JIlekiusa 2

JIMHEVHDBIE IIOOIIPOCTPAHCTBA.
EBKJIMIOBBI IIPOCTPAHCTBA

[MommpocTpancTBa TUHERHOTO MPOCTPAHCTBA. PaHr CHCTEeMbI BEKTOPOB, CBSI3b C PAHIOM MATPUIIHL.
JIuneiinas obomouka. IIpumeprr. EBknunoBo npocTpancTBo, akcrnoMser n npuMepsl. HopMma BekTopa.
HepasencTso Korrmu — ByHSIKOBCKOTO 1 HEpaBEHCTBO TpeyroibHuKa. OpTOroHaAIBEHOCTH BEKTOPOB.
JluueliHas HE3aBUCUMOCTH OPTOTOHAJILHON CHCTEMBI HEHYJIEBBIX BEKTOPOB. OpPTOHOPMUPOBAHHBIM
6a3uc eBKINI0Ba TPOCTPAHCTBA BhIpaikeHre KOOpIMHAT BEKTOPa B OPTOHOPMUPOBAHHOM Gasuce.
Brruucienne ckajsspHOTO MPOU3BENEHUS U HOPMBI BEKTOPa B OPTOHOPMUPOBAHHOM Ga3mCe.

2.1. OnpenerieHne u NMpuMepPkhbI

B mo6oM aurnetinom npocmpancmee L MOXKHO BBIOEIUTH TAKOE MOOMHOKECTBO 6E€KMOPO6, KOTO-
pO€e OTHOCUTENIHHO omeparuii u3 L caMo SIBIISIETCSI JTUHEHHBIM MTPOCTPAHCTBOM. ODTO MOYXKHO MEIaTh
PA3IMYHLIMUA CIOCOOAME, U CTPYKTYPa TAKUX IIOOMHOXKECTB HECET BaxKHYI0 MH(POPMAIII O CaMOM
JIMHEHOM TIPOCTpaHcTBe L.

Omnpeneneunne 2.1. [TonmuoX)ecTBO H MUHEHTHOrO MPOCTPAHCTBA L HAZBIBAIOT AUHEUHbIM 1L00-
NPOCMPAHCMEOM, €CIII BLIIIOJIHEHI CJICAYIOIINE IBa YCAOBUSL:

1) cymma mobbix nByx eexmopos u3 H npunamiexur H: €,y € H — x +y € H;
2) npouszeedenue moboro eexmopa u3 H wa 11060€ DEACTBUTEIBHOE YUCA0 CHOBA MPUHAIIEKIT

H.:xeH, Née R = \x € H.

Onpenenenne 2.1 GaxTUIECKn TOBOPUT O TOM, UTO JIMHEHHOE MOMMPOCTPAHCTBO — 3TO Jt000€E
NOOMHOHCECMBO MTAHHOTO JIMHEHTHOTO MPOCTPAHCTBA, 3AMKHYMOE OMHOCUMEALHO AUHEUHBIT ONepa-
yui, T.e. IPUMEHEHNe JINHENHBIX Ollepallnil K BeKTOpaM, MPUHAIIIEKAIITIM 3TOMY TOOIMHOXKECTBY, He
BBIBOINUT pe3ylbTaT 3a Mpenesibl MoaMHOXKecTBa. [lokaxkeM, 9ToO JTUHEHHOE MOOIIPOCTPAHCTBO H Kakx
CaMOCTOSITENIbHBI OOBEKT SBISETCS TUHENHBIM ITPOCTPAHCTBOM OTHOCUTEJIHLHO OIEPAITNH, 3aTaHHBIX
B 00BeMITIONIEM JIMHEHOM TTpocTpancTBe L. B camom merme, sTu omeparuum onpenesiensbl IiIs JTI00bIX
HIIEMEHTOB MHOXecTBa L, a 3HAYUT, U [JIs 5JIeMeHTOB monMuoxkecTBa H. Omupenenenne 2.1 dakTu-
Jecku TpebyeT, UTOOBI I 5JIEMEHTOB U3 H pe3yIbTaT BBITOTHEHUS OMEPAIUN TaKKe MPUHAIITeKAIT
‘H. IlosTomy omeparuu, 3aganubie B £, MOXKHO pacCMAaTPUBATh KakK oreparun u Ha 6ojee y3KOM MHO-
xkectBe H. st oTUX omepaimii Ha MHOXKeCTBe H aKCHOMBI JIMHEIHOTO IIPOCTPAHCTBA a)—0) 1 I1)—3)
BBITIOJTHEHBI B CHJIY TOTO, UYTO OHU cIpaBemiuBbl B L. Kpome TOro, BBITOIHEHBI U ABE OCTABIINECS
AKCHOMBI, TIOCKOJIBKY, COTJIacHO ompenesienuto 2.1, eciim ¢ € H, 10: 1) 0-x =0 € H u 0 — Hy.e601
sexmop B H; 2) (1) = —x € H.

B mo6om nureliHOM mpocTpaHCcTBe L BCerma MMEIOTCS OBa JNHEHHBIX MONIPOCTPAHCTBA: CaMO
nuHeltHOe TPOCTpaHcTBO L 1 HYysaesoe nodnpocmparncmeo {0}, cocrosiee u3 eQUHCTBEHHOTO
snemenTa 0. DTu JIuHEHHBIE MOANPOCTPAHCTBA HA3BIBAIOT HecoO6cmeeHHblMu, B TO BPeMs Kak
BCE OCTAJIbHBIE JIMHETHBIE TIOAIIPOCTPAHCTBA HA3BIBAIOT co6cmeenHbimu. [IpuBenem mpumepsr coo-
CTBEHHBIX JITHENHBIX TTONTTPOCTPAHCTB.

IIpumep 2.1. B nuneiinom mpocTpaHCcTBe V3 CBOOOMHBIX BEKTOPOB TPEXMEPHOIO IMPOCTPAHCTBA
JIMHENHOe MOAMPOCTPAHCTBO 00PA3yIOT: a) BCE BEKTOPLI, MAapaJlIeIbHBIE MAHHON IIJIOCKOCTH; 6) BCe
BEKTODBI, MMapaJjjieIbHbIe MAHHON MPSMON. ODTO BBITEKAET U3 CJAEMYIONINX coobpaxkeHuit. M3 ompemne-
JICHUsI CyMMBI CBOOOIIHBIX BEKTOPOB CJIEMyET, UTO OBa BEKTOpa a, b u ux cymma a + b xoMmmianapHbI
(puc. 2.1, a). Hosromy, eciiu @ u b mapasenbHBl TAHHON MIIIOCKOCTH, TO TOI XKe IIOCKOCTH OymeT
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napajilellbHa U WX cyMMa. TeMm caMbIM yCTAHOBIIEHO, UTO IJIs CJIydas a) BBINOJIHEHO ycioBue 1)
ompenenenns 2.1. Eciu BeKTOp yMHOXKUTH HA 9UCIIO, MOy IATCS BEKTOP, KOJUTMHEADHBI HCXOTHOMY
(puc. 2.1, 6). D10 nokasbIBaeT BhimoaHeHNe yeyosust 2) onpenesenus 2.1. Crydait 6) 060CHOBbIBAETCS
AaHaJIOTMYHO.

a ) /;//51

a 6

Puc. 2.1

JIumeitnOE MpOCTpaHCTBO V3 maeT HATJIAOHOE IIPENCTABICHHE O TOM, 9TO TAKOe JIMHEeMHOe IOI-
IpoCTPaHCTBO. [leficTBUTENBHO, PUKCUPYEM HEKOTOPYIO TOUKY B MMPOCTPAHCTBE. Torma pa3auydHbIM
IJTOCKOCTSIM M PA3JINYHBIM TPSMBIM, IIPOXOISIINM Yepe3 3TY TOUKY, OYIyT COOTBETCTBOBATH Pa3Id-
HBIe JIMHEMHBIE MONIPOCTPaHcTBa u3 Vi (puc. 2.2).

He ctomb oueBumuO, uTO B V3 HET NPYrux COOCTBEHHBIX IMOMIIPO-
crpancTs. Ecnnm B nmuneitnoM nmoanpocTpancTse H B V3 HET HeHyIIEBBIX
BEKTOPOB, TO H — HyJIEBOE JIMHEHOE TOANPOCTPAHCTBO, SBJISIOIIEE-
cst HecobcTBeHHBIM. Femu B H ecTh HEHYJIEBOI BEKTOP, a JI00bIE IBa

‘ BeKTOpa 13 H KOJTMHEAPHBI, TO BCE BEKTOPHI 9TOTO JIMHEWHOTO TOI-
IPOCTPAHCTBA IapajljIeIbHbl HEKOTOPON IPSIMON, IMIPOXOMSIIIEN dYepe3

Ho\| 2

(UKCUPOBAHHYIO TOUKY. YlcHO, uTO H CcOBHmamaeT ¢ OMHUM U3 JIUHEH-
HBIX MOANPOCTPAHCTB, OMUCAHHLIX B ciiydae 6). Ecan B H ecTb mBa
HEKOJIJTMHEAPHBIX BEKTOPA, & JII00ble TPU BEKTOPa KOMIIJIAHAPHBI, TO
BCE BEKTOPBI TAKOT'O JIMHEWHOTO TOMITPOCTPAHCTRA MapaslyieIbHBl He-
KOTOPOI TJIOCKOCTH, MPOXOIAIIEN Yepe3 GUKCUPOBAHHYIO TOUKY. DTo ciaydait a). [lycTs B muneitHOM
MOMITPOCTPAHCTBE H CYIIECTBYIOT TpU HEKOMILJIAHAPHBIX BeKTOpa. Torma oHu o6pasyoT 6a3uc B V.
JI106011 ¢BOOOMHBIN BEKTOP MOXKHO IIPEICTABATHL B BUIE AUHEUHOU KOMOUHAUUU DTUX BEKTOPOB. 3HA-
YUT, BCE CBOOOMHBIE BEKTOPHI TOMAAI0T B JIMHEHHOE TOAITPOCTPAHCTBO H, U IMOSTOMY OHO COBIAIAET
¢ V3. B sToM cimyuae MBI momyyaeM HeCOOCTBEHHOE JIMHENHOE MOMMPOCTPAHCTBO.

Urak, B V3 Bce cobCcTBEHHBIE MOMMPOCTPAHCTBA MOXKHO IMPENCTABUTH B BUIE TJIOCKOCTEN WJTH
MPSIMBIX, TTPOXOMSAIINX Yepe3 PUKCUPOBAHHYIO TOUKY.

Puc. 2.2

IIpumep 2.2. Jloboe perreHme OMHOPOMHON CUCTEMBI JIMHEHMHBIX ajireOpamdecKnX ypaBHEHUI
(CJTAY) oT n mepeMeHHBIX MOXKHO PACCMATPUBATL KAK BEKTOD B AUHEUHOM APUPMEMUUECKOM NPO-
cmpancmee R™. MHOXeCTBO BceX TaKUX BEKTOPOB SIBJISIETCS JIMHEHMHBIM TOOIPOCTPaHcTBOM B R™.
B camom merne, pemrenust omaopomaoint CJIAY MOXHO TOKOMIOHEHTHO CKJIAMBIBATH U YMHOXKATH Ha
IeMCTBUTENIBLHBIE YHCIIA, T.€. IO IpaBUiIaM CJIOXKeHus BeKTopoB 3 R". PesympTaT omeparmum cHoBa
oymer perenueM omaoponuoir CJIAY. 3unaunT, oba yCiIoBus ompemeeHns JTUHETHOTO MOMIPOCTPAH-
CTBa BBIIIOJIHEHBL.

YpaBHeHue r + y — 5z = (0 mMeeT MHOXECTBO DEIeHUI, KOTOPOe SIBJISETCS JIMHENHBIM IIOM-
npocTparcTBoM B R3. Ho 5T0 Xe ypaBHEHHEe MOXKHO PacCMaTpPUBATh KaK ypPABHEHHE IIOCKOCTH B
HEKOTOPOH MPSIMOYTOJNIBHOUN cucTeMe KoopauHaT Oxyz. [lmockocThs mpoxomuT uepes HAYAIO KOOPIH-
HAT, a PaguyCc-BeKTOPHI BCEX TOUEK INIOCKOCTH 00pa3yloT OBYMEPHOE HOAIPOCTPAHCTBO B JIMHEITHOM
MIPOCTPAHCTBE V3.

MuoxecTBo pertennit omaopomsaoit CJIAY

T+y—5z=0,
—x+y =0

Tax:ke obpasyeT IHHEHOe IommpocTpaHcTBO B R3. B To Xe Bpems 3Ty CHCTeMy MOXKHO paccMa-
TPUBATh KaK 00Wue YpasHeHus npAmotl B MPOCTPAHCTBE, 3a[JaHHBIE B HEKOTOPOW MPSMOYTOIBLHOM
cucteme xkoopauHar Oxyz. OTa mpsMas IPOXOOUT Yepe3 HAadasao KOOPAUHAT, & MHOXKECTBO PaIyC-
BEKTOPOB BCEX ee TOUEK 0Opa3yeT OMHOMEPHOE MOMIIPOCTPAHCTBO B V.
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ITpumep 2.3. B nuneitnom npoctpascrse M, (R) kBamgpaTHBIX MATPHI TOPSIIKA N JIMHETHOE MOMI-
POCTPAHCTBO 06Pa3yioT: &) BCe CUMMETPUUIECKUEe MATPUIIL; ) BCe KOCOCUMMETPUUECKIE MATPUIIH;
B) BCe BepxHUe (HIDKHUE) TPEYTOIbHBIE MATPUILL. [IpU CII0KEHNN TAKIX MATPUIL UK YMHOKEHIN Ha
YUCIIO MBI TOJTyYaeM MATPUILy TOrO XKe Buma. HampoTus, MOIMHOXKECTBO BBIPOXKIEHHBIX MaTPUIl HE
SIBIISIETCST JIMHENHBIM TOAITPOCTPAHCTBOM, TaK KaK CyMMa IBYX BBIPOXKIIEHHBIX MAaTPUIl MOXKET OBITH
HEBBIPOXKIEHHOI MaTpULe:

10 00\ (10
00) lo1) " \o1

IIpumep 2.4. B nummeitnom npoctpanctse C[0, 1] dyukunii, HenpepsiBHbIX Ha orpeske [0, 1],
MOYKHO BBIIEIUTH CIEAYIOIINe JIMHENHBIE TTOAMPOCTPAHCTBA: &) MHOKECTBO (DYHKINI, HEIPEPHIBHBIX
Ha orpeske [0, 1] u mempepwiBHO muddepennupyemerx B unaTepsaie (0, 1) (B ocHoBe 5TOro yTBEp-
JKIIEHUS JIeXKaT CBONCTBa OuddepeHnpyeMbIx GyHKINN: cyMMa guddepeHnnpyeMbIx GyHKIIAN eCTh
muddepenupyeMas QyHKIU, Tpon3Benenne nudepeHnnpyemMon GyHKINNA Ha YUCIO ecTh nudde-
pernupyemas GyHKIus); 6) MHOKECTBO BCEX MHOTOWIEHOB; B) MHOX)ecTBO K, [z| Bcex MHOrOUIEHOB
CTEIeHN He BhIMe 7. HampoTus, MHOXKECTBO BCEX MOHOTOHHBIX (DYHKIIMIT, HEIPEPLIBHBEIX HA OTPE3Ke
[0, 1], oueBunno, sBisercs nomvmuokectoM C[0, 1], HO He SIBIIIETCS TUHETHBIM MOMIPOCTPAHCTBOM,
TakK KaK CyMMa IBYX MOHOTOHHBIX (DYHKITUN MOXKET U He OBITb MOHOTOHHOU (DYyHKITHEH. F

[TycTs B numeimHOM mpocTpaHCTBe L 3alaHA CUCMEMa 8EKMOPOS €1, €, ..., €. Paccmorpum
MHOYXK€eCTBO H Bcex BEKTOPOB B L, KOTOPBIE MOT'YT OBITH IIPEICTABIIEHbI JINHETHON KOMOMHAIIIEH STIX
BEKTOPOB. DTO MHOYKECTBO SIBJISIETCSI JIMHENHBIM TOAIPOCTPAHCTBOM B L. IleficTBUTEIBHO, TyCTh

r=1x1€ + ...+ €L, Y = yi1e1 + ...+ yipeg.

Tormoa
xt+y=(r1+y)er+...+ (vx +yp)er € H,
AL = ()\xl)el + ...+ ()\xk)ek € H,

rme A € R. OnucanHoe MuHENHOE MOOIPOCTPAHCTBO HA3LIBAIOT AUHEUHOU 006040UKOT CUCTEMBI
BEKTOPOB €1, €3, ..., € 1 0003HAUAIOT span{e;, ey, ..., ex}.

[IpumeuaTenbHO TO, YTO /TF060E€ COOCTBEHHOE JIMHEWHOE MOMIPOCTPAHCTBO MOXKHO IPEICTABUTH
KaK JIMHEIMHYIO 000JI0OUKY HEKOTOPOI CHCTEMBI €10 BEKTOPOB (9TO OyIeT SICHO U3 NAIbHEMIIEro u3J0-
XKeHus). B 5ToM cocTonT yHUBEpPCAIBHBIN CIIOCOO OMUCAHUS JIMHENHBIX TOAIPOCTPAHCTB. OTMeTnM,
4TO CaMO JIMHEWHOE IPOCTPAHCTBO SABJISIETCS JIMHEWHOU O0O0JIOUKON JII000r0 M3 CBOUX 0A3UCOB.

ITpumep 2.5. PaccMoTpuM IIOCKOCTH 71, TMPOXOMSIIYIO Yepe3 TPU Tpou3BoibHbIe Touku O, A,
B, ve nexarme Ha OmHOW TpsMOU. Torma JWHENHOE MOMNMPOCTPAaH-
5 CTBO BEKTOPOB, KOMIIAHAPHBIX IJIOCKOCTU 7, IIPENCTaBIIeT COOOU
yA JIMHEWHYIO 000JIOUKY IBYX CBOOONHBIX BEKTOPOB, COOTBETCTBYIOILIUX
reomeTpudeckuM BekTopam OA u OB (puc. 2.3). IeticTBUTeNbHO,

Puc. 2.3 JTI0001 BEKTOP, KOMIJIAHAPHBIN BEKTOPaM OZ n O§, IpencTaBIsIeT-
Cs B BUE UX JIMHENHOU KOMOWHAIINN.

2.2. Panr cucreMbl BEKTOPOB

Onpenenenne 2.2. Pan2om cucmemvbl 8eKMOPO8 B AUHETHOM NPOCMPAHCMEE HABBIBAIOT
PABMEPHOCTL AUHEUHOT 00040UKY DTOR CUCMEMbL 8EKMOPOS.

Teopema 2.1. Panr cucremsr BekTOpoB @ = (@i, @3, ..., @) JIUHETHOrO mpocTpaHcTBa L
paBeH:

a) MaKCUMAJILHOMY KOJIMUECTBY AUHEUHO HE3ABUCUMBLT BEKMOPOE B CUCTEME @

6) paHry MaTPUIIBI, COCTABIIEHHON M0 CTOJIONAM U3 KOOPJUHAM 6EKMOPOS A1, Qa, . . . , Q) B KAKOM-
aubo 6asuce aunetino2o npocmpancmea L.
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« llycts g — mexoTopeiit 6a3uc B L. CocraBum mo cTosbrnaMm MaTpuily A m3 KoopauHaT B 6asuce
g BEKTOPOB @;, 1 = 1, k. Jlunetinvle onepayuy Hal BEKTOPAMI @; COOTBETCTBYIOT TAKHM Ke -
HEMHBIM OIlepalusM Ham cTonbmaMu nx koopamHaT. [losTomy, cormacHo cnenctBuio 1.1, BeKTOpHI
JIMHENHO He3aBUCUMBI TOTHA U TOJBKO TOrIa, KOTHa CTOJIOIBI UX KOOPAUHAT JIMHENHO HEe3aBUCHUMEL.
[To Teopeme o GasmcHOM MWHOpE paHr MATpUlbl A paBeH MaKCHMaJIbHOMY KOJIUYECTBY €€ JIMHEH-
HO HE3aBUCUMBIX CTOJI6IIOB. 9TO COBIIadacT C MaKCUIMAJIBHBIM KOJINYECTBOM JINHENHO HE3aBUICUMBIX
BEKTOPOB B cucteMe a. CIiemoBaTenbHO, yTBEPKICHNS a) U 6) TeOPEeMbl SKBUBAJICHTHEIL.

Bribepem B marpuiie A kakoit-mu60 6a3MCHBIT MUHOP U 3a(UKCUPYeM CTOJIOIBI 5TOTO MUHOPA
(6asucuble cronbusl). CoOTBETCTBYOIMINE UM BEKTOPHI OymeM Has3bBaTh OasucHeiMu. Ilo Teopeme o
0a31uCHOM MUHOpE, BO-TIEPBLIX, OA3UCHBIE CTOJIONBI JIMHEMTHO HE3aBUCUMBI U TTOTOMY Oa3UCHBIE BEK-
TOpPBI 00PaA3yIOT JIMHENHO HE3aBUCUMYIO CHCTEMY, a BO-BTOPBIX, BCE OCTAJIbHBIE CTOJOIBI MATPUIILI
SBIISIIOTCS JIMHENHBIMI KOMOUHAIIMSAMEI OA3UCHBIX U IIOATOMY HeOa3UCHbIe BEKTOPBI CUCTEMBI BhIpaXKa-
10Tcs uepe3 6asucHble. CrienoBaTebHO, Ti00ast TNHENHAsT KOMOUHAIINST BEKTOPOB CUCTEMBI @ CBOIUTCS
K JUHETHON KOMOWHAIITNN CHUCTEMBI OA3MCHBIX BEKTOPOB, T.€. TI000 BEKTOP JIWMHENHON OOOJIOUKM CH-
CTEeMBbI BEKTOPOB @ BBIPAXKAETCs depe3 OA3MCHBIE BEKTOPBI. 3HAUNT, OA3UCHBIE BEKTOPHI 00Pa3yioT
6a3uc nuHenHON 0607109k, KommdecTBO 0a3MCHBIX BEKTOPOB, C OMHON CTOPOHBI, PABHO KOJIMYECTBY
6a3nCHBIX CTOJIOIOB, T.€. PAHTYy MATpuilbl A, a ¢ Ipyroir — coBIAmAET ¢ Pa3MEPHOCTHIO JTMHENHO
000JI0YKH, T.€. C PAHT'OM CHUCTEMBI BEKTOPOB a. P

3ameuanue 2.1. Kak crmemyeT m3 mpuUBEIEHHOTO MOKA3aTEIHCTBA, CTOJOIBI JTI000TO Ga3UCHOTO
MIHOpa MaTpUIBl A 0TBeYaoT HAGOPY BEKTOPOB CUCTEMBI @, ABIIsoIeMycs 6asucoMm B span{a} —
JIMHEMHOM TIOATIPOCTPAHCTBE, MOPOXKIEHHOM 3TON CACTEMON BEKTOPOB.

IIpumep 2.6. IIycTh DaHBI BEKTOPHL @1, G2, G3, G4 B YETHLIPEXMEPHOM JIMHEIHOM IIPOCTPAHCTBE
T T
L, uMeromme B HEKOTOPOM 6asuce cTonbisl koopmuaar a; = (1 2 0 6) , as = (2 03 1), ag =

=323 7)T, a;=(729 9)T. CooTBercrByiorias Marpuma A uMeer BUL

S O N
W O N
N W N W
© O NN

Burunciaus panr MaTpuiiel, yoexmaemcs, 9To OH paBeH 2. Takmm o6pa3oM, paHT CUCTEMBI BEKTOPOB
paBeH 2. Jlerko mpoBepuTh, 4TO 71100011 MIHOP BTOPOTO MOpSAKa sBiseTcs 6a3ucHbIM. [loaTomy Oa-
3UCOM JIMHEWHON OOOJIOUKM TOW CUCTEMBI BEKTOPOB OYIyT JTI00OBIE Ba BeKTOpa cucTeMbl. Hampumep,
6a3mCcoOM SIBIISIETCS TIapa BEKTOPOB @1, @s. 110 »TOMY 6a3mcy MOXKHO Pa3floKUTh, HAIPUMED, OCTaIb-
HBIE BEKTOPBI CUCTEMBI. HUTOOBI HAWTU Pasoicenue 6exKmopa as no 6a3ucy, IOCTATOYHO PEIIUTh
CHUCTEMY JIMHENHBIX ajrebpanvecKnxX ypaBHEHU

T1a1 + Toao = ag,

KOTOpas B KOOpAUHATHOU (hOpMe UMeeT BUI

T1 + 2z9 = 3,
2?[)1 = 2,
3552 = 3,

61‘1 + X9 = 7.

HS YJeThIpEX ypaBHeHI/IfI MOXKHO OCTaBUTL JIIOOLIE aBa. MCHOJ’IBSYSI BTOPOE U TPEThE YPaBHEHUI,
HaxomuM T = 1, o = 1 U, CJIeOOBATENLHO, G3 = G + Q. AHAJOIMYHO HAXOOUM U Pa3jIOKeHUe
BEKTOpa Q4. Gy = Qi + 3as.
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2.3. JIunenHbie O60JIOYKM U CUCTEMBbI YPAaBHEHUN

[Iycts L — n-meprnoe aurnetinoe npocmpancmaeo, B KOTOPOM GUKCUPOBAH HEKOTOPHIA 0a3uc € =
= (e, ag, ..., €,) U BEIOPAHBI 86EKMOPbL A1, . . ., G, b. Banuiem pasqoscenue BEIODAHHBIX 6€KMO-
P08 no bazucy e:

a; =ea;, j=1,k, b= eb,

roe a; = (ay; ... anj)T, j=1k b= (b ... bn)T — CTONOIBI K00OPIUHAM COOTBETCTBYIOIINX
sexmopos. Ilycte A — maTpurma Tumna nxk, cocTaB/IeHHas U3 KOOPAUHATHBIX CTOJIOIOB BEKTOPOB
a, ..., ap, a (A|b) — marpuua, nomyuenHas u3 MaTpuibl A MOGABIEHIEM CIIpaBa eIle OIHOIO
crosbrna b.

s BekTOpa b BO3MOXKHEI IBa CIIydas:

1) BekTOp b mpuHAmIIEKUT Aunelinol obosouke span{ay, ..., a};

2) BexTop b HE mpuHAMIEKUT Spani{a, ..., a}.

B mepBom ciydae nobaBiieHnme X cucmeme 6€Kmopos ai, ..., Qi BeKTopa b He mpumBomuT K pac-

IIIPEHNIO JIMHENHON O0OJIOUKH CHCTEMBI I, CIIEIOBATENILHO,
dimspan{a,,...,ar} = dimspan{a,,...,ax, b}.

ITo Teopeme 2.1 3akmouaem, uto Rg A = Rg(A | b).
Bo BTopoMm ciydae, HaobopoT, mobasieHue BeKTOpa b K cucTeMe BEKTOPOB @j, . .., G IPUBOOUT
K PACIIUPEHUIO TUHENHON ODOJIOUKN, IPUUYEM

dimspan{ay,...,a;, b} = dimspan{a,...,ar} + 1,

MOCKOJTbKY 6A31C TIOAMPOCTPAHCTBA span{ay, . . ., ax, b} MOXHO TOMyYnTh, MO6aBUB BEKTOP b K mpo-
U3BOJIBHOMY 6a3ucy HOMIpocTpaHcTBa span{a, ..., a;}. Cuenosarensuo, Rg(A|b) = Rg A+ 1.

BrlsicHIM Temeps, 4TO 03HAYAIOT STH OBA CJIydas «Ha KOODAUHATHOM yPOBHE». B mepBoM ciiyuae
yciosue b € span{ay, ..., a;} 03HAUAECT CYIIECTBOBAHNE DA3JIOKEHUS

ra;+ ... +xa,=0b (2.1)

C HEKOTOPBIMU NENCTBUTEIBHBIMUA KOXDOUIIMEHTAME X1, ..., Tk. SAMUCHIBA 3TO BEKTOPHOE DABEH-
CTBO B KOODIMHATHOI (hOpMe, TOIyuaeM CUCTEeMY JIMHEeNHBIX ajrebpandeckux ypasaenuil (CJTAY)

a1171 + @12T2 + ... + a7 = by,

A21T1 + A22%9 + ...+ QopTp = bg, (22)
Ap1T1 + ApaTs + ... + Ty = by,

OTHOCUTEJIBHO TEPEMEHHBIX T = (1 ... xk)T, KOTOpasi B MaTpu4HOul (Gopme mMeeT Bun Ax = b.
CymectBoBanue paszioxenus (2.1) o3HauaeT, 4TO MOIyUEeHHAS CUCTEMA UMeeT pernerne. Bo BTopoM
cityuae npencrasierne (2.1) HEBO3MOXKHO, T.e. cucTeMa (2.2) He UMeeT pPeleHui.

Wrak, cremyrorire ueThIpe yTBEPXKICHUS SKBUBAJIEHTHBI MEXKITY COOOIL:

- bespan{ay,...,a};
— dimspan{ay,...,ax, b} = dimspan{a,...,ax};
~ Rg(A|b) = Rg 4;

— cucreMa Ar = b U3 n IUHEAHBIX ajarebpamdyecKux YpaBHEHUN OTHOCUTEIBLHO k HEM3BECTHBIX
COBMECTHA.

OKBUBAJIEHTHOCTD TMOCJIEIHUX OBYX YTBEPKIECHUN COCTABIIIET comep:KaHue TeopeMbl KpoHeke-
pa — Kanemmu, koropas Bepra mis npousBoibHbx CJIAY. Ormerum, uro mrobas cucreMa U3 n
JMHENHBIX aJareOpamvecknxX ypaBHEHU OTHOCUTEIHLHO k HEM3BECTHBIX MOXKET OBITh IOJIyUeHa Kak
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pPEe3yIIbTAT MPOBENEHHBIX PACCyXkmeHuit. I[jIsi 3TOro mocTaTOYHO B KAUeCTBE BEKTOPOB @i, ..., Aj
PACCMOTPETH CTONOIBI KOd(DPUIMEHTOB PN HEU3BECTHBIX, a B KauecTBe BeKTOpa b — cromnberr cBo-
OOOHBIX WIEHOB. Bce »3Tu cTOMOIIBI MOTYT PacCMATPUBATBHCSI KaK N-MEPHBIE BEKTOPHI B AUHEUHOM
apugpmemuueckom npocmparcmee R™.

Taxum obpaszom, Teopemy Kporekepa — Kanenmu Mox)HO mepedopMyInpoBaTh CIEMYIOIIIM 00pa-
30M: IIJISS TOTO YUTOOBI JIWHEWHAs OOOJIOUKa CUCTEMBI BEKTOPOB @1, ..., G COBIIAOAsa C JIMHETHON
000JI0UKOI PACIIIPEHHON CUCTEMBL @1, ..., A, b, HEOOXOMMMO M IOCTATOYHO, UTOOLI OBLIN PABHBI
Pa3sMEPHOCTH ATUX JIMHENHBIX 000JIOUEK.

[Mpenmomoxum, aro kBagpaTtHas CJIAY Ax = b umeer perrenne mpu 1000M ¢TOOIE b TTPaBBIX
gacTeil. PacemarpuBas cronbusl maTpunsl A m cTonberr b Kak 5/IeMEHTEHL @, ..., G,, b N-MepHOro
JUHERHOTO apudMeTrnIeckKoro npoctpancTsa u 3amucbiBas CJIAY B BekTOpHOI hopme

r1a1 + roQo + ... + xha, = b,

3aKJTIO9YaeM, YTO JIMHEWHas 000JIOUKa CHUCTEMBI BEKTOPOB A1, ..., G, COBIAIAE€T CO BCEM JIMHENHBIM
npoctparncTBoM R”™. U3 sTOro crmemyer, 9TO paHT 3TON CUCTEMbI BEKTOPOB PABEH Pa3MEPHOCTH JIH-
HETHOTO MTPOCTPAHCTBA N, & TaK KaK B CHCTEME POBHO 7 BEKTOPOB, TO OHA, COTJIACHO Teopeme 2.1,
JIuHEeNHO HezaBucuMa. Ipyrumu crmoBamMu, cTONOIBI MATPUIEI A JUHENHO HE3aBUCUMBI, a MaTpPHUIA
A ABIIAETCS HEBBIPOKIEHHOI (TeopeMa 0 6a3MCHOM MUHODE).

Takum obpasom, ecnu kBagpatHas CIIAY Az = b umeet perierue mpu 060 TPABON IaCTH, TO
MaTpuiia A cucTeMbl HEBBIPOXKIEHA, a PEIIeHNe CUCTEMBI IIPK 000 MIPaBoil YaCTH €IMHCTBEHHO.

2.4. OnpepeiieHne eBKJINIOBA IMIPOCTPaHCTBa

B aunetinom npocmpancmee ce60600nvir 6exmopos Vi KpoMe Aunetlinblr 0nepayutli paccMaTpuBa-
JIUCHh U OpyTue. BBin BBENEHBI IBE OMEPAIN YMHOXKEHNs BEKTOPOB (CKAJIIPHOE U BEKTOPHOE), IS
BEKTOpA MCIOIB30BAIACH TaKas eCTeCTBEHHAs XapaKTepUCTUKA, Kak InHa (Momyis). Bsammuoe
PACIOIOKEeHNEe BEKTOPOB MOXKHO OBIJIO OIEHUBATDH C IIOMOIIBIO YTJIa MEXKIY HUMU.

[HorsiTre CKaISIPHOrO MPOM3BENEHUS] BBOMUJIOCH MCXOMSl M3 T€OMETPUUECKUX CBOWCTB CBOOOMHBIX
BEKTOPOB (IJIMHBI U yTJIa MEXKIY BEKTOpaMu). B IpOM3BOIBHOM JIMHENHOM IIPOCTPAHCTBE DTUX
CBOICTB TIOKa HET, W TOPTOMY MBI HE MOXKEM BBECTU CKAJIIPHOE MPOU3BENEHNE aHAJIOTUIHBIM CIIOCO-
6om. OmHaKO Takoe MPOM3BENECHNE MOXKHO OMPENeTUTh UCXOIs U3 aJarebpanieckux CBONCTB, KOTOPHIE
OBLIN yCTAHOBJIEHBI [JIs TPOCTPAHCTBA V3.

Omnpenenenne 2.3. JluneitHoe mpocTPpaHCTBO £ HA3LIBAIOT €8KAUAOBHIM NPOCMPAHCINEOM,
€CJIN B 5TOM IIPOCTPAHCTBE 3a0aHO CKAAAPHOE YMHOII CEHUE, T.C. 3aKOH MJIN IIPAaBUJIO, COTJIACHO
KOTOPOMY KaXKIIOW Tape 6exkmopos &, Yy € & TMOCTABIEHO B COOTBETCTBUE NENCTBUTEIBLHOE UHCIIO
(z, y), HA3BIBAEMOE CKAAAPHBIM NPpou3sedenuem. [Ipu 5TOM BHIIOTHSIIOTCS CIEAYIONINEe GKCUO-
Mbl cna./mpuoao yMHO:)ICCHU.EI

a) (z, y) = (y, );

6) (x +y, z) = (x, 2) + (y, 2);

B) Az, y) =A(z, y), AeR;

r) (z, ) > 0, npuuem (@, ) = 0 numws B caydae, korna € = 0.

CkassipHOe IpOmM3BeNeHre IacTO 0003HAUAIOT TaK XKe, KAK I IIPOU3BEIEHHE UHCET, T.€. BMECTO
(z, y) mumyT xy. CxansipHOe Mpon3BeIeHIe BEKTOPa Ha ce0s HA3bIBAIOT CKAAIPHBIM K8aOPaAmMOoMm
(10 aHAJIOTMK ¢ KBAIPATOM UUCIIA).

IIpumep 2.7. B nuneiitnoM mpocTpancTBe V3 OBIJIO BBEOEHO CKAISIPHOE YMHOXKEHUE COTJIACHO
PABUITY
(@, y) = |@| - |y| cos(z, ),
roe T,y — yroj MeXy BEKTOpaMu T W Y, a ||, |y| — ux mamebl. DTO yMHOXKEHHUE YIOBIETBO-
pSET IPUBENCHHBIM aKCHOMaM CKAJIAPHOTO YMHOXKEHUS U, CIEIOBATEIBHO, OTHOCTHIO COTTIACYeTCs C
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onpenenenneM 2.3. Taxum o6pazoM, TUHETHOE TPOCTPAHCTBO V3 OTHOCUTEIBLHO YKA3aHHOU OlepaIinu
SIBJISIETCS €BKJIUIOBBIM ITPOCTPAHCTBOM.

ITpumep 2.8. B aunetinom apudmemuueckom npocmparncmee R™ dhopmyna

(¢, y) = 2191 + ... + TpYn

BBOIUT CKAJISIPHOE YMHOXKEHUE, TOCKOJIBKY BBIIOHIIOTCS AKCUOMBI CKAJSPHOTO YMHOXKEHUS. Y Ka-
3aHHOE CKaJIIPHOE YMHOXKeHUe BeKTOpoB u3 R™ mHOrma HaswiBaioT cmandapmubim, a camo R" —
e8KAUdo8bIM apuPmemuueckum NPoOCMpPaHCINEOM.

IIpumep 2.9. B mpousBOabHOM n-meprom aunetinom npocmpancmee L Bcerma MOXKHO BBECTH
CKaJIIPHOE TPOM3BENeHNe, IpUYeM Pa3IMIHbBIMU criocobaMu. BribepeM B 9TOM IMPOCTPAHCTBE HEKO-
TOPBIN 6a3uc e, ..., €,. LI TIpOon3BOIbHLIX BEKTOPOB & = T1€1+...+T,e, U Y = y1€1+...+Ynen
TTOJIOXK M

(.’L‘, y) = T1% T ooo F TnYn-
HeTpynuo ybenuThcst, 9TO aKCMOMBI CKAJIIPHOTO YMHOXKEHUS BBITIOTHAIOTCS, T.€. N-MEPHOe JIMHEIHOe
MIPOCTPAHCTBO CTAHOBUTCS €BKIMIOBBIM. OTMeETHM, 9TO pasHbIM OasucaM OyIyT COOTBETCTBOBATD,
BOOOITIE TOBOPSI, Pa3HbIE OMEPAIUN CKAJIIPHOTO YMHOXKEHUS.

Bamanne CKaJIsIpHOrO IMPOM3BENEHUs Uepe3 Koopdunambl 6€KMOPO8 B HEKOTOPOM 0asmce MOK-
HO paccMaTpuBaTh Kak 000OIIIeHWEe CTaHIAapPTHOIO CKAJISPHOTO mpoum3BeneHus B R™: KOMIIOHEHTHI
T, T, ..., Tn BEKTOPA (:131, Loy ..y :cn) € R" aBasArOTCsS KOOPOAMHATAMEI 5TOr0 BEKTOPa OTHOCUTE b
HO cmandapmmo20 6a3uca B TMHETHOM apudMETUIECKOM IPOCTPAHCTEE.

ITpumep 2.10. JTuneitnoe npoctpancrso C|0, 1] Bcex dyHKImil, HENIPEepBIBHBIX Ha oTpeske [0, 1],
TOXKE CTAHOBUTCS €BKJIUIOBLIM, €CJIM B HEM BBECTH CKAJIIPHOE YMHOKEHUE

(f, 9)= /f(:v)g(x) dzx.

Y6emuMmcst, UCHOB3YsI CBOMCTBA ONPENEIEHHOIO MHTErPasa, UTO HTA OHePAlus — NefCTBUTEIHLHO
CKAIIAPHOE YMHOJKEHIE.
Akcnoma a):

(:9)= [ 1@9t@)dz = [ g@)f(@)do = (9. $).
Axcuoma 6):

(it for g) = / (fi(@) + fol@)) g(e) do = / fi(@)g(x) do + / fa(@)g@) de = (f1r 9) + (far 9).

Axkcuoma B):

I
>
—
—
2
<
—~
s
U
8
I
>
-
&

(Af,9) = / (Af(x))g(z) dx

Axcuoma r):
1

(f, f) Z/f(w)f(w) dx:/lfQ(l’)dx>0.

W3 cBoiicTB HEMPEPHIBHBIX (QYHKIUN CIEAYeT, UTO MOCIeqHee HEPABEHCTBO MIPEBPAIAETCS B PABEH-
CTBO TOJIBKO B ciydae, korma f(x) =0. #
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HemocpencTBeHHO U3 aKCMOM CKAJISIPHOTO YMHOXKEHUS CIIEAYET PsIi €ro MPOCTEUIINX CBOWUCTB.
Hanee x, Yy, z — NPOU3BOJILHBIE BEKTOPHI €BKJINIOBA TPOCTPAHCTBA, & A — HEHCTBUTEIHLHOE UUCTIO.

CaoiictBo 2.1. (2, \y) = A (z, y).

<« OTO CBOICTBO AHAJOIMYHO AKCHOME B) CKaJIAPHOT'O YMHOXKCHUS 1 BBITECKAET U3 PABEHCTB

(x, \y) = (\y, ) = A (y, ) = A (z, y),

KOTOpPBIC BBIIIO/THEHBEI B CHJIY STOU aKCUOMEI 1 KOMMYTATHUBHOCTU CKaJIAPHOI'O YMHOXXEHUA (aKCI/IO—
Ma a)). »

CaoiicTtBo 2.2. (z,y + 2) = (x, y) + (x, 2).

<« DTO CBOICTBO AHAJIOTUYIHO aKCHOME 6) U CIIEAYeT M3 PABEHCTB

(T, y+tz)=Wy+zz)=(y z)+ (2, ) =(z, y) + (, 2),

KOTODPBIE BBIIIOJTHEHBL B CUJIY 5TOU AKCUOMBI I KOMMYTATUBHOCTU CKaJIAPHOTO YMHOXKEHUI. >
CaoiicTtBo 2.3. (z, 0) = 0.

<« YTBepXKIeHUE clenyeT u3 cBorcTBa 2.1:

(,0)=(x,0-0)=0(x, 0) =0. >

m m
CsoiicTBo 2.4. ( S apes, y) = > ap(xp, y), rme ap € R, k=1, m.
k=1 k=1
<« YTBepXKeHue SBIIeTCs 0O600IIeHneM aKCHOM 0) 1 B) U BbIpaKaeT OO0 MHOTOKPATHOE MPUMEHE-
HIe 5TUX akcmoM. I{oKasaTenbcTBO Oa3upyeTcss Ha Memode Mamemamuueckoti uHoyKyul, KOTOPBIT
MIPOBOOUTCS IO KOJIMYECTBY M cjaaraeMbix B ¢opmysie. [Ipm m = 1 ¢popmyra coBnamaer ¢ aKCHOMON
B) CKaJIIPHOTO yMHOXKeHus. [lycTh dopMmysia BepHa IJisi HEKOTOPOTO 3HaueHus m. Torma

m+1 m
(3" an y) = (3w + amar @i, y) = -
k=1 k=1
m HpeHHOJIO)KEHI/Ie . m
= <§ Ty, y) + (1% m41, Y) = | MATCMATHYCCKOH | — § o (x, y) + (U1 Tmi1, Y) =
I/IHJIyKL[I/II/I
k=1 k=1
m m—+1
- =3 ok @0 1)+ s @i ) = > (@ y).
k=1 k=1

CaoiicTtBo 2.5. Ecim BeKTOPHl € 1 Y €BKJINIOBA IPOCTPAHCTBA £ TAKOBBI, YTO I JIIOOOTO
z € & BBINOIIHEHO PAaBEHCTBO (&, z) = (Y, Z), TO 5TU BEKTOPHI COBIANAIOT: & = Y.

L | STO CBOIICTBO HE ABJISIETCS OJOCTATOYHO OYEBUOHBIM 1M MHTYUTHUBHO IIOHATHBIM, HO UI'DAaCT BaxK-
HYIO POJIb B HEKOTOPBIX IOKa3aTeIbCTBaX. UTOOBI MOKA3aTh 3TO CBONCTBO, MpeobpaszyeM paBeHCTBO
(x, z) = (y, 2) B dopmy (& — y, z) = 0, Bocnonb3oBasiucs akcuomoit 6). [lomydyennoe paBeHCTBO
BEPHO IJIs1 TI060r0 BEKTOPaA Z, B YaCTHOCTHU, OHO BEPHO IJIsA BeKTopa z = £ —y: (x —y, € —y) = 0.
[TocnenHee e pPABEHCTBO, COTJIACHO aKCHOME T), MOXKET BBIIOJIHATBLCS TOIBKO B CIIydae, KOUIa
r—y=0.»
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2.5. HepaBencTBo Korin — ByHsIKOBCKOro

Teopema 2.2. [l mo0bx 6ekmopos x, Y eskaudosa npocmpancmea £ CIPABEIINBO HEPQ-
sencmeo Kowu — Bynaxosckozo

(z, y)’ < (=, z) (y, y). (2.3)

<« IIpu & = 0 06e yacTu HepaBeHCTBA (2.3) PABHBI HYJIIO COTJIACHO CBOMCTBY 2.3, 3HAYNT, HEPABEHCTBO
BoInosTHsAeTcst.  OTOpachiBast 5TOT OYEBUIHBIN ClTydail, OymeM cuuTaTh, uTo € # 0. s mo6oro
HNeNCTBUTEIHLHOTO YUCIA A, B CHUJLy AKCHOMBI T'), BBIIOJIHAETCSI HEPABEHCTBO

A\ —y, \e —y) > 0. (2.4)
[Ipeo6pasyem €ByI0 9acThb HEPABEHCTBA, UCIOIB3YSI AKCUOMbL I CBOICTBA CKAAIPHOZ0 YMHOMCEHUL:

M-y, dx—y)=Axz, e —y)— (y, \e —y) =N (z, z) — 2\ (z, y) + (y, ¥).

MEI IOy qnIl KBaIpaTHBII TPeXUsieH OTHOCUTENBHO TapaMeTpa A (kosddununent (x, =) mpu A2
COTJIACHO AKCHOME T') HEHyJIeBOW, Tak Kak & # (), HEOTPUUIATENbHBIN P BCEX NENCTBUTETBLHBIX
3HaueHNAX napamerpa. CrenoBaTesbHO, ero NUCKPUMIHAHT PaBeH HYJIIO WIX OTPUIATEIbHBIH, T.€.

(. y)’ —(z. z)(y, y) <0.  »

IIpumep 2.11. JloxkazaTenbcTBO HepaBeHCTBa Koim — ByHSIKOBCKOTO BBITJISIUT TOCTATOYHO
npocto. TeM He MeHee 3TO HEPABEHCTBO OYEHb MOJIe3HOE. [IpuMeHsis ero B KOHKPETHBIX €BKJIAIOBBIX
IPOCTPAHCTBAX, MBI ITOTyYIaeM HEKOTOPBIE XOPOIIO M3BECTHBIE B aHAIN3E U alrebpe HEpaBEeHCTBA.

B cniyuae aunetinozo apugpmemuuecrozo npocmpancmea R™ nepaBenctso Koin — ByHsxoBcKOro
TpaHchopMupyercs B wepasencmeo Kowu:

(a1by + ...+ apby)? < (a2 + ... +a) (b3 + ...+ b2).

B eskmumoBom mpoctpasncTee C0, 1], ckamsgpHoe Ipom3BemeHHE B KOTOPOM BBIPAXKAETCS OIpe-
neneHHbIM uHTerpajioM (cMm. mpumep 2.10), mepasencTBo Komu — ByHSKOBCKOro mpeBparaercs B
nepasencmeo Bynarxoeckozo (HasbiBaemoe Takke Hepasdencmeom Illeapya):

( / f(z)o(x) dm)2 < / Aot ng(x) N

HepasenctBo Ko — ByHSIKOBCKOrO MO3BOJISIET BBECTHU TOHATHE YIJIAa MEXIY BEKTOPAMU B
eBKJINIIOBOM TPOCTPAHCTBE, O0OOIIAoIee MOHITUE yIJIa MEXKIY C80000HbIMU 6EKMOPAMU B TIPO-
crpancrBax Vo m V3. OTmeTuMm, UTO €ciam B MPOCTPAHCTBAX CBOOOMHBIX BEKTOPOB OIpEeIeHUe
CKAAIPHO20 npoussedenus Ga3upyeTcs Ha TMOHATUU yIJIa MEXIY BEeKTOPpAMHU, TO B MPOM3BOJIBLHOM
€BKJINIIOBOM ITPOCTPAHCTBE HAOOOPOT, aKCMOMATUYIECKN 3aaHHOE CKAIITPHOE TTPON3BENEHNE TTO3BOJTIS-
€T OIpPeNenTh YTOJ.

Omnpenernenne 2.4. Y2a0Mm @ meHcoy HEHYAEEbIMU 8EKMOPAMU T U Y B €BKIUIOBOM IIPO-
cTpaHcTBe £ HA3LIBAIOT 3HAUYEHUE ¢ Ha oTpe3ke oT () mo 7, ompenesseMoe PABEHCTBOM

(x, y) (=)

Vi )y y) eyl

(2.5)

CoS p =

rre ||lz]| = /(z, z) u ly[| = \/(y, y).

Cornacuo nepasencmsy Kowu — Bynarosckozo (2.3) npasas 9acTh B (2.5) mo MOmyIIiO He mpe-
BLIIIACT 1 U IOTOMY SIBISETCS KOCUHYCOM HEKOTOPOIO HEHCTBUTENHHOro umucia. CremnoBaTesbHo,

YIOJI ( olpeneieH KOPPEKTHO IJIs JTI000i aphl HEHYJIEBBIX BEKTOPOB.
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PasencTso (2.5) He MMeeT CMBICIIA, €CIIN OMWH I3 BEKTOPOB HYJIEBO. B 9TOM cityuae yroi Mexmy
BEKTOpaMU He ONpenesieH, 1 MBI OyIeM IPUINCHIBATH €My TO 3HAaUYeH!e, KOTOpoe Hanbosee yIOOHO B
KOHKDETHOI1 CUTyanuu (To JKe COrJIAIIeHNe NeCTBYeT U B IPOCTPAHCTBAX CBOOOMHBIX BEKTOPOB).

IMpumep 2.12. B R? co cmandapmmupim craiapuvim ymuoxcenuem yroil @ MEKILY BEKTOPAME
r=(1,0,1,0 my=(1, 1, 0, 0) paBer /3, HOCKOIBKY B COOTBeTCTBHU C (2.5)
1-1+0-1+1-0+0-0

1
CoS p = = =
® \/12+02+12+02\/12+12+02+02 2

Amnasnornuno B esksmposom npoctpanctse C[0, 1] (em. mpumep 2.10) yrom ¢ Mexmy dyHKIIIMEI
f(z) =2 u g(x) = 2z — 1 pasen 7/2, Tak Kak

1
1

(f, 9) = /f(x)g(:r) dr = /2(2x —1)dz =2(z® —z)| =0

0
0

u B coorBercTBUN C (2.5) cosp = 0.

2.6. Hopma BekTOpa

B aunetinom npocmpancmee obobIIICHIEM TIOHATUS JINHBI 800001020 6€KMOPA SIBISETCS HOP-
Ma. [lnumHy BekTOpa B JIWHEWHOM IpocTpaHcTBe Vi miaum Vo MOXHO paccMaTpuBaTh Kak (PYHKIIHIO,
ONPEIENIEHHYI0 HAa MHOXKeCTBe V3 (COOTBETCTBEHHO V3), KOTOpas KaXIOMy BEKTOPY CTABUT B COOT-
BETCTBHE UHCIIO — €r0 IUINHY. OTa QyHKIus 06agaeT HEKOTOPBIMEI XapaKTEePHBIMI CBONCTBAMI,
KOTODPBIE U CIIy’KAT OCHOBOII IJIsl ONpPeNeIeHIsT HOPMBI B JIMHEHOM IpocTpancTBe. Hopmy BekTOpa B
JIMHENHOM IPOCTPAHCTBE MHOTA HA3bIBAIOT MJIMHOWM, NMes B BUMIY CBS3b C AHAJIOTMYHBIM TEPMUHOM
BEKTOPHON aJareOpHhl.

Onpepnesnenne 2.5. DyHKNUIO, 33[JaHHYIO HA JIMHENHOM IIPOCTPAHCTBE L, KOTOpas KaxkKIOMY
BEKTOPY & € L CTaBUT B COOTBETCTBHUE NEHCTBUTEILHOE UNUCIIO |||/, HA3BIBAIOT HOPMOU, eciiu OHA
VIOBIIETBOPSIET CIIEAYIOIINIM GKCUOMAM HOPMBL:

a) ||z|| > 0, npuuem pasencTso ||z|| = 0 Bo3MOXKHO TONBKO MpU T = 0;

6) [[Ax|l = [Allle], A € R;

B) ||z +y| < |z|| + ||ly|| (repasencmeo mpeyzoabnura).

Kaxk yTBEepXKOacT CIIeOyIollas TeopeMa, UCXOoOs U3 CKaJAPHOTO YMHOXKEHNA B €BKJINIOBOM IIPO-
CTPaHCTBE MO2XKHO 3a0aThb HOPMY.

Teopema 2.3. Bceskoe ckansgpHOoe YMHOXKEHUE B €BKJIUIOBOM ITPOCTPAHCTBE OMpPENesieT HOPMY

COIJIACHO (pOpMYyIIe
2] =/ (z, z). (2.6)

<« OTMeTnM, YTO, COTVIACHO AKCHOME T') CKaJIIPHOrO yMHOXeHus, (&, ) > 0 u, CIemoBaTesbHO,
dbyHKun, 3amanHass cooTHOIeHneM (2.6), ompenenena st BceX BEKTOPOB & €BKIIMI0BA IPOCTPAHCTBA.
[IpoBepuM BBITIOJIHEHNE aKCHOM HOPMBL. Akcmoma 1) HOPMBI HEMEIJIEHHO CJIEMyeT U3 AKCUOMBIL T)
CKaJISIPHOTO YMHOXKeHUs (onpenesnienue 2.3). Akcuoma 2) HOPMbI BHITEKAET U3 AKCUOMBI B) CKAJISIPHOTO
YMHOXKEHUS U CBOMCTBa 2.1:

Nzl = VO, dx) = VX (2, z) = VA2 (2, @) = |A[||2] .

OcraeTcst IPOBEPUTH AKCUOMY 3) HOPMBI, [JIsL I€TO MBI BOCIIOIB3YeMCs Hepasencmeon Kowu —
Bynakosckoeo (2.3), KOTOpOe MOXKHO 3aIllCATH B BUIE

(z, y) < V(z, )V (y, y)
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unu, ¢ yaeroM (2.6),
(@, y) <=yl

Vcnonb3yst 5TO HEpaBEHCTBO, MOIyYaeM

lz+y|*=(x+y, z+y)=(z, z)+2(x y)+ (y, y) <
2
< (z, ) + 2|z |yl + (v, y) = (|=]] + |lyl)”- >

2.7. OpTOI‘OHaJ'IbeIe cCucreMbl BEKTOPOB

Omnpenenenne 2.6. [IBa BekTOpa B €6KAUI0B0M NMPOCMPAHCMEE HASBIBAIOT OPIMO20HAAbHbL-
MU, €CITI UX CKAAIPHOE NPOU3EEIEHUE PABHO HYJIIO.

OpTOoroHaILHOCTL BEKTOPOB & U Y OymeMm oboszHadarh Tak: « L y. OTmeTum, 4TO, COTIacHO
CBOUCTBY 2.3 CKaJIIPHOIO YMHOXKEHUS, HYLE601 6€KMOP OPTOTOHAJIEH JTIOOOMY OPYTOMY.

EBkInmoBo mpocTpaHCTBO — 3TO, COTJIACHO ONpPENENIeHUIO 2.3, YACTHBINA CIIydall Aunetino20 npo-
CMPaAKCMEa, 1 MOITOMY MOXKHO TOBOPUTH O €T0 AUHEUHBIT NOONPOCMPAHCMEAT B CMBICIIE OIPEIeTICHITS
2.1. Kaxknoe u3 Takux JUHEHHBIX MOOIPOCTPAHCTB SBISETCS €BKINIOBBLIM ITPOCTPAHCTBOM OTHOCH-
TeJIBHO CKAJISIPHOTO YMHOXKEHUS, 3aJaHHOTO B OOBEMIIIOIIEM €BKJINIOBOM ITPOCTPAHCTBE.

['oBOpsT, 9TO BEKTOp & B €BKJIMIOBOM MPOCTPAHCTBE £ OPMoO20HaLeH NOONPOCMPAHCMEY
'H, n obozragaoT L H, ecimm 0H OpTOrOHAJIEH KaXKIOMY BEKTODPY ATOrO IOAIPOCTPAHCTBA.

Ecmun H = span{ay,...,ax}, 10 yciaoBue & | H paBHOCUIIBHO TOMY, YTO BEKTOD & OPTOIOHAJIEH
KaxKIOMy BEKTOPY @1, . .., Q). eCTBUTEILHO, €Il € OPTOroHajaeH H, TO, COMIACHO OIMPEIeSICHIIO,
OH OPTOTOHAJICH U KaXKIOMY BEKTODPY @, . .., Gj. JlOKaxkeM IPOTHBONOIOKHOE yTBepkaeHne. 1lycTh

xla;,i=1k uy e H. Torma BekTop Yy ABIIETCSI AUHEUHOT KOMOUKHAYUET BEKTOPOB @;:
Yy =o1a; + ...+ opay,
7 TIOATOMY, COTJIACHO CBONCTBY 2.4,
(x,y) =y (x, a1) + ...+ o (x, ar) = 0.

B wactHOCTH, €ciii BEKTOPBI € U @ OPTOTOHAJILHBI, TO IJIst J1I000T0 A € R BeKTOpHI & U Aa ToXe
OPTOTOHAJTBHBI:

(x, Aa) = X (x, a) = 0.

B mpoctpamctse V3 menysesbim OPTOTOHAIBHBIM 6EKMOPAM XL U Y MOXK-

HO COIIOCTABUTH KATETHI MPSIMOYTOJILHOTO TPEYTOJILHUKA, IPUYEM TaK, 9TO UX

CyMMe, TIOCTPOEHHON IO MPaBUJIy TPEYTroJIbHUKA, OyIeT COOTBETCTBOBATHL I'-

MOTEHy3a 3TOr0 MPSAMOYTOILHOrO Tpeyroibuuka (puc. 2.4). Ilo amamorum c

v V3 MBI Ha30BEM B €BKJIMIIOBOM ITPOCTPAHCTBE CYMMY & + Y OPTOTOHAIIBHBIX

y BEKTOPOB X W Y THUIOTEHY30l TPEYTOJbHUKA, MOCTPOEHHOTO Ha « u Y. To-

Puc. 2.4 r1a Ha TPOU3BOJIBHOE €BKIIMIOBO MTPOCTPAHCTBO PACIIPOCTPAHIETCS M3BECTHAS
meopema Iugazopa.

-+ Yy

Teopema 2.4. Eciu BEKTOPHI & U Y U3 €BKJINIOBA IPOCTPAHCTBA OPTOTOHAJIBHBL, TO

Iz +yl* = llzl* + 1yl

<« 3mech Ton HOPMOT MBI, KaK OOBIYHO, TOHUMAaEM e68KAUJd08Y Hopmy. BeIpasum 1€By0 4acTh 3TOTO
paBEHCTBA Uepe3 CKAJSIPHOE MPOU3BEIEHNE U BOCIIONB3YEMCs YCIIOBIEM OpTOoroHaimsHocTH (€, y¥) = 0:

lz+yl*=(x+y, z+y) =(z, @) +2(x y) +(y, y)=z|” +y]*. »
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Omnpenenenne 2.7. Cucmemy 6eKmopos eBKINIOBA MPOCTPAHCTBA HA3BIBAIOT OPTNO20HAAb-
HOU, ecnu JTIOOBIE TBa BEKTOPA M3 ATOH CUCTEMBI OPTOTOHAJILHEL.

Cnemyrolriee ¢BOMCTBO OPTOTNOHAIBHON CUCTEMBI SIBJISETCS CAMBIM BaKHBIM.

Teopema 2.5. Jlrobast OpTOrOHAIBHAS CUCMEMA HEHYIIEBLIX 6EKMOPO6 AUHEUHO HE3ABUCUMA.

<« PaccvoTpuM mpom3BoOIBHYI0 OPTOTOHAJIBHYIO CUCTEMY HEHYJIEBBIX BEKTODPOB €1, ..., €,,. lIpemmno-
JIOXKUM, UTO IS HEKOTOPBIX NENCTBUTEIBHBIX KOXDPUITMEHTOB (v, . . ., (V;, BBITIOIHIETCS PABEHCTBO
ae; + ...+ ape, =0. (2.7)

YMHOXKIM 5TO PABEHCTBO CKAJIAPHO HA KAKOI-INOO BEKTOD €;:
(e + ...+ e+ ...+ apen, e) = (0, e;).

B cuny cBoiicTBa 2.3 CKAJISPHOTO MPOU3BENCHNS TIPaBas YacTh MOTYUYEHHOTO pPABEHCTBA PaBHA HYIIIO,
7 MBI, TpeoOpa3ys JIEBYIO YaCTh B COOTBETCTBUU CO CBOMCTBOM 2.4, MOTydaeM

&1(61, ei)—l—...—i—ai(ei, ei)—l—...—kam(el,ei):O.

Tax kak cucTemMa BEKTOPOB OPTOTOHAJbHA, TO BCE CAaraeMble CjieBa, KPOME OIHOTO, PABHBI HYIIIO,
T.C.

a; (e;, ;) =0. (2.8)

Tax kax BeKTOp €; HeHyJeBoll, To (e;, €;) # 0 (axcuoma 4 ckasgprozo ymuoxncenus). [losTomy u3
(2.8) crienyer, uro «o; = 0. Uunmekc i MOKHO GBIIO BEIGUPATH MPOU3BOJILHO, TaK UTO Ha CAMOM e
BCe KOODDUIMEHTHI (v SBISIOTCS HyJeBbIMU. MbI mokazaim, 4To paBeHCTBO (2.7) BO3MOXKHO JIUIIIb
IIPU HYJEBBIX KO3 dUImeHTax, a 3TO, COTJIACHO ONpenesieHnio 1.2, o3HavYaeT, ITO CUCTEMa BEKTOPOB
ey, ..., e, IUHETHO He3aBUCUMa. P

ITpumep 2.13. B eskimmosom npoctpanctse C|0, 7] cucrema dyukuumit cos kx, k = 1, n, sBis-
eTCsl OPTOTOHAJIBHOI, TOCKOIBKY

™

(cos kz, coslz) = /cos kx coslzxdx =0

0
npu k.l =1, n, k # 1.

FEexaudoso npocmpancmeo ABISETCI AuHelHbim npocmpancmeom. 11o3ToMy mpaBOMEPHO TOBO-
PUTH O €T0 pasmeprocmu 1 ero 6a3ucar. Kax u mpon3BOIbHBIE JTUHERHBIE TPOCTPAHCTBA, €BKIIUIOBLI
MPOCTPAHCTBA MOXKHO PA3He/UTh HA OCCKOHEUHOMEPHBLE T KOHEUHOMEDPHDLE.

Ecnu 6a3uc eBkmmnoBa mpocTpaHCTBA MPEACTABIISIET COOON 0PMO20HAALHYIO CUCTNEMY 6EKMOPOS,
TO 3TOT 0A3UC HA3BIBAIOT OPIMO20HAAbHbIM. DB cumy TeopeMbl 2.5 mr00as OpTOTOHAIIBHAS CUCTME-
M@ HEHYIEBBIX 6EKMOPO6 AUHEUHO HE3A8UCUMA, T €CITT OHA B N-MEPHOM €BKJIMIIOBOM IPOCTPAHCTBE
COCTOUT U3 1 BEKTOPOB, TO SBIISIETCS OA3MCOM.

B nuneitHOM mpocTpaHCTBe Bee 6a3uChl paBHOMPABHBI. B €BKIMIOBOM XK€ MPOCTPAHCTBE HATIMTINE
CRAAIPHO20 YMHOHCEHUL TTO3BOJISIET BBINETUTL CPENN BCeX 0A3MCOB OPTOTOHAIBHBIE U OPTOHOPMUPO-
BaHHBIE, KOTOpPhIe 0OoJiee YOOOHBI U UTPAIOT B JIMHEWHON ajirebpe pojib, aHAJIOTUIHYIO PO NPAMO-
Y2046HO0T cucmembl, K0OpIURAM B aHAIUTUYECKON T€OMETPHM.

Omnpenenenne 2.8. OpTOroHaIbHLBIN OA3UC HA3BIBAIOT OPMOHOPMUPO6AHHBIM, €CITU KAXKIBIT
BEKTOp 5TOro 6asuca umeeT wopmy (dauny), paBHYIO eIUHUIIE.

HomonmuuTenbHoe TpeboBaHre K HOpMaM BEKTOPOB B OPTOHOPMUPOBAHHOM Oa3nce B MIPUHITUIE HE
SIBJISIETCS CYIIIECTBEHHBIM, TaK KakK JI000N OPTOTOHAIBHBIN Oa3uc Jerko Mpeodpa3oBaTh B OPTOHOP-
MUPOBAHHBIN, YMHOXas BEKTOPbI Ha COOTBETCTBYIOIINE HOPMUPYIOIIUE KO3DGUITNEHTHI (paB,HeJH/IB
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KasKIBIIl BEKTOp Gasmca Ha ero mauHy). OIHAKO MOMOIHUTENIbHAS HOPMUPOBKA BEKTOPOB YIPOLIAET
U3JI0KEHNE TEOPUL.

IIpumep 2.14. Cucrema u3 tpex BekTopoB @ = (1, 0, —1), b = (1,0, 1), ¢ = (0, 1, 0) B
e6KkAudo6oM apufpmemuueckom npocmpancméee R? obpasyeT OpTOTOHANBHBIN GAa3UC, TOTOMY YTO
(a,b) = (a,c) = (b, ¢) = 0. Dror Gasuc He SIBIIETCS OPTOHOPMUPOBAHHBIM, TAK KaK, HALIPU-
mep, ||afl = /12 + 02 + (—1)2 = /2 # 1. Uro6sr 5ToT 6asuc cemaTh OpTOHOPMEPOBAHHBIM, HyKHO

BEKTOPHI @ I b Pa3fenuTh Ha X HOPMEI, T.€. Ha THCI0 v/ 2.

IIpumep 2.15. BekTops! 2, 3 06pa3yioT OPTOHOPMUPOBAHHBIN 6Aa3UC B TPOCTPAHCTBE Vo cBOOOII-
HBIX BEKTOPOB Ha IJIOCKOCTU. TOYHO Tak ke BEKTODHI ¢, 7, K 06pa3yioT OPTOHOPMUPOBAHHBIN Ha3uc
B IIpocTpaHcTBe V3.

Wcnonb3oBanue opmonopmuposannblr 6a3ucos 0bJIeryaeT BEIUYUCIEHNE CKAAIPH020 NPOU3EedenUs
mo xoopduramam eexkmopos. 1lycts B eskaudosom npocmparwcmee £ 3a0aH HEKOTOPBIA 6a3uc e =
= (e, €, ..., €,). PaccMoTpuM nBa MpOM3BOIIBHBIX BEKTOPA & U Y B 5TOM IMPOCTPAHCTBE. ODTH
BEKTOPBI MIPENICTABISIOTCS B 6a3Uce € CBOMMU KOOPIUHATAMIZ:

Tr=2x1€1+ ... +T,€,, Y =111+t ...+ Yn€n.
3amuiieM 5T Pa3A0HceHUI 6EKMOPOS8 No 6a3ucy B MATPUIHON hopMme:

T U1
r=er, I= : ) y=ey, Y=

Tn Yn

CKanstHoe IIpou3BEeOCHNEC BEKTOPOB & 1 Y MOXKET OBITH BBIPazKE€HO Y€PE3 CKaJIAPHBIC IIPOU3BEICHN A

BEKTOPOB Oa3uca:
(z, y) = (Z iei, ZW%’) =D > wiylee).
i=1 j=1

i=1 j=1
CocTaBuB M3 CKAISIPHBIX MPOU3BENCHNH OA3MCHBIX BEKTOPOB KBAIpaTHYIO MaTpuiy [ = ((e,»7 ej))
MOPSIIKA 7, MBI MOXKEM 3allICaTh CKaJIIPHOE IIPOU3BeNeHNE 3aJaHHBIX BEKTOPOB B MaTPUYHON (popMe:
T
(x, y) =2 I'y.

Matpuna [' aBiseTcss cHMMMeTPIYECKON B CIITY KOMMYTATUBHOCTH OIEPAIIAN CKAJIIPHOTO YMHOKEHIS.
Ee mazpBatroT mampuyetl I'pama cucTeMbl BEKTOPOB €1, . .., €,.

[IycTs 6asuc e sBIseTcs OPTOHOPMHPOBAHHBIM. 1Orma CKasspHOe IpOU3BeneHHe (e;, €;) Ipu
HECOBIAMAIONINX U j PABHO HYJIIO, & CKAJIAPHBIE KBAIPATHI 6a3UCHBIX BEKTOPOB PABHLL €2 = ||ei||2 —
1. OTo 3HAUNT, YTO MJIT OPTOHOPMUPOBAHHOTO Gasmca MaTpuia [ sBiaseTcs enuamaHOn. [losToMmy

(x,y) = QcTEy = xTy =21y + Toys + ... + Tpln-

B wacTHOCTH, B ODPTOHOPMUPOBAHHOM Oa3nce HOPMA BEKTOPA &, KOTOPas BHIPAXKAETCS depe3 CKajsp-
HBIN KBaIpaT 3TOTO BEKTOPA, MOXKeT ObITh BBIUYHUCIIEHA 1O (opMyJie

lz|| = (z, z) = /22 + ...+ 22 = Vz'z, (2.9)

a ISl KOCUHYCA Yeaa © Menc0y HEHYIEBBIMU 6EKMOPAMY L U Y TOTYIAEM BBIPAKEHUE

T1Y1 +ToY2 + ... + TpYn
V2 + .o+ a2\ yi+. .+ 2

CoS p = (2.10)
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B opronopMmupoBanHOM 6a3uce e, ..., €, Tak¥XKe YIPOIIaeTCs BBIYUCIEHIE KOOPAMHAT BEKTOpPA:
OHI BBIPAXKAIOTCS Uepe3 CKajsIpHble Tmpom3BenmeHus. KEcom x = x1e; + ... + x,€,, TO, YMHOXWUB
PaBEHCTBO CKAJISIPHO HA BEKTOD €;, HaXOOUM, UTO

(.’L‘, ei) = Ty, 1= 1, n.

IIpumep 2.16. B eBkammoBoM apmbMeTHIeCKOM IpocTpaHcTBe R* HafimeM yrom MexXmy BeKTo-
pavmu a = (=1, 1, 0, 2) u b= (2, —1, 1, 0). Cormacuo dbopmye (2.10),

(=1)-2+1-(=1)+0-1+2-0 =3 __1
\/(_1)2+12+02+22 \/22+<_1)2+12+02 V66 2

cosp =




