOPOB

HemocpencTBeHHO U3 akcuom AuHetlino20 MPocmparcmea MOXKHO TOIYUINTH Ps MPOCTEUIINX
CBOWCTB Cucmem 8eKmopo6 MPON3BOILHOIO JINHETHOTO TPOCTPaHCcTBa L.

1°. Ecnu cpemu BEKTOPOB &1, Lo, ..., Ty € L €CTb HYL€60T 8€KMOP, TO ITA CUCTMEME 8EKMOPOS
AUHETHO 3a68UCUMA.

« Ilycts, manpumep, ; = 0. Torma aunetinas xombébunayusg 1-xy + 0- 2o + ... + 0 - 2 aBAIETCS
HEMPUBUAALHOT, TaK KaK MEPBBHIN ee koadduyuenm paBeH emuHuie. B To ke BpeMs ykKaszaHHAS
JInHeNHas KoMOuHanus paBHa 0, IOTOMY 4TO BCe ee cjlaraeMble DaBHBL HYJIEBOMY BEKTODY. B

2°. Ecmu cucrema BEKTOPOB COOEPXKUT JITHETHO 3aBUCUMYIO TLO&CUC?TL@JVLy, TO OHAa JIMHENHO 3aBU-
CuMa.

<« Ilogcucrema cOCTOUT M3 YACTH BEKTOPOB MCXOMHOW cucTeMbl. [lycTh, Hampumep, B cucTeMe BeK-
TOPOB &1, ..., T MOACUCTEMA X1, ..., Ly, M < k, TUHEHHO 3aBUCHMA. IDTO 3HAUYUT, ITO MOKHO
yKa3aTb KOADPUIIUEHTHI (v, . .., (4, OMHOBPEMEHHO HE PABHBIE HYJIIIO, IJIs KOTOPBIX

Oé1$1+...—|—04m.’l}m:0.

Brens monmomHUTENBHBIE KOODPUIUEHTH Oy i1 = ... = @ = (, TOIyINM ITUHEHHYIO KOMOMHAIIIIO
CUCTEMBI BEKTOPOB &1, - .., Tmy LTty -- -5 L. C OMHON CTOPOHBI, OHA HE SIBIISIETCS TPUBHUAIIBLHOIM,
TaK KaK Cpedu IepBBIX ee M KO03(P(UINEHTOB eCTh HEHYJIeBbIe, a C IPYTOi CTOPOHEL,

Ty + ... Ty + 1T + .oy, =04+0- 1+ ... +0- 2, =0.

CJIGJIOB&TGJIBHO, UCXOOHasA CUCTEMa BEKTOPOB JITHENHO 3aBUCHMAa. P

3°. Ecmu cucmema 6exmopos aunetino He3asucuma, TO 1 J00as ee TMOICUCTEMA TOXKe JIMHEWHO
HE3aBUCHMA.

<« OTO CBONCTBO SBIISIETCS TIepedOpMyITMPOBKON MPEenbIayIero. B camMoM mese, O CBOMCTBY 2° cu-
cTeMa, MMeIoIas JIMHENHO 3aBUCUMYIO TIOICUCTEMY, He MOXKET OBITH caMa JIMHENHO HEe3aBUCUMOM.
[TosToMy y NUHENHO HE3aBUCUMOHN CHUCTEMBI BOOOIE HE MOXKET OBbITh JIMHEWHO 3aBUCUMBIX TOICH-
cTeM. »

4°. Ecnu BEKTOpHL €1, . . ., €, TUHEIHOTO MPOCTPAHCTBa L TMHEIHO He3aBUCUMbBI U BEKTOP Y € L
He SIBIgeTCA UX JIUHENHON KOMOWHAIINEN, TO PaCIIUPEHHAs CUCTEMA BEKTOPOB €1, . . ., €,,, Y IBIIeTCA
JIMHENTHO HE3aBUCUMOI.

<« [leficTBUTENBHO, MYCTh
arer + ...+ ape, + By =0.

Torma xosddunument [ DOMKeH ObITH HYJIEBBIM, TaK KAaK B MPOTUBHOM CJIy9ae MbI MOXKEM BBIPA3UTH
BEKTOp Y uepe3 ocTanbable. Ho ciaraemoe fy B paBeHCTBe cjeBa MOXKHO 1ipu (3 = () OyCTUTH, U MBI
MOJTyYaeM JIMHENHYIO0 KOMOUHAIINIO BEKTOPOB €1, . .., €k, PABHYIO HYJIEBOMY BEKTOPY. B cumy nuHei-
HOU HE3aBUCUMOCTH 9THUX BEKTOPOB BCe KOAGDDUINEHTHI IMHENHON KOMOMHAIINY PABHBI HYJIIO. 3HAYNT,
HCXONHAs JINHENHass KOMOMHAIINS SBJISICTC MPUSUAAbHOT U TTIOITOMY CUCTEMAa BEKTOPOB €1, . .., €5, Y
JINHEWHO He3aBUCHMa. b

ITpumep 1.4. B aunetinom apupmemuueckom npocmparncmee R paccMOTPUM N BEKTOPOB

61:(1, O, sy 0, 0),
62:(0, 1, 500 0, 0),

e,=(0,0,...,0, 1).
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HokaxxeM, 9TO cICTeMa U3 TUX BEKTOPOB JIMHEHO He3aBucuMa. Tax Kak miis 00X KoahOUImeHToB
Ap,y ..., Op

aje; + azes + ...+ age, = (a1, g, ..., ay),
TO SICHO, UTO 5Ta JINHEHass KOMOMHAIIS BEKTOPOB €1, . .., €, MOXeT ObITh paBHA HYJIEBOMY BEKTOPY
0= (0,0, ..., 0) TOMBKO JIUIIIb IPU YCIOBUU, UTO ] = Q3 = ... = @, = 0. DT0 U 03HAUAET, UTO

9Ta CUCTEMa BEKTOPOB JIMHENHO He3aBUCUMA.

OTMeTuM, 4TO €CIu U3 BEKTOPOB €1, ..., €,, PACCMATPUBAS UX KaK CTPOKU ONUMHAKOBOW JINHBI,
COCTaBUTH MATPUILY
10 0 0
01 0 0

E =
00 ... 01

TO ee panr Gymer makcumanbHbIM (Rg E = n), a ee cTpoku GymyT JUHENHO HE3aBUCUMBI (HAIPU-
Mep, COTJIACHO TeopeMe O GasucHoM MuHOpe). Takum o6pas’oM, MOHSITHE JIMHENHON HEe3aBHCHMOCTIH
BEKTODPOB €1, ..., €, JINHENHOTO apu(PMeTUIeCKOr0 IPOCTPAHCTBA B NAHHOM CjIydae COIJIaCyeTCs C
MIOHSTUEM JIMHEWHON HEe3aBUCUMOCTU CTPOK €IMHUYHOW MaTpUuIlsl F.

ITpumep 1.5. Jlio6ble nBa KO/UIMHEAPHBIX BEKTOPA HA IIOCKOCTHU (B Va) 1 J1i06BIe TPU KOMILIA-
HAPHBIX BEKTOpa B MpOCTpaHcTBe (B V3) mauHeiHo 3aBucuMbl. UV B TOM, U B APYTOM Ciydae OIUH
13 BEKTOPOB MOXKHO MPEICTABUTH B BUIE JIMHENHON KoMmOuHamuu npyroro (mpyrux). Ilo sToit xe
IIpUYrNHE B IIPOCTPAHCTBE JIMHENHO 3aBUCHMA JII00asl CICTEMa 13 YEeThIPpEX BEKTOPOB.

ITpumep 1.6. IlycTb B mpOM3BOIBLHOM JIMHEHHOM MpPOCTpaHCTBE L MaHbl mBa BeKTOpa di u ds
u nycTh @ = 3d, — 2ds, b = 2d; + 3ds, ¢ = dy + 5d,. Torma cuctema BeKTOpOB a, b, ¢ nuHEHHO
3aBUCHMA.

B camom mese, cocTaBuUM TMHENHYIO KOMOMHAIIAIO CHCTEMBI BEKTOPOB @, b, ¢ ¢ MpOn3BOIBLHBIMEI
ko durmenTaMu T, Y, z U MpUpaBHSIEM ee HyJIeBOMY BeKTopy: ra + yb + zc = 0. B »Toit nmuueniHON
KOMOWHAIINY 3aMEHIM BEKTOPBI UX IpencTaBiieHnsMu depes dq u ds:

ra+yb+ ze=x(3d; — 2ds) + y(2d1 + 3d3) + 2(d1 4+ 5ds) = (3x + 2y + 2)dy + (—2x + 3y + 52)ds.

Teneps HOCTATOYHO TWPUPABHITL HYITIO KOod(hdurmeHTs pu dy u dp, ITOOBI MOIYYINTH HYJIEBYIO
JTUHENHYI0 KOMOMHAIINID. 3HAYUAT, ecin KO3GGUIMEHTH T, Y, 2 YIOBIETBOPSIOT CUCTEME JIMHEHHBIX
anreOpanvIecKnx ypaBHEHUN
3z +2y+ z2=0,
—2x + 3y + 5z =0,

TO JTMHENHAas KOMOMHAIS BEKTOPOB a, b, ¢ ¢ xosdduimenramu x, y, z paBHa HYJIEBOMY BEKTODPY.
Kak crmemyeT u3 Teopun cucTeM JUHEHHBIX aJreOpandeckux ypaBHEHUN, YKa3aHHAas CHCTeMa BCerma
“MeeT HEeHYJIEBOE PeIlleHre, TIOCKOIBKY PAHT ee MATPUIIBI pABEH IBYM U MEHBIIE TPEX — KOJIMIeCTBA
HEM3BEeCTHLIX. Hampumep, HeHy/eBLIM peleHueM sipisercs © = 7, y = —17, z = 13. 3nauwnr,
CYIIIECTBYIOT TakKue I, ¥, 2, OMHOBPEMEHHO HE paBHBIE HYJIIO, UTO JIMHENHAS KOMOUMHAIUS BEKTOPOB
a, b, c ¢c sTuMu Ko3hPuUIImEeHTAMI paBHA HYJIEBOMY BEKTOPY, T.€. CICTEMa BEKTOPOB @, b, ¢ nmuHerHo
3aBUCUAMA.

1.5. ba3zuc JquHenmHOro IMpocTpaHCcTBAa

B aunetinom npocmparncmee HanbONMBIINI UHTEPEC MPEACTABIAIOT CUCTEMbL 6EKMOPOS, B BUIE
AUHETHOT KOMOUMAYUL KOTOPBIX MOXKHO IPEOCTABUTE JIIOOOI BEKTOP, IPUYEM eINHCTBEHHBIM 00pa-
oM. Ecmnm 3adukcumpoBaTh Takyio CUCTEMY BEKTOPOB, TO JIIOOOI BEKTOP MOXKHO OyIeT OIMHO3ZHAYHO
MIPENCTAaBUThL HADOPOM UMCENT, IBIISIOIINXCS K03PPuyuenmamu COOTBETCTBYIONIENR AUHEUHOT KOMOU-
HAYULY, & BCEBO3MOXKHBIEC BEKTOPHBIE COOTHOIIEHNUS IPEBPATUTEL B COOTHOILICHNUS YNCIIOBLIE.



JIEKIIWS 1. TUHEWHBIE TPOCTPAHCTBA 10

OTOT monXonm NPUMEHSJICS yXKe B aHAJIMTHYECKON reomerpuu. B mpocrpancTBe V) BEeKTOPOB Ha
INIOCKOCTH JIIOOBIE IBa HEKOJIMHEAPHBIX BEKTOPa 00pa3yioT Oa3uc, TaK KaK depe3 TaKylo Iapy BeKTO-
POB 11100011 BEKTOP IJIOCKOCTH BLIPAXKAETCS OOHO3ZHAYHO B BUAE JIMHENHON KOMOMHAIINN. AHAJIOTMYIHO
B V3 (MHOXKeCTBe BEKTOPOB B IIPOCTPAHCTBE) Gasuc 06pasyroT JIFo0ble TPU HEKOMIIJIAHAPHBIX BEKTO-
pa. s MaTpuUIl ncmonb30BaJIOCh HOHATHE OA3MCHBIX CTPOK 1 OasucHBIX cTonbnoB. Ilo Teopeme o
6a3UCHOM MUHOpe GAa3UCHBIE CTPOKE (CTONOIBI) JIMHEHO HE3aBUCUMBIL, a Jiobas cTpoka (cTosber)
MATPUIBL SIBISIETCSI JIMHENHOM KOMOUHAIIE!N 6A3MCHBIX CTPOK (CTOJIOLOB).

Omnpenenenne 1.3. Ba3ucom aunetino2o npocmpancmaea L HA3LIBAIOT JTOOYIO YIOPSIO-
YEHHYIO CUCTEMY BEKTOPOB, IJIS KOTOPOU BHITTOJTHEHBI TBA YCIIOBUSL:

1) aTa cucmema 8eKMOPO6 AUHEUHO HEZABUCUMA;
2) KaxKIbIil BEKTOD B JIMHEITHOM MPOCTPAHCTBE MOXKeT ObIThH MPENCTABIEH B BUIE JIMHEMHON KOM-
OMHAITUT BEKTOPOB TON CUCTEMHEI.

[Tycts by, ..., b, — 6a3uc B L. Omnpenenenune 1.3 roBopuTr 0 TOM, 4TO 110001 BEKTOp & € L
MOYXKeT OBITBH 3aIUCAH CIIEAYIOITIM 00Pa30M:

x=xb+...+2,b,.

Takyto 3ammch HA3BIBAIOT PA340ACEHUEM 8eKMopa & no 6a3ucy (uwmu B 6a3uce) by, ..., b,.

Hanunoe HaMu ompenenieHne 6a3mca COTJIACOBBIBAETCS C MOHITHEM 0a3mca B MPOCTPAHCTBE CB0-
6oonvir sexmopos B Vy, Vo unu V3. Hampumep, B V3 6asucom 6b1a HazBaHa J1i00ast YIIOPSIOUYEHHAST
TPOWKa HEKOMIIJTAaHAPHBIX BEKTOPOB. Takas TPOWKa BEKTOPOB SIBIIAETCS JIMHEHHO HE3aBUCHUMON, TaK
KaK IpeNcTaBlIeHNe OMHOTO ee BEKTOpa B BUEe JIMHEWHOW KOMOWHAIINM OBYX IPYTUX PaBHOCWITHHO
KOMIIJIAHAPHOCTHU TPeX BeKTOpoB. Ho, KpoMe TOro, 3 Kypca BEKTOPHOI aJre6phbl MbI 3HAEM, UTO JTFO-
00l BEKTOP B MPOCTPAHCTBE MOXKHO BBIPDA3UThH Uepe3 IPOU3BOIbHBIE TPU HEKOMIIIAHAPAHBIX BEKTOPA
B BUIE UX JIMHEHHON KOoMOWHanuu. Tpu KOMIJIAHAPHBIX BEKTOpa He MOTYT OBITH 6a3zucoM B Vi, Tak
KaK TaKue BEKTOPBI JIMHENHO 3aBUCUMBI.

Teopema 1.2 (0 eIMHCTBEHHOCTHU PAa3JIOXKEHUs). B JMHEHOM IPOCTPAHCTBE PA3IIOKEHUE
J000r0 BEKTOpa II0 TaHHOMY 0a3uCy eOUHCTBEHHO.

<« Bribepem B nuHeitHOM mpocTpaHcTBe L MPOM3BOILHBIA Gasuc by, ..., b, n TpemmoIoxuM, ITO
BEKTOD & MMEET B 5TOM 0a3uce MBa Pa3IokKeHUsI

x=xb+...+x,b,, T=2\by+...+2.b,.

Bocnombssyemcst TeM, YTO akcuombl AUHETHO20 NPOCMPAHCMEa TIO3BOIISIOT MPeoOpPa30BhIBATE JTH-
HETHbIe KOMOWHAIINU TaK Ke, KaK U OObIUHBIE ajreOpamyvecKre BLIpaXKeHUs. DBbramras m3 mepBoro
pPaBeHCTBA BTOPOE TTOWIIEHHO, Oy IIM

(xy — )by + ...+ (x, — )b, = 0.

Tak xak 6a3uc — 5TO JIUHENHO He3aBUCUMAas CUCTEMa BEKTOPOB, ee JIMHeNHas KOMOUMHAIINS paBHA
0, numb eciu oHa Mpusuasbhad (M. onpenenerne 1.2). 3HaunT, Bce KOODPUIUEHTHI STOI TMHETHONR
KOMOMHAIMM paBHBI HymiO: 1 — 2} =0, ..., x, — a2, = 0. Takum obpasom, 1 =z}, ..., T, = 2, u
IBa pa3jIoKeHus BeKTopa & B basuce by, ..., b, coBmamaroT. »

3ameuanue 1.2. YcrnoBue TUHEHHON HE3aBUCUMOCTHU BEKTOPOB Oa3mca O3HAYUAET, UTO HYAEB0TU
8€KMOp UMEET B 3TOM Da3nce eAMHCTBEHHOE PA3IIOKEHIE, 8 UMEHHO TPUBUAIIBHOE: BCe KOAGDDUITNEHTHI
ATOTO Pa3/IOKEHUs PaBHBI HYITI0. V3 mokasaTeabcTBa TeopeMbl 1.2 ciaemyeT, YTO U3 €MUHCTBEHHOCTH
pPa3IoXKeHNs HYJIEBOTO BEKTOPa IO NAHHOU CUCTEMe BEKTOPOB BBITEKAET €QUHCTBEHHOCTD PA3JIOKEHUS
JT000T0 IPYTOro BEKTOpa. #

Cormacuo ompeneserunio 1.3, 6a3uC ABIAETCS YIOPSIOUEHHON CUCTEMON BEKTOPOB. OJTO 3HAYNT,
YTO, M3MEHUB MOPSIOK BEKTOPOB B CUCTEME, MBI TIOJIyInM Opyron 6a3uc. [lopsmok BekTopoB B 6a3uce
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PUKCUpPYIOT OJIs1 TOTO, YTOOBI 3a1aTh OINpeNelIeHHbIN MOPSOOK KOd(POUIINEHTOB Pa3JI0KEHUs IPOU3-
BOJIBHOTO BEKTOpA. JTO TMO3BOJISIET 3aMEHUTDH JIMHENHYI0 KOMOWHAIIUIO, MPEICTABIISIONIYI0 BEKTOD,
YIOPSIIOYEHHBIM HAOOPOM €€ KOXMPUITNEHTOB U TEM CAMBIM YIIPOCTUTH 3amuch. [[opsmok BeKTOPOB B
ba3uce onpenenseTcs UX HyMepaluen.

Omnpenenenne 1.4. KosbodurnmenTsl pasnoxeHus BeKTOpa M0 6A3UCY JIUHEHHOTO MPOCTPAHCTBA,
3alCaHHbIE B COOTBETCTBUN C IIOPSIIKOM BEKTOPOB B Oa3uce, HA3bIBAIOT KOOPOUHAMAMU 8 EKMOPA
8 >TOM b6a3uce.

ITpumep 1.7. B nuneitnom npocTpascTBe Ks[x] MHOTOWIEHOB MEPEMEHHOTO X CTEIIEHN He BHIIIIE
2 (cv. mpumep 1.1) smeMeHTH ¥ W x° JIUHEHHO HE3ABUCHUMBL UX JIMHENHas kKoMmOuHarms oz + (2
€CTh MHOTOWIEH, KOTOPBIl paBeH Hy/o (HyJIeBOMy MHOrowieHy) jminb npu « = J = 0. B 1o xe
BpeMs ITapa dTHUX 3JIEMEHTOB He obOpasyeT 6asuca. llelicTBUTEILHO, MHOTOU/IEH | HYJIEBOW CTEIEHN,
SIBJSIFOIIIIACS 37IeMEeHTOM K[|, Helb3sl MPenCcTaBUTh B BUZAE JIMHEHHON KOMONHAIINN MHOTOWICHOB &
u 22, Jleso B TOM, UTO IUHEHHAsS KOMOMHAINS X + S22 MHOTOUIEHOB T U 22 eCTh mmub0 MHOTOWIEH
Bropoit crenenu (mpu (3 # 0), mu60 MuHOrousnen mepsoit cremenu (o # 0, f=0), mubo HyIeBOI
muorounied (o = 3 = 0). 3maunT, paBeHcTBO 1 = ar + S22 IBYyX MHOTOY/ICHOB HEBO3MOMKHO HU TIPH
KaKIIX 3HAQUCHUAX KOIPPUINEHTOB.

B To ke Bpems Tpu MHOrowieHa 1, x, r? o6paszyioT 6asuc nuHeiHOTO TpocTpancTBa Ko[z]. Io-
KaxeM 3TO.

Bo-mepBhIX, cucTeMa MHOTOUIeHOB 1, x, ¥? muHeitro HesaBucuMa. COCTaBIM WX JIMHEHHYIO KOM-
OMHAITIIO C TPOM3BONLHLIMEI KoabduimenTaMu «, (3, vy u mpupaBHieM Hymo: o - 1 + Sz + yz? = 0.
OTO PaBEHCTBO €CTh PABEHCTBO NBYX MHOTOYIEHOB, 1 OHO BO3MOYKHO TOJIBKO B CIydae, KOrma Kodd-
(UIIMEHTHI 5TUX OBYX MHOTOWIEHOB COBIAMAIOT. 3HAUUT, o = [ =y = 0.

Bo-BTOpPBIX, Uepe3 MHOTOUICHE! 1, 2, 22 MOXKHO BBIPa3UTh JI060i MHOTOWICH BTOPOI CTEIeHH, T.e.
JTI00O0M HIIEMEHT JIMHEITHOTO IPOCTPAHCTBa /(5|2 MOXKHO MPENCTABUTDL B BULE JIMHENHON KOMOMHAIINN
YKa3aHHBIX TPEX 3JIEMEHTOB. Bo3bMeM MpPOM3BOJIBLHBIN MHOTOUJIEH

p(x) = a + Bz® + 2>

Ero zanncn, MoxmHO paccMaTpuBaThb KaK HHHeﬁHYIO KOM6I/IHaLII/IIO MHOT'OYJICHOB 17 x, ZL'ZZ

p(z) = a1+ Bz° + v2?,

nprdeM Ko3pPUIImeHTH MHOTOWIEHA B TO YK€ BPeMsl SIBISIOTCS KOd(ppuiimeHTaMn JTUHENHON KOMOU-
HAIWN.

Nrak, cucreMa Tpex MHOTOWIEHOB 1, T, £° IUHEHHO HE3aBLUCUMA, a JIIO00M BJIEMEHT JIMHETHOTO
npocTpancTBa Ko[r| sBrsercs muueiiHol KoMOUHALIIEN yKa3aHHOU cucTeMbl. COrIacHO OMpPeneeHuo
1.3, cucTema mMHOTOUsIeHOB 1, T, 22 ecTh 6asuc B Ky[z].

2

1.6. JIuHelHEBIEe onepalu B KOOpAMHATHOU opMe

dukcarus TOPsIKa 6eKMOPo6 B ba3uce TPECIEOyeT €Ille ONHY Ie/lb — BBECTU MATPUYHBIE CIIO-
cOOBI 3aIMCU BEKTOPHBIX coOTHOoIeHuit. basuc by, ..., b, B manHOM aunetinom npocmparcmee L
yIIOOHO 3aIMChIBATH KaK MATPUILY-CTPOKY

b=(b; by ... b,),
a Koopdunamul 8exmopa € B 5TOM Oa3nce — KakK MaTPUILY-CTOIOEI:

1
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Torma pasaowcenue x = x1by + ... + x,b, sexmopa © no 6a3ucy by, ..., b, MOXHO 3anucaTh Kax
IpOoU3BeNeHNEe MaTPUIIBI-CTPOKNA Ha MAaTPUILY-CTOIIOEIT:

x = bz. (1.3)

IIpumep 1.8. BexTopnl opToHOpMUpPOBAHHOTO Oa3mca B V3 mMMEIOT cTaHmapTHOEe 0003HAUYEHUE U
HOpSIOK: %, J, k. B MmaTpuusoit 3amucu 5o 6ymer BoirysineTs Tak: b = (¢ j k). Bexrop, Hanpumep,
*
¢ KoopamHaTaMu —1, 2, 2 MOxkeT ObITh IPENCTaBIEH B BUIE

-1
r={-1;22}=—i+2j+2k=(¢ j k) 2 | = bz,

roe x = (—1 2 2)T — cTonberr KOOPAUHAT BEKTOpa &. F#

3anuch TUHENHBIX OMEpaImil Hall CBOOOMHBIMU BEKTOPAMHU B KOOPIUHATHON (hopMe 0600IIaeTcst
Ha CIydall IPON3BOJBHOIO JIMHEMHOTO IPOCTPAHCTBA.

Teopema 1.3. IIpu caosceruu T0OBIX IBYX BEKTOPOB B JIMHEHHOM IMTPOCTPAHCTBE UX KOOPINHATHI
B OTHOM U TOM e Oa3uce CKIIAIBIBAIOTCS, & TPU YMHOHCEHUL B6EKMOPA HA UUCAO €TO KOOPOUHATHI
YMHOXKAIOTCS Ha 3TO YHUCJIO.

<« Paccmorpum B nmueiinom npoctpancTse L 6asuc b = (by, by, ..., b,). Ilycrs manbr pasnoxerus
BEKTOPOB & W Y B 3TOM Oazuce:

CB:I'lbl—f-...—f—ZEnbn, y:y1b1++ynbn
B cumy axcuom aunetinoeo npocmpancmea

x+y=(riby+...+x,b,) + (y1bi + ... +yuby) = (x1 + y1)b1 + ... + (0 + Yn) by

Taxum ob6pa3oM, TPHU CIIOXKEHUU OBYX BEKTOPOB MX KOOPIUHATHI, OTBEYAIOIINE OTHOMY OA3UCHOMY
BEKTOPY, CKITAABIBAIOTCSI. B MATPUYHON 3anrcu KOOPAUHAT STOMY COOTBETCTBYET MATPUIHAS CYyMMa
CTOJIOLIOB KOOPOWHAT.

AHAIOTUYIHO I TPOU3BOIBHOTO AENCTBUTEILHOTO THCIa, A

Ax = Nx1by + ...+ x,b,) = (Ax1)by + ... + (Azp) by,

T.€. IIPN YMHOXEHNN BEKTOpa Ha YUCJIO KaxXKIOasd U3 €ro KOOpOAMHAT YMHOXKAaETCI Ha 3TO YUCIIO. P

3amnuch KOOpAMHAT BEKTOPOB B MATPUIHON (POPME CHIMAET BOIIPOC O TOM, UTO TOHUMATh, HAIIPU-
Mep, O CJIOKEHNEM KOOPANHAT: KOOPAMHATHI CKIIAILIBAIOTCSI KaK MaTPHUILI-CTOJIONLI. AHAJIOMTYHO
cTOJIOEIT KOOPAUHAT YMHOXKAETCS Ha YHCJO M0 MPaBUIaM YMHOXKEHUs MaTPHUIBl Ha YUCIO. 3allich
yTBEPXKIEHUs TeopeMbl 1.3 B MaTpuaHON hopMe

br + by = b(z +y), Abzr = b(\x)
COOTBETCTBYET CBOIICTBAM MaTPUYIHBIX OHepaHI/IfI: I[I/ICTpI/I6yTI/IBHOCTI/I CJIOKEHU A OTHOCUTEJIBHO YM-

HOXKEHNA 1 aCCOIUATUBHOCTU YMHOXKCHUA.

Cnencrue 1.1. JluneiiHas He3aBUCUMOCTSH (3aBUCUMOCTH) BEKTOPOB JIMHEITHOTO IIPOCTPAHCTBA
SKBUBAJIEHTHA JIMHENHON HE3aBUCUMOCTH (3aBUCHMOCTH) UX CTOJIGIOB KOOPIMHAT B OMHOM U TOM K€
Ha3uce 3TOTO JIMHETHOTO TPOCTPAHCTBA.

"HamoMHEM, 9TO B BEKTOPHOI ajareGpe Mbl 3alICHIBAIN KOOPAMHATE BEKTOPA B CTPOKY, OTDAHIYNBASL €€ (BUryp-
HBIMEI CKOOKaMmu. [l1si yIporiileHus BBIKJIAIOK MBI OTOXIECTBIISIIN BEKTODP C HAOOPOM €ro KOODOWHAT, XOTs, BOOOIIe
TOBOPsI, 9T OOBEKTHI UMEIOT PA3IUIHYIO TPUPOMY. B nuHelHON anrebpe MPUHITO KOOPOWHATHI 3aIlMCHIBATH HE B
CTPOKY, & B cTonbel.
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« Ecin BEKTOD @ PaBCH AUHEUHoU 7€0M6UHGUUU BEKTOpPOB Ay, ..., A, T.C.
a:alal—l—...—i—akak,

TO ero CTOIOeN KOOPAWHAT @ B 3aMaHHOM Oasuce b paBeH TakoH Ke JTUHENHON KOMOUHAIINN CTOJIOIOB
KOOpOWHAT Gy, ..., ) BEKTOPOB @1, ..., G B 3TOM XKe Oa3uce:

a4 = Q101 + ...+ Qpa.
OTo crenmyeT u3 PaBEHCTB
ba=a=aja1+...+arar = aj(bay) + ... + ag(bar) = blayay + ... + agag).

W3 coBnanenust kKoahGUIMEHTOB OBYX JTUHENHBIX KOMOMHAIIIMHI BBITEKAET, UTO JINHENHAS 3aBUCUMOCTH
(HE3aBUCHMOCTH) BEKTOPOB SKBUBAJICHTHA JIMHEIHON 3aBUCUMOCTH (HE3aBUCUMOCTH) UX CTOJIOIOB KO-
opouHaT. P

ITpumep 1.9. B aunetinom apudmemuueckom npocmparncmee R"™ BeKTOPEI

er=(1,0,...,0), e=(01,...,0), ..., e =(0,0, ..., 1) (1.4)
obpasyioT 6a3uc e = (e, by, ..., €,), Tak Kak OHU JTUHENHO He3aBUCUMBI (cM. mpumep 1.4) u moboit
BEKTOp & = (%1, ..., T,,) € R npencrasim B Bume * = r1€1 + ...+ x,€,. F#

Basuc (1.4) B mpocrpancTse R"” HA3LIBAIOT CMAHIAPMHBIM.

3ameuanue 1.3. B nuneiinom apudmermyeckoMm mpocTpancTBe R™ i1 mMpon3BOIBHOTO BEKTO-
pa & = (21, ..., ;) €ro cTOIGEN KOOPAWHAT I B CTAHIAPTHOM Ga3uce COBIAMAET C . Kak u B
AHAJTUTUIECKON TeOMeTpuu, YI0OHO Mpu (GUKCUPOBAHHOM 6a3nce OTOXIECTBIIATH BEKTOP C €r0 KOOp-
nuaaTamMu. s ctapmapTHOro 6a3uca 3TO PABHOCUIIFHO 3aIIICU BEKTOPA HE KAK MATPUIIBI-CTPOKH, &
KaK MaTPHUIB-CTO0ma. OTMeTUM, YTO 3aIUCh JIEMEHTOB apu(MEeTUIeCKOro MPOCTPAHCTBA B BUIE
CTOJIONA HEe TMPOTUBOPEYUT OMPENESICHNI0 apudMeTUIeCKOT0 TPOCTPAHCTBA, TTOHUMAEMOTO KAK MHO-
JKECTBO YIOPSIOYEHHBIX COBOKYIHOCTeH uuces. [opsmok e 37eMeHTOB MOXHO YKa3bhIBATH KaK MpU
TIOMOIIIN 3aIliCK B CTPOKY, TAK U MPU TOMOIITH 3AITUCH B CTOJIOEII.

IIpumep 1.10. ITokaxem, uto B R? cucrema BeKTOpOB
a;=(1,-1,2), ay=(2,1,0), a3=(4, -1, 1)

obpasyer 6a3uc u HailmeM B 5TOM 6a3uce KOOPAWHATHL BeKTopa ¢ = (2, 1, 3).

s Toro 4ToOBI MOKa3aTh, YTO CUCTEMa BEKTOPOB @1, G, A3 oOpa3yeT Oa3uc, Hamo yOenuThCs B
JIMHENHOH He3aBUCUMOCTHU STUX BEKTOPOB 1 B TOM, UTO j11060it BekTop b = (b1, by, b3) € R3 apnsercs
UX JIMHEWHON KOMOMHAITUEN.

B cTanmapraOM Gasuce e B R? BeKkTOpHI a1, a2, a3, b, ¢ IMeIOT cremyomme cToIOIE KOOPITHAT:

2 4 by 2
ay = —1 , Q9 = 1 , Q3 = —1 9 b= b2 A= 1
2 0 1 bs 3

N3 cTonbioB koopamHAT BEKTOPOB G, Ao, G3 COCTABUM MATPUILY

1 2 4
A=|-1 1 -1
2 0 1

I PACCMOTPHUM KBAIPATHYIO CUCTEMY JTHHEHHBIX anrebpamueckux ypasuenuit (CJIAY) Ax = b, roe

T
r = (z7 z2 x3) . Tak kax det A = —9, To Mmarpuna A HEBBIPOXKIEHHAS, €€ DAHT DABEH 3 U BCE ee
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CTONOIBI IBIIAOTCS 6azucHbIMu. [losTOMYy, BO-TIEPBBIX, COTJIACHO TeopeMe O 6a3UCHOM MUHOpE, DTU
CTONOIBI TMHEWHO HE3aBUCUMBI, UTO, COTJIACHO ciaencTBuio 1.1, o3HAYaeT TMHENHYIO HE3aBUCUMOCTD
BEKTOPOB @1, A2, a3, a Bo-BTOphX, CJIAY Az = b npum mo6om cTonbie b mpaBbIX YacTell WMeeT

T o o
pererne x = (2} x), %) , aro mocne 3anucu sroit CIIAY B BekTOpPHOI hopme
a1T1 + asxy + asxs = b
MO3BOJISIET CIIEJTATH BBIBOI O BBIMOJTHEHUN PABEHCTBA
/ / / . b
T1a1 + ToQo + T3a3 = 0.
B uwactrocTu, pemmus CJIAY Ax = ¢, koTopas B KOOpAUHATHON (GopMe UMeeT BULT

1+ 229 + 423 = 2,
—r1+ X3 — 13=1,
2z1 + T3 = 3,

HAXOIUM KOODIMHATHI BEKTOpa € B basuce (a1, @q, a3): r1 = 2, xo = 2, x3 = —1.

1.7. Pa3zamMepHOCTBH JIMHEMHOTO MIPOCTPAHCTBA

OTa BaxHeNIas XapaKTEPUCTUKA AUHETH020 NPOCMPAHCMEA CBI3aHA CO CBONCTBAMHI CHCTEM
BEKTOPOB B 9TOM ITPOCTPAHCTBE.

OnpeneneHI/Ie 1.5. MaxkcumaabHOe KOJIHMYECTBO AUHEUHO HE3A6UCUMBLT 6EKMOPO68 B OaHHOM
JITHETHOM IIPOCTPAHCTBE HA3BIBAIOT PA3MEPHOCTHIO AUHEUHO020 npocmpaHcmaea.

Ecnu pasmepHOCTH MUHETHOTO TPOCTPAHCTBA L paBHA N, T.€. CYIIECTBYET JIMHENHO HE3aBUCHMAS
CHUCTeMa M3 N BEKTOPOB, a JT00as cucmema 6eKmopos, comepxartias n+ 1 BeKTop uianm 6ortee, AuHetino
3a8UCUMA, TO TOBOPST, YTO 5TO JIMTHENHOE TTPOCTPAHCTBO N -MEPHO. PazMepHOCTH TAKOTO JIMHENHOTO
npocTpancTBa 0603Haua0T n = dim L.

Cy11ecTBYIOT JUHENHBIE TPOCTPAHCTBA, B KOTOPBIX MOYXKHO BBIOPATH JIMHEWHO HE3ABUCUMYIO CU-
CTEMY, CONEPKAIIYIO CKOJIb YTOMHO OOJIBIIIOE KOJIUIECTBO BEKTOPOB. Takue JTMHEeHbIe TPOCTPAHCTBA
HA3BIBAIOT OECKOHEeUHOMEPHbIMU. B oTnumyme oT HUX, N-MEpHBIE JIMHEWHBIE MPOCTPAHCTBA Ha-
3BIBAIOT KOHEUHOMEPHbIMU. B 5TOM Kypce pacCMaTPUBAIOTCSI KOHEYHOMEDHBIE JIMHEWHBIE TPOCT-
paHCTBA.

IIpumep 1.11. Jlumeitnoe mpocrpanctso C[0, 1] dyHKImil, HempepsBHBIX Ha orpeske [0, 1]
(cm. 1.1), sBasieTcst GECKOHEYHOMEPHBIM, TAK KaK st JIF000r0 HATYPAJILHOTO 7 CUCTEMa MHOTOUIIEHOB
1, z, 2%, ..., 2", ABJIAIOIINXCS dIEMEHTAMI TOrO JMHEHHOTO MPOCTPAHCTBA, JIMHEHHO He3aBUCHMA.
B camom mene, aunetinad xomburayug STUX MHOTOUIICHOB, OTBeYAIOIas Habopy Ko3hGUIEHTOB oy,
Qai, ..., Oy, €CTH MHOTOYJIEH

n

n
oo +oqT + ...+ apT,

KOTODBLII SIBIISIETCS HyJIeBBIM (T.e. paBeH HOCTOsHHON (QyHKImY (), TOIBKO eciiu Bce ero Kosddurm-
eHTHI (OHU XKe KodPPuyuenmyvl sunetinot KomMOUNAUUL) PABHBL HYIIIO.  #

Oka3bIBaeTCsI, ITO PA3MEPHOCTD JIMHEIMHOTO MPOCTPAHCTBA TECHO CBSI3aHA C KOJIMIECTBOM BEKTO-
POB, KOTOPOE MOXKET UMETH 0a3uc JTMHETHOTO MTPOCTPAHCTBA.

Teopema 1.4. Ecmum nuneiiHoe TpoCcTpaHCcTBO L N-MEPHO, TO JH06as YIOPSIOUYeHHAs JTNHEHO
HE3aBUCUMAas CUCTEMAa M3 N BEKTOPOB SIBIIIETCS €ro 6a3mCcoM.

Teopema 1.5. FEcmu B nuaeiinoM mpocTpaHcTBe L CyIIecTByeT 06a3uc m3 n BEKTOPOB, TO

dimL =n. #



JIEKIIAA 1. TUHEUHBIE TIPOCTPAHCTBA 15

N3 teopem 1.4 u 1.5 ciremyeT, 9TO B KaxXKIOM JIMHETHOM IIPOCTPAHCTBE JTI0OBIE TBa O6a3mca COmepxKaT
OITHO U TO Y€ KOJINIECTBO BEKTOPOB, W 3TO KOJIUIECTBO PABHO Pa3MEPHOCTHU JIMHEHOTO MTPOCTPAHCTBA.

IIpumep 1.12. B auwneinom apugmemuueckom npocmpancmee R™ cmandapmuwiti 6asuc (1.4)
cocTouT m3 N BeKTOpoB, mosTomy dimR™ = m, 4To u oTpaxeHO B 00O3HAUEHUN TOTO JIMHEHHOTO
IIPOCTPAHCTBA.

ITpumep 1.13. Pacemorpum omaoponuyio CIIAY

ZL‘1—2[I)2—|—21‘3— $4:0,
x1—3x2—|— .CE3—4$4:0,
21’1—51’2+3l‘3—5$4:0,

MHOKECTBO PEIIEHNT KOTOPOI 0b6pa3yeT JIMHENHOe MPOCTPaHCTBO. HalimeMm pa3MepHOCTH 5TOTO JIM-
HEMHOI'0 IPOCTPAHCTBA U KAaKOU-I1O0 0a3uc B HEM.

Pemmmm o1y cucremy, ompenenus ee gyndamenmanvuyio cucmemy pewenut. Iiis sToro samumrem
MATPUILy CUCTEMBI U IIPU IIOMOLLIU 3AEMEHMAPHBIT NPEOOPA306aHUT CMPOK TIPUBENEM €€ K CTyIeHUIa-
TOMY BUIY:

=2 2 =l =2 % =l =2 2 =l
1 31 4})~10 -1 -1 -3|]~{0 11 3
2 -5 3 -5 0 -1 -1 -3 0O 00 O

W3 momyyenHoro Buma HaXOMUM, YTO PAHT MATPHUIIBI CUCTEMBI PABEH 2, B KaUeCTBE CBOOOMHBIX HEM3-
BECTHBIX MOXKHO B3sIThb I3 I T4, & B Ka4ecTBe Oa3MCHBIX HEM3BECTHBHIX — X1 U Xo. lIpeobpasoBannas
CHCTEMa UMeeT B
Ty — 2x9 + 223 — x4 =0,
{ To + $3+3$4:0.

[lomaras z3 = 1, x4 = 0, HaxonuMm x9 = —1, 1 = —4, anpu 3 = 0, x4 = 1 umeem x9 = —3, 1 = —5.
3anucaB HafiIeHHBIE PEIIICHNs B BUE CTOJIOIOB, TOIYInM GYHIAMEHTAIBHYIO CICTEMY PEIIeHNUI:

—4 -

0= |71 pa_| 3
1

0 1

CorsacHO Teopun CHUCTEM JIMHEMHBIX AJreOpamvecKnX ypaBHEHU, STHU [BA PEIICHUS JIUHENHO He-
3aBHCUMEL, a moboe mpyroe pemternne CJIAY mpencrasisercs B Bume nuHeiHo# xoMmburamun M) u
2@ . Ipyrumu cnosamu, cronbuer ) un ) o6pasyioT 6asuc B IUHEIHOM IPOCTPAHCTBE PEIICHUIT
paccmaTtpuBaeMoit omaopomHon CITAY . PasMepHOCTb 5TOTO JTMHENHOTO TTPOCTPAHCTBA PABHA IBYM —
KOJIM4IeCcTBY BEKTOPOB B Oa3uce.

1.8. IIpeob6pa3zoBanme KoopamumHAT BeKTOopa
npu 3aMeHe 6a3uca

B aunetdnom mpocmpancmee Bce 6a3ucht paBHOMPABHBI. 10T WM WHON 06a3uC BHIOMPAIOT WC-
XOmsl M3 KOHKPETHBIX OOCTOSTEILCTB, a MOXKET OBbIThb, U BOOOIE MPOm3BOJbLHO. WHOrma ymobHO
HCTIOJIB30BATH IJIs TPEACTABIIEHNS 3JIEMEHTOB JIMTHETHOTO TPOCTPAHCTBA HECKOIBKO 0a31COB, HO TOT A
€CTECTBEHHBIM 00pa30M BO3HUKAET 3a[ava IPeobpa3oBaHus K0opJuram 6EKmMopos, KOTOPOE CBSI3AHO
C U3MeHeHueM Oa3zuca.

[IycTb B n-MepHOM juHEHOM IpocTpancTBe L 3amanbl nsa 6asuca: crapsiii b = (by, by, ..., by)
U HOBBI € = (€1, Cg, ..., C,). J[1060I BEKTOP MOKHO Pa3IokKuTh 110 6asucy b. B uacTHOCTH, KAXKIBIIT
BEKTOp u3 6asmca ¢ MOXKET OBITH MPENCTABIICH B BUIE AUHEUHOU KOMOUKHAYUY BEKTOPOB basuca b:

Ci:Oélibl—i-...—l-Oém'bn, = 1, n.
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3amnureM 5Tu TPENCTABICHUs B MATPUIHON GopMe:

Qg
C; — b 9 1= ]., n,
Alps
njiimn
c=blU,
rge
11 ... Oqp
v=1|.......]. (1.5)
Ap1 ... Opp

Onpenenenne 1.6. Marpuny (1.5) HasbBaioT mampuyeti nepexoda or craporo 6a3uca b
HOBOMY Oa3zucy c.

CornacHo MaHHOMY ONPENENICHNIO, (-I CTOI0EI] MATPHUIILI IEPEX0Ona €CTh CTOIOEIl KOOPAUHAT 4-T0
BEKTOpa HOBOTO Ha3muca B ctapoM. [losToMy roBopsT, YTO MaTpuiia mepexona COCTOUT U3 KOOPIMHAT
BEKTOPOB HOBOTO Oa3mca B CTApPOM, 3aIllCAHHBIX IO CTOJIOIIaM.

O6cynuM HEKOTOPBIE CBOMCTBA MAaTPUIIBI IIEPEXOMIA.

1°. Marpuna nepexona HEBBIPOXKIIEHA 1 BCerna nMeeT OOpPATHYIO.

« [leficTBUTEIBHO, CTOJIOIBI MATPUIIBL TEPEXOIA — 3TO CTOJIOIBI KOOPAMHAT BEKTOPOB HOBOTO Ha3uca
B ctapoM. CriemoBaTeIbHO, OHI, KaK U BEKTODHI Oa3uca, Aunetliro He3asucumbl. SHAUINT, MaTpuia U
HEBEIPOXKJICHHAA 1 IMeeT oOpaTHyIo MaTpuiy UL »

2°. Ecnu B n-mMepHOM JTMHEHHOM TPOCTPAHCTBE 3amaH 6asuc b, TO miis Tr060W HEBBIPOKIEHHOM
KBampaTHOW MaTpuiibl U MOpsmKa n CyIIeCTBYeT TakKoi 06a3mc ¢ B 3TOM JIMHEWHOM ITPOCTPAHCTBE,
gro U GyneTr maTpurein nepexona ot 6asuca b x 6asucy c.

<« U3 HeBBIpOXKIEHHOCTH MaTpullbl U clemyeT, YTO ee paHT paBeH N, U MOTOMY €€ CTOJIOIbI, Oy-
nyun Oa3MCHBIME, JTUHEHHO HE3aBUCUMBI. OJTU CTOJIOIBI SBIISIOTCS CTOIOIAMEI KOOPANHAT BEKTOPOB
cucteMbl ¢ = bU. JluneitHas HE3aBUCHMOCTHL CTOJIOIOB MATpuilbl U/ paBHOCHIbHA JIMHEHHON He3a-
BUCUMOCTH CHUCTEMBI BEKTOPOB €. Tak Kak CUCTeMa C CONEPXKUT 71 BEKTOPOB, NMPUYEM JIMHEHHOEe
MIPOCTPAHCTBO N-MEPHO, TO, COTJIacHO TeopeMe 1.4, 3Ta cucteMa SBIIsIeTCs 6a3mucoM. b

IIpumep 1.14. Ilycts b = (by, by, b3) — Gasuc nureiiHOrO mpocTpancTsa. Torma cucrema
BEKTOPOB ¢; = 2by, ¢ = —by, c3 = b3 TOXe sABIsIeTCsS 6Aa31COM B 5TOM JIMHEHHOM ITPOCTPAHCTBE.
OTo cremyeT u3 TOro, UTO

(Cl Co Cg) = (bl b2 bg) U,
roe nuaroanbuas Marpuna U = diag (2, —1, 1) HeBbIpoxIeHA.

3°. Ecimu U — maTpuia nepexoma oT craporo 6asuca b x HoBoMy 6a3ucy € IMHETHOTO TPOCTPAH-
cTtBa, To U~! — marpuna mepexona ot 6asuca ¢ K 6asucy b.

<« Marpuna U HeBBIpOXKIEHA, I HOITOMY U3 paBeHCTBa ¢ = bU crenyet, uto cU ! = b. Ilocnennee
PaBEHCTBO O3HAYACT, YTO CTOIONELI MaTpuibl U ~! aBIgioTcsa cTonbIaMu KOOPIUHAT BEKTOPOB 6a3uca
b oTHOCUTENBHO 6asuca ¢, T.e., coriacHo onpenenernio 1.6, U~ — 5To maTpuna nepexona ot 6a3uca
c x 6asucy b. »

4°. Ecnu B IUHEHOM TPOCTPAHCTBE 3amaHbl Oasucel b, ¢ u d, npuuem U — maTpura mepexona
ot 6asuca b x 6a3ucy c, a V — marpuia nepexona oT 6a3uca ¢ K 6asucy d, TO Mpou3BeNeHre dTUX
matpun UV — marpuiia nepexona ot 6asuca b x 6asucy d.

<« Cornacuo onpenenenuto 1.6 MaTpuIbl mepexona, IMeeM PABEHCTBA

c=bU, d=~cV,
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OTKyIla
d=cV = (bU)V =bUV),

T.e. UV — maTpura nepexona ot 6asuca b x 6asucy d. »

PaccvoTpuMm Tenmephb, kak mpeobpa3yroTcs KOOPANHATHI TPOM3BOJILHOTO BEKTOPA B JIMHEITHOM ITPO-
CTPAHCTBE TIPU IEPexome OT CTAporo Oas3mca K HOBOMY. BwibepeM MpOm3BOJIBLHBIA BEKTOP & € L u
Pa3IoXKUM €ro B cTapoM Oasuce:

I
T = bz, x=1 : |. (1.6)

Tn

Pasnoxkenune Toro xe BeKTOpa B HOBOM 0asuce UMeeT BUI
/ / .
x =cx, =1 1. (1.7)

Haiimem cBsi3b MeXKIy CTapbIMU KOOPAMHATAMEI & BEKTOPA & U HOBBIMU €ro KoopauHaTtamu . U3
coorromtennit (1.6), (1.7) cnenyer, uro br = cx’. YuntwBas, uro ¢ = bU, nonyuaem bx = (bU)2’,
win bx = b(Ux'). Ilocinennee paBeHCTBO MOXKHO DPACCMATPUBATH KaK 3aIlCh [IBYX DA3JIOXKEHUN
OIHOTO U TOTO e BeKTOpa & B HaHHOM Oasuce b. PasmoxeHusM cooTBETCTBYIOT CTOIOIBI KOOPIUHAT
x u Ux', KoTopele, coriaacHo Teopeme 1.2 0 eIMHCTBEHHOCTH PA3JIOKEHII BEKTOPA [0 6A3UCY, MOIKHLI
OBITH PaBHBL:

5% = 4t , i ¢ =U"1g.

Wrak, 94T06BI TOMTyYNTH KOOPAUHATHI BEKTOPA B CTapoM Ha3uce, HEOOXOMMMO CTOJIOEI] KOOPIUHAT
ATOr0 BEKTOPA B HOBOM 0a3nce YMHOXKHUTH CleBa Ha MaTPHUILy IIEpexona M3 cTaporo 6as3mca B HOBBIN.
Matpuna mepexonma m3 cTaporo 6a3nca B HOBBIM ITO3BOJISIET MEPECUNTHIBATH HOBBIE KOODINHATHI B
cTapele.

IIpumep 1.15. Paccmorpum B Vo OpTOHOPMUpOBAHHBIN 6asuc
b = (¢, j) u3 BekTOpOB %, j. OGo3HAUNM uepe3 e = (e, €z) HOBBIIl
6a3muc, KOTOPBI MOIyYaeTCsl IIOBOPOTOM CTaporo basmca b Ha 3amaH-
HBIN yroil . Mcxoms m3 3a0aHHOTO yTJila MOBOPOTa MBI MOYXKEM HalTH
KOOPIIMHATHI BEKTOPOB €], €; HOBOTO 0a3mca OTHOCUTEIBHO CTAPOro
(puc. 1.2):

Puc. 1.2 o — [ €O5¢¥ or — [ IR
o Y7 \sing 7 7\ cosp J°

OTu pasnoXeHus MO3BOJISIIOT COCTABUTH MaTpuIly mepexona U m3 craporo 6a3uca b B HOBBHI €, a
Takxke O0OpaTHYIO MaTpUIly:

=[Sy — sin ¢ pg-1— ( o8¢ sin
- \singp cosp )’ ~ \ —sinyp cosy /-
Haiinennele Marpuibr nepexona U (w3 craporo 6asuca B HOBeil) m U~ (m3 HOBOTO 6asmca B

CTAPBIil) TIO3BOJIIIOT 3alUCATH COOTHOIIEHIS MEKITy CTaAPBIMIE X1, To 1 HOBBIMU T, T KOODAMHATAMIE
IIPOM3BOJILHOTO BeKTOpa X u3 Va:

x| = X1 COS Y + Tosin @, Ty = X} CoS p — THsin @,

I 3 — o/ &8 /
Ty = —X1 SINY + To COS P, To = X SIN QY + X4 COS Q.

Hanmpuwmep, BekTop = 2 + J B cTapoM 6a3uce nMeeT KOOPAWMHATH 1 = 1, To = 1, a B HOBOM Oasuce
/ 2 / 9
€ro KOOPpOMHATAMU SIBIAIOTCSI T = COS Y + SIN ¢, Tg = — SIN Y + COS Q.
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IIpumep 1.16. IlycTs B IUHEHOM IPOCTPAHCTBE V3 3aaHbI MBA MIPABBIX OPTOHOPMUPOBAHHBIX
Gasuca: crapsrit (i, j, k) u noserit (¢, 7', k'). Torma crapeiit 6asuc MOXKHO MpeoGpa3oBaTh B HO-
BBIN TIPU TIOMOIIIN TPEX TIOBOPOTOB BOKPYT KOOPAMHATHBIX OCEN MPSIMOYTOIBHON CIUCTEMBI KOODIUHAT,
OIPEeITSIeMOl OPTOHOPMUPOBAHHBIM OA3MCOM.

PaccMoTpuM enuHUYHBIT BEKTOP S, KOTOPBIN OMHOBPEMEHHO JIEXKUT B IIOCKOCTSIX AP BEKTOPOB
1, ju i, 3. Tloseprem Gasuc (i, J, k) BOKpyT ocu BekTopa k Ha HEKOTODHIIL
YIOJI 1) Tak, 9TO BEKTOp ¢ COBMAIET ¢ BeKTOpoM S. OTmeTwmM, 9TO BEKTOP
s oproroHasnen u BekTopy k, m BekTopy k', Tak Kak SBIfeTCs JIMHEHHON
KOMOUHAIIel U Tapkl 2, J, U Hapsl 2, j'. 3HAYUT, HOBOPOTOM BOKPYT OCH
BEKTOpa S HA HEKOTOPBIN yroi ¥ MOXKHO MOOUTHCS COBMEIEHUST BeKkTopa k
¢ BekTopoM k. Hakomell, HOBOPOTOM BOKPYT ocH BekTopa k' Ha HEKOTOpLIil
YTOJI (0 COBMECTHM BEKTOD § ¢ BekTopoM ¢ (puc. 1.3).

Marpuiia nmepexoma, COOTBETCTBYIOIIAs TIEPBOMY TIOBOPOTY BOKPYT OCH BEKTOpa Kk, UMeeT BUI

Puc. 1.3

cosy —siny 0
U= | sinyy cosy 0
0 0 1

MaTrpuma mepexomna As, COOTBETCTBYIOIIAs MOBOPOTY y2Ke HOBOTO Hasmca BOKPYT OCH BEKTOpa S Ha
yroJi1 19, MOXoxKa Ha MPEIbIIYIIYIO:

1 0 0
Uy=1| 0 cos? —sin?
0 sin?d cosd

Haxomen, MaTpuiia mepexona, COOTBETCTBYIOMIAS TPETheMy IOBOPOTY BOKPYT OCH BeKTopa k' mveer
BUII
cosp —sing 0
Us;=| sing cosep 0
0 0 1

Cornacuo cpoiicTBy 4°, maTpuna nepexona U u3 craporo 6asuca (¢, 7, k) B Hoseiil (4, ', k')
paBHa U = U;UyU3 u MoxkeT ObITH 3alliCaHa B BUIE

cos 1) cos ¢ — sin 1) cos ¥ sin — cos Y sin ¢ — sin ) cos U cos ¢ sin ¢ sin 1
sin v cos ¢ + cos 1) cos ¥ sin — sin ¢ sin ¢ + cos 1 cos ¥ cos ¢ — cos Y sin ¥
sin ¥ sin ¢ sin v cos ¢ cos



